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The space sector nowadays is characterized by a revived interest from both public and private stakeholders. In
the next years, an ever-growing number of satellites will crowd the LEOs and GEOs for commercial, scientific
and military purposes; in particular, the development of space-based global Internet coverage will require
deployment and maintenance of large satellite constellations. At the same time, space agencies are committed
to pushing the boundaries of scientific research and realizing extra-terrestrial outposts which will be the
starting point for the future space exploration. Within the context of this development, many challenges
are still open. Among them, a key point is the design of systems able to conduct on-orbit servicing (0OOS),
i.e., inspection, repair, refuelling, upgrade and capture of orbiting targets. These operations are usually
carried out with spacecraft-mounted robotic subsystems which must be able to perform autonomously and
safely in a complex environment. The modeling and control of these systems is nontrivial, as it involves
description of the coupled satellite-manipulator multibody dynamics and a coordinated control strategy
to operate the satellite and the robot according to distinct requirements. Building upon previous works,
this paper contributes to three aspects of the spacecraft-manipulator problem, namely modeling, control
and safety/feasibility of the nominal control solution. Firstly, we model the system in a compact fashion
relying on a dual quaternion (DQ) description of the kinematics and dynamics of a multibody system. The
DQ formalism expands the well-known unit quaternion algebra, a key tool in the field of spacecraft attitude
determination and control, to the analysis of spacecraft-mounted robots. Secondly, we propose a DQ Control
Lyapunov Function (DQ-CLF) feedback controller to perform a simultaneous pose-tracking maneuver with
both the base and the robot end-effector, where two independent references have to be tracked by the satellite
and the robot. Then, we design a novel singularity avoidance method by constraining the nominal solution
trajectory using a set of Control Barrier Functions (CBFs). CBF's formally guarantee that the state evolves
in a singularity-free subset of the solution space, hence ensuring safety and feasibility of the overall maneuver.
As shown by numerical simulations, the proposed approach delivers a great tracking performance, while also
keeping the space robot in a nonzero manipulability region.

1. Introduction mercial,28 scientific and military purposes; in partic-
ular, the development of space-based global Internet
coverage will require deployment and maintenance of
large satellite constellations. At the same time, space
agencies are committed to pushing the boundaries of

The space sector nowadays is characterized by a
revived interest from both public and private stake-
holders. In the next years, an ever-growing number
of satellites will crowd the LEOs and GEOs for com-
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scientific research and realizing extra-terrestrial out-
posts which will be the starting point for the future
space exploration.

Within the context of this development, many
challenges are still open.16 Among them, a key point
is the design of systems able to conduct on-orbit ser-
vicing (OOS), i.e., inspection, repair, refuelling, up-
grade and capture of orbiting targets. These opera-
tions are usually carried out with spacecraft-mounted
robotic subsystems which must be able to perform
autonomously and safely in a complex environment.
The realization of these systems is inherently com-
plex: whenever the robot and its floating platform are
similar-sized, the satellite-base dynamics and kine-
matics are heavily influenced by the presence of the
manipulator, and vice versa. This defines a cou-
pled multibody system, whose elements should, how-
ever, be able to operate according to separate re-
quirements; for example, the spacecraft may have
to keep a fixed attitude (e.g., to transmit data to
the ground or maximize sunlight exposure), while, at
the same time, the manipulator may be maneuver-
ing to grasp a non-cooperative target. To achieve
this, a coordinated control strategy is needed: the
model of the system should be able to reproduce the
joint spacecraft-manipulator architecture, while the
controller must both compensate the dynamic inter-
actions and exploit them to reach the desired state.

Space robotics literature has dealt with the afore-
mentioned issues in a number of different ways, which
can be broadly divided into the free-floating and free-
flying categories.8

In the first case, the satellite is considered non-
actuated, and the uncontrolled motion of the base
resulting from the actuation of the manipulator has
to be balanced in the manipulator task planning
phase. To this aim, Umetani and Yoshida™ proposed
the construction of a Generalized Jacobian Matrix
(GIJM) to map the desired end-effector velocity into
the space of the manipulator joint rates, while also
compensating for the motion of the base. The GJM
was widely adopted in different formulations of the
. 511530
spacecraft-manipulator control problem.

An alternative approach to the free-floating case
was adopted by Vafa and Dubovvsky,23 who in-
troduced the Virtual Manipulator (VM), a mass-
less kinematic chain equivalent to the free-floating
satellite-manipulator, whose origin is attached to the
Virtual Ground (VG), a point fixed in the center of
mass of the complete system. The VM formulation
allows to build a parallel between the floating-base
and the fixed-base architectures, hence simplifying
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the analysis. Liang et al 2 further developed the
VM concept by proposing the Dynamically Equiva-
lent Manipulator (DEM), a fixed-base manipulator
attached to the ground through a passive spherical
joint coincident with the VG. Leveraging this ap-
proach, Parlaktuna and Ozan™" proposed a linear pa-
rameterization of the free-floating robot dynamics in
order to design an adaptive control method in the
joint space. Although appealing from the energy con-
sumption viewpoint, the free-floating type of opera-
tions may be unable to fulfil mission goals requiring
attitude and/or position control of the base.

Many complexities and limitations encountered
within the free-floating scenario can be overcome if
the system is considered free-flying, i.e. the satellite-
base translation and/or rotation can be controlled.
The main drawback of this strategy is the use of
resources (fuel, electrical power, etc.) for actuation
purposes. Assuming controllability of the spacecraft,
previous works addressed the coordinated control of
the base and the manipulator. Papadopoulos and
Dubowskyl&19 proposed a control law in the task
space using a transposed-Jacobian approach;Oda17
presented an attitude control system based on the
estimate and compensation of the angular momen-
tum induced by the robot arm, exploiting reaction
wheels and thrusters as momentum control devices,
Jayakody et al proposed an attitude-only actu-
ated base which is driven towards the desired state
thanks to a multi-stage adaptive controller, Antonello
et al." modeled the coupled dynamics of the satellite-
arm platform using a modified version of the recursive
Newton-Euler algorithm.

In this paper the free-flying case is considered, ad-
dressing three aspects of the spacecraft-manipulator
problem, modeling, control and safety /feasibility of
the nominal control solution. Firstly, the system is
modeled relying on a dual quaternion (DQ) descrip-
tion of the kinematics and dynamics of a multibody
system, which is drawn upon the work of Valverde
and Tsiotras.”" The DQ formalism usefully ex-
pands the well-known unit quaternion algebra, a key
tool in the field of spacecraft attitude determination
and control,29 to the analysis of spacecraft-mounted
robots. Secondly, a DQ Control Lyapunov Function
(DQ-CLF) feedback controller is proposed to perform
a simultaneous pose-tracking maneuver with both the
base and the robot end-effector, where two indepen-
dent references have to be tracked by the satellite and
the robot. Finally, the safety/feasibility of the con-
trol is addressed with a novel singularity avoidance
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method by constraining the nominal solution trajec-
tory using a Control Barrier Function (CBF), which
guarantees that the state evolves in a singularity-free
subset of the solution space.

In Section the proposed formulation of the
spacecraft-manipulator problem is presented, deriv-
ing the DQ form of the kinematic and dynamic re-
lationships, followed by Section [3| where the coordi-
nated controller in the task space is designed using
a feedback linearization approach and Section [ in
which the CBF approach to avoid kinematic singular-
ities is shown. Finally, Section [5] presents the results
of the numerical simulations.

2. Dual Quaternion Modeling of the System

The dual quaternion formulation is particularly
suitable to describe a multibody system with a large
number of degrees of freedom, as it is the case for the
free-flying manipulator architecture. The reader is re-
ferred to the works of Valverde and Tsiotras™ =" for
a thorough discussion on dual quaternions and their
properties and for a thorough description of how a
multibody system can be modeled using dual quater-

nions.

2.1 Dual Quaternions

The quaternion algebra is defined as H £ {q =
: . 2 2 2
G+t + ¢t qk T =5 =k =
-1, 9y 4,594y € R}, and a quaternion is written
as ¢ = q, + qli + q, 7+ qgk. Quaternions are usually

ijk =

. T
decomposed in a scalar and a vector part, g = [qO, a,

where ¢ € R and q € RB; this formulation is particu-
larly suitable to represent rigid-body rotations. Since
the latter are described by three independent param-
eters, the unit norm constraint must be respected;
hence, unit quaternions expressing rotations are part
of the set defined as H" 2 {g e H: ¢'q = q¢" = 1},

T
1= [170“3} . The orientation of a frame Y with

respect to a frame X is written as the unit quater-
nion Ty, x> and subsequent frame transformations can
be obtained through quaternion multiplication, e.g.
U/ x = Uy x9z)v

The quaternion product can be represented as
a matrix-vector product by suitably defining the
left and right quaternion multiplication operators

[1,.[1, : He RV ifa = [ao,a]T,b - [bO,E}T c
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H, then ab £ [a] , +b 2 a% [[b]]R7 with

a (15l —a N b5l b [1]
lal, = |5 a I, +[a]" L = g b, — (07|
Given s € H’, the operator []* : H' — R in
Eq. has been defined as
0 -s s
0 0 3 2
X x X%
7 2 {0 [;}3}, g els, 0 5| @
3x1 —52 51

Exploiting previous definitions, the dual quater-
nion set can be defined as Hd £1{q= q. teq,: & =
0,e # 0, q ,q, € H}, where ¢ and ¢, are respec-

K r’7d T Ef 3
tively the real and dual part of the dual quaternion.
In the remainder, basic dual quaternion operations
follow the definitions given by Valverde and Tsio-

tras 2> Analogously to the quaternion case, HZ =

{g = q te€q,:q,q, € H"} is the set of vector dual
quaternions, while ]HIZ = {q € Hd iq-q= q*q =1}
is the set of unit dual quaternions. Given s € H' and

remembering Eq. , the operator []X : HZ s RY®
can be defined as

[s]x L [[Sr] 04><4‘| . [3]

In order to express dual quaternion multiplication
in the more familiar matrix-vector form, recalling
Eq. , two operators [-] , [[~]]R tH - R**® are
introduced as follows. If a = a + €a, b= br + ebd
and * is the operator representing dual quaternion

product as a matrix-vector product, then
ab = [[a]]L*bé [[b]]R*a, [4]

where

Ha]] s |:[[arﬂL

L=

04><4] , [[b]]R N I:[[brﬂR

04><4 [5]
[e,], [a]l, b, b1,

2.2 Rigid Body Motion in Dual Quaternions

Spatial rigid body motions, which are identified
by six independent scalar quantities, can be param-
eterized using dual quaternions. Since the latter
have eight degrees of freedom, two constraints must
be enforced, namely q.-q, = 1 and q.-q, = 0,

T
with 0 = [O, les} . Therefore, dual quaternions pa-

rameterizing rigid body motions belong to HZ. For
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a generic transformation from an X-frame to a Y-

_ =1 Y
frame, 9, = 4y, and 9 = 3%,x"y/x’ where
Y Y I T. . "
Tyix = 0,7, /X] is the quaternion position of frame

Y relative to frame X, expressed in Y. Similarly to
subsequent rigid rotations using quaternions, given
two pose transformations q, /X and q, v the change
of pose leading from X to Z can be written as

qZ/X = qY/XqZ/Y. By defining the dual velocity
Y _ Y Y Y Y
Y/X wY/X + e(UY/X + wY/X x TY/X)’ [6]
here v = [0 T s the li locity of
where v, = [ ,vY/X} is the linear velocity o

frame Y with respect to X, written in Y-frame coor-
dinates, the time evolution of the pose is

1 wY

1 X
=39 x%y x = 3% x 9y x- [7]

qY/X 2 Y/XY/X
Note that the same frame transforglation can be

performed both as w =4q, /wa /qu v or as

To complete this frame-

Y/X

z
“yix T qY/Z Y/X Y/Z
work, the dual wrench, i.e., the force-torque pair ap-
plied to any point p in the system, is defined as

W O)=f +e’ and £ =07, 7 =
v.T

[0,7 ], if every quantity is expressed in Y-frame.

2.3 System Configuration and Kinematics

Intuitively, a joint spacecraft-manipulator can be
represented as a multibody system made up of a base
(the satellite) and one or more structures (the manip-
ulators) attached to the base through some kind of
connections. The connections between the manipula-
tors and the base and between the links of the robot
are described by different joint types, which define
the motion constraint imposed by each connection on
its adjacent bodies. Given this framework, the sys-
tem under analysis can be thought of as a Directed
Acyclic Graph G (v, e),24 where v is the number of ver-
tices and e the number of edges; the rigid bodies com-
posing the system will be the nodes (vertices), while
the joints will act as the edges (Fig. . To the aim of
this discussion, the joints will be either revolute (R)
or prismatic (P), and only one manipulator will be
attached to the base, hence originating a one-branch
graph. The displacement caused by an R joint will
be described by the relative rotation 92, y between the

D

th . . . o

i joint frame and its parent body frame; similarly,
P joints bring about linear displacements specified by

%; o, 38 Teported in Table Some additional quan-
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Branch 1 of length Ny

Joint Jn,

@]um( I l[JT“]:(ﬂ—% 1t N2 +1

Joint T, N

e Joint Jn, +

Branch 2 of length Ny

Fig. 1: Graph representation of a spacecraft-mounted
manipulator with two branches.

Joint FJ_ di (DOF) LJY
R Hi/eb eR 1 [0,0,0,1,0,0,0,0]
P zi/e_ eR 1 [0,0,0,0,0,0,0,1]
Table 1:

Generalized joint coordinates I” . and veloc-
ity mapping matrices LJ_ for R, P joint types.

tities must be defined in order to characterize the
system in a univocal way: given the overall number
of joints J, di is the number of degrees of freedom

of the " joint, with i € {1,...,J}, and N = J + 1
is the total number of bodies, according to Fig.
D=3,
dom allowed by the joints (i.e., the number of de-
grees of freedom of the manipulator), and conversely

R= Z Z L(6— ) is the number of reaction
forces exerted by all the JOlIltS Neglecting joints with
d > 1, the J joint frames are chosen such that the
degree of freedom of each joint acts along the local z-
axis, while the orientation of the other two axes can
be chosen arbitrarily. It is common practice to direct
one of them towards the subsequent center of mass
(see Fig. [2)). The link frames B ,i= {2,--- ,N} are
fixed at the centers of mass and are oriented as their
parent-joint frame (g o, i = 1), while the satellite

is aligned with the principal axes of inertia

di is the total number of degrees of free-

frame B

of the base On the other hand, relative orientations
94, between a body and its child-joint frame depend

on the joint generalized coordinates, hence being free
to vary. If we consider an R joint, % 0, = %o, (02, /ei).
If the system’s geometry is known, the distances be-
tween the frames are known and, recalling previous
considerations, the system can be fully determined
from a kinematic viewpoint (Fig. .

The system’s forward kinematics can be written as
a sequence of pose transformations, as follows:

N-1

qu/I = qel/Iql/el (1:[2 qi/i—l) qu/N—l' [8]
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Fig. 2: Definition of frames and distances. The ref-
erence frames attached to the centers of mass are
not reported for brevity.

From the kinematic chain in Eq. the quaternion
position and dual velocity of the end-effector with

respect to the inertial frame, Y and w'N , can
on/I on/I
be obtained. In particular, recalling that q =

; — -1
q teq, with q = qu/I and q, = Qqu/ITeN/I’ i

follows that
Tej\\;/I - 2qrqd. [9}
The detailed derivation of w°" is reported in

on /I
Valverde and Tsiotras.- The vectors Y, I' are intro-
duced for convenience to collect the dual velocities of
all the bodies and the generalized joint coordinates,
respectively, as follows

yE H"":/JT"” ! {wzg/f} Tr €R* - [10]
and .
re [FJ1,~-- ,FJJ €RP. 1]

The time evolution of ) depends on the system’s dy-
namics, while I" is constructed by subtracting the
velocities of two adjacent bodies expressed in the "
joint frame and selecting the resulting non-null com-
ponent using the velocity mapping matrices in Ta-

ble ]

I =L w =L ( Ci1 gt
Ji thi/"l J; qez+1/1 oip1/I t0ir1/i [12}
_qi/eiwei/lqi/ei) ’

Last, the evolution of the base kinematics can be
expressed using Eq.

1
W [13]

qel/IZqul/I 61/1
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2.4 System Dynamics

Following Filipe and Tsiotms,7 the mass and in-
ertia matrices computed about a rigid body’s center
of mass can be rearranged into a dual inertia matrix
written as

1 O1><3 O1><3
M Y 3x1 meiIS 3x1 O3><3 [14]
®; 0 leg 1 leg
O3><1 03><3 O3><1 Iei
where m, is the mass of the i* rlgld body, I e R**

is the inertia matrix of the same body and T is the
3x3 identity matrix. Me. can be exploited to com-

pute the dual momentum of the " body about its

center of mass, eXpresbed in the local body frame

Q; _ ; S
as Hei (Oei) = Hei/l M * (w /I) ,
superscript S denotes the swap operator, defined as

where the

qS =q,+teq. Recalling Newton’s second principle,

.

dH . @
—hl = w (Oei)’ where WL (O ) fter
is the net wrench applied on the it body. Since

Hei/l

time derivative of H: (Oe_) is computed as H:/I +
S S; o S; . .
w, X Hei/l =W (Oei). This expression can be

expanded, and the following equation is obtained:

is expressed in a rotating body frame, the

s\ _
M *(wel/I) +w7/1 (Me*(wei/1)>—

L2 i

After defining a suitable operator H|[] : R**® s RS

such that H(M)xa 2 M xa”, and moving the non-
linear velocity term to the right-hand side, Eq.
can be rewritten as

(-1 _ S
H(M, ) =~y (M WG )+

[16]
W (0, ).
As illustrated in Fig. [3 the net wrench W (Oe ) act-

ing on body 4 is caused by three dlfferent contribu-
tions: body wrenches W (Oei), which may be due
to gravitational dlsturbances solar radiation pres-
sure, etc., actuation wrenches applied on the adja-
j(Oj), with j = {i — 1,4}, and re-

i—1
/o (Ol), Wei/ei,l(Oifl) due to
the dynamic 1nteract10n between subsequent bodies

at their connecting joint. The body wrench on the

cent joints Wj

action wrenches W
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y*i -1

w_:/%l/f

J‘HLI (O“\ H)
(O1)

act 1

Fig. 3: Wrenches definition and labeling.

base, W:l1 (Oel), may include a term describing the
control action exerted by the thrusters. As the re-
action wrenches are not known a priori, a set of R
equations expressing the null accelerations of the con-
strained degrees of freedom of the joints has to be
added to Eq. (16)). The evolution of the system’s dy-
namics can therefore be written as a system of SN+ R

equations in the form
Y] _ |B;
T B

2

11 12 , [17}

21 22

where
-1 T _ m7T "
| LANCR | R U APNCRI M I

gathers the unknown reduced E| reaction wrenches.

8N x8N
S € R

11
812 e R*™™ ¥ collects the frame transformations
and mapping matrices to couple the reduced reac-
tion wrenches in 7 with the rigid body dynamics,
821 e RN gathers the terms expressing the null

accelerations of the constrained degrees of freedom of

. RxR . .
the joints, and sub-block S , € R is filled with
zeros as no reaction forces appear in the pure kine-
matic constraint expressed by the second set of equa-

On the right hand side, Bl e R* stacks the

known terms of Eq. , as does 62 € R” for the re-
action wrenches equations. The reader is referred to

stores the dual inertia matrices,

tions.

Valverde and Tsiotras- for a step-by-step derivation
of the sub-blocks of Eq. . Exploiting the struc-

ture of Eq. , it can be shown" " that the dynamics
of the system can be reduced as follows

Y= =88, T+S8.'B,
(19]

21 11 21 11

=-sls, (s sls, )_ (s S8 762)+5;1181.

*Recalling that the W 051/ € My, their first and fifth
elements are always null and can be neglected; the resulting
6x1 vectors are labeled with a tilde. The same notation will
be used in the following of this paper whenever a vector dual
quaternion is reduced to a 6x1 vector.
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By stacking Egs. , and the system
evolution results in a set of 8 + D + 8N cou-
pled equations in the form z = f(z,u), where

r = [O/I,F YV } is the state vector and

1
T
T T T

T L L A L

@1 ,act act,1 act,J
8(J+1) .
R is the control input, assuming that each joint

and the base are actuated.

3. Nonlinear Coordinated Control

In order to achieve coordinated control, starting
from the ideas presented in Sections [2.3] and . we
resort to a feedback linearization approach, Y which
will enable tracking of a reference pose and velocity,
for both the base and the end-effector.

Once a model of the spacecraft-manipulator in the
form & = f(x,u) is available, it is necessary to re-
formulate the equations into a feedback linearizable
form,

&= f(z) +g(zx)u,
y = h(z).
As u exclusively appears in the expression of the ac-

celerations, we need to rearrange the expression of y
in Eq Hence, we define B =B +Bl onoact”

i ’ " 1,act

where B 1 ot AT be further rewrltten as B Lot = Buu.
Eq. (19) becomes then Y = &(z)+¥(z)u, with &(x) €
8N

R deﬁned as

[20]

_ 1 ! -1
(L> 11 ( 8x8 B 812 (821811 S ) 821811 > Bl non-act+ [21]
1
-1 1
+511 81 (821811 8 ) Bz’
8N X8(J+1 .

and ¥(z) e R (7 corresponding to

1 —1
¥(z) = 11 ( 8x8 512 (521511 S ) 821811 > Bu' [22]

Recalling Egs. and , the overall system dy-
namics is expressed in a control-affine form as

- . - -l wel -
qi?1/[ 2(1‘31/11‘51/1
r L w
J1 Jy 1/01
: = : + 0(8+D)><8(J+1) u, [23]
1'—‘ J
Jg LJJwJ/eJ lI/(g;)
LY L o)
— g(x)
z f(x)

while the output y introduced in Eq. is chosen

~ @1 T ~ON ak
wy = &3] [50]

tion of the reduced dual velocities of the base and

S ]Rlz, the collec-
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of the end-effector. Moreover, as the only nonzero
entries of vector u are the ones corresponding to the
6 force/torque inputs on the base plus the ones cor-
responding to the actuated degrees of freedom of the
joints El, the null components of the dual wrenches
in u are removed using a suitably assembled map-

. . D ~
ping matrix V. € RE3HY) x 6+ ; thus, u=V__ u,
map map

where u € R%+P is the reduced control input. The in-
put/output differential rela‘cionship11 needed to feed-
back linearize the system can be achieved by taking
the first-order time derivative of y, which leads to

" L)) * o),

[?;;/I]_ (q:)(x))l + (lj(gj))1 vV @
we]'v/l map

[24]

= D(z)+ E(z)a
In Eq. (24), (@(x)) O (@(m))N e R° and
(@(w)) o e RO P are extrapolated

from @(x) and ¥(x) by selecting the rows correspond-
ing to the base and end-effector accelerations, while

act,base O8><d1 O8><d,]
V _ 08><6 act,Jy 8xdy 7 [25}
map : :
O8><6 act,J s
8x6 . .
where V eR is the I matrix whose first
act,base 8
and fifth columns have been deleted, and the matri-
dq‘, . . .
ces VaCt ;€ R ,i1€{1,---,J}, are obtained with

the same procedure, where only the columns corre-
sponding to the actuated degrees of freedom of the

tho. . .
i joint are retained.

3.1 Spacecraft-Manipulator Control Law

In order to feedback linearize the system and
achieve tracking of a reference velocity, the er-
ror variable e = y — R is defined, where R £

~ @1 T ~ON T RlZ includes Kk ‘
[wS/I} ’ [wE/[} € includes a known refer-

ence velocity for both the base (S subscript) and the
end-effector (E subscript). Exploiting the change of

TWithin this work, all the degrees of freedom of the joints
are considered actuated. Hence, considering 6 actuation inputs
on the base and one for each joint, the reduced actuation vector
@ has 6 + D entries.
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variables and recalling that R is known by assump-

tion, the error dynamics é = ¢ — R is given by
¢ =D(z)+ E(x)i—R

= D(z) - R+E(2)i, [26]

A

where we have defined = (z) £ D(z)—R. By choosing

i = E(2)* (u— (),

b(x)

[27]

with b(x) £ u — Z(x), then é = u, which means
that the error dynamics is linear in the transformed
control action u. Any appropriate choice of p (e.g.,
1 = Ke, where K has eigenvalues with strictly neg-
ative real part) will drive the system towards a zero
error condition. As E(x) € R 6+D, E(x) is rect-
angular whenever D # 6, i.e. whenever the manipula-
tor is redundant (D > 6) or underactuated (D < 6).
Setting the case D < 6 aside, if D = 6, then @ can be
obtained by computing the inverse of E(x), provided
that rank(F) = 12. If, instead, matrix E(z) has full
rank and D > 6, the system has an infinite number of
solutions and the Moore-Penrose inverse can be used
to select the one with the minimum 2-norm.

After feedback linearizing the system’s dynamics,
1 must be designed so that the desired velocity and
pose tracking requirements are fulfilled. Since the
null error condition corresponds to q, /s q, /B — 1,

@1 N

wel/S’ weN/E
didate Dual Quaternion Control Lyapunov Function
(DQ-CLF) for the equilibrium point 1
1

el/S

— 0, we start by considering a can-

)

qel/S

q =1,0"  =0,w" =0, defined as
ON E

on/E /

1 ON —

v (qel/s’“’el/s’qu/E""eN/E) -
_ 1 ) S Q1 S

= Sl 5o (K, *w )°) +

+pel(qel/s —1)o (qel/s — 1)+

) +

1),

[28]

+l(w‘°N )SO(K * (WO

2 ON/E ON ON/E

o, (a, p—1)ole, =

where PP, > 0 are tunable scalar gains and
1 N

Ke , Ke e R¥® are positive-definite diagonal gain
1

matrices].v Note that V is a valid DQ-CLF since

1% (qel/s — 1) =04, - 1""0N/E0) — 0
@1 N

and Gy @5 b “anse) O
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@1 ON u v u
(qel/S’wel/S’qu/E7weN/E) € Hd x Hd X Hd x

HZ \ {1,0,1,0}. According to the Lyapunov

stability criterion, by dictating a negative value of V'
through an appropriate control action, the system is
stabilized at its equilibrium point. In our case, we
impose V(z) < —W (x), with

S @1 S

p— @1
Wi(z)=k o(wel/s) +k

o (“erss) (“’:Z/E)S ° WZZ/E)Sv [29]

N

and ke ,kze positive scalar gains. Computing the
1 N
time derivative of the DQ-CLF in Eq. (28]) yields

o Q S -@ S
V= (wei/s) © (Kel*(wei/s) )+
+2p°1 (q°1/5 — 1o q°1/s+ [30]

SN S *ON S
SRCRIRRE (KON*(weN/E) )+

+2p, (q, ,—1)od, .

Using Eq. to express q, /s d,, /B and recalling
the swap operator propertieslﬂ, Eq. becomes

e \S se1 e S « s
Vi(wml/S) O(Km*(we:/I we;/l) Jrpcslqan/S(qan/S 1 )+

[31]

P +p, q

N _ S
gy o Bon /2 %o /p ~ 1) )

o o (K x (@t — e
.

on o /1~ Yopy1

Equating the right hand sides of Egs. and ,
rearranging the circle products and swapping every
term of the equality results in

@1 1

o1 ) (* ( 71>S)S+A, P@™ o™ )
[w&/s] o | Pour \Toy/5'%ey s . Cor/1 ~ Pos/1 _
! . s . .on .on
P (q 1) ) +K, (@ weE/I) [32]

on e.\r/E(qu/E N N on/T
o) o
_ [“’e]/s] R [ e]“’e,/s]
o on .
w k w
en/E. en en/E

sine che term|[u) ] [o02 ]
1mce e term wel/S s weN/E appears on

en/E.

both sides of the equation, it can be dropped along
with the dot products, hence leading to a vector
equality

® @

. @1 .
@1 (wel/l - weg/l)

* S S
pﬁn (q“’l/s(q“’l/s B 1) ) R
S . oN . oN

* S
peN (qei\v/E(qu/E - 1) ) +KeN *(weN/I 7weE/I)
koW
_ |: @1 :}V/S:| .
kereN/E

'If @,b,c € Hg, then a o (bc) = (b)S o ((a)Sc*) =
(b*(a)®). See Felipe and Tsiotras/S
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Moreover, we define a mapping matrix

0100000 0
0010000 0
“looo10000 bt
=100 000 10 0k [34]
000000 1 0
0000000 1

which can be applied to the dual velocities / accel-

erations in order to remove their null entries (e.g.,
~ Q1 @1

wel/l = 1rcdwcbl/l) and to the pose terms q‘Bl/S7
9 /E to cancel the two dependent equations|’| Then,
N
we stack Vre 4 into a block-diagonal matrix
VvV = ‘/red 06><8 c R12><16 [35]
all 0 VvV :
6x8 red

After pre-multiplying both sides of Eq. lj by Val ,
recalling the definition of the error e and the feedbac
linearization result é = u, we can write the accelera-

tion terms on the left-hand side of Eq. as follows

. @1 . @1 B
. K‘B1 * (wel/I — wes/l) _
al [K (@ =@ )
QN ON/I OE/I J
~ . Q1 . Q1 A
[Kel 0§X6 Vred((ju:]b/l o we%/l) _ [36]
06><6 KeN Vred(weN/I o eE/I)
[Kel 0§><6 [Kel O~6><6 U
O6><6 KON OGXG KON_

where f{el , f{eN are the previously diagonal gain ma-
trices whose first and fifth rows and columns have
been deleted. In conclusion, substituting the result
of Eq. in Eq. , the transformed control input

ue R'® is obtained

-1 o -1 * s\ S
—k, K, le“’e./s “p B V. (qel/S(qe]/S —1) ) ]

s
~ 1 on -1 «
7}‘;01\1 KeN VrcdweN/E - ]’e.\rI‘eN V\'cd (qu/E<qu/E —1) )

[37]

n=

Incorporating p in @ = E(:U)+ (u — =Z(x)), the actual
values of the actuation @ are recovered.

4. Singularity Avoidance

Although, in principle, the proposed Lyapunov-
based controller is able to achieve coordinated pose
and velocity tracking capability, its success is sub-
ject to the full-rank condition of the matrix E(x)

§Recall that a dual quaternion expressing a spatial displace-
ment only has 6 independent elements.
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introduced in Eq. (24]). In fact, whenever this ma-
trix becomes rank-deficient (i.e., rank(E) < 12), the
problem of computing E(x)Jr is ill-posed. If D = 6
and rank(E) < 12, then det(E) = 0 and the inverse
of E does not exist; similarly, if rank(E) < 12 and
D > 6, the system is inconsistent and the only pos-
sible solution is the one minimizing the error in the
least-squares sense. It should be noted that E(x)
is a map from the the joint-space control action @
to the task-space quantity p — Z(xz). Therefore,
whenever the manipulator is in a kinematic singular
configuration, the map loses its surjectivity charac-
teristics and E(z) becomes rank-deficient, meaning
that certain prescribed values of the end-effector ac-
celeration are unattainable in the current configura-
tion, no matter which force/torque is applied to the
joints. In order to overcome this issue, we resort to
a set-theoretic approach to the problem of singular-
ity avoidance, exploiting the theory of Control Bar-
rier Functions (CBF). Our aim is to ensure that our
proposed Lyapunov-based solution is forward invari-
ant” with respect to a singularity-free subset of the
space of all possible solutions. This means that, if the
initial robot configuration is non-singular, the CBF-
constrained controller will simultaneously keep the
system out of singularities and fulfil the prescribed
control goal. In this way, the matrix E(x) will alway
maintain full-rank, and the control u in Eq. is
well defined.

4.1 Querview of Control Barrier Functions

Consider a set C, which we define as the superlevel
set of a smooth function h : R" — R, that is,

C={xeR":h(x) >0}, (38]

and let

0C = {z € R" : h(z) =0},

Int(C) = {z € R" : h(z) > 0}, 139]

where OC is the boundary of C and Int(C) its interior.
Given an affine control system in the form described
by Eq. , a control input © € R™ renders the set
Int(C) forward invariant if, for every T, € Int(C),
it follows that z(t) € Int(C) for z(0) = z, and all
te I(mo), where I(xo) = [0,7_ ) is the maximum
interval of existence, such that x(t) is the unique so-
lution to Eq. (see Ames et al.l).

Definition 1 Let C ¢ R" be defined by Eq. (38).
Then, a function B : Int(C) — R is a Control Barrier

TAC-21-D1.6.1

Function (CBF) if there exist class K functions o,
aﬂ and a constant v > 0 such that, for all x € C,

1 1
ot =P = L@y n
uiérgm [L’fB(x) + /JgB(x)u — BZE)] <0

Lemma 1 m Given a set C C R" defined as in
Eq. and a continuously differentiable function
h(z) : R" — R, if the function B : Int(C) — R satis-
fies the following conditions:

. _ T
Jim B(r) = oo [41]

and B(x) — oo if and only if © — OC, then there
ezist class IC functions o, o, such that

inf B(x) >0,
z€Int(C)

[42]

As shown in Ames et al.,‘3 the existence of a CBF
defined as in Eq. implies the forward invariance
of Int(C). As a consequence, the set of control inputs
we are interested in is expressed as

={ueR™: EfB(x) + EgB(z)u — % <0, for z € C}, [43]

where B(z) can be constructed according to Eq. (41]).

4.2 Application of CBF to Singularity Avoidance
Building upon the results reported in Section
we suggest a novel set-theoretic approach to singu-
larity avoidance for the spacecraft robotic manipula-
tion problem. Int(C) introduced in Eq. is iden-
tified with a singularity-free subset of the set of joint
coordinates values; by achieving controlled forward
invariance of Int(C), the solution z(t) of Eq.
will be kept away from kinematic singular configu-
rations, hence ensuring a safe and feasible solution
to the coordinated pose and velocity tracking prob-
lem. To this end, we consider a generic D-DOF ma-
nipulator characterized by F' known kinematic singu-
larities. These configurations correspond to a rank-
deficient condition of the manipulator Jacobian ma-

trix J. In order to identify C, we define F' smooth

YA continuous function « : [0,a) — [0, 00) is said to belong
to class K if it is strictly increasing and «(0) = 0. See Khalil
and Hassan 11

**See Hsu et al? for a proof.

ftNote that the use of the term ”barrier” comes from the
fact that the value of B(z) blows up on the boundary of C.
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functions hi(m), i ={1,---, F}, whose root(s) must
correspond to value(s) of the state that cause a sin-
gular configuration. For example, if we consider a
6-revolute-joint manipulator whose configuration is
the same with respect to the case study in Section [5}
elbow and wrist singularities27 arise respectively for
F3 = 0+k7r7l“5 = 0+ 2km, for k € Z. In this case,
two valid choices of h_ (), h, (z) are

h =sin®T,
T (44]

h, = sin (F5/2);
note that h (0 4+ km) = 0 and h_(0 4 2k7) = 0,

1 PR

Vk € Z. In order to make the control input appear
in the derivative of the control barrier function (see
Eq. ), since the relative degree r, of hl(a:) is higher
than 1 (r = 2 for constraints on the configuration),
we include a first-order derivative of A in the con-
struction of the CBF. Our choice is closély aligned to
previous works™>" covering CBF-enabled constraints
at the robot configuration level. Therefore, we define

Bl(x):B;(x)+E(h (’JI)), ZG{]-? 7F}v [45}

%

where B’ () has to fulfil the conditions expressed in
Lemmal|l|and E(hz(x)) is built according to the work
of Ames et al. and Rauscher et al =" resulting in

i _ hi(x) / _ bil ()
Bl(m) = —log (1+h,(z)> ) E(hz(x)) =a, 1+bih2(z)’

[46]

with a , b tunable positive gains. It is straight-
forward to verify that the conditions described in
Eq. are respected. Exploiting the Lie derivatives
to make the reduced input % appear, we obtain

Bi(x, &, 1) = £va”(95) + ﬁg_Bi(x)fL, [47]

which leads to a set of F' scalar inequalities (see
Eq. (43))) written in vector form,

ACBFﬂ S bCBF’ [48]

here A — |z B ¢ B |
where A = = [ " (), o (x)} €
]RF X (6+D) and b .
CBF - o
1 a F
[ngx) ~ L, B'(0). 5y~ L, B (x)} e RrY.

Any input u satisfying the condition in Eq.
ensures that the solution to Eq. stays in Int(C),
i.e. the singularity-free subset.

TAC-21-D1.6.1

4.3 Unified Tracking and Singularity Avoidance

Previous considerations suggest that the solution
to the coupled tracking and singularity avoidance
problem must satisfy multiple constraints: the one
related to the achievement of a desired system’s
performance, expressed through the DQ-CLF, and
the ones enforcing singularity avoidance, written in
terms of CBF. By selecting a positive definite func-

. _ o1 S S oN S
tion W(x) = kel (wel/s) (weN/E)

1
o (wel/s) + keN
(weN/E)S (see Eq. ), the constraint V(z) <
eN
—W(x) can be rearranged using Lie derivatives, be-
coming

(e}

W, () + 9] (z)a <0, [49]
with ¢ (x) = L V(z) + W(x) and ¢ (2) =

ﬁgV(:z:)T € R**”. The DQ-CLF and CBF con-
straints can then be unified through a quadratic pro-
gram (QP).LS’Q’21 This results in a DQ-CLF-CBF-
QP in the form

1
arg min iuTH(x)u + FT(2)u
u= [g’:| ER6+D+1

st (@) + ¢ (2)a <0,

u*(z) =

L, Bf(zx)+L£ BF(x)a<

where the scalar § guarantees the existence of a solu-
tion to Eq. by relaxing the condition dictated by
the CLF. This means that whenever the conditions
expressed by the CLF and the CBF are in conflict,
the system will enforce respect of the constraints ex-
pressed by the CBF, while temporarily losing sight of
the control objective. When instead the two condi-
tions do not conflict, they will be achieved simultane-
ously. In their turn, H(x) and F(z) can be obtained
upon definition of the quadratic cost function J(u)
to be minimized by the QP. In a compact form, in-
troducing

p, -1
CBF Fx1
and
b _wo RlJrF
=y € , [52]
CBF
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Fig. 4: CAD model of the UR10e manipulator. The
system features a collaborative 6-DOF manipula-
tor mounted on a cart free to translate along the
T-axis.

Eq. becomes

1
uw* ()= argmin  ~ulHu+ FTu
“ 15] erero [53]
s.t. Au <b,

which can be readily solved using one of the many
existing QP algorithms.

5. Results

The ideas displayed so far can be specialized to de-
scribe any kind of joint spacecraft-manipulator archi-
tecture, provided that it can be modeled in a graph-
like way as shown in Fig. Without losing gener-
ality, but instead proving the flexibility of the pro-
posed formulation, we specialize the general frame-
work to the case illustrated in Fig. |4l consisting in
a 6-DOF UR10e collaborative robot free to translate
along a rail; the robot is modeled as the manipu-
lator, while the sliding base is dealt with using the
satellite-base equations. Although characterized by
a single translational degree of freedom of the base,
assuming no external forces, the kinematic and dy-
namic interactions between this system’s components
are the same described in Sections and 241 The
quantities characterizing the system’s topology (see
Section are defined in Table |2l The end-effector
frame is coincident with the last body frame (67),
hence no additional coordinate system has been in-
troduced in order to describe the tracking maneuver.

TAC-21-D1.6.1

Param. Desc. Quantity
N Bodies 7
J Joints 6
D DOF allowed 6

R DOF constrained 30

Table 2: Topology of a 6R spacecraft-mounted ma-
nipulator.

5.1 DQ Reference Generation

The reference base (S) and end-effector (E) tra-
jectories evolve as follows:

e —dl A z, (1) = oo+ rcos(wrt)
s 01/1 y (t)=r_  +rsin(w t)
y. = E 0,y r
ZS _0 ZE j TO’Zé '
s =
5() 51n(w¢t)
with

T, =05[m], w =02[rad/s|
Towy = 1[m)], To. = —0.08[m]
& = 7/3[rad], w, = 0.5[rad/s]
where the base only has one degree of freedom be-
cause of the rail constraint.
While the end-effector tracks a circular tra-

jectory in the XY-plane described by f{E 0=

[acE(t)7 Yy, (1), ZE] , along with a time varying attitude
described by the yaw angle ¢E(t), the base is used to
bring the manipulator in an optimal position to per-
form the tracking maneuver, as an example of a coor-
dinated control strategy. Such a position corresponds
to a predefined offset distance between the robot an-
chor point and a characteristic point of the trajectory
to be tracked, which in the case under analysis is the
center of the circle, » . This offset is needed to avoid
occurrence of the so-called shoulder singularity, which
takes place whenever the intersection of the fifth and
sixth axes lies in the plane defined by the axes of the
first and second joints. Hence, by defining the value
of the offset as A\/2, Az is the error between the cur-
rent position of the base along the rail and its target
position, and the following relationship holds

5.2 Numerical Results

The system presented has been simulated in a
joint MATLAB/SIMULINK environment to the aim

A
I — —
al - ro’xH = || Aa] + 5.

[54]
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Control Lyapunov Function parameters

End-effector
r:lﬁ’kew :171)@1\1:1

ON

Base
K =I.k =3p =3 K

o1

Control Barrier Functions parameters

Elbow Wrist
a,=1b =17, =1 a =150b =507, =10

Table 3: Parameters for the coordinated DQ-CLF-
CBF-QP controller.

Initial Conditions

Base Pose  Joints Coord. Dual vel.
9, ,=1 T, = 90°o w o=
- FJ2,0 = 100o ng/],o =0
- r, .= 12(0) “’g;f,o =
} L0 =0 i wg4/1,o -
- Lo = 900 wgz/f,o =0
- FJG,O =0 weZ/I,O =
- - T =
o7 /1,0

Table 4: Initial conditions for the simulation.

of proving tracking capability with respect to the
base and end-effector trajectories, while also ensur-
ing avoidance of kinematic singularities. The param-
eters defining the controller and the initial conditions
of the simulation are reported respectively in Table
and Table @] The initial values of the joint coordi-
nates ', correspond to a folded configuration of

the arm and were chogen to start the simylation in
a high-manipulability || condition. Fig. |5 displays
convergence of the pose DQ errors of the base, while
Fig. [6] shows the same quantities referred to the end-
effector. A physical interpretation of the positioning
performance is enabled by Fig. [7] which reports the
comparison between the current and target position
of the end-effector. As shown in Fig. [7] the circular
reference to be followed by the end-effector is initially
out of the reachable region of the manipulator; how-
ever, in accordance with the coordinated control phi-
losophy, the tracking maneuver is still feasible thanks
to the suitable motion of the base.

HThe manipulability is defined as the ability of a robotic
mechanism to position and orient its end-effector. Different
measures of manipulability have been proposed; to the aim of
this study, we use the manipulability inder w = \/det(JJT 31
. The lower w, the lower the manipulability.

TAC-21-D1.6.1

1
057
v
—
‘_5 0 A
o
1) 4960
-0.5 Q21 (6.1} | 1
Q31 — 7
T Q1) T 4960
-1 ' .
0 50 100
Time [s]

Fig. 5: DQ error between current (B, ) and desired
(S) pose of the base.

Lo
DR A
057 V
S}
g 0
=N
Q1) —q5.1)
-0.5 21 Ais.1) |
Q31 — 7.1
T 941 T s
-1 : .
0 50 100
Time [s]

Fig. 6: DQ error between current (B7) and desired
(E) pose of the end-effector.

—— Current
——Reference
0.4 ¢ Initial EE position
£ 02
% 0
~ -0.2
0.5
|
1.5 | 1.5
. 2 0.5
X axis [m] Y axis [m]

Fig. 7: Tracking result of the trajectory. The straight
blue line corresponds to the end-effector motion
caused by the base in order to bring the manipu-
lator close to its optimal maneuvering position.

Page 12 of



72th International Astronautical Congress, Dubai, United Arab Emirates, 25-29 October 2021. Copyright (©) 2021 by the
authors. Published by the International Astronautical Federation with permission.

In addition to the coordinated pose-tracking ca-
pability, the proposed controller is also able to
avoid kinematic singularities that may be encoun-
tered while driving the system towards the desired
configuration.

Singularity avoidance through Control Barrier
Function (CBF) has been assessed comparing our
strategy, consisting in the solution of the DQ-CLF-
CBF-QP in Eq. (50)), to the nominal solution to the
pose-tracking problem, without any additional con-
straint enforcing singularity avoidance. In this case,
the reduced control input % is computed through di-
rect inversion of the linear system in Eq. .

The two approaches have been compared in terms
of value of the manipulability index w, accuracy of
the solution and smoothness of the computed con-
trol torque profile. The direct solution of Eq.
results in multiple spikes in the control action pro-
file due to numerical issues in correspondence of a
close-to-singular condition. The desired tracking ac-
curacy is however obtained when the robot is in a
high-manipulability state. The proposed DQ-CLF-
CBF-QP is able to both preserve a nonzero value of
the manipulability index and a smooth actuation pro-
file. In addition, after steering the end-effector away
from a singular condition, it retrieves the same accu-
racy of the nominal solution.

6. Conclusion

This paper exploited the dual quaternion (DQ)
framework to provide a description of the kinemat-
ics and dynamics of a spacecraft-mounted manipula-
tor. By leveraging the compact DQ formulation of
spatial rigid body motions, a dual quaternion Con-
trol Lyapunov Function (DQ-CLF) has been designed
to achieve coordinated tracking of a time-varying
pose with both the satellite-base and the end-effector.
In order to ensure feasibility and robustness of the
proposed solution, we envisioned a Control Barrier
Function (CBF) based singularity avoidance method
which has been integrated with the DQ-CLF in the
context of a quadratic program (QP). As proved by
the results of numerical simulations, the solution of
the resulting DQ-CLF-CBF-QP displayed both per-
formance and safety in terms of reference tracking
and kinematic singularity avoidance.
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