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Abstract. This paper introduces a method to reconstruct the three-dimensional (3D) microstruc-12 

ture of two-phase materials, e.g., porous materials such as highly irradiated nuclear fuel, from two-13 

dimensional (2D) sections via a multi-objective optimization genetic algorithm. The optimization 14 

is based on the comparison between the reference and reconstructed 2D sections on specific target 15 

properties, i.e., 2D pore number, and mean value and standard deviation of the pore-size distribu-16 

tion. This represents a multi-objective fitness function subject to weaker hypotheses compared to 17 

state-of-the-art methods based on n-points correlations, allowing for a broader range of applica-18 

tion. The effectiveness of the proposed method is demonstrated on synthetic data and compared 19 

with state-of-the-art methods adopting a fitness based on 2D correlations.  The method here devel-20 

oped can be used as a cost-effective tool to reconstruct the pore structure in highly irradiated ma-21 

terials using 2D experimental data. 22 
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1. Introduction 28 

The three-dimensional microstructure of a material participates in determining its physical prop-29 

erties, e.g., thermal conductivity and elastic moduli, and geometrically governs transport pro-30 

cesses, e.g., percolation [1]. Unfortunately, the 3D microstructural features of a material are very 31 
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difficult to assess experimentally, with just a handful of techniques available for a limited set of 32 

materials [2]. Usually, it is way easier to experimentally extract and observe 2D sections of a 33 

material, and to perform measurements directly on the 2D sections of geometrical properties, e.g., 34 

phase fractions, porosity. This is particularly true for irradiated nuclear materials, for which han-35 

dling is complicated by the extreme radioactivity, which hinders the possibility to obtain 3D ex-36 

perimental data further. 37 

For this reason, several methods have been developed to infer 3D material properties from 2D 38 

sections, in general referred to as stereology [3]. Knowledge about the random medium to be re-39 

constructed, e.g., knowing the shape of the pores, ensures that the stereological problem has a 40 

solution [4], [5]. If the type of random distribution is also known, besides few unknown parame-41 

ters, the problem is well posed. The latter is going to be the case analyzed in this work. 42 

A classical methodological approach is 3D reconstruction: from a set of 2D sections, one can sta-43 

tistically represent 3D structures [6], [7]. Among the several techniques developed and applied in 44 

the literature, gaussian filtering [8], [9], maximum entropy (MaxEnt) [7], and simulated annealing 45 

(SA) [1], [7], [10] have proven to achieve successful 3D reconstruction results. 46 

Any method applied to the reconstruction procedure must consider of the presence of local optima. 47 

The complex nature of the problem and the scarce knowledge of the functional space make the 48 

application of classical techniques (i.e., the Gradient Method) to solve the problem less attractive. 49 

Besides the definition of the optimization function, there are several options for the optimization 50 

algorithm to be used to solve the reconstruction problem. However it should be reminded that the 51 

(usually) unchartered nature of the objective function—with the presence of many possible local 52 

minima, large flat plains, and points where the gradient is either undefined or discontinuous—53 

makes traditional analytic techniques unfit to the task [7]. Heuristic methods are more attractive 54 

since they do not depend on the characteristics of the problem, but instead leverage stochastic 55 

sampling rules on deterministic decision rules [11]. 56 

1.1 State-of-the-art reconstruction methods 57 

An extensive review of the available optimization algorithms applicable to 3D reconstruction is 58 

out of the scope of this work (ref. [7] provides a comprehensive review). We now briefly recall 59 

the main features of selected algorithms to contextualize the development of the herein proposed 60 

approach.  61 
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Among the state-of-the-art approaches, Gaussian filtering method is at the basis of the most com-62 

monly used 3D reconstruction techniques [1]. The method uses for reconstruction only the stand-63 

ard two-point probability function for reconstruction, and employs linear and nonlinear filters on 64 

Gaussian random fields (GRFs) to match the correlation function in the reconstruction process 65 

[12]. However, the conventional two-point correlation is not enough to accurately characterize the 66 

microstructure of the medium, and it is difficult to extend the method to include the other correla-67 

tion functions of the biphasic isotropic media [1]. 68 

Simulated annealing (SA) [1], [7], [10] is a heuristic reconstruction technique based on correla-69 

tions. The SA reconstruction procedure resolves to find a state of minimum energy among the 70 

several local minima described by the target function space by swapping the phase of the voxels 71 

of the digitized 3D random heterogeneous material (RHM)i [1][7]. This swapping procedure pre-72 

serves volume fractions of both phases during the reconstruction process while acting directly on 73 

the connectedness of the material phases. The resulting change in the target function, ΔT, for a 74 

certain swap is accepted with probability p(ΔT). This probability is evaluated via the Metropolis 75 

method [1]. Acting voxel-by-voxel, SA yields a very accurate description of the reconstructed 3D 76 

RHM [1], [7]. Limitations to SA are the considerable computational effort required by the ap-77 

proach when compared to, e.g., gaussian random fields and its strong dependence on the initial 78 

conditions [7]. 79 

1.2 Genetic algorithms applied in reconstruction methods 80 

Genetic algorithms (GA) are optimization meta-heuristic methods mimicking the biological evo-81 

lution of a population in which all the individuals are candidate solutions for a given problem [13]. 82 

GA differs from GRF and SA since it (1) performs a global search and (2) can be applied as Multi-83 

Objective Evolutionary Algorithms (MOEAs). MOEAs extend the capabilities of traditional evo-84 

lutionary algorithm (e.g., SA, GRF), which are usually used to solve single objective problems, by 85 

the simultaneous optimization of several objectives, i.e., producing a set of non-dominated solu-86 

tions. This approach represents a novelty in the field of application, and it is advantageous for 87 

being generally fit to the application of innovative optimization techniques. These features imply 88 

a capability of exploring the functional space. Multi-objective GA is hence generally less prone to 89 

 
i A random heterogeneous material (RHM) is any material composed by two or more material phases. In this work, 

we assume that the RHM satisfies the isotropic hypothesis. The RHM is such that the characteristic lengths of the 

material phases are longer than molecular lengths and shorter than the macroscopic lengths of samples [14]. 
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being “trapped” into local minima compared to other methods applied to 3D reconstruction. Co-90 

herently, even if a priori knowledge of an approximate solution and its position in the functional 91 

space can be exploited for speed-up purpose, it is not theoretically strictly required [13]. 92 

The GA uses consistently more CPU time than SA and GRF, since it invests in the exploration of 93 

the solution space instead of directly converging to a minimum. GA—together with SA—has 94 

proven to be the most effective method for the 3D reconstruction of multi-phase media [1], [7].  95 

The goal of this work is to propose a 3D reconstruction procedure that is based on a GA and verify 96 

its 3D reconstruction capabilities against synthetic 3D media that are a priori known. We propose 97 

a 3D reconstruction approach based on an innovative definition of the target multi-objective func-98 

tion: to maintain the generality of the 3D reconstruction procedure, we do not use the correlation 99 

functions as the target function, since this would impose the convergence to the correlations. The 100 

correspondence of the correlations is used on the other hand for the verification of the procedure. 101 

Considering the overall characteristics, we use a GA for the solution of the optimization problem. 102 

After a first introduction on the definitions and hypotheses necessary for the reconstruction, the 103 

frame of the GA is presented, with an description of the algorithm, the issues and limitations af-104 

fecting it, and the adopted choices to overcome them. 105 

 106 

2. Mathematical framework 107 

In this work, we limit our analysis to the reconstruction of 3D RHM as defined by Torquato [8]. 108 

We consider a RHM composed of two domains – for simplicity, we refer to one of the two domains 109 

as pores [1]. The scale at which we define and describe RHMs is larger than the molecular scale 110 

and smaller than the characteristic length of the macroscopic scale. In this way, RHM is a contin-111 

uum at the microscopic scale, whereas macroscopic or effective properties can be defined [14]. We 112 

assume that within a RHM the domains are isotropic across the volume of the RHM itself, allowing 113 

for a statistical characterization [1], [2], [7]. 114 

Each specific RHM can be imagined as a realization of a random process [7], [14]. Thus, a two-115 

phase RHM representing a porous medium is mathematically defined as a realization ω of a ran-116 

dom process.  117 

The RHM volume V(ω) is composed of volume V1 and volume V2 (with V = V1 + V2), correspond-118 

ing to the two phases and defined by their respective volume fractions ϕ1 (the porosity) and ϕ2 (the 119 
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solid matrix). Focusing on the pore phase (identified as phase 1), we define the characteristic func-120 

tion I(x)  121 

𝐼(𝑥) = {
1 if 𝑥 ∈ 𝑉1

0 if 𝑥 ∈ 𝑉2
 

(1) 

where x is the position of a point in the volume V.  122 

Based on the characteristic function, an RHM can be characterized by defining a set of n-point 123 

correlations [14], [15], summarizing the statistical information about the RHM itself. In this work, 124 

we use the following three correlations [6]: 125 

• The one-point correlation S1, i.e., the probability that one random point falls within the 126 

pore phase. 127 

• The two-point correlation S2, i.e., the probability that two random points fall within the 128 

pore phase. 129 

• The lineal-path correlation SL, i.e., the probability that one random segment falls totally 130 

within the pore phase. 131 

With these definitions and under the assumption of the RHM being stationary and ergodicii, S1 is 132 

independent on the position and has the same value as the pore-fraction of the medium [1], i.e., 133 

𝔼[𝐼(𝑥)] = 𝑆1 = 𝜙1 (2) 

with therefore 𝜙2 = 1 − 𝜙1 being the fraction of solid matrix. As for 𝑆2, it can be shown that for 134 

an isotropic RHM it depends only on the distance between the two sampled points, |r|, rather than 135 

on their position [1], [16], 𝑥1 and 𝑥2 = 𝑥1 + 𝑟. Namely  136 

𝔼[𝐼(𝑥1)𝐼(𝑥2)] = 𝑆2(𝑥1, 𝑥2) = 𝑆2(𝑟 = 𝑥1 − 𝑥2) = 𝑆2(|𝑟|) (3) 

  

Moreover, it has two properties: (1) when distance between points tends to zero, it has the same 137 

value as ϕ1 — i.e., the two points are coincident, and (2) when the distance tends to infinity it has 138 

value ϕ1
2 — i.e., there is total independence of the two points. Namely 139 

𝑆2(0) = 𝜙1  and  lim
𝑟→∞

𝑆2 = 𝜙1
2 (4) 

 
ii The ergodic hypothesis corresponds to the assumption that the mathematical expectations can be calculated by spatial 

averages on the volume V, with being V sufficiently large (practically, the minimal size of the observation volume is 

linked to the so-called integral range [16], [22]). 
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Lastly, 𝑆𝐿 — which is the lineal-path probability — is introduced. Under the same hypothesis 140 

imposed in Eq. 3, this correlation depends only on the distance between two points, has value 𝜙1 141 

for length equal to zero, and tends to zero for infinite length. Namely 142 

𝑆𝐿 = 𝑆𝐿(𝑥, 𝑥 + 𝑟) = 𝑆𝐿(|𝑟|) (5) 

𝑆𝐿(0) = 𝜙1  and  lim
|𝑟|→∞

𝑆𝐿 = 0 (6) 

This correlation contains information on the connectedness of the pore-phase of the component 143 

and is important to define the statistical limit threshold for percolation [1]. 144 

Under the above given ergodic assumption for an RHM and in the infinite volume limit, these 145 

correlations (Eqs. 2, 3, 5) for the 3D isotropic medium are identical to those of the 2D sections [1], 146 

[6], [14], [16]. Therefore, if the hypotheses are respected, it is possible to measure these correla-147 

tions on the 2D sections and directly infer the respective 3D correlations [1], [6], [14]. It should 148 

be remarked that identity does not hold in general and strictly depends on the fact that the 3D RHM 149 

(and the 2D section) is isotropic and ergodic [2], [7], [14], [15]. Due to its lack of generality, the 150 

proposed 3D reconstruction technique does not enforce these identities. Nevertheless, we are going 151 

to leverage this theoretical result for the verification of the proposed 3D reconstruction technique 152 

under the above stated hypotheses [1], [7].  153 

Another fundamental characteristic of an RHM is the pore-size distribution function 𝑃(𝛿). It is 154 

defined as the probability that a randomly sampled point in the pore phase lies at the distance 155 

between δ and δ + dδ of the nearest point on the pore-solid interface[1]. 156 

The pore-size distribution and the other correlations herein defined are measurable in a virtual 3D 157 

RHM and in 2D sections (with in general no trivial correspondence between) by exploiting their 158 

probabilistic definition. A straightforward direct measuring technique is a Monte Carlo sampling 159 

of points within the RHM, followed by checking the conditions corresponding to each definition 160 

(e.g., is the sampled point within the porous phase?). Specific state-of-the-art techniques based on 161 

underlying Monte Carlo sampling have been developed and tailored for each correlation [1], [14], 162 

[15] and are adopted in this work. 163 

 164 

3. 3D reconstruction methodology 165 

In this section we detail the proposed 3D reconstruction technique. The main innovation brought 166 

about concerns the definition of the target multi-objective function to be minimized, whereas as 167 
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optimization algorithm we adopt a multi objective GA [7]. The genetic algorithm is used since it 168 

has the best features for the resolutions of complex optimization problems defined by unknown 169 

functional space [7], [11]. 170 

The fitness function F is a vector defined by the moments of the 2D pore-size distribution (i.e., 171 

average size R2D and standard deviation s2D) and the 2D pore numberiii N2D, namely 172 

 𝐹 =

[
 
 
 
 
 
 √∑ (𝑁2D,ref − 𝑁2D,𝑖)𝑖

2

√∑ (𝑅2D,ref − 𝑅2D,𝑖)𝑖
2

√∑ (𝑠2D,ref − 𝑠2D,𝑖)𝑖
2

]
 
 
 
 
 
 

  (7) 

where the summations over i are referred to different 2D sections extracted from a 3D RHM. Re-173 

markably, the fitness function quantities are evaluated on the 2D sections extracted from the 3D 174 

RHM. In this way, based on the properties of the 2D section, it is possible to rank the 3D micro-175 

structures as the most likely to produce sections that are statistically close to the reference section, 176 

and supposedly the 3D microstructures that are most likely to statistically match the original one. 177 

Furthermore, the optimization of a vector fitness function allows for simultaneous optimization of 178 

all its components, which is necessary to find the global optimum in a complex multi-objective 179 

problem such as the one treated in this work. 180 

The definition of fitness provided in Eq. 7 allows overcoming hypotheses of correspondence be-181 

tween a 3D RHM and its 2D sections, which are commonly assumed in state-of-the-art techniques 182 

[1], [2], [7], [8]. In general, these reconstruction techniques are based on the minimization of an 183 

objective function T describing the distance between the 2D section and the target 3D recon-184 

structed RHM. A common formulation for T is [1] 185 

𝑇 = ∑𝛼𝑖(𝑆2D,ref
(𝑖)

− 𝑆3D
(𝑖)

)
2

𝒊

 
(8) 

where αi are weights, and i is a symbolic index defined on the above-described correlations 186 

Eqs. 2, 3, 5). Under the hypotheses allowing to apply Eq. 8, it is formally equivalent to use 𝑆2D
(𝑖)

 187 

 
iii For a stationary point process, the number of points (i.e., centers of the objects) is a random variable, and hence it 

would be different for different realizations and one should consider as a parameter the point density. Nevertheless, 

since in the following we limit our analysis to a Poisson point process with a high number of points, the discrepancy 

introduced is minimal. 
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instead of 𝑆3D
(𝑖)

. In the following, the results obtained by using the fitness defined by Eq. 7 will be 188 

systematically compared to those achievable by the state-of-the-art fitness defined by Eq. 8. 189 

In this work, the ranking is based on Pareto efficiency based on simultaneous confrontation be-190 

tween the values of all three components of the fitness function in Eq. 7. 191 

The proposed 3D reconstruction technique initializes a first population by randomly generating a 192 

set of 3D RHMs across the space {N3D, R3D, s3D}. Once generated, these 3D microstructures are 193 

cut at a random quote generating 2D sections that are quantitatively confronted with the reference 194 

2D section using the fitness function (Eq. 7). The obtained fitness value is then used to rank the 195 

cubes using Pareto efficiency based on the simultaneous minimization of all the components of 196 

fitness function (Eq. 7). 197 

The best individuals are selected as parents and go through the variation steps to produce the off-198 

spring. Both crossover and mutation act on the 3D parameters, generating new 3D microstructures. 199 

Once these are cut, their sections are confronted with the reference, and ranked together with their 200 

parents, again according to Pareto efficiency as mentioned above. The environmental selection 201 

saves only the fittest and kills the others for the next generation cycle. It must be stressed that, by 202 

using Pareto efficiency for ranking, the algorithm yields several individuals with the same rank, 203 

not a single one. This has the further advantage of preserving more effectively diversity in the 204 

population and better explore the search space, preventing the search to collapse in a single result.  205 

The solutions of the reconstruction procedure evolve to minimize the difference between the ref-206 

erence properties of the 2D sections and the properties of the 2D sections randomly cut from re-207 

constructed 3D media.  208 

4. Verification and validation with synthetic data 209 

As detailed in Section 3, the proposed technique for 3D RHM reconstruction is based on the min-210 

imization of the distance between a 2D reference image and the 2D sections of 3D reconstructed 211 

RHM. The assessment strategy of the proposed 3D reconstruction technique can be conceptually 212 

divided in two parts: 213 

• The verification of the performance of the technique in localizing the minimum of the tar-214 

get function, i.e., the comparison of the 2D reference image with the 2D sections of the 215 

reconstructed RHM. 216 
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• The validation of the 3D reconstruction technique itself, by comparing the 3D reference 217 

RHM (from which the 2D reference image is extracted). This validation is possible because 218 

the proposed reconstruction technique performs the optimization only based on the 2D sec-219 

tions, without directly forcing the characteristics of the reconstructed 3D RHM. 220 

In this section we report the results of both these assessments for a two-phase RHM made of 221 

lognormal-distributed overlapping spherical pores. The centers of the spheres are disturbed inde-222 

pendently, i.e., according to a Poisson point process. The resulting model is therefore a Boolean 223 

model [5], [16]. For all the assessment cases we consider synthetic data as reference, i.e., simulated 224 

3D microstructures with known properties, as detailed below. 225 

In principle, if the 2D statistical correlations of the simulated sections are close to the reference 226 

section, it is assumed that the correlations—hence the structure—of the simulated 3D media match 227 

those of the reference 3D medium. This has been extensively applied and verified [1], [6]–[8]; 228 

however, it is important to verify if the procedure respect this theorem. The GA must be verified 229 

independently, with convergence now achieved on the pore-size distribution. 230 

The verification is done by applying the multi objective GA to simulated ideal reference media. If 231 

convergence on the object function of the problem yields the same 2D correlations, the 3D infor-232 

mation of the reconstructed media is also confronted with that of the reference 3D medium. If that 233 

is verified, the GA becomes applicable to the experimental results with no a priori knowledge of 234 

the 3D correlations. This verification must be performed on increasingly complex microstructures, 235 

ensuring that the GA can reconstruct different experimental porous media with non-ideal features. 236 

The free parameters of the GA must also be assessed so to ensure the best efficiency of the algo-237 

rithm. In this study, the free parameters of the GA are the population size (𝜇), the selection pressure 238 

parameter (𝑝) for rank-based stochastic universal sampling (SUS) selection, the crossover rate 239 

parameter, and the mutation rate parameter (in this case the bitflip probability). 240 

Population size becomes therefore crucial in defining the convergence speed [13]. An efficient 241 

population size must balance speed and accuracy of the global search. Choosing small population 242 

size eventually limits the computational cost of the GA, yet the solution will be hindered by genetic 243 

drift [17], with subsequent high risk of poor performance. 244 

With regards to performance, selection pressure and mutation must be defined accordingly once 245 

an optimal population-size has been proposed. In presence of strong selection pressure genetic 246 

drift has little to no effect, and the population size has a weak influence, while in case of weak 247 
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selection pressure the population size has an heavier role in removing genetic drift [18], [19]. The 248 

effect of mutation is also important and changes in relation to the population size. When the pop-249 

ulation size is large, the mutation has ill effects on the performance of the GA, while the effect is 250 

beneficial if the population size is small [18]. 251 

Since there are few reliable theories for the determination of these parameters for better perfor-252 

mance of the GA [13], the most feasible way in our work is direct trial and error. In this work, we 253 

present the solutions obtained for the best combinations of the hyperparameters of the GA applied 254 

to the reconstruction of different 3D RHM. 255 

The GA ability to reproduce 3D media has been applied to a pore microstructure defined by pen-256 

etrable spheres [20] whose radii follow a lognormal distribution. A lognormal distribution is de-257 

scribed by two parameters, namely 3D average radius and 3D standard deviation radius. In this 258 

situation the 3D inputs are the 3D spherical pore number and the 3D lognormal distribution pa-259 

rameters. These three inputs correspond to the genes upon which the variation operators act. The 260 

reference 3D microstructure is generated with the values reported in Table 1. 261 

The search space for reconstruction is defined accordingly to the ranges of parameters (Table 1), 262 

from which the algorithm would sample the inputs to generate the reconstructed 3D media. 263 

  264 
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Table 1. Reference value of the parameters determining the 3D RHM, together with their ranges 265 

defining the search space of the 3D reconstruction algorithm. 266 

Parameter Reference value Range (search space) 

3D spheres number 250,000 [200,000; 300,000] 

3D average sphere radius 2.15 [2.00; 2.50] 

3D standard deviation of radius 2.30 [2.00; 2.50] 

 267 

The lognormal model defines a complex structure and the presence of three genes introduces fur-268 

ther strain on the GA. However, it is a more physical distribution than the simpler ideal case of 269 

single-sized overlapping spheres, since it represents the process of statistical realization of the 270 

multiplicative product of independent random variables [21]. Convergence to the reference data is 271 

achieved on a microstructure with porosity between 0.35 and 0.40. The hyperparameters used as 272 

settings of the GA are reported in Table 2. 273 

 274 

Table 2. Hyperparameters of the GA. 275 

Hyperparameter Value 

Population size (μ) 100 

Selection pressure (p) 1 

Crossover rate 0.2 

Mutation rate 1 / #bit 

 276 

A different mutation rate is defined for each gene of the microstructure. This way it is expected 277 

one bit-flip per each gene on average, thus maintaining diversity while avoiding ill effects of high 278 

mutation rates on convergence [18]. This, combined with a relatively low crossover rate, allowed 279 

to achieve good convergence within few tens generations of the GA. As declared before, the set of 280 

hyperparameters herein adopted is standard for the application of GA. 281 

The following figures show the fitness values (Figs. 1, 3, 5) and the 2D pore-size distributions 282 

(Figs. 2, 4, 6) for the initialization, the 10th generation, and the 20th generation (at which conver-283 

gence is achieved). The axes of Figs. 1, 3, 5 correspond to the components of the fitness function 284 

F (Eq. 7), i.e., N = √∑ (𝑁2D,ref − 𝑁2D,𝑖)𝑖
2
, Rm = √∑ (𝑅2D,ref − 𝑅2D,𝑖)𝑖

2
, and Rs = √∑ (𝑠2D,ref − 𝑠2D,𝑖)𝑖

2
. 285 
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As it can be observed there is a wide distribution of fitness values for the whole population in the 286 

initialization population (Errore. L'origine riferimento non è stata trovata.) that collapses dras-287 

tically towards the origin by the 10th generation (Fig. 3). By the 20th and last generation (Fig. 5), 288 

the population is even more clustered around the origin, suggesting that good convergence of the 289 

reconstructed media to the reference has been achieved with success. This conclusion can be de-290 

duced, albeit not as clearly, by observing the 2D pore-size distributions, as progressive conver-291 

gence of the pore-size distributions is achieved from Errore. L'origine riferimento non è stata 292 

trovata., 4, 6. 293 

 294 
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Figure 1. Fitness values of the reconstructed media (Pareto 

front ones in black), initialization. 

 

Figure 2. Pore size distribution 2D reference (red) vs. recon-

structed (green) (Pareto front in black), initialization. 

 

Figure 3. Fitness values of the reconstructed media (Pareto 

front ones in black), generation 10. 

 

Figure 4. Pore size distribution 2D reference (red) vs. recon-

structed (green) (Pareto front in black), generation 10. 

 

Figure 5. Fitness values of the reconstructed media (Pareto 

front ones in black), generation 20. 

 

Figure 6. Pore size distribution 2D reference (red) vs. recon-

structed (green) (Pareto front in black), generation 20. 

 295 

  296 
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The convergence of the fitness function also yields convergence, with a certain confidence interval, 297 

to the 2D correlations of the reference section in the last generation, as shown in Fig. 7, where the 298 

best individuals (on the Pareto front) of the last generation are confronted with the reference. This 299 

important result verifies that the GA is able to reproduce 3D microstructures whose 2D sections 300 

are statistically close to the reference image, since the correlations are the statistical descriptors of 301 

the 2D pore phase [14].  302 

The good results of the reconstruction procedure are noticeable from confrontation of the 2D ref-303 

erence section (extracted from the above-described 3D RHM as a midplane horizontal cross-sec-304 

tion, reported in Fig. 8) and a 2D section taken from one of the reconstructed media (Fig. 9), as 305 

the statistical similarity between the two can be visibly confirmed. 306 

The GA proved effective in reproducing the 2D sections of the reference medium. The most im-307 

portant verification is lastly done on the confrontation of the correlations of the 3D microstructures, 308 

to verify the ability of the GA reconstruct the 3D medium. The results are satisfying since conver-309 

gence is achieved with minor deviations (Fig. 10), and the GA can reconstruct complex 3D micro-310 

structures constituted by overlapping spheres with lognormal-distributed radii. 311 

For the sake of comparison, we show the results achieved by applying a state-of-the-art fitness 312 

function T, as that defined by Eq. 8. Instead of targeting the convergence on the 2D pore-size 313 

distribution, state-of-the-art approaches enforce the convergence on the 3D correlations. This con-314 

vergence is hence imposed on S1, [∂S2/∂x]0 (axis Lambda-S2), and [∂SL/∂x]0 (axis Lambda-SL), 315 

which univocally define the correlations. The comparison between Figs. 7 and 17 shows no sig-316 

nificant differences of reconstructing capabilities in terms of the 2D correlations. As for the con-317 

vergence on the pore-size distribution, by comparing Figs.1-6 to Figs. 11-16, it appears that the 318 

convergence is achieved more consistently with the proposed 3D reconstruction techniqueiv. 319 

 320 

Validation has been performed with success on synthetic data. The ability to reproduce the refer-321 

ence cube against known cubes has been proven, and the free parameters of the GA have been 322 

handled in such a way to obtain an efficient convergence to the fitness in few trials and thus in 323 

shorter times despite the high computational cost of the reconstruction procedure. 324 

The tests on simulated data have fitted well the data, returning a good reconstruction of the pore 325 

size distribution of the 2D section of the reference media for any of the best individuals with a 326 

 
iv The relative difficulties in convergence could be explained considering that [∂S2/∂x]0 ≈ [∂SL/∂x]0. 
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small variance. This also resulted in convergence to the correlations of the reference 2D section. 327 

The algorithm has therefore been assessed as the convergence on the 2D pore number, and pore 328 

average equivalent radius and standard deviation yields convergence to the correlations. 329 

Recalling that there is correspondence between the statistical correlations of the 3D porous media 330 

and the 2D section apart from small error [14], the faithful reconstruction of the sections is ex-331 

pected to yield the reconstruction of the 3D media in statistical terms. This has been demonstrated, 332 

and the reconstruction has yielded good results with a certain confidence interval. 333 

The proposed 3D reconstruction approach is not exempt from limitations: 334 

• It is currently limited to application to two-phase RHMs. This could be relevant in recon-335 

structing specific nuclear materials (e.g., metallic fuel) in which one may be interested in 336 

describing more phases. 337 

• The use of a multi-objective optimization based on 2D sections allows to relax several 338 

hypotheses which are usually enforced in classical stereological approaches but implies the 339 

need to use heuristic algorithms to solve the problem, i.e., accepting higher computational 340 

times. 341 

• Moreover, the use of heuristic algorithms such as genetic algorithms requires considerable 342 

care in the definition of the hyperparameters, implying that the proposed approach needs 343 

to be tailored to specific applications. 344 
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Figure 7. 2D reference correlations (S2 curve above, SL curve below) (red) vs. 2D reconstructed correlations from the Pareto 

front (blue). 

 345 

 
Figure 8. Example of reference 2D section. 

 
Figure 9. Example of reconstructed 2D section. 

 346 
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Figure 10. 3D reference correlations (S2 curve above, SL curve below) (red) vs. 3D reconstructed correlations from the Pareto 

front (blue). 

 347 

  348 



18 

 

 

Figure 11. Fitness values of the reconstructed media (Pareto 

front ones in black), initialization. 

 

Figure 12. Pore size distribution 2D reference (red) vs. recon-

structed (green) (Pareto front in black), initialization. 

 

Figure 13. Fitness values of the reconstructed media (Pareto 

front ones in black), generation 10. 

 

Figure 14. Pore size distribution 2D reference (red) vs. recon-

structed (green) (Pareto front in black), generation 10. 

 

Figure 15. Fitness values of the reconstructed media (Pareto 

front ones in black), generation 20. 

 

Figure 16. Pore size distribution 2D reference (red) vs. recon-

structed (green) (Pareto front in black), generation 20. 

 349 

  350 
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Figure 17. 2D reference correlations (S2 curve above, SL curve below) (red) vs. 2D reconstructed correlations from the Pareto 

front (blue). 

 351 

  352 
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5. Conclusions 353 

We have introduced a novel approach in the reconstruction of 3D RHM microstructure from the 354 

limited knowledge of 2D data. The proposed approach is tailored for application to porous heter-355 

ogeneous materials such as highly irradiated nuclear fuels, for which direct experimental investi-356 

gations are complex and expensive. The optimization method is based on a multi-objective opti-357 

mization genetic algorithm. Convergence is imposed between the reference and the reconstructed 358 

2D sections on 2D pore number, mean value and standard deviation of the pore-size distribution. 359 

This approach represents a generalization of state-of-the-art reconstruction techniques, with less 360 

constraining hypotheses and thus broader applicability. Good statistical representation of the me-361 

dium is confirmed by confronting the 2D two-point correlation function and 2D lineal path func-362 

tion, from which 3D correlations can be inferred theoretically. The approach is verified and vali-363 

dated against synthetic data. Reference 3D structures with overlapping spheres whose size is log-364 

arithmically distributed, representative of highly porous materials, are reconstructed with reliable 365 

confidence. The new method has been applied to the reconstruction of the pore phase in irradiated 366 

fuel in a companion paper. 367 
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