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ABSTRACT. This study concerns the problem of compatibility of state constraints
with a multiagent control system. Such a system deals with a number of agents
so large that only a statistical description is available. For this reason, the state
variable is described by a probability measure on R? representing the density of
the agents and evolving according to the so-called continuity equation which is
an equation stated in the Wasserstein space of probability measures. The aim of
the paper is to provide a necessary and sufficient condition for a given constraint
(a closed subset of the Wasserstein space) to be compatible with the controlled
continuity equation. This new condition is characterized in a viscosity sense as
follows: the distance function to the constraint set is a viscosity supersolution
of a suitable Hamilton-Jacobi-Bellman equation stated on the Wasserstein space.
As a byproduct and key ingredient of our approach, we obtain a new comparison
theorem for evolutionary Hamilton-Jacobi equations in the Wasserstein space.
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1. INTRODUCTION

In classical control theory, a single agent controls a dynamics (here represented
by a differential inclusion)

(1.1) #(t) € F(x(t)), 2(0) = o,

where F' : R = R? is a set valued map, associating to each z € R? the subset
F(z) of R of the admissible velocities from z. A multiagent system involves a large
number of agents having all a dynamics of the form (L.1). In this model, the number
of agents is so large that at each time only a statistical (macroscopic) description
of the state is available. We thus describe the configuration of the system at time ¢
11:(A)
pe(R)
represents the fraction of the total amount of agents that are present in A at the
time ¢. Since the total amount of agents is supposed to be fixed in time, p;(R?) is
constant, and thus we choose to normalize the measure p; assuming ;(RY) = 1, i.e.,
w € P(R?), the set of Borel probability measures on R?.

by a Borel measure ;; on RY, where for every Borel set A C R? the quotient

Hence, the evolution of the controlled multi-agent system can be represented by
the following two-scale dynamics
e microscopic dynamics: each agent’s position at time ¢ is given by x(t), which
evolves according to the dynamical system
(1.2) (t) € F(u, (1)), for a.e. t >0,

where F' is a set-valued map. It is worth pointing out that each agent’s

dynamics is nonlocal since it depends also on the instantaneous configuration
1
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iy of the crowd of agents at time ¢, described by a probability measure on
R<,

e macroscopic dynamics: the configuration of the crowd of agents at time ¢ is
given by a time-depending measure y; € 92(R?) whose evolution satisfies the
following continuity equation (to be understood in the sense of distributions)

(13) atﬂt + diV(’Utlut) = 0, t > 0,
coupled with the control constraint
(1.4) v(z) € F(py, x) for ppa.e. z € R? and for a.e. t > 0.

which represents the possible (Eulerian) velocity v;(x) chosen by an external
planner for an agent at time ¢ and at the position x.

The investigation of (deterministic) optimal control problems in the space of mea-
sures is attracting an increasing interest by the mathematical community in the last
years, due to the potential applications in the study of complex systems, or multi-
agent systems (see e.g. [17,[19,20]). Indeed, in the framework of mean field approxi-
mation of multi agent system, starting from a control problem for a large number of
the (discrete) agents, the problem is recasted in the framework of probability mea-
sures (see the recent [16| or the preprint [13]| for I'-convergence results for optimal
control problems with nonlocal dynamics). This procedure reduces the dimensional-
ity and the number of equations, possibly leading to a simpler and treatable problem
from the point of view of numerics. The reader can find a comprehensive overview of
the literature about such formulations and applications, together with some insights
on research perspective, in the recent survey [1|, and references therein. We refer to
[8] for further results on mean field control problems.

The problem we address in this paper is the compatibility of the above dynamical
system (1.3)—(L.4) with a given closed constraint #~ C P, (R?). Here Z5(R?) is the
set of Borel probability measures with finite second moment; this set is equipped
with the 2-Wasserstein distance (see Section . This compatibility property could
be understood in two ways

e . is viable for the dynamics F' if and only if for any u € £ there exists a
solution ¢ — g of the controlled continuity equation (L.3)—(L.4) with po = p
such that u, € ¢ for all t > 0;

e % is invariant for the dynamics F' if and only if for any u € J# and for
any solution ¢ — 4 of the controlled continuity equation (1.3)—(1.4) with
to = i we have py, €  for all t > 0.

Inspired by a characterization of the viability property via supersolution of Hamilton-
Jacobi-Bellman equations, which was first obtained in [10] in the framework of sto-
chastic control, we develop an approach for the present multiagent control problem

with deterministic dynamics (1.3))—(1.4)).

The main result of our paper (Theorems [6.6 and can be roughly summarized
as follows

Theorem 1.1. Let & C P (R?) be a closed set and dy the associated distance
function. Assume that the set valued map F is L-Lipschitz.
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e ¥ is viable iff the function p— d (1) is a viscosity supersolution of
(L + 2)u(p) + A5 (1, Dyu(p)) = 0,
where, for all p € Z5(R?), p € L2(R%; RY),

A )= —delp) = it [ (o), pla) dule).
v(-)eLZ(R?) R4
v(z)eF(p,x)u— a.e.

e % is invariant iff the function p— d (1) is a viscosity supersolution of
(L + 2)u(p) + ™ (1, Dyu(p)) =0,
where, for all p € Z5(R?), p € L2 (R%;RY),

A )= ~d) — s [ (o)) dute)
v(-)eLZ(R?) R4
v(z)eF(u,x) p—a.e.x
For a completely different approach to the viability problem we refer to [6], where
the author provides a characterization of the viability property for a closed set
H C 21 (T?) by mean of a condition involving a suitable notion of tangent cone to
 in the Wasserstein space Z2(T?), where T¢ denotes the d-dimensional torus.

The paper is organized as follows: in Section [2] we fix the notations and provide
some background results; Section [3]is devoted to the properties of the set of solutions
of the controlled continuity equation (I.3)~(T.4); Section [4establish the link between
the viability /invariance problem with the value function of a suitable control problem
in Wasserstein space; Section[b]introduces the viscosity solutions of Hamilton-Jacobi-
Bellman equations in the Wasserstein space, together with a uniqueness result; in
Section [6] we apply the results of Section [5] to the problem outlined in Section
deriving our main characterization of viability /invariance. Finally, in Section [7| we
provide an example illustrating the main results. Some proofs of technical results
are postponed to the Appendix.

2. NOTATIONS

Throughout the paper we will use the following notation and we address to |2] as
a relevant resource for preliminaries on measure theory.

B(x,r) the open ball of radius r of a metric space (X, dx),
ie, B(x,r):={ye X : dx(y,z) <r};
K the closure of a subset K of a topological space X
dg (+) the distance function from a subset K of a metric space (X, d),
ie. di(x) :=inf{d(z,y) : y € K};
CYX:Y) the set of continuous bounded functions from a Banach space X to Y,
endowed with || f]lcc = sup |f(z)] (if Y =R, Y will be omitted);
zeX

CoUX;Y) the set of compactly supported functions of CP(X;Y),
with the topology induced by CP(X;Y);

BUC(X;R) the space of bounded real-valued uniformly continuous functions defined on X

Iy the set of continuous curves from a real interval I to R%;
Ip the set of continuous curves from [0, T] to R?;
e the evaluation operator e; : R? x T';

defined by e;(z,v) = ~(¢) for all ¢t € I;
2(X) the set of Borel probability measures on a Banach space X,
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endowed with the weak* topology induced from CP(X);
A (R%RY) the set of vector-valued Borel measures on R? with values in R?,
endowed with the weak* topology induced from C?(R%; R%);

V] the total variation of a measure v € .# (R%; R?);

< the absolutely continuity relation between measures defined on the same
o-algebra;

ma (1) the second moment of a probability measure pu € Z(X);

riu the push-forward of the measure p by the Borel map 7;

R Ty the product measure of p € Z(X) with the Borel family of measures
{m2}eex € Z(Y) (see Theorem ;

pr; the i-th projection map pr;(z1,...,xN) = x4;

II(p,v) the set of admissible transport plans from p to v;

Iy, v) the set of optimal transport plans from u to v;

Wo(u,v) the 2-Wasserstein distance between p and v;

Py(X) the subset of the elements &?(X) with finite second moment,
endowed with the 2-Wasserstein distance;

% the Radon-Nikodym derivative of the measure v w.r.t. the measure y;

Lip(f) the Lipschitz constant of a function f;

(f)* the positive part of a real valued function f, i.e. (f)* = max{0, f}.

Given Banach spaces X,Y, we denote by Z(X) the set of Borel probability
measures on X endowed with the weak* topology induced by the duality with the
Banach space C?(X) of the real-valued continuous bounded functions on X with
the uniform convergence norm. The second moment of y € Z(X) is defined by

my(p) = /X ]|k du(z), and we set Py(X) = {p € P(X) : my(u) < +oc}. For

any Borel map r : X — Y and p € Z(X), we define the push forward measure
riu € P(Y) by setting riu(B) = u(r~'(B)) for any Borel set B of Y. In other
words,

[ et = [ etr@)duta),
for any bounded Borel measurable function ¢ : Y — R.

We denote by .#(X;Y) the set of Y-valued Borel measures defined on X. The
total variation measure of v € .#Z(X;Y) is defined for every Borel set B C X as

wI(B) = sup {3 w(B)ly } .
{Bi}tien
where the sup ranges on countable Borel partitions of B.
We now recall the definitions of transport plans and Wasserstein distance (cf. for
instance Chapter 6 in [2]). Let X be a complete separable Banach space, iy, ps €
P(X). The set of admissible transport plans between py and s is

O(py, po) ={me P (X x X) :prifimw = p;, i = 1,2},

where for i = 1,2, pr; : R? x RY — R? is a projection pr;(z1,72) = z;. The
Wasserstein distance between py and o is

W3 (py, pe) = inf / 21 — 20| drv (21, 2).
XxX

WEH(U17M2)



CONSTRAINED MULTIAGENT CONTROL SYSTEM 5

If py, pe € P9(X) then the above infimum is actually a minimum, and the set of
minima is denoted by

(s ) = {w & M) WG ) = [ o =l dw(xw:z)} .
X

xX
Recall that Z5(X) endowed with the Wy-Wasserstein distance is a complete sepa-
rable metric space.

The following result is Theorem 5.3.1 in [2].

Theorem 2.1 (Disintegration). Let X, X be complete separable metric spaces. Given
a measure i € P (X) and a Borel map r : X — X, there exists a Borel family of
probability measures {, trex C P(X), uniquely defined for riu-a.e. © € X, such
that p,(X\r~1(z)) = 0 for rip-a.e. x € X, and for any Borel map ¢ : X — [0, +00]

we have
[e@rac= [ [ [ crn) drme.

We will write p = (1) @ pe. If X=X xY and r~H(z) C{x} xY forallz € X,
we can identify each measure p, € P (X xY) with a measure on Y.

3. ADMISSIBLE TRAJECTORIES

The goal of this section is to give a precise definition of the macroscopic dynamics
(1.3, and to study its trajectories. To maintain the flow of the paper the proofs
of the results of this section are postponed to Appendix [A]

Definition 3.1 (Admissible trajectories). Let I = [a,b] be a closed real interval,
= {wter € PoRY), v = {viher C A(RERY), F @ P5(RY) x RT = R? be a
set-valued map.

We say that p is an admissible trajectory driven by v defined on [ with underlying
dynamics F' if

o || < py for ae. t €I
o u(x) = ﬁ(x) € F(uy,x) for ace. t € I and py-a.e. v € RY
e

e O,u; + divy, = 0 in the sense of distributions in [a, b] x R
Given p € P5(RY), we define the set of admissible trajectories as
Ar(p) == {u = { e hier » W = {viher € A (R, RY) s.t. pis an admissible traj.
driven by v, defined on [ with underlying dynamics F' and p, = ,u}.

We make the following assumptions on the set-valued map F"

(Fy) F: Z5(R%) x R? = R? is continuous with convex, compact and nonempty
images, where on %, (R?) x R? we consider the metric

d;@g(Rd)de((/Lla 931), (#2, 352)) = W2(,u1, ,uz) + |ZB1 - 932|-

(F'5) there exists L > 0, a compact metric space U and a continuous map f :
25 (R x R x U — RY satisfying

| f (a1, u) — fpg, 2o, w)| < L(Walpa, pa) + |21 — 22),
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for all p; € P5(R?), 2; € R i = 1,2, u € U, such that the set-valued map
I can be represented as

Fp,x) = {f(p,2,u) :u € U},

As pointed out also in Remark 2 of [17], from the Lipschitz continuity of the
set-valued map F' coming from assumption (F'y), we easily get

F(IM7$) C F(V>y) +L(W2(ILL7V) + |3j - y|)B<Oa 1)7

for all u,v € P(R?) and z,y € R% From which, for all u € 25(RY) and z € R,
we have

(3.1) Fp, o) € C(1+my* () (1+ |2)) B0, 1),
where C':= max{1, L max{|y| : y € F(do,0)}}.

Definition 3.2. Let {u(™},cn € AC([a, b]; 25(RY)). We say that {p™},cn uni-
formly Wy-converges to p, ™ = p, if we have

sup W™, 1) — 0.
tela,b]

We recall the following result taken from [17].

Lemma 3.3 (Gronwall-like estimate (Prop. 2 in [17])). Assume (Fy) — (F2). Let
o, 00 € Po(RY), and p = {piticiap € Ay (o) an admissible trajectory. Then
there exists an admissible trajectory @ = {Ht}te[a,b] € Apy (o), such that for all
t € |a,b] we have

Wa(pe, ) < Lo+ (b-a)et® Wa (o, 0o),

where L is as in (F3).

Proposition 3.4. Assume (Fy) — (Fy). Let p = {1 }icap be an admissible tra-
jectory, with 0 < a < b < 4o0. Then there exists § € P(R* x Tloy) such that
e = g for all t € [a,b], and for n-a.e. (x,7)

{wt) € Fluy(#), for a.e. t € [a,b],

v(a) = .

Moreover, for any m as above and for all t,s € |a,b] with s < t, we have
(1) for p-a.e. (z,7) € R x Ty,

(£,7) € Flpa1(s)) + {i [ 00l + er = e df] B0 1):

€t — €5
t—s

t—s
t

@) o=l < e (= (0 +2Lml0) + L [ Walper, ) r] = e, o)

s
€t — €

=K+ 2Lm§/2(us),
L3
where L = Lip(F) and K = max{|y| : y € F(d,0)}.

In particular, there exists a Borel map w : R? x oy — R?, with w(x,vy) €
F(us,7(s)) for n-a.e. (z,v) € R x L4y, such that

(3) hmt_>5+

— S

€ — €

—w

< [ Wl + i)

t—s
L3
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Proposition 3.5 (Compactness of Ay, (1)), Assume (F1) — (F3) and let 0 < a <
b < 400 and py € Po(RY). Then, the set of admissible trajectories Aoy (fo) is
nonempty and compact w.r.t. uniform Wy-convergence (see Definition .

4. VIABILITY PROBLEM AND THE VALUE FUNCTION

Throughout the paper, let 2 C 2,(R%) be closed w.r.t. the metric W,. We
are interested in the definitions of compatibility of our dynamics w.r.t. the state
constraint given by £ (cf. introduction of the present paper).

Notice that, since concatenation of admissible trajectories is an admissible trajec-
tory (see the note before Prop. 3 in [17]), if £ is viable (resp. invariant) in [¢g, T
then it is viable (resp. invariant) in [0, 7] for any 7' > T.

As we will investigate in Section [5 the viability and invariance properties of a
closed set # C P25(R?) are closely related to the following optimal control problems,
with fixed time-horizon 7" > 0.

Definition 4.1 (Value functions). Given J# C 25(R?) closed, p € P5(R?) and
to € [0,T] , we set
(1) VViab 2 [0, T] x P5(R?) — [0, +00) as follows

T
(4.1) VViab(to p) :=  inf / d () dt,
HGA[tO,T] (w) Jto
where d @ P5(R?) — [0, +00), dy () := inf ., Wa(u, o).
We say that p € Ay, 7(p) is an optimal trajectory for VViab starting from
at time tg if it achieves the minimum in (4.1J).
(2) Vv [0, T] x P(R%) — [0, 4+00) as follows

T
(4.2) V™ (tg, ) == sup / d () dt.
HEA[ T)(1) Y to
We say that p € Ay, 7(p) is an optimal trajectory for V™ starting from p
at time t, if it achieves the maximum in (4.2).

The main interest in the above value functions lies in the fact that they give a
characterization of the viability /invariance as explained in Proposition We first
state a regularity result of the above value functions and the existence of optimal
trajectories.

Proposition 4.2. Assume (Fy) — (Fz). Given p € P5(RY), to € [0,T], there
exist an optimal trajectory p € Ap, () for VViab and an optimal trajectory p' €
Ao, (1) for Vv,

Proof. We prove the existence of an optimal trajectory for V2P, Take any u!, u? €
P5(RY). By passing to the infimum over o € J# on the triangular inequality

Wo(pu', o) < Wa(u', p?) + Wa(u?, o),

we have d(p') < Wa(p!, p?) + dy (4?). Reversing the roles of p! and p? we get
the 1-Lipschitz continuity of d . Hence, by Fatou’s Lemma, we get the l.s.c. of the
cost functional, i.e.

T T
/ d () dt < lim inf / dy (") dt,
to to

n—-+o0o



8 G. CAVAGNARI, A. MARIGONDA, AND M. QUINCAMPOIX

for any sequence {u™},cn € AC([to, T]; P2(R?)) uniformly Wa-converging to p.
Combining this with the Wh-compactness property of Proposition [3.5] we get the
desired result.

We prove the existence of an optimal trajectory for ViV, We fix {u(™},cn C
Apor(pt) and 6 € . For any t € [to,T], by triangular inequality and recalling

that by definition we have the equivalence m;/ 2(p) = Wal(p, &), we get the following
uniform bound

Ay (1) < Wo(p”,6) < W™, 80) + Wa(60, 6)
= my (™) + my*(6) < C(1 +my* (1)) + my*(5),

for some constant C' > 0 coming from estimate (A.2) proved in Appendix [Al Thus,
as for the proof of the existence of a minimizer for VV* we can apply Fatou’s
Lemma to get the u.s.c. of the cost functional and conclude. 0

We state here a first characterization of viability /invariance in terms of the optimal
control problems introduced in Definition [4.1]

Proposition 4.3. Assume (Fy) — (Fy). Let o C P (R?) be closed in the Ws-
topology, to € [0, T]. Then

(1) ¢ is viable for F if and only if V¥ (to, uo) = 0 for all pg € H';

(2) 2 is invariant for F if and only if V™ (to, o) = 0 for all uy € ¥ .

Proof. We just prove (1), since the proof of (2) is similar. One implication follows
directly by definition, so we prove the other direction assuming VVi#P(¢(, yg) = 0 for
all py € 2. By Proposition for all pg € £ there exists an optimal trajectory
i € Ay, (o) such that

T
0 = V¥isb(ty. 1) = / A (i) dt.

to
This implies that dy (i) = 0 for ae. t € [ty,T]. By continuity of g and by
closedness of J# w.r.t. Ws-topology, we obtain the viability property for JZ . OJ

As usual, the value function satisfies a Dynamic Programming Principle.

Lemma 4.4 (DPP). The function V¥ : [0, T] x P (R?) — [0, +00) satisfies

¢
(4.3) V¥ (ty 1) = inf {/ dy(ps)ds + VPt )« t € [to,T], p € A[toj](,u)} :

to

Furthermore, for any p € Ay, (), the map
t
05 gu®)i= [ () ds + V(e )
to
is nondecreasing in [to, T|, and it is constant if and only if p is an optimal trajectory.
Proof. We prove one inequality (>). By definition of V(¢ 1), for any ¢ > 0 there
exists p® € Ay, () s-t.

t T t
VYiRb (4, 1) + e Z/ d%(,ui)ds%—/ dy (ps) ds Z/ Ay (pS) ds 4+ VY (£, 1),

to t to
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for any t € [to, T], since the truncated trajectory fi := Wi, r) belongs to Ap iz (17)-
We conclude by passing to the infimum on p € Ay, 7(p) and t € [to,T] on the
right-hand side and then letting ¢ — 0.

Concerning the other inequality, fix any p € Ay, (1) and t € [to, T]. By defini-
tion of VVi#P(¢, 1), for all € > 0 there exists p® € Apry(pe) 8.6 VVP(t, ) + e >
ftT d . (us) ds. Now, defining

L Hs, if s € [to,t],
Hs = ps, if s et T,

we see that fi € Ay, 7(pe). Thus,

T t
VVisb (o, 1) < / dy(jts) ds = / dy (ps) ds+ /

to to t

T t
dﬂ@wé/dﬂwﬁﬁm%wHa

to

By passing to the inf on u € Ay, 77(1), and then letting ¢ — 0%, we conclude.
The proof of the second part of the statement is standard and follows straightfor-
wardly from (4.3]) (see for instance Prop. 3 in [17]). O

We come now to the formulation of a Dynamic Programming Principle for the
value function V™ whose proof is omitted since it is similar to that of Lemma [4.4]

Lemma 4.5 (DPP). The function V'™ : [0, T] x P5(R%) — [0, +00) satisfies

t
(4.4) V™ (to, ) = sup {/ Ay (ps)ds + V™ (t, )+ t € [to, T, p € Apo (,u)} :

to

Furthermore, for any p € Ay, (1), the map

t
th@:/dﬂww+wwmm

to

is nonincreasing in [to, T), and it is constant if and only if p is an optimal trajectory.

As in the classical case, the infinitesimal version of the Dynamic Programming
Principle gives rise to a Hamilton-Jacobi-Bellman equation. The next section is
devoted to such a Hamilton-Jacobi equation.

Proposition 4.6. Assume (Fy) — (Fy). The value functions VP (t, 1) and V™ (¢, i)
are uniformly continuous in t € [0,T] and Lipschitz continuous in u € Po(R?) w.r.t.
the Wy-metric.

Proof. We prove the statement for VVi#P since the proof for V'"¥ is analogous. Fix
to € [0,7] and take any p',pu® € ZP5(R%). By Proposition [£.2] there exists an
optimal trajectory @® € Ap,r(p?) starting from p?. Thus, for any admissible
pt € Ay, (i), we have

T T
VS ) = V) < [ ) = ) e < [ WGk
to to

We can now choose p' € Ap, 71(p') such that the Gronwall-like inequality of Lemma
holds, thus getting

vial via — —to)el(T—tp)
(4.5) ‘V b(t07,U1) -V b(t07“2>‘ < (T—to)eL(T to)+(T—to)el(T—t0) WQ(Ml,/LQ)-
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We now prove the uniform continuity in time of VV#P, Let 0 < ¢, < t, < T,
p € PR and p € Ay, 79(p) an optimal trajectory. Then by the second part of
the statement of Lemma noticing that in particular g, (t;) = VVi#P(¢y, 1), we
have

. . t2 .
VR (4, ) — VYR (Lo, ) = / dg () dt + VY2 (b, priimy) — V (t2, 1)

t1

to
< / Ao () dt + Te T W (s, , ).

t1
By continuity of d_(-) and of ¢ — p; we have the convergence to zero of the right-
hand-side as t; — t;. Reversing the roles of t; and ¢, we conclude. O

5. HAMILTON JACOBI BELLMAN EQUATION

As reported in p. 352 in [12] and at the beginning of Sec. 6.1 in [11], we recall
the following crucial fact. Throughout the paper, let (2, B, P) be a sufficiently “rich”
probability space, i.e., {2 is a complete, separable metric space, B is the Borel o-
algebra on {2, and P is an atomless Borel probability measure. We use the notation
LE(Q) = LE(;RY). Then, given any puy, uy € Po(R?), there exist Xy, Xy € LE(Q)
such that i = XZMPJ, 1= 1, 2, and WQ(M17M2> = HX1 — X2HLH23,

Definition 5.1.
(1) Given a function u : [0,T] x P(R?) — R, we define its lift U : [0,T] x
LE(Q) — R by setting U(t, X) = u(t, X{P) for all X € L3(Q).
(2) Let s = S (p,p) be a Hamiltonian function mapping pu € P (R%), p €
L?(R%) into R. We say that the Hamiltonian function H : Lg(Q) x L3(Q) —
R is a Ift of 2, if H(X,po X) = #(X{P,p), for all X € L3(Q), p €
L p(RY).

Definition 5.2 (Viscosity solution). Let . and H be as in Definition[5.1}(2). Given
A > 0, we consider a first-order HJB equation of the form

(5.1) — Opu(t, p) + Ault, p) + 7 (p, Dyu(t, 1)) =0,
and its lifted form
(5.2) — o U(t, X))+ \U(t,X)+ H(X,DU(t, X)) = 0.

We say that u : [0, T] x 25(R?) — R is a viscosity subsolution (resp. supersolution)
of in [0,7) x P5(R?) if and only if its lift is a viscosity subsolution (resp.
supersolution) of in [0,7T) x L3(Q2). We recall that U : [0,T] x L3(Q) — R is a

e viscosity subsolution of if for any test function ¢ € C*([0,T] x L3(Q2))
such that U — ¢ has a local maximum at (o, Xo) € [0,7) x L3(Q) it holds
—0d(to, Xo) + AU (to, Xo) + H(Xo, Do(to, Xo)) < 0;

e viscosity supersolution of if for any test function ¢ € C*([0, T] x L3(Q))
such that U — ¢ has a local minimum at (¢, Xo) € [0,7) x L(Q) it holds
—8t¢(t07 X()) + )\U(to, Xo) + H(X(), D¢(t0, Xo)) Z 0;

e viscosity solution of if it is both a supersolution and a subsolution.

Remark 5.3. Assume u : [0,7] x P5(R%) — R is constant in time, i.e. with slight
abuse of notation we can identify u(t,u) = u(p) for any (t,u) € [0,7] x Py(R?),
with u : P (R?) — R. Then, (5.1) and (5.2) become respectively

(5.3) Au(p) + A (p, Dyu(p)) =0, AU(X) + H(X, DU(X)) =0,
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where U : L3(Q) — R is the lift of u. Moreover, the test functions in Definition
can be taken independent of ¢, i.e.

e U is a viscosity subsolution of (5.3) if for any test function ¢ € C*(L3(12))
such that U — ¢ has a local maximum at X, € L(Q) it holds A\U(X,) +
H(Xo, Dg(Xo)) < 0;

e U is a viscosity supersolution of (5.3 if for any test function ¢ € C'(L3(2))
such that U — ¢ has a local minimum at X, € LZ(Q) it holds A\U(X,) +
H(Xo, Dé(Xo)) = 0.

e U is a viscosity solution of (5.3) if it is both a supersolution and a subsolution.

Theorem 5.4 (Comparison principle). Assume that there exists L,C' > 0 such that
the Hamiltonian function H : L3(Q) x L3(2) — R satisfies the following assumption:

(H) for any X,Y € L2(Q2), any a,by, by > 0 and Cy,Cy € LE(R),

HY,a(X —Y) = bY — C1) — H(X,a(X — V) + b X + Cs)

<X =Ygz +2aL|| X = Y|}, + C(1+ my*(YEP) (1 + [V [l2) (IC 2z + ballY [l22)+
+ C(1+my*(X4P)) (1 + [1X|2) ([[Call oz + ball X |1 12).

Let X\ > 0. Then if uy,uy € UC([0,T] x P5(R?)) are a subsolution and a superso-
lution of (5.1), respectively, we have

(5.4) sup  (u; —ug) < sup  (u; —ug)t.
[0,T] x P2 (RY) (T} x P2 (RY)

Proof. The proof follows the line of the corresponding classical finite-dimensional
argument (see, e.g., Theorem 11.2.12 p. 107) in [7]. In the following, we define
= R x L(Q) and, for any (¢, X) € G, we set ||(t, X)||Z = [t]* + ||X||%[% We
denote A := [0,T] x L3(2) C G, that is a complete metric space with distance
induced by the norm || - ||¢ of G.
Let Uy, Us : A — R be respectively the lift functionals for u; and us as in Definition
B.1[(1). We define the functional ® : A> — R by setting

X)),
2e
= B (L IX )™ + (L [V 3)™2) + (e + 5),

O(t, X,s,Y) :=U(t, X) — Us(s,Y)

where €, 5, m,n > 0 are positive constants which will be chosen later.

Notice that since u; € UC([0,T] x P5(R%)), i = 1,2, we have U; € UC([0,T] x
L3(Q2)). Indeed, for all X,Y € L3(), t,s € [0,T],

Ui, X) = Us(s, Y)| = hut, X£P) — ui(s, YEP)| < w,, (J [t — sf? + WE(XP, wm)

’(taX) - (57Y)HG) ’

where w,,(+) is the modulus of continuity of u; and where we used the fact that
Wo(XEP,VEP) < | X — V|,

Set

< wy, (

A= sup (ug—u)" = sup (U —Uy)".
{T}x P2 (R4) {T}x L}
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For ' > 0,i=1,2, set
0i(R) = sup{|Ui(t, X) = Ui(s,Y)| : [I(£, X) = (s,Y)llec < R'};
by uniform continuity we have
(p
(5.5) 2}12%% < 400
Thus
Ur(t, X) = Us(s,Y) = Ui(t, X) = Ui(T, X) + Ul(T, X)) — Us(T, X) + Uz(T, X) — Us(s,Y)
<o(T—t)+ A+ oo[[(T. X) = (5,Y)]lg)
for all (t,X,s,Y) € A% By (5.5)), there exists ¢ > 0 such that
(5.6) UL(t, X) = Up(s, V) < E(A+ | X = Yz2), forall (t,X,5Y)e A%

The proof proceeds by contradiction: assume that there exist (t,p) € [0,T] x
Z5(R?) and § > 0 such that uy(t, i) — ug(t,ji) = A+ 4. Tn particular, for any
X € L(Q) such that X4P = fi, it holds Uy (t, X) — Uy(t, X) = A+ 6.

Select B,n > 0 such that
) - N o
At <A+6-26(1+ 1X[[72)™/% + 20t = & X, 1, X) < sup ®.
A2
Noting that ® € C°(A?), by taking ¢ < 5 and recalling (5.6), we have
lim ¢t X,s,Y)=—o0,

11,z —+o0

VIl 340

for any ¢, s € [0,T]. Therefore, there exists R > 0 such that

sup®(t, X,s,Y) = sup O(t, X,s,Y).
A? ([O,T}XBLD%(O,R)P

Thus, by Stegall’s Variational Principle (see e.g. Theorem 6.3.5 in [9]) for any fixed
¢ > 0, there exists a linear and continuous functional A : G* — R with ||Al|gr < &

and such that ® — A attains a strong maximum in ([0, 7] x Br:(0, R))?. Moreover,
on ([0,T] x Brz(0, R))?, we have

O(t,X,s,Y)— A, X,s,Y)>d(t,X,s,Y) —26VT? + R?,
and so

(5.7) sup® < 26VT? + R? + sup (®—A).
A2

([0,T]><BLJ%D(0,}~?,))2

Let (£, X,5,Y) € ([0,T]xB.z(0, R))? be a maximizer of ®—A on ([0, T]x B2 (0, R))?,
obtained by choosing £ > 0 s.t. 26vV/T? 4+ R? < g. In particular, we get

J

5 I L
A+ 5 Ssup@ VT2 + B2+ (2 - M) X,5Y) < o+ (2 - A, X, 5Y)
A2
5

o

S §+¢)(£7X7§7Y)+2§VT2+R2§ Z+(I)(E7X7§7Y)7
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and so

o - )
(5.8) O(t,X,5Y)> A+ Z’
leading to

_ _ 1) _
3 ((1 +IXNZ)™2 + (1 + HYHiﬂg)m/?) <supUy —inf Uy = A — 5+ (I +9).

By choosing 0 < n < 1 we get for all ¢ > 0, m € (0, 1]

_ _ b
(5.9) B((1+ ||X||2L§)m/2+(1+ ||Y||§H%)m/2) <supUy —infUp —A— 2 +2T = d > 0.

By Riesz’ representation theorem, there exist unique (\;, A2, A3, \y) € G? such that
At X, 8,Y) = At + (Ao, X) 2 + Ass + (A, Y) 2
From ((5.7)), we have
O XL, X)+®(5,Y,5Y)<2(d— A)( £,X,5Y)+46VT? + R?
<20(1, X,5,V) +86VT? + R?,
and so

Ur(t,X) = Us(t, X) + Ui(5,Y) = Us(5,Y)+
=28 (A + X I3)™ + (1+ [V [32)") +20(F+3)

< 20,7, X) — 2U3(s,7) - 1) =1y )l
+2n(t+5) + 8VT? + R2,

which leads to

5.10) 1 X) ;(5’ NE < 17,1 %) -1, (5. 7)1 U (F, %) —Ua(5.7) - 86 VT T IE.

Take 0 < ¢ < € < 1. From the previous inequality, the boundedness of Uy, Us in
[0,T] x B2(0, R) gives

(5.11) I X) = (5,7)lle < B'vE+8VT? T B2 < By,
for suitable constants B’, B > 0 independent on &.

By uniform continuity of U;, i« = 1,2, and by plugging the previous relation in
(5.10), we can build a modulus of continuity w(-) such that

(5.12) 1. X) = (5 V)l < w(e) == wy, (BVe) + wuz(B\/g) + 8VT? + R2.

€
We show that neither ¢ nor 5 can be equal to 7. Indeed, in t = T,

=28 (L + [ XI3)™2 + (1 + IV 12)™2) +

< A+ wy,(BvVe) + 21T,
by definition of A. We thus get a contradiction with (5.8)) by choosing £ and 1 small
enough s.t. wy,(Bye) +2nT < g. The same reasoning applies for proving s < 7.
We define the C'(A) test functions
It X) — (5, Y)llg
2e

o(t, X) = Up(5,Y) + + 8 ((L+IXIE)™2 4+ (1 + IV 12)™) +
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U(s,Y) = Uy(F, X) — 1) ;€<S’Y>||%,

+n(t+s)—A(t, X,s,Y).

t,
Notice that (Uy — ¢)(t, X) = (& — A)(t, X, 5,Y), hence U, — ¢ attains its maximum
at (£,X) €[0,T) x BLH%(O R) and, similarly, U, — 1) attains its minimum at (5,Y) €

[0,T) x Bpz(0, R). We have

=B (L +IXIB)™2 4+ (1 + Y 2)™) +

t—35 — t—3

0ip(t, X) = —n+AL,  0(sY) =

o, X-Y o mea
Do(t, X) = +mB(L+ [ X[[7:) " X + X,

= X - Y = m—2 —
Dy(5,Y) = — - mB(L+[[Y][72) 7 Y = Ay

Since t,5 € [0,T), by definition of viscosity sub/supersolution, we have
—0,0(t, X)+ MU (6, X)+H(X, Do(t, X)) <0< —0,0(5,Y)+AUs(5, Y )+H(Y, D (5
Now, by (5.8]), we have
Ur(t, X) —Us(5,Y) > @, X,5Y) —nt+35) >0 X,5Y)—-2Tn> A+ g — 2T,
and we can choose 7 sufficiently small so that A + g —2Tn > 0. Then we get
2n < 2n + MU (£, X) — Us(5,Y))
<M+ + (Y, DY(s, V) — H(X, Do(E, X)).

We can now invoke assumption (H) with

1 m—
a=- h=mBL+|V]|}) T, Ci=M,

by = mpB(1 + HX”LH%)TQ? Ca = Ay,

recalling that A, A3 < e and [|A2f|2, [[Aaf[2 < € by the bound on the dual norm of
the operator A. We get

XY, _
20 < 26+ | X — ¥z + 20— + [ Adll 2 (1+m”2(YﬁIP))(1+||Y||Lﬂz;)+

+O( + mY2(VHP)) (1 + |!Y|!Lﬂa>mﬁ(1 + IIYHLP)’"? IV 2+
ol O+ my*(XeP) (L4 [ Kllgg)+
FO(L 4 mlf(X4B)) (1+ X 2) mB(L+ [ X]2) "5 1K |z

By (6.11), and recalling that X,Y € W, we have
21 < 26 + By/e + 2L w(e)+
+22 D(1+ R) + Drm§ ((1+ IV 2)"% + (1 + | XIE2) ™))
where we defined Dg := D (1 + R) R, where D := max{C(1 + my*(V#P)), C(1 +
my/*(X4P))} > 0. Finally, by (5.9) we get
2n < 2e+ Bye+2Lw(e) +2e D(1+ R) + Drmd < Ko(1) +n,

Y).
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where for the last passage we choose m < D 5, and o(1) is a function of ¢ going to
0 as ¢ — 0™. This leads to a contradiction as ¢ — 0F. O

Remark 5.5. As highlighted also in Remark 3.8 p. 154 of [7], if A = 0 in (5.1)), we
can drop the symbol of the positive part in (5.4)) and conclude that

sup  (ug —ug) < sup  (ug — ug).
[0,T]x 275 (R%) {T}x 25 (R4)

6. VISCOSITY CHARACTERIZATION OF VIABILITY AND INVARIANCE

We now provide the main results of the paper: Theorems [6.6] and As pointed
out also in Remark 4.2 in [19], by Theorem 8.2.11 in [5], the Hamiltonian 5#;¥12b
defined in Theorem [ satisfies

(6.1) S (1 p) = —d (1) — / inf (v, p(a)) du().

4 veF ()

Definition 6.1 (Lifted Hamiltonian for viability). We define the lifted Hamiltonian
in L2(Q) associated with 5#Y12b

H}iab(X7 Q) = —dy (XtP) — inf /(v o X(w),Q(w)) dP(w),
v()ELY p(RY) /O
v(z)EF(XHP,z)
for X{P—a.e.x

for all X,Q € L2(Q). Note that H}#" is a lift of #¥1%> according to Definition [5.1]
By disintegrating P = (X{P) ® P, (see Theorem [2.1)), we have

(6.2)
HY (X Q) = —dy(X4P) —  inf /R ) / (vo X (w),Q(w)) dP,(w)dXHP(x)

veng (R%)
z)eF(X{P,x)
forXﬁ]P’ a.e.x

——dexp) - ot [ ) [ QW) dXEP(a)
UEL%{ﬁP(Rd) R4 X~z)
v(z)EF(XHP,x)
for XfP—a.e.x

= dexam) = [ [ QR @) axEe)

d veF(X{P,x)

= — dy(XtP) — /]Rfi/ o inf (v, Q(w)) dP,(w)dX P (x)

veEF(XHP,X (w))

L (X4P) — /Q Lt (0.Q() dB)

XtP, X (w))

= —dy(X4P)—  inf /(v(W), Q(w)) dP(w),
vELZ(Q) Q
v()eF(XHP,X ()

where in the last equality we used Theorem 8.2.11 in [5] (or Theorem 6.31 in [15]).
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Definition 6.2 (Lifted Hamiltonian for invariance). Related with the invariance
problem and associated to 2", we define the following lifted Hamiltonian in L3(£2)

HP(XQ) = —dr(XtP) = swp [ (00 X(0),Q(w) dP(w),
veLﬁ(w(Rd) Q
v(z)EF(XHP,x)
for XtP—a.e.x

for all X,Q € L3(Q). Notice that HEV is a lift of ™ according to Definition
B.1l  Moreover, the equivalences (6.1) and (6.2) hold also in this case replacing
respectively J£Y1eP HYiab with s, H2V, and inf with sup.

Lemma 6.3. Assume (Fy) — (Fy). Then, both the Hamiltonian functions Hy2
and H® satisfy assumption (H) with L and C respectively as in (Fy) and (3.1)).

Proof. We prove here the assertion for H}*P since the assertion for H*V can be
proved in the same way. Fix any X,Y € L2, a,b;,b, > 0 and C1,Cy, € L2, and
denote iy := X{P, s := Y§P. We have

(6.3)
HY (Y a(X —Y) = b)Y —C)) — H*P (X, a(X = Y) + b X + Cy) =
— doy(p2) — /Q inf ~ {afv, X(w) = Y(w)) = b1 (v, Y(w)) = (v, C1(w)) } dP

VEF (p2,Y (w))

+ dy(p1) +/ inf {a{w, X (w) = Y (w)) + be(w, X (w)) + (w, Ca(w))} dP.

Q weF (p1,X(w))

Let p € R% For any z,y € R?, define 4, ,, := L(Wa(u1, p2) + |z — y|). Given any
€ > 0, there exists z., € F(u1,x) + 6,,B(0,1) such that

inf <U,p> Z IIlf <Z7p> Z <Z6,pap> -5,

vEF (p2,y) 2€F (p1,2)+62,,B(0,1)

where the first inequality comes from Lipschitz continuity of the set-valued map
F. In particular, we can write 2., = W., + 0 ,W:p, With ., € F(u,z) and

w., € B(0,1), thus getting

inf  (v,p) > (Wep, p) + Oay(Wep,p) —€ > inf  (w,p) — dzylp| — €.
vEF (u2,y) weF (p1,x)

Hence we have

(6.4) inf  (w,p) — inf  (v,p) < L(Walpr, p2) + 2 — yl) [p].

weF (pu1,x) vEF (u2,y)
Thus, for any z,y, c1, ca € R? and by choosing p = x — y, it holds
inf  {a(w,x —y) + bo(w,z) + (w,c2)} — inf  {a{v,z —y) —bi(v,y) — (v,c1)}

weF (u1,x) vEF (p2,y)
<a i (wroyt s {balwa)+ (w.e))+
weF (u1,) weF (p1,x)
—a inf (v,x—y)+ sup {bi{v,y)+ (v,c1)}
vEF (u2,y) veF (2,y)

< a L(Wa(p, p2) + |z —y|) |z — y|+

+ sup {b2<w,$> + <w702>} + sup {b1<U,y> + <U,Cl>}
weF (u1,x) vEF (12,y)

< a L(Way(pa, p2) + |z —y|) |z — y[+
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+by sup (w,z)+ sup (w,e)+b sup (v,y)+ sup (v,cp)
wEF (u1,x) wEF (u1,x) vEF (u2,y) vEF (2,y)

< a L(Wy(p1, p2) + |z — y|) [z — y|+

+bolz] sup  fw|+feo| sup |w[+bily[ sup  |o|+ e sup o],
weF (p1,x) weF (u1,x) veEF (u2,y) vEF (12,y)

where we used the Cauchy-Schwarz’s inequality. Integrating with respect to the
measure (X,Y, Cy, Cy)iP on the variables (z,y, ¢1,cz) and by (3.1), we get

/Q Lt X(w) = Y (@) + bofuw, X)) + (w0, Cole) } dP+

1, X (w))

_ /QUGF(inf {a{v, X (w) =Y (w)) — 01 (v,Y(w)) — (v,C1(w))} dP

u2,Y (w))
< 2aL || X = Y35 +bo C(1+my* (1)) (14 | X | 2) || X [| 2+
+ by C(1+my* (p2)) (1 + [V | z2) 1Y [l 2+
1/2 1/2
+11Cellzz C(1 +my* (111)) (1 + X 122) + [Call 2 C(L + my" (1)) (1 + 1|V 1 2)
recalling that Wo(X{P, VEP) < [|[ X — Y.
We conclude from (§6.3)), thanks to the Lipschitz continuity of d_ (). O

Remark 6.4. Assume (Fy) — (Fy). Let p € P5(RY) be fixed. Then the set of
continuous selections of F'(y, ) is dense in L?(R?) in the set of Borel selections of
F(u,-). Indeed, let v(-) be a Borel selection of F'(u,-). By Lusin’s Theorem, for any
e > 0 there exists a compact K, C R? and a continuous map w, : R* — R? such
that v = w, on K, and u(R%\ K.) < . By Corollary 9.1.3 in [5], we can extend
we k. to a continuous selection v, of F(u,-). Moreover, we have

[v: — vz < 2lXma s [F (15 )] 2
Since |F(u, )| < |F(8,0)| + Lmy (1) + L|x|, we have that
Jo- = ollz <2 || (1F(o,0)1 + 22my (1)) xwar |, < = (1F (G0, 0)1 + 2Lm3 ()

and the right hand side tends to 0 as ¢ — 0%,

Now we deduce that the value functions V12 and V™V satisfy the following
Hamilton-Jacobi equations.

Proposition 6.5. Assume (F1) — (F3). Then

(1) VVieb s q wiscosity solution of

(6.5) — Oput, 1) + A (i, Dyu(t, ) = 0;
(2) V™ is a viscosity solution of
(6.6) — Qpult, p) + G (1, Dyu(t, ) = 0.

Proof. We prove (1). Let U : [0,T] x L*(Q; R?) — R be the lift of V¥1%" according
to Definition

Claim 1: U is a viscosity supersolution of —d,U (¢, X) + Hp(X, DU(t, X) = 0.

Proof of Claim 1. Let ¢ : [0,T] x L3(€;RY) — R be a C* map such that U — ¢
attains its minimum at (s, X), and define p = X#P. Let g = {{t}scfs ) be an
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optimal trajectory defined on [s,T]| with pus = p, its existence being assured by
Proposition , and let n € P(R? x T'|51) such that e fn = p, for all ¢ € [s,T.
Fix € > 0 and choose a family {Y}esr7 C L2(Q) of random variables satisfying
the properties of Corollary related to p. Then, by the Dynamic Programming
Principle in Lemma [4.4] and optimality of p,

0=0,%) - UG,V + [l =00 - UG, X) 4 [ el n

t
20(.Y7) = 0(s.X) + [ do(ur)dr
where the equality U(s,Y?) = U(s, X) holds since Y4P = X#P = 1 and since U,

as a lift, is law dependent. Therefore there exists a continuous increasing function
0: [0, +o0[— [0, +00[ with o(k)/k — 0 as k — 0T such that we have

020(0,Y7) = 60, X) + [ dorlpr)dr

>0,6(s, X)(t — 5) + (D (s, X), Y — X) 12 + / t dy (1) dr+

(L)

t
>01¢(s, X)(t — ) + (D(s, X), Y7 = Y7)2 + / dy (pir) dT — €[ Db (s, X)|| 2

_@(|t_s|(1+ )+>

Dividing by ¢ — s > 0, by Corollary [A.3](3) we have

Y;E—Yss
t_

€t — €5

0 >00(s, X) + / inf (Do(s, X),v) dP(w) + i/ dy(pr) dr+

QvEF(XHP,X(w))
+e |+
Ly

0>00(s, X) + / inf (Dp(s, X),v) dP(w) + i /t dy () dr+

Q vEF(XHP,X (w))
Lool—si 14
- -5
t— SQ

)) —@(t) - [[Do(s, X1z

2 coming from Proposition [3.4] by letting
5 Iz
t — st we have

0 >0:6(s, X) + / inf (Do(s, X),v) dP(w) + dy(us),
Q vEF(XEP, X (w))

€ — €
t_

t—s t
— (@(t) + Le)[|[ D(s, X)) z-

€ 1
- ||D¢(3>X)||L]1%_TSQ (|t—3| <1+

By letting ¢ — 0% we obtain

€ — €5
t_

Ly

Recalling the boundedness of
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ie., —0,9(s, X) + Hp** (X, Dp(s, X)) > 0, where, as already discussed, we have

P (X,Q) =~ (Xi) ~ [ inf  (Q(u)0)dP(w),

Q vEF(XHP,X (w))

Thus U is a viscosity supersolution of —9,U(t, X) + H@**(X, DU(t, X)) = 0.
Claim 2: U is a viscosity subsolution of —9,U (¢, X) + H3**(X, DU(t, X) = 0.
Proof of Claim 2. Let ¢ : [0,T] x L2(€;RY) — R be a C* map such that U — ¢

attains its maximum at (s, X), and define y = X#P. Fix € > 0, and let v. € L2 (R

be such that v.(x) € F(u,x) for p-a.e. x € R? and

/ (Do(s, X)(w), v.0X (W) dP(w) < inf / (Do(s, X)(w), vo X () dP(w)+ 5.
Q vel%pRY) JQ 2
v(-)EF(XEP,)

By Remark we can suppose that v. € C°, and by Lemma there exists an
admissible trajectory pu® = {1 }icfs,r) defined on [s,T] with p = p, and n° €

P (R? x Tsq7) such that en® = i for all ¢ € [s,T] and
€t — € —0.
L2,

lim
t—st

— Ve O €y

t—s
By density, we can find 9. € CP(R?) such that |jv. — bcllzz <e.

Denote by # : @ — R? x I';; 7; a Borel map satisfying n® = #.fP. Recalling
Lemma since for all € > 0 we have u = S = e in® = (e; o ¥)iP = XiP, we
can find a sequence of measure-preserving Borel maps {r(-) },en such that

P({we: X -aoronwiit) =1,

and we set Y;7" = e, 0 ¥ o7 for all t € [s,T]. In particular, Y;""fP = ¢ for all
t € [s,T]. We then have

Yo" —yen e —e
lim t—S—UEoYf’" = lim ® . 0e, =0.
t—st t—s 12 tsst || T — s 12
P n€
Recalling the choice of 7., we have also
~ en ~ en _ “
||UEOX_UEOX||L§,: [ve 0 Y™ — 0 0 Y ||L§— ||U£_U£||Lﬁ <e

Since, by Lemma , Y™ — X||Lﬂg < %, we can find a subsequence {Y=" },cn
such that for P-a.e. w € Q it holds limy,_, o Y™ (w) = X (w). Therefore,

(6.7) lim / 0. 0 YE™ (W) — 1, 0 X (w)|*dP(w) = 0,

h—4o00

where we used the Dominated Convergence Theorem to pass to the limit under the
integral sign, exploiting the global boundedness of ..

From the Dynamic Programming Principle, for all ¢ € [s, T] we have

t
0<UEY™) = Uls, Yo™) +/ dy (p) dr

—UYE™) = Ul X) + [ i) dr < 6(6Y7™) = 00, X) + [ dorlud)dr
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Therefore there exists a continuous increasing function o : [0, +o00[— [0, +o0] with
o(k)/k — 0 as k — 07" such that we have

oswanmw—¢@x»+/dfw9m

<0ip(s, X)(t — 5) + (Do(s, X), V™" — X) 2 +/ dp (pz) dr+

1
+o||t—s| 1+’ +—
L2 "
t 1

<0(s, X)(t — 5) + (D(s, X), Y™ = Y) 12 + / dy () dr + ; 1D¢(s, X) |l 2

i
1
+Q<|t—s\<1+ >+—>
12, T
n

Dividing by ¢t — s > 0, and recalling the choice of v., we have

Yeunh _ Y'S&'ﬂh 1 t
0 <0165, ) + (D5, ), =)ot [ ()
S
) 1)
_I_ _
L25 nh
n

+11D6(s, X) 2 (Jloe 0 X = 0 0 X2 + [0 0 X — 0 0 YE |2 +

+
L§

ENnp e,np
Y; Y,
t—s

€t — €5
t—s

€t — €5

t—s

1 1 1
— . —||D¢(s, X — o= |1
e L >¢+t£< s(+

Satd)(SvX) + <D¢(8a X)vvs © X>LJ%+

E,Np E,Np
}/tv _YS7

E,Np
—v.0YE
t—s 5

+ [[0e 0 Y™ — e 0 Ysg’mlHLn% + ‘

I 11
— | d °)d — - —||D X
= [ ) D0l X+

1 1

+—oft—s |1+ +—

t—s L2€ np
n

<op(s, X) + inf / (D¢(s,X)(w),voX(w))dP(w) + °y
2 d 2
vELS p(RY) Q
v(-)EF(XHP,")

€t — €5

t—s

€t — €5
t_

— Ve O €4

+ [1Do(s, X))l 2 (25 + [|9e 0 X — 0 0 Y™ || 12 +

) +
L2,
n

e — e 1
Fﬂqu+n).

I . 11 1
—— — . —|Dé(s, X — o |t- sl
bt [t ar e Do, X0l + e (1 sl
By letting h — +00 and thanks to (6.7)), we have

0 <0ip(s,X) +  inf /(D(b(s, X)(w),vo X(w))dP(w) + %—i—
(&% Jo

veEL?
+
Lis

XP
v(-)EF(XHP,)

€t — €
t_

— Ve 0 €

+[1D¢(s, X)l 12 <2€+
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1 ¢ 1 e —e
— [ dy(pS)dr+——o0| |t — 1 ® .
T ) el T+t—sQ<’ s ( s L2€>>
n
By letting ¢ — st and recalling the boundedness of ‘ A coming from
nE

Proposition [3.4) we have

0<00(sX)+ it [ (Dofs, X)(w),vo X(w) dB(w) + 5 + 26 D5, X)llsz + o)
vel? (RY) JQ
U(')GF%XW#)

Finally, letting ¢ — 07 yields

0 <06(s, X)+ inf / (Do(s, X)(w), v 0 X(w)) dP(w) + dy (j12),
velZ (kY JO
v(-)EF(XHP,)

i.e., in view of Definition [6.1] —0,¢(s, X) + HE**(X, D¢(s, X)) < 0.

The proof of item (2) is omitted since it is a straightfoward adaption of the
previous argument just provided for item (1). We specify that, in this case, the proofs
of the assertions regarding subsolutions and supersolutions are reversed, minimum
has to be replaced by maximum and viceversa, the inequality signs are reversed and
the signs of the terms involving p and € need to be changed accordingly. U

We finish the section with our main results: a viscosity characterization of viability
(Theorem and invariance (Theorem [6.7)).

Theorem 6.6 (Characterization of viability). Assume (Fy) — (F2) and let L =
Lip(F) and 76" as in Definition[6.1. Consider a Wy-closed subset # C P5(RY).
The following are equivalent:

(1) the function z : [0,T] x P5(R?) — R, defined by 2(t,u) = dy(p), is a
wscosity supersolution of
(6.8) (L +2)u(t,p) + 5" (1, Dyult, p)) =0, in [0,T] x Po(R?);
(2) there exists T > 0 such that the function w : [0,T] x P5(R?) — R, defined
by
o~ (LAD(E-T) _ 1

d

(6.9) w(t, ) ==

s a viscosity supersolution of
(6.10) — Opu(t, p) + 5 (u, Dyu(t, ) =0, in [0,T] x Po(RY);
(3) s viable for the dynamics F.
Proof. For any T > 0, consider the decreasing function « : [0,7] — R defined as
L) (t-T) _ |
L+1
We denote by W (t, X) := w(t, XtP) the lift of w(-) according to Definition [5.1)(1).

(6.11) a(t) = e
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Proof of (1 = 2). Let dy be a supersolution to (6.8) (cf. Remark [5.3). Fix
t€0,T), pand X € L4(Q). Let ¥ : [0, 7] x L3(Q) — R be a C' test function such
that W — W has a local minimum at (¢, X'). We want to prove that

—0,U(t, X) + Hi** (X, D¥(t, X)) > 0.

Since s — a(s)dy (YHP) = W(s,Y) is regular for any Y € L:(f2), then by the
minimality we should have

IV (t, X) =0, W (t, X), ie 0,9(t,X)=a(t)dy (XiP).
Hence, for all (s,Y) € [0,T] x L(2) in a small enough neighborhood I, x of (¢, X),
U(s,Y) = als)e(Y) +g(s,Y),
(6.12) with p € CH(L3(Q)) s.t. p(X) = d (XHP),
g € C([0,T] x LE(Q)) s.t. dig(t, X) =0,
and ¢, g such that
(6.13) Wi(s,Y)—U(s,Y)>W(t X)— Ut X),
by local minimality of (¢, X). By definition of W and (6.13)), we get
a(s)[dr(YHP) — o(Y)] 2 g(s,Y) — g(t, X),
for any (s,Y) € I; x. In particular, by choosing s = ¢, we obtain
L (VIP) 2 oY) + s la(t.Y) = o(t. X))
with equality holding when Y = X. Thus, denoting with ®; : Li(Q) — R the
function given by
B(Y) = oY) + oslalt.Y) —g(0. )]
we notice that &, € C'(L2(Q2)) and that the map Y +— d_ (Y{P) — ®,(Y) attains a

local minimum in X. Thus, recalling also Remark we can employ @, as a test
function for d » to get

(6.14) (L +2)d ¢ (XHP) + Hp*P (X, Dd,(X)) > 0.
Notice that by (6.12)),

O (t, X) = a(t)dy (XtP) = —[(L + 1)a(t) + 1]d (X{P),
DY (t,X) =a(t)Dp(X) + Dg(t,X) = a(t) DP,(X).
Recalling the definition of the lifted Hamiltonian H3*" by (6.14) we obtain

(6.15)

viab 1
0 <(L+2)dy(XiP)+ HY (X, oll) DV (t, X))
(L4 D (XE) — dy(XEP) — o int [ (ufw). DU X)) dPo).
alt) ez 0

v(-)EF(XHP,X ("))
Multiplying by a(t) we finally get
(L4 Da(t) + 1]dg (XEP) + HR* (X, D¥(t, X)) > 0,

thus '
—0,U(t, X) + Hp*> (X, DU (t, X)) > 0,
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which concludes that w is a supersolution of (6.10)).

Proof of (2 = 3). Let T > 0 and assume that w(t, u) = a(t)d»(u) is a viscosity
supersolution of (6.10). We recall that H}*", given in Definition , satisfies the
assumptions of Theorem as proved in Lemma In particular, if we denote by
U(t, X) := VViab(¢, X4P) the lift of the value function of Definition 4.1} we have

W(T,X)=U(T,X) =0, for every X € L3(Q).
Therefore, since both w and VY are uniformly continuous (see Proposition ,
by Theorem [5.4] and Proposition [6.5] we have U(t, X) < W(t, X) for all (¢, X) €
[0, 7] x L3(Q2). Thus for all u € # and all X € L3(Q) with XfP = u we obtain
vviab(t ) = U(t,X) = W(t,X) = 0 for all t € [0,T]. By Proposition we
conclude that there exists an admissible trajectory starting from p and defined on
[0, 7], which is entirely contained in J#. So % is viable.

Proof of (3 = 1). Assume that ¢ is viable. Set d (V) := d (YHP) for all
Y € L2(Q), i.e. dy is the lift of dy. Let ¢ € C'(L2(Q2)) and X € L3(Q) be such
that d» — ¢ has a local minimum at X, and set u = XtP € Z25(R?).

For any ¢ > 0 and 7' > 0, there exist i* € J, and i° € App(fi°) satisfying
Wa(p, i) < dy(p) + € and o° C . By Gronwall’s inequality (Lemma [3.3)), there
exists p® € Ap (), n° € Z(R? x Ty 1) such that p = e,fin®, and

dop (n5) < Walus, fi5) < "1 Wy, i) < M (dy () +€),
for all t € [0, 7.
According to Corollary applied to p¢, set
i L ! 13 €
B0 =7 [ [Walszod) + e = eollz, | ar
0
there exists a family {Y{ }iejor) C L2(Q) satisfying Y P = p5 for all t € [0,T] and
Yi-Yy : .
0z [ il (pw). o) dBG) ~ (B(0)+ Llplg
t Q vEF(XHP, X (w))
= — dy(X4P) — Hp*™™(X,p) — (&(t) + Le)|Ipll 2
for any p € L2(Q) (recall that u = py = X§P = Y$#P). According to the choice of
X, we have

Ay (165) — dy(p)  dyp(Ye) —dy(X)

BY7) — 0(X)

(6.16) = >
t t t
We estimate the first term as follows
d (1) —d, Wa(1s, fi5) — Wau, i e eLt—&-teLi 1 e
f(ut)t (1) < 2 (g m)t 2 (1, 1) 1< t Wl )+
Lt+telt 1 e
< (dr (XfP) o) + .

Concerning the right hand side of (6.16), we have that there exists a continuous
increasing map o : [0, +00) — [0, +00) with o(r)/r — 0 as r — 0T such that

o0~ 90 (i), Ky, - = T D)
YE _ YE X _ YE 2
> (Do(x), Y8y pg(xy)e - X0

t t
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1 € € €
= 7 oUlYyE = Y5l + 1¥g = Xllez + 1)

VEovs e ollles = eollzz, +1+2)
(DO(X), “=0) 2 = Z[IDO(X) 12 - K

> ~d e (X1P) ~ H{*(X, Do(X)) ~ (&() + Le + 7 ) 1DO(X)ll iz
- 0 (t <Het;e° ’|Lf7€ + 1) + 5)

t )
where in the third inequality we employed the definition of Y,® provided in the proof
of Corollary , ie. Y7 = e oW for any t € [0,T], for some #. : Q — R% x T 1y
s.t. WP = n°. Recalling now the uniform boundedness in ¢ of |[%Z||;> coming
n
from Proposition [3.4)3), by letting ¢ — 0" and ¢ — 0%, and by setting

¢ = lim inf lim inf 20%) — 2X)
t—0t e0t

v

we have

—dy (XHP) — Hi** (X, Dp(X)) < L <(L+1) - dy(XtP).
This leads to (L +2)d_ ¢ (XtP) + HR*> (X, Dp(X)) > 0, i.e. dy(u) is a supersolution
of (6.8). O
Theorem 6.7 (Characterization of invariance). Assume (Fy) — (Fz) and let L =
Lip(F) and 42 as in Definition[6.9, Consider a Wy-closed subset # C P5(R?).

The following are equivalent:
(1) the function z : [0,T] x P5(RY) — R, defined by z(t, ) = dy(p), is a
viscosity supersolution of
(6.17) (L + 2ult, 1) + A (1, Dyu(t, 1)) =0 im [0,T] x P(R;
(2) there exists T > 0 such that the function w : [0,T] x P5(R?) — R, defined
by , s a viscosity supersolution of
(6.18) — Qyu(t, ) + A (p, Dyult, 1)) =0 in [0,T] x Py(RY);
(3) s invariant for the dynamics F.

Proof. For any T > 0, consider the decreasing function « : [0,7] — R defined as in
(6.11).

We denote by W (t, X) := w(t, XfP) the lift of w(-) defined in according to
Definition [5.1{(1).

Proof of (1 = 2). This part of the proof is the same as the one developed in
Theorem with HI*V in place of H3.

Proof of (2 = 3). Same as in Theorem [6.6] with V1P replaced by V.

Proof of (3 = 1). Assume that % is invariant. Set dy(Y) = dy (Y4P) for all
Y € L3(Q), ie. dy is the lift of dy. Let ¢ € C(L2(Q)) and X € L3(2) be such
that d 4 — ¢ has a local minimum at X, and set ;= X1P € 2,(R%).

Fix € > 0, and let v. € L%(R?) be such that v.(z) € F(p,z) for p-a.e. z € R? and

| Do), 0 X)) ) 2 | [ Do) vo X () dPlw) - 5.
WO i)
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By Remark we can suppose that v. € C° and by Lemma there exists an
admissible trajectory p® = {uf}icjo,r) defined on [0,7] with ui = p, and n° €
P(R? x Tjo7y) such that e,in° = pf for all ¢ € [0, 7] and
€t — € —0.
L2,

n

lim
t—0t

— U O €g

By density, we can find 0. € C)(R) such that [lv. — o1z <e.

Denote by 7 : Q — R? x ['jo,r) a Borel map satisfying n° = 7flP. Recalling
Lemma since for all € > 0 we have u = uj = eofin® = (eg o ¥)iP = XiP, we
can find a sequence of measure-preserving Borel maps {r¢(-) },en such that

P({wen: X@-aonon@ls i) -1

and we set Y;7" = e, 0 ¥ ors for all t € [0,T]. In particular, Y;""fP = ¢ for all
t € [0,7]. We then have

YE,TL Ys,n
li t  — 1o en —k € — €o _
im || ———— —v.0Yj = lim — v, 0 € =0.
t—0+ 12 t—0+ 12
P ne
Recalling the choice of 0., we have also
~ e,n ~ e,n o ~
HUaoX—UeOXHL%,:HUsOYO — 0¥ HLH%—||U€_U6|L,%§5'

Since, by Lemma , Y™ — XLz < L we can find a subsequence {Y5""}jen
such that for P-a.e. w € Q it holds limy,_, o, Y5 (w) = X (w). Therefore,

(6.19) lim / 9. 0 Yy ™" (w) — 0. 0 X (w)]? dP(w) = 0,

h—4o00
where we used the Dominated Convergence Theorem to pass to the limit under the
integral sign, exploiting the global boundedness of ..
1
Now, let g™ € J¢ such that Wy (p, ™) < d_(u) + —. By Gronwall’s inequality
np,
(Lemma [3.3), given pu° as before there exist a=" € Ay r)(a"™) such that
1
Ao (1) < Wi, i™) < P Wy (p, i) < eltHee (d%(ﬂ) + —) ;
Np,

for all t € [0, 7], where we used the fact that p="» C ¢ by invariance of the set %
and since fig"" = g™ € . According to the choice of X, we have

do () = do (1) _ dy (Y7™) —dw(X) _ $(Y™) — $(X )

(6.20) ; ; > ;
We estimate the first term as follows
(6.21)
o (p7) = dor (i) _ Walpg, ™) = Walp, ™) LI
t - t ny, t

Lt
6Lt+te -1

1 1 ebttte™ _q 1 1 1
- Woluum) 4+ — - < — | d (X - —- .z
< ; 2 M) 4o g < ; (/( ﬁu)+nh)+nh p
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Concerning the right hand side of (6.20), we have that there exists a continuous
increasing map o : [0, +00) — [0, +00) with o(r)/r — 0 as r — 07 such that

BVE™) — p(X et o, e(VE = Xl + )
W= ) 5 Do), T - L
Yo —yg X — Y6 ]z
>(Dg(X), =)y — DX
1

— oY =Yg + Y™ — Xl + 1)

}/;E,nh _ }/E)E,nh 1 1
S IDO) g+

1
@@@—%m@+t+—)
n nh

t

>(Dp(X),

Recalling the choice of v., we have

BE™) — B(X)
t >

— | DS(X) 12 <||v5 0 X — .0 X[z + b 0 X — 6. 0 Yy ™ ||z +

_|_
L

<D¢(X)7 Ve © X>LJ§+

£,np e,np
oo =Yy

T A P

— V. 0 Yb&nh

> 1 >
_|_ JR—
L2, T
n

> sup /XD¢¢¥xw»voxnw>ﬂWw»—f+
veL p(RY) JQ 2
v(-)EF(XHP,)

€t — €

t

1 1 1
— = Z|D(X)|e— o |t |1
nh||w>m;tg<<+

A N n €t — €
— [|DA(X) |l 12 <2g+ 9 0 X — . 0 Y5 |12 + || = . 0 voeg >+
L.
1 1 1 e — € 1
— — Z|ID(X)|lp2— <o |t |1 — .
o D) 2 tg( ( + L2>+nh>
,,76

Recalling now the uniform boundedness in € of [[%=0||;>  coming from Proposition
n

(3), by letting h — +o0, t — 07 and € — 0%, and by setting
SYE™) = 6(X)

¢ := liminf lim inf lim inf ,
e—0t t—0t h—+4o0 t

we have, thanks also to (6.19)),
(6.22)
(>  sup (DH(X)(w),v o X(w))dP(w) = —dp(XtP) — H (X, Dp(X)).
veLZ p(RY) /9
v(-)EF(XHP,)
Thus, by passing to the limit also in (6.21]) and combining that estimate with (6.22)),
we get
—dy (X§P) — Hp¥ (X, Do(X)) < £ < (L +1) - dy (X4P).
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This leads to (L + 2)d (XP) + H®(X, Dp(X)) > 0, i.e. dy (1) is a supersolution
of (6.17) (cf. Remark [5.3). O
7. AN EXAMPLE

Given € Z(RY), x € RY, u € R, let U = [1/2,3/2], U’' = [-3/2,3/2] and define
the functions f,g: Z5(RY) x R4 x R — R? as

f(p, z,u) ;== warctan(l — méﬂ(u))e_mga:, g(p, z,u) ==mux.
Define the set-valued maps F, G : 25(R?) x R? = R? as
F(p,x) = {f(p,2,u) : u€ U}, G(p,x) = {g(p, v,u) : we U'},

and the closed set
H = {n € Po(RY) s my(p) <1} = {X4P: || X120y <1}

Notice that F,G satisfy the assumptions (Fy) — (F2) and G(p,z) 2 F(p,z). In
particular,

F(XP, X () = {)\arctan(l — X[l z)e XOFX (W) s A e [1/2,3/2]}.

We have

if pex.
Indeed, to prove that d(u) < ml/Q( ) — 1 for all u ¢ JZ, take a Wg geodesic
{ft}te wl/2()] with constant speed joining do to p & #. We have my>(&) =

W2(50,§1) =1, and Wy(p1, d9) = Wals, &) +1. S0 & € A and doy () < my/ () — 1.
Conversely, fix ¢ > 0 and let p. € J# be such that d (u) > Wa(u, pe) — . Then,
recalling that W(u., dp) < 1, we have

Ay (i) + 1> Wo(p, pe) + Wape, 6o) — e > Wa(p, o) — € = m;m(/i) —¢&.
By letting e — 0", we have the desired inequality.
The lift of d () is the convex function U : L2(2) — R defined as

U(X) = {”X”Lﬂ% -1, i X[z =1,

V) =1, ifpe A
d)((,u):{gnQ (H’) ) 1 #g )

0, otherwise.
The function U(-) is C' in the open set D := {X € L? : | X1z # 1}. Thus, if
¢ € CY(LE()) is such that U — ¢ attains a local minimum at X € D then

Dy(X) = DU(X) = if (| X |2 > 1.

X
X2

Let 1» € C'(L2) such that U — attains a local minimum at X € L2 with 1 X ]|z = 1.
By Propositions 1.2 and 1.5 in 18], we have that

Dy(X) € 0U(X) = {¢ € L3(Q) : U(Y) = U(X) > (&Y = X)pz, VY € I3},

Uy
Conversely, given £ € dU(X), set (V) = U(X) + (£,Y — X)zz. Then, ¢ € C,
U — ¢ has a minimum at X, and Dip(X) = €.
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We want to prove that if || X||;z = 1, then AU(X)={\X: Ae[0,1]}.
We prove . Given X,Y € L§ with || X]|;2 = 1, and A € [0,1] it holds

Yllzz —1 :?(Y) —U(X), ifY[p>1
0=0(Y) - U(X), i |V g2 < 1.

AX,Y = X2 < A([Y]zz —1) < {

Thus, in any case (AX,Y — X) 2 < U(Y) —U(X), proving D.

Conversely, we prove C. Let X € L2(Q), [ X2z =1, so U(X) = 0. Assume that
§=AX +AZ € OU(X), with || Z||;2 = 1, (Z,X);2 = 0 and X\, A € R. We want to
prove that A € [0,1] and A = 0. Indeed, for all Y € L2(Q) it holds
UY)=UX) 2 (Y = X)z = AX +AZ)Y = X)12 = MY, Z) + M(Y, X) 2 — 1).
By taking Y = aX + bZ we have U(Y) = max{0, \/]a|? + [b]2 — 1}, and so

max{0, \/|a|2 + [b]2 — 1} > bA + A(a — 1).
e Choosing (a,b) = (2,0) leads to A < 1. Choosing (a,b) = (1/2,0) leads to

A > 0. Therefore 0 < X\ < 1.
V1I+?2 -1 _ «
% > A, and by passing

V1+62 -1
b
and by passing to the limit as b — 0~ we have 0 < A. Therefore A\ = 0.

e Choose a = 1. Then for all b > 0 we have

to the limit as b — 0 we have 0 > \. For all b < 0 we have < ;\,

We prove now that % is invariant for the dynamics F. Thanks to Theorem
we have to prove that for every ¢ € C1(L32) such that U —+ attains a local minimum
at X € L2 it holds

(L +2)dy (XHP) + HE¥ (X, Dp(X)) > 0.
We distinguish two cases

e when || X||2 < 1, we have dy(X{P) = 0 and Dy(X) = 0, which implies
HI™(X, Dy(X)) = 0, so the equation is trivially satisfied.

X
e when [[X| ;2 > 1, we have d» (X{P) = [[X|;z — 1 and Dy(X) = A

X1z

with A = 1if [[X||z2 > 1, and A € [0, 1] otherwise, which implies

: 1
HIP (X, Do(X)) =1 = Xl = 57 [ avctan(l = [ X pp)e ¥ | X aBle)
Q
21— || Xz,
So, also in this case, we have
(L +2)dy (XEP) + HE(X, DY(X)) = (L+2)(| X2 — 1)+ 1= [ X2 > 0,
from which we get the invariance, and thus the viability, of the set J# for the
dynamics F. Since all the admissible trajectories for F' are also admissible for G,

we have that . is viable for G. We prove now that £ is not invariant for G.
Indeed, take X € L3(Q2) with || X|| ;2 = 1. Then, we can consider ¢ € C'(L3(2)) s.t.

(Y) = [|Y] 12 in a neighborhood V of X. Given Y € V, we have UY)—(Y) = -1
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if |Y{[z > 1 and UY) —o(Y) = —Yllzz > —1if [[Y[lz < 1. In particular,
U(X)—1h(X) = —1, so U — 1 attains in V a minimum at X, and Dy)(X) = X. Set
HE (D) = e (VB = swp [ e DUy ) )
veLZ(Q

v(-)eG(YEP,Y ()
we obtain (recalling that [|.X|[;2 = 1)

HE (X, Dy(X)) = —gw/ﬂoc, X) dP(w) = —gw.

Thus 3
(L +2)d¢ (XtP) + HE"(X, DY(X)) = —57 <0,

and therefore U(-) is not a supersolution of the invariance equation.
On the other hand, set (see Definition

HEHY,Q) = (V) — i [ (o), Q) dBe).
VOEGOERY ()

For every v € L3(Q) with v(-) € F(Y#P, Y (-)) C G(Y{P,Y(-)), it holds

HI(,Q) 2 ~d (Vi) ~ [ (o), Q) dB(e),
and by taking the supremum in the right-hand side over the set
{ve Lp(Q) : v() € F(YHP, Y ()},

we obtain

HE™(Y,Q) > HR(Y,Q),

and therefore for every ¢ € C'(L2) such that U — ¢ attains a local minimum at
X € L2 it holds

(L +2)dp (XEP) + HE™(X, DY(X)) = (L + 2)dx (X4P) + HF (X, Dip(X)) > 0.
Thus, % is viable for GG, as already noticed.

APPENDIX A. ESSENTIAL TECHNICAL RESULTS

Here we report the proofs of the preliminary results presented in Section (3| as well
as other technical results which have been significantly used in order to prove the
main propositions and theorems of the present paper. In our opinion, these results
could also be interesting by themselves.

A.1l. Proof of Proposition 3.4, Let pt = {it:}ic[a) be an admissible trajectory
defined in [a,b]. According to the superposition principle (Theorem 8.2.1 in [2] or
Theorem 1 in [17]) there exists § € P(R?x ', ) such that p, = e;fin for all ¢ € [a, b]

and, for n-a.e. (w V), () € F(ue,7(t)), v(a) = .
Set |F(ps, z)| = max{|y| : y € F(us,2)}. For n-a.e. (z,7) € R x T,y we have

() = 2(5)] < / pldr < [ [IPlnea 6]+ EWalieso) + Lhi(r) = 2(5)] dr

< (¢ = )0 + Ll (n) + L)) + L [ Walrswdr +L [ () =2 (9)] dr
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Gronwall’s inequality yields

[(er — es)(z, )| = [7(t) = v(s)] < g(t, s, [v(s)]),

where
t
g(zf7 s, r) = eL(tfs) |:<t — S)(K + Lm;m(us) + L?“) + L/ WQ(MT,/JJS) dT‘| .

By taking the Lj-norm, [le; — ez < g(t, s,my/*(115)), and so

1/2
< g(t737m2/ (Ms))

- t—s
Ly

€t — €5
t—s

By continuity, the right-hand side tends to K + 2Lm§/2(us) as t — st and so

e — €
t— =

is uniformly bounded in L% in a right neighborhood of s.
-5

Let p € R, ¢ €]s,b]. For n-a.e. (z,7) € R? x T, y, reasoning as in the first part
of the proof of Lemma we have

B, )y =—— [ i) dr < / (p,v)d
D, xr,7vY)) = D, Y\T T > sup p,v)ar
t=s b=s/s E=58Js ver(u-n(n)

L t
< s (bbbl [ Wl + h(n) = ()] dr
VEF (1s,Y(3)) —S5Js
Therefore,
e — € L t
) € Pl ) + | [ Waliir )+ lles — e )] dr| - BT

By Filippov’s theorem (Theorem 8.2.10 in [5]) there exists a Borel map w : R? x
Doy — RY, satisfying w(z, ) € F(us, v(s)) for n-a.e. (z,7) € R x T,y such that

€ — € L t
;_ —(2,7) —w(z,y)| < E/ (Wa(pir, ps) + [(er — es)(z, )] dr.
Thus .
e — € L
; - S —/ [WQ(,UWMS) +g<7-7 Sam;ﬁ(us)) dT'
-5 2 t—s J,

A.2. Proof of Proposition . For a proof of the nonemptiness of the set Ay, 4 (11),
we refer the reader to Theorem 1 in |17, where the authors perform a fixed point
argument.

Let {u™}nen € Ay (1), By Proposition (2), for any n € N there exists

n™ € P[R? x T|,y) such that efin™ = uﬁ’” for all t € [a,b]. Moreover, for
s € [a,b] with s < t, we have

t
fev=eallzs, < e [t = 0+ 20md ) + [ Walud, ) | = i),
n s
Notice that Wa(ud™, ui™) < |le, — €|z . Indeed, it suffices to consider the admis-
n n

sible plan o := (ey, e,)in™ € (™, u{™). Thus,
WQ(Ml(fn)v H(sn)) < h(tv S),
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and Gronwall’s inequality yields

(AL W u) < M G (K 4 2Lmd ().

s

By taking s = a, there exists C' > 0 such that
Wa(u, o) < C(1+my* () for any t € [a,b],
and since my(pg) < +00, then we obtain uniform boundedness of {u™},cn.
Moreover, by the triangle inequality and by recalling that mé/z(,u) = Wa(p, dg) by
definition, we get for any s € [a, b]
(A.2) my* (i) < Wl o) +m3 (o) < (14 C)(1 +my” (o).

Thus, combining the previous estimate with (A.1)), there exists K > 0 such that
Wa(u", (") < K(t - s),

and hence pu(™ are continuous for any n € N, with uniformly bounded Lipschitz
constants. By the Ascoli-Arzeld Theorem, we conclude that, up to an unrela-
beled subsequence, there exists g = {i}ien € AC([a,b]; P5(RY)) such that

SUD¢e[q,b] WQ(N£R)7 Nt) — 0 asn — +oo.
We now prove the admissibility of p. Notice that, by (3.1)) and (A.2), we have

(A.3) sup/ [|x\ + [v(@)] + |9 o fat]) ] dn™(z,~v) < C'm 1/2( 0) +C",
]RdXF[a b)

neN

for some constants C’, C” > 0. Moreover, the map

(2,7) = [z + [v(a)| + (|9l o< (apy> if v € Lip([a, b]),
7 400, otherwise,

has compact sublevels in R? x T',. Thus, by Remark 5.1.5 in [2], there exists
n € P(R? x T,y) such that n™ narrowly converges to m, up to (unrelabeled)
subsequences. By Proposition 5.1.8 in [2|, for any (z,7) € suppn there exists

{(Tn, V) fnen C suppn™ s.t. z, = 2, v, = v € C([a,b]; RY).

Claim: if (z,v) € suppm, then ~y is a Lipschitz continuous solution of

(A.4) {W(t) € Fu,7(t)), forae. t€[a,b],
v(a) = x.

Indeed, let N := J, .y N C [a,b], where

N = {s € [a,b] = Fiu(s) or Fuls) & F(ul™,m(s)}-

Notice that for any n € N, N is a negligible set w.r.t. the Lebesgue’s measure,
hence so is N. Take t € [a,b] \ N. By Proposition we have that 4, (t) €

F(ygn),%(t)), and by assumption (Fy), for any ¢ > 0 there exists n s.t. for any
n>n

An(t) € F(™ 7 (1)) € F(u, 7(t)) + B0, R).

In particular, by continuity of ¢t — F'(u,y(t)) in [a,b] we have that {7, (¢)},en is
uniformly bounded for a.e. t € [a,b]. Hence, 7, are continuous for any n € N, with
uniformly bounded Lipschitz constants, and {~, },en is uniformly bounded. By the
Ascoli-Arzela Theorem, we get that v is a Lipschitz curve.
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We now prove that v solves (A.4). Take any v € R? and denote by o4(v) :=
sup,e 4 (v, z) the support function of A C R? at v. For any a < s <t < b, we have

’Yn(t)_’Yn(S) o 1 t . 1 t

(v, F— s )= ry (, Y (7)) dT < t—s ), O-F(N(Tn)ﬁn(f))(v) dr
1

“t—s

where we used the Lipschitz continuity of F' coming from (F3). By uniform in time
convergence, passing to the limit as n — +o00, we have

v(t) —(s) I

=) S s O F (s y(r)) (V) AT
1 t

< s (TR (s (V) + L] [Walpr, ps) + [y (1) = 7(s)]]) dr.

Thus, for a.e. s, passing to the limit as t — s, we get (v,¥(s)) < Tp(u, () (v) for
any v € RY, whence 7(s) € F(us,v(s)) as claimed.

Observe that, by continuity of e; and uniqueness of the narrow limit, we have that
uﬁ”) = e;4n™ narrowly converges to u, = e,in for any t € [a, b], up to subsequences
(see Lemma 5.2.1 in [2]). The rest of the proof is an adaptation of the proof of
Theorem 1 in [14]. In order to conclude the admissibility of pu we notice that ¢ — i,

is a Lipschitz continuous map, indeed
W) < [ foyPdteedim= [ R0 = 2P dna) < Cle - s
Rd x R4 [ia,p)

by Lipschitz continuity of v in the support of . According to Theorem 3.5 in [3|,
the map ¢ +— p is differentiable almost everywhere in [a, b], and for all p € C!(R?)

& L@ dnto =5 [ o6 dna) -

// Vs@(v(t))-ﬁ(t)dn(wm)zf Vely) /1 7(E) diey (2, 7) dpe(y),
REXT [, p) R4 e, (v)

where {1y },ere C P(R? x Tlyy) is the disintegration of n w.r.t. the evaluation
operator e, i.e. 7 = i ® 1;,. Finally, notice that the vector field

uly) = | A0 ()

is well-defined for a.e. ¢t € [a,b] and pi-a.e. y € RY moreover by convexity of
F(u4,y), we can use Jensen’s inequality to get that v,(y) € F(uy,y) for a.e. t and
i-a.e. y. Hence the conclusion.

A.3. Technical results.

Corollary A.1. Assume (Fy) — (F2). Let p = {tt}icay be an admissible tra-
jectory, with 0 < a < b < 400. Then there exists a family of random wvariables
{X:} ey C LE(Q) such that XifP = i for all t € [a,b], and

Xt_Xs
t—s

[ @@ + Lol I ) + () = 2(7)])

() EF(X.P, X.(w)) + [ti / Wl ) + 1%, (w) — Xo(w)]] dr | - BO,1

)

Y
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t
1 — Xl 2 <eMt= {< $)(K +2Lmy* (1)) + L / Walptr, 1is) dT] ’

for all t,s € [a,b], with s < t.
In particular, for every p(-) € L3(Q) we have

Xy — X .
(A.5) lim inf (p, — Yz > / inf (p(w),v) dP(w),
t—st t—s P
O VEF(X P, Xs(w))
Xy — X
(A.6) lin sup(p, ~—) 2 < / s (p(w), v) dP(w).
t—st - S Q VEF (X P, Xs(w))

Proof. Let p = {ft:}tcfap) be an admissible trajectory defined in [a,b], and n €
P (R? x T'[,y)) be as in Proposition [3.4] with y, = efn for t € [a,b]. In particular,
see e.g. Lemma 5.29 in [12], there exists a Borel map ¥ : @ — R? x ', such
that m = 74P, and thus u, = X, P for all ¢ € [a, b], where X; = ¢, o #. Evaluating
the estimates obtained in Proposition for (z,7) = ¥ (w), and recalling that
Xi=e oV, X, =e,07, we obtain

Xt - Xs

t—s

(@) P OGP, X))+ [

t
[ W)+ 1X,0) = Xl ar | BOT
t
1 — Xl 2 <e) {( $) (K +2Lmy " (11,)) + L/ WZ(MnMS)dT] '
Thus for every p(-) € L(2) we have

0 P = [ (o), T ) P

z/ﬂ inf  (p(w), v) dP(w)+

VEF (X P, X (w))

(A7)

= [l [ Wl + X (0) = X)) dr (o)
> [ il ()P

VEF (X P, Xs(w))

L t
~lpllz 5 [ [Waloers ) + 1, = Xulg] dr

By taking the liminf as ¢ — s, and using the estimate on ||X; — X;|| 2, we obtain

X — X .
lim inf (p, t—)LH% 2/ inf (p(w),v) dP(w).
QueF(

t—st t—s X P, Xs(w))
In the same way, we prove the inequality for the limsup. [l

We recall the following well known result, used to prove Corollary [A.3]

Lemma A.2 (Lemma 5.23 p. 379 in [12]). Let P be an atomless Borel probability
measure on 0, X,Y € LA, RY) two random variables with the same law, i.e.,
XHP = YHP. Then for any € > 0 there exist two Borel measurable maps r,r=!: Q —
Q such that

o v and r~! are measure-preserving, i.e. riP = r P = P;

e P{weQ:rortw)=rtor(w)=w})=1;

o P{we: | X(w)—Yor(w)| <e})=1.
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In particular, we have | X —Y or|lz <e.

Corollary A.3. Assume (Fy) — (F2). Let p = {tt}icay be an admissible tra-
jectory, and X € LE(Q) such that XtP = p,. Let n € P (R x Tjoy) such that
py = edn for any t € [a,b]. Then for every e > 0 there exists a family of random
variables {Y;}ieapn) C L3(Q) such that

(1) Y 4P = u; for all t € [a, bl;

(2) Yo — X2 <&, and so it holds ||Y; — X|| ;2 < ||V; = Yal| 12 +&;

(3) for every t € [a,b] and for every p(-) € L2(Q) we have

Y,—-Y, . N
(p, ; )z > / inf  (p(w),v) dP(w) — (@(t) + Le)|Ipll 2,
(A 8) —a Q veF(XHP,X (w))
. Y — Ya ~
bt < [ s (pl) o) dB@) + (@) + Lol
tl—a O vEF(XHP,X (w))
where

P

= [WQ(MT,MQHHeT—eaHLg’] dr.

Proof. Fix e > 0. Let n € Z(R? x ', ) represent p, ie., py = eifn. Since P is
an atomless Borel probability measure on a Polish space, as already noticed, there
exists a Borel map ¥ : Q@ — R? x I'jq5 such that n = 7{P. Set X, = ¢, 0¥ for
all t € [a,b]. Notice that for every measure-preserving map r : Q@ — €, we have
n = (¥ or)iP, since riP = P. Moreover, (X; o r)fP = X P = y, for all ¢ € [a, 1]
By Proposition for p-a.e. (z,7) € R? x I'yy) it holds

e — €q
;_a (@,7) € F(la, €a(,7)) + @(¢t,2,7) - B0, 1).
where
L t
wlt..) 1= o [ Waliosgi) +[(er = ea)(w )] dr

and so w(t,z,7) = 0T ast — a™.
Evaluating at (z,7) = ¥ or(w), and recalling that X; = e; o ¥/, we obtain

X — X,
(;—) or(w) €F (g, Xgor(w)) +w(t,? or(w))B(0,1)
—a
CF(pg, X(w)) + [w(t,? or(w)) + L| X (w) — X, or(w)|] - B(0,1).

Since X{P = X P = 4, by Lemma for any e > 0 we can choose a measure-
preserving map r = r. such that | X(w) — X, or(w)| < € for P-a.e. w € Q. So we
have

Xt - Xa -

——)° re(w) € F(XHP, X (w)) + (w(t, ¥ or.(w)) + Le) - B(0,1).

—a

Let Y; = X, or. for all t € [a,b]. Then, as seen in the proof of Corollary we
have

Y,-Y, )
(p, — )Lz 2/ inf (v, p(w)) dP(w) — (lw(t, ¥ or:("))llz2 + Le)lIpll 2
t—a Q veF(XHP, X (w))
Y; - Ya
(p, )z < sup (v, p(w)) dP(w) + ([ (t, ¥ ore())llLz + Le)lpll Lz,
l—a Q vEF(XHP,X (w))
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for every p € L3(€2). Notice that

(1) YiiP = X, o r P = X P = p since rfP = P;
(2) we have

¥ = X2 < I = Yallgz + ¥ = Xllgz < ¥ — Yallyz +
(3) it holds

N L ¢
It o r(Dlly < B0 = 1 [ [Waliers ) + ller = eallzy)] o
From here follows the conclusion. O

Lemma A.4. Assume (Fy) — (Fy). Let p € P5(R?), a > 0 be fized, and consider
a continuous selection v(-) of F(u,-). Then there exist T > a and fj € P (R*x 1)

such that, if we set 8, = e 4h for all t € la,T] and 0 = {ét}te[a,ﬂ,
a. 0 is an admissible trajectory with 6, = p defined on la, T);
b. for fl-a.e. (z,7) € R? x Ly 7y we have v € C*([a, T]) with §(a) = v(x), and
§(t) € F(b,7(t), for ace. t € [a,T),
(a) = ;

€t — €4

c. —voe, in Ly ast— a™.

t—a
Proof. Without loss of generality, we set a = 0. According to Theorem 9.7.2 in [5],

there exists a continuous map f : P (R?) x R? x B(0,1) — R? and a constant c
independent on F' such that for all (0, z) € Z,(RY) x R? it holds

o F(0,z) ={f(0,z,u): ue B(0,1)}.
e for every u € B(0,1), the map (0,x) — f(0,z,u) is Lipschitz continuous
with Lipschitz constant less than ¢ - Lip(F),
i |f(9,x,u) - f(@,l’,?}” <c- |F(07I)| ' |U—U|
In particular, for all (6, z) € 25(R?) x R? we have

(6, 2,0) = f(0,2,0) < e |K + Lip(F) - (my(0) +|al )] - [u = vl.

Let
L =Lip(F), K =|F(3,0)], L' >2 [2cL<1 + cLTe™ Mmy* () + cLTK e + K|

and let T > 0 that will be fixed later. Given (z,u) € R? x B(0,1) and a Lipschitz
curve 0 = {0 }rejor) C Po(R?) with 6y = p and Lip(0) < L', denote by g . (+) the
unique solution of

(@) = f(Or, (1), u), 7(0) = .
For any (fi,q,7) € Z2(R%) x R x R define
LL
Cl(ﬂ?Qar) ZZC T2+CLTm;/2(ﬂ)+chq+7«K’

2
Coljin ) =K + L (Lr + /() + g+ e Calia,1))
C3(/Aj’7 q, T) ::€CLT (1 + CrC2(/l7 q, 7’)) .



36 G. CAVAGNARI, A. MARIGONDA, AND M. QUINCAMPOIX

Forall 0 <s<t<T,yeR%we have

/Wf Ly |mW</\fTﬂh fw&%UNﬁﬂi/\ﬂ&wﬂw—fwmawhh+
+ (t — s)[f(d0,0,u)| dr

< CL/ Ws(0,,05)dr + cL(t — S)méﬂ(ﬁs) +cL(t — 9)|y| + (t — s) K < C1(6s, |y, t — s),

where we used Lipschitz-in-time continuity of 8. Since

t
|70,:v,u(t) - 70,x,u(8)| S / |f(87'7 70,x,u(7)7 U) - f(07'7 79,x,u(3>a U)| d7—+

b [ A0l 017 < [ Plonas) ~ 20a(5) 7+ Co0 (o)1~ 5).
by érénwall’s inequality, 3
V6,2,(t) = V0.2u(5)| < eIC1(Bs, Yo.w(s)], T — 5).
Choosing s = 0, for all ¢ € [0, T], we have
(A.9) V6.2, (t)| < 2] + T C (1, |2, T).
This implies also
[F(0r,70,00(t)] < K + L (W2(6, 00) + |v0,0,u(t)])
< K A LWa(0h, 1)+ my* (1) + Nosa(B)]) < Col, 2], T).

Notice that the map (z,u) — (z,7g.4.) is locally Lipschitz continuous. Indeed,

t
|’70,x1,U(t) - 79,x2,v(t)| < |z — xo] + / |f(87779,m1,U(7_)7u> - f(eTv/VO,a:z,v(T%U” dr
0

t

< |ZE1 - l’gl +/ |f(6)T779,$17U<T>7U) - f(0T779,$17U<T>7U)| dr+
0
t
U6 A0 0) = F6r 0 rsalr),0)] dr
0
t t

< |z — $2| + C/ ’F(97779,:c1,u(7))| dr - Ju —v| + CL/ ‘70,x1,u(7—) - 70,x2,v(7—)| dr

0 0

t
< oy — x| + ctCop, |21], T) - Ju — v| + CL/ 170,21,u(T) = V0.20.0(T)| dT.
0

By Gronwall’s inequality, for all ¢ € [0, 7] we have

[V0.01.(t) = V0200 (1) <€ (14 €T Co(ps, |21], T)) (Jar = 2| + u—v])
=Cs(p, 1], T) (Jz1 = 2| + Ju —v]) .
This provides the Lipschitz continuity on all bounded subsets of R¢ x B(0, 1) by the
continuity of Cs(u,-,T).
By Filippov’s Theorem (see Theorem 8.2.10 in [5]), there exists a Borel map
u: R? — B(0,1) such that v(z) = f(p, z,u(z)) for allz € R%. The map x — Yo, u()

is a composition of Borel maps, so it is Borel, and we define n° = y ® Ovp ey V€
have by construction that

° (f(ﬂj??‘9 = U3



CONSTRAINED MULTIAGENT CONTROL SYSTEM 37

o for n-a.e. (7,7) € R? x T'y we have v € C'([0,T]) with v(0) = x and
7(0) = v(x).
We want to show now that ¢ — e,n? is Lipschitz continuous with constant less than
L'. Indeed, given 0 < s <t < T we have

1/2
Wtein® cuin) < e =iz, = ([ 1o = (0P an’(e)

dXFT

<t ([ 10l i w)m

SCLL/ (t — )% + cL(t — s)my/*(6,) + cL(t — ) (/]R

Notice that
m§/2(95) Wa (05, 00) < Wa(bs,60) + Wa(bo,00) < L'T + ml/Q(N)-
Moreover, by (A.9), we have

1/2 1/2
( / |7(8)|2d?79(m,7)) < ml/2 () + €T ( J IwI,T)Ian"(I,v))
RdXFT RdXFT

LL
< m1/2(ﬂ> +ecLT |:C 5

1/2
(3P dn”(xm)) (- 9)K.

dXFT

T? 4+ 2cLTm)? (1) + TK}

LL LL
< CTTQeCLT + (14 2eLTeF Y mY? (1) + TK e = CTTZ(BCLT + B(p, T).

Thus

(A.10)
Wa(edn®, esin®) <
LL LL
it — s (C T+ cL(L'T +my (1)) + cL(&

2

2T 4 B, T)) +K) <

2

3 L?
it — s [L’(QCLT b T2 Ty 4 2¢L(1 + eLTe ™ \my* (1) + cLT K e + K]

= S(u, L', T) [t — 5.

In particular, since we choose

/

L
5 > 2¢L(1+ cLTeCLT)mé/Q(u) +cLlTKe™ + K,

there is T' > 0 such that S(u, L', T) < L', and so t — e,fin% is Lipschitz continuous
with constant less than L'.

Define by recurrence a sequence of curves {9(”) = {Qt(n)}te[oﬂ }nen and of measures
{n™},en by setting 9150) = p for all £ € [0,T]. Supposing that we have defined oM™
then we define n™ =y ® 579(,1) o and 0V by setting Gt("ﬂ) = e, 4n™. Notice
that, by construction, for all n € N, 9(()”) = u and 0™ is a Lipschitz continuous
curve with Lip(8™) < I/, by (A.10).

Since we have the same estimate as in (A.3), then there exists n € Z(R? x I'y)
and a subsequence n™) such that n") narrowly converges towards 1. As already
observed, we also have that ™) is a family of uniformly bounded and continuous
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curves, with uniformly bounded Lipschitz constants. Thus, it has a subsequence
which is uniformly convergent to a Lipschitz curve 8 = {0;},c077. We now follow
the same reasoning as in the last part of the proof of Proposition With p and g™
replaced respectively by 6 and ™). For n-a.e. (z,7) we get that 4(t) € F(6;,y(t))
for a.e. t € [0,T], v(0) = z, v € C([0,T]) and 4(0) = v(x). Thus 0 is an admissible
€t — €

trajectory and (z,7) — v(x), as t — 0T, for p-ae. (z,7) € R? x T'p.

We also notice that v(z) = v o ey(z,7) for p-a.e. (z,7) € R x T'p.  Finally,

recalling the estimates on the admissible trajectories provided in Proposition

by the Dominated Convergence Theorem we have that the convergence is actually

in L2 0
n
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