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Abstract A chemo-thermo-mechanical problem is

solved using a peridynamic approach to investigate

crack propagation in non-reinforced concrete at early-

age. In the present study, the temperature evolution

and the variation of the hydration degree in conjunc-

tion with the mechanical behaviour of cement-based

materials are examined. Firstly, a new peridynamic

model is introduced to solve fully coupled chemo-

thermal problems by satisfying thermal equilibrium

condition and hydration law simultaneously and then

the effects of the chemo-thermal analysis are imposed

in the mechanical framework to investigate all the

interactions. The proposed approach is used to solve

2D chemo-thermo-elastic problems and then it is

applied to investigate the fracture of concrete struc-

tures. Additionally, we examine the accuracy of the

method by comparing the crack paths, temperature and

hydration degree with those achieved by applying

other numerical methods and the experimental data

available in the literature. A good agreement is

obtained between all sets of results.

Keywords Peridynamics � Early-age � Concrete �
Chemo-thermo-mechanical

List of symbols

A Cross-sectional area

AT Ratio of the maximum value of the heat

production rate to the latent hydration heat

a Hydration constant determined by

interpolating experimental data

b Hydration constant determined by

interpolating experimental data

b Body force density

C Damping coefficient

c Hydration constant determined by

interpolating experimental data

cMEðaÞ Bond stiffness

cTH Thermal micro-conductivity

cv Specific heat capacity

dVx Volume of material point x

EðaÞ Young’s modulus

E1 Final Young’s modulus

Ea Activation energy

F Summation of the external and internal

forces

f Pairwise force function

f h Heat flow density function

G0ðaÞ Critical energy release rate

G01 Final energy release rate
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HðxÞ Neighborhood of point x

h Convective heat transfer coefficient

hs Heat source

k Thermal conductivity

m Ratio between the horizon size and the

grid spacing
_Q Flowing heat rate

~Q Volumetric flowing heat rate

Q1 Potential heat of the hydration reaction

q Heat flux

R Ideal gas constant

S Area where the heat flux is imposed

s Stretch of bond

s0ðaÞ Critical stretch

T Temperature

T0 Reference temperature

Taðx; tÞ Air temperature

Tsðx; tÞ Body surface temperature
�t Thickness of the body for a 2D case

U Displacement vector

u Displacement field

Vf Volume of the boundary region

X Positions vector

x; x0 Material points

yðx; tÞ Current position of point x at time t

a Hydration degree

aE Threshold hydration degree constant for

the Young’s modulus

aG0
Threshold hydration degree constant for

the critical energy release rate

aau Mechanical percolation threshold

b Volume correction function

b0 Thermal expansion coefficient

DTavg Average temperature of each bond

Daavg Average hydration degree of each bond

Dt Time step

DtME Incremental time step corresponding to

mechanical analysis

DtCT Incremental time step corresponding to

chemo-thermal analysis

Dx Grid size

d Horizon size

/ðx; tÞ Damage level of point x

g Relative displacement

j Shrinkage material constant

lðn; tÞ History-dependent function

m Poison’s ratio

K Fictitious Diagonal density

q Mass density

sðx0; x; tÞ Temperature difference between

interacting points

X Solution domain

x Scalar influence function

n Relative position between two material

points

Acronyms

PDEs Partial differential equations

BB-PD Bond-based peridynamics

FEM Finite element method

1 Introduction

Cement hydration and shrinkage is a phenomenon

characterized by inhomogeneous stresses occurring in

plain and non-reinforced concrete. Concrete is widely

used in infrastructures such as airfields, slabs and dams

[1]. A significant disadvantage of concrete is its

sensitivity with respect to the early-age cracking in

aforementioned structures. Hence, a basic understand-

ing of material performance due to early-age cracking

is required in the design of concrete structures [1, 2].

Due to the fast change of mechanical properties such

as strength of the material [3, 4], prediction of the

behaviour of concrete is still not a trivial task. In fact,

during cement hydration process, the mechanical

properties of the material strongly tie in with the

physical and chemical processes. In this multi-physics

problem all the thermal, mechanical and chemical

effects should be considered [2]. Therefore, it is still a

challenging issue to precisely predict the early-age

behaviour of the cement based material, especially

when discontinuities such as cracks occur. Numerous

numerical and experimental studies have been so far

performed to analyse the mechanical behaviour of

early-age non-reinforced concrete. Among the exper-

imental studies, Kolver et al. [5] and Qstergaard et al.

[6] have investigated the tensile creep of concrete at

early-age. In [7], a restrained shrinkage test has been

developed to characterize the early-age mechanical

behaviour. Moreover, the type of cement and effects of

curing temperature on the shrinkage properties have

been investigated in [8]. The emergence of cracks due

to autogenous shrinkage in high performance and slag

cement concrete have been investigated in [9, 10],

respectively. Later, early age hygro-thermo-chemo-
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mechanical reactions have been studied in [11–19].

For early age behaviour of concrete the numerical

studies by [20–23] should be mentioned here. More-

over, in [24–26], cracking risk analysis is performed

by using smeared-crack and crack band models,

respectively. Other numerical approaches such as

microplane approach in [27] or lattice approach in [28]

are used to investigate the early-age concrete beha-

viour. Soon afterwards, Neguyen et al. [1, 29] have

proposed a phase field model to investigate complex

fracture induced by early-age shrinkage and hydration

heat in cement based materials. Other numerical

methods in this field can be traced in [30–32].

However, due to the complexity of the hydration

process, available computational approaches cannot

precisely describe how complex crack patterns nucle-

ate and evolve in concrete structures. The majority of

the proposed computational techniques are yet able to

merely predict the crack propagation induced by

cement hydration qualitatively [11, 12] and their

application to 3D problems often turns out to be very

complicated. Another drawback of these techniques in

the literature is to use ad hoc modifications and simple

assumptions. In some of these techniques, a large

number of tests to characterize the model inputs are

required [12, 33]. Moreover, gradients/divergence

terms in the governing equation could be a source of

inconsistency with the onset of material discontinuity

[34].

Peridynamic is a nonlocal approach firstly proposed

by Silling et al. [35–37]; it paves the way to cope with

the problems with discontinuity e.g. cracks in solid

mechanics. In this approach, integral equations are

employed rather than partial differential equations

(PDEs) to determine the internal forces over the

continuum. This approach has been widely applied to

simulate many engineering problems with disconti-

nuities (see for instance [38–42]). Moreover, peridy-

namic formulation has been developed for

multiphysics problems such as thermal diffusion in

[43–45]. A comprehensive investigation of thermal

diffusion problems has been done by using a state-

based peridynamics in [46]. Moreover, thermal shock

cracking in brittle materials e.g. ceramics have been

thoroughly explored by peridynamic approach in

[47–52]. More recently, adaptive refinement tech-

niques [47, 53–56], parallel computational tools [57]

and coupling of peridynamic models with other

models [58–60] have been developed to maintain the

accuracy and to reduce the computational cost of

peridynamic models. Other applications of peridy-

namic theory to simulate multiphysics problems can

be traced in [61–66].

The main purpose of the present study is the

solution of chemo-thermo-mechanical problems in

cement based materials, including crack initiation and

propagation, using a peridynamic based approach. In

fact, the peridynamic approach offers some advan-

tages [67, 68], in terms of accuracy and efficiency,

which can be highly important for the coupled chemo-

thermo-mechanical problems conducted in the present

study. The proposed model includes, the effects of

hydration reactions on the mechanical properties of

material. The model exhibits highly accurate results,

with respect to experiments in the literature, not only

in terms of displacement but also in terms of crack

path, temperature and hydration degree. One of the

major advantages of the proposed approach is that

there is no need to re-mesh the model when there are

discontinuities such as cracks. These features culmi-

nate in a robust model that performs properly even

in situations where the nucleation and propagation of

cracks with complex patterns occurs.

The paper is structured as follows. Section 2

provides the fundamentals of all the interactions taken

into account during the hydration process. A peridy-

namic based mathematical model is developed in

section 3, while in sect. 4, we explain the step by step

of the procedure of the algorithm. Model validation by

using experimental data is shown in Sect. 5. In Sect. 6,

the accuracy of the method is investigated by several

examples. Section 7 concludes the paper.

2 Fundamentals

Let us consider a body which in an initial configura-

tion X occupies a 2D space (see Fig. 1). By applying

chemo-thermo-mechanical conditions on X or on its

boundary, oX, four state variables including displace-

ment, uðx; tÞ, temperature Tðx; tÞ, hydration degree

aðx; tÞ and the damage level /ðx; tÞ vary over the

body. By calculating these four variables, one can

determine the state of the whole system. The various

fields are all interacting in this multi-physics model

(see Fig. 2). In Fig. 2, each arrow represents the

interaction direction e.g. chemical and thermal anal-

ysis influence the mechanical analysis because
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variations in temperature and hydration affect the

displacements and therefore may generate cracks. On

the other hand crack propagation determines a vari-

ation of thermal conductivity and of hydration which

is the only influence mechanics has on the thermal and

hydration fields. This implies that, fracture analysis is

the direct result of the mechanical analysis and we use

the fracture effect by using a history-dependent

function which is discussed later in the mechanical

kernel function.

In order to analyse this multi-physics model

through an appropriate scheme, we decouple it into

two main problems as follows:

1. Fully coupled chemo-thermal problem

2. Chemo-thermo-mechanical coupled problem

In the next section, we explain how Peridynamics is

used to solve the aforementioned problems.

3 Mathematical model

This section shows the equations adopted to study the

multi-physics model using the peridynamic approach.

3.1 Fully coupled chemo-thermal problem

Based on Fourier’s law, the thermodynamic equilib-

rium of thermal flux in a concrete specimen due to

hydration reaction is governed by:

qcv _T ¼ rðkrTÞ þ Q1 _a ð1Þ

in which, q and cv are the density of the material and

the specific heat capacity. Q1 stands for the potential

heat of the hydration reaction and a is the hydration

degree which describes the level of the hydration

reaction between cement and water. a takes a value

between 0 and 1, 0 6 a 6 1. a ¼ 1 means full

hydration between cement and water takes place.

Furthermore, T and k represent the temperature and the

thermal conductivity respectively. Considering a con-

stant value for thermal conductivity, Eq. (1) takes the

following form:

qcv _T ¼ kr2T þ Q1 _a ð2Þ

Bobaru and Duangpanya [44] firstly proposed the

application of the Bond Based Peridynamics (BB-PD)

to heat conduction problem. The heat flux is ex-

changed between a material point x (the source node)

and the family points located within its integration

domain; i.e, x0 2 HðxÞ as shown in Fig. 1. Hence, the

transient form of the BB-PD thermal diffusion equa-

tion is expressed by:

qcv _Tðx; tÞ ¼
Z

HðxÞ

fhðT 0; T ; x0; xÞ dVx0 þ hsðx; tÞ ð3Þ

in which hsðx; tÞ is the heat source per unit volume and

the kernel function, fh, is given by Chen and Bobaru

[69]:

fhðT 0; T; x0; xÞ ¼ cTH
sðx0; x; tÞ

nk kn ð4Þ

where

Fig. 1 A generic problem domain and representation of

interaction domain HðxÞ, source (x) and neighboring material

points (x0) in Peridynamics

Fig. 2 Chemo-thermo-mechanical interactions
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sðx0; x; tÞ ¼ Tðx0; tÞ � Tðx; tÞ ð5Þ

In BB-PD, two material points have the relative

position n ¼ x� x0 known as bond. We assume that

the heat flux depends on the temperature difference

between the points and it occurs over a bond connect-

ing two material points. In Eq. (4), cTH stands for the

thermal micro-conductivity in peridynamics corre-

lated with the standard conductivity. This correlation

can be obtained by equating the classical thermal

potential to the peridynamic thermal potential at a

material point with a specific horizon size, d, (the
details can be found in [45, 46]). The so-called horizon

specifies the size of the region where non-local

interactions occur. In Eq. (4), n is an integer, normally

selected to be 0, 1, or 2 [44–46]. Based on [69],

different values of n in the representation of the kernel

function have been selected in the past. For example, a

constructive approach to derive the specific form of

the kernel function leads to n ¼ 2 (see [44, 45]). The

value n ¼ 1 is used in [46], and this value has been

used most often for the mechanical peridynamic

formulation [70]. A comprehensive study on different

values of n can be found in [69]. In this paper, n ¼ 1 is

used as suggested in [46]. Furthermore, the thermal

micro-modulus cTH can be represented in terms of the

thermal conductivity k for 1D, 2D and 3D cases as:

cTH ¼

2k

Ad2
; 1D

6k

p�td3
; 2D

6k

pd4
; 3D

8>>>>>><
>>>>>>:

ð6Þ

where �t and A stand for thickness of the body (2D case)

and the cross-sectional area allocated to each material

point, respectively. In the coupled chemo-thermal

problem, the heat source per unit volume hsðx; tÞ is due
to hydration reaction and Eq. (2) can be rewritten as:

qcv _Tðx; tÞ ¼
Z

HðxÞ

fhðT 0; T ; x0; xÞ dVx0 þ Q1 _a ð7Þ

In Eq. (7), we assume that the evolution of heat release

due to the hydration process is obtained by the

Arrhenius law [23]. The heat released during hydra-

tion reaction is defined by:

Q1 _a ¼ ð1� /ÞATf ðaÞeð
�Ea
RT Þ ð8Þ

where AT represents the ratio of the maximum value of

the heat production rate to the latent hydration heat for

a normalized definition of the hydration function

[1, 29, 32], the damage variable / affects the heat

during hydration reaction as assumed in [29]. More-

over, Ea is the activation energy characterizing the rate

of heat generation and R ¼ 8:314� 10�3

kJK�1 mol�1 is the ideal gas constant. In Eq. (8), /
stands for the damage level of point x which is

described in the next section where the fracture

analysis effects are introduced in the chemo-thermo-

mechanical problem. In fact, / in Eq. (8) takes a value

between 0 and 1. Moreover, f ðaÞ is the evolution

function providing the normalized heat production

rate in terms of the hydration degree. Generally, there

are many ways to choose this specific function e.g. a

piecewise linear or exponential approximation of the

experimental data [1, 20, 29, 33, 71]. In the present

study, the power form of the evolution function, f ðaÞ,
for the normalized heat production rate is considered

as presented in [1, 29, 32]:

f ðaÞ ¼ a
a

� �b 1� a
1� a

� �c

ð9Þ

The constants a, b and c in Eq. (9) are determined by

interpolating experimental data [29]. The relation

between the aforementioned constants is expressed as

[20, 29, 32, 71]:

ac ¼ ð1� aÞb; b\1 ð10Þ

We can discretize Eq. (7) in different ways [72]. In

this contribution, the discretization is performed by a

meshfree approach originally introduced in [36]; this

simple discretization have been commonly applied in

the literature (see Fig. 3).

In 2D cases, the domain is discretized by a grid of

points known as nodes. We assign a volume equal to

Dx2�t to each node, where �t is the specimen thickness.

In this way, each node is located in a center of a square

cell as depicted in Fig. 3. Each node xi interacts with

all the nodes within its integration domain as shown in

Fig. 3. Hereinafter, xi and xj are called the source node

and the family node, respectively. The horizon is

considered as d ¼ mDx, where m is the ratio between

d and the grid size Dx. In the usual way, d, m and Dx
are considered uniform in the whole domain.
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Moreover, one can discretize the time into instants as

t1; t2; . . .; tn.
Therefore, by choosing the one-point Gauss

quadrature rule for the integration in space, one can

express the discretized form of Eq. (7) as:

qcv _Tn
i ¼

XN
j¼1

fh snðxj � xiÞ
� �

bðxj � xiÞVj þ Q1 _a

ð11Þ

where Vj stands for the volume of node xj and

N represents the total number of family nodes.

Finally, bðxj � xiÞ is the volume correction factor

which determines the portion of Vj that falls within the

interaction domain of source node xi. In this paper,

bðxj � xiÞ is determined as suggested in [73].

To solve Eq. (11), different time integration

schemes can be taken into account. In this paper, we

employ a forward difference time marching; in this

way, after obtaining the field variables (ani and Tn
i ) at

time instant tn , one is able to advance to the next time

step via set of coupled equations as follows:

qcv
Tnþ1
i � Tn

i

DtCT
¼

XN
j¼1

fh snðxj � xiÞ
� �

bjVj þ Q1
anþ1
i � ani
DtCT

in X;

Q1
anþ1
i � ani
DtCT

¼ ð1� /ÞAT
anþ1
i

a

� �b
1� anþ1

i

1� a

� �c

e
ð �Ea

RTnþ1
i

Þ
in X;

8>>>><
>>>>:

ð12Þ

The unknown values in Eq. (12), are Tnþ1
i and anþ1

i .

Various techniques can be used to solve Eq. (12), in

this study, the Newton Raphson (N-R) method is

adopted. In Eq. (12), DtCT is the incremental time step

related to the chemo-thermal analysis, to obtain a

stable solution we must choose it within a proper

range. The upper bound of the range can be expressed

by [36, 46]:

DtCT\
qcvPN

j¼1
cTH
nk kVj

ð13Þ

3.1.1 Boundary conditions

Chemo-thermal boundary conditions of Dirichlet-

type, must be applied on corresponding boundary

surfaces represented by oXD. For this type of condi-

tions, a temperature field should be assigned to each

node located within a distance Dx=2 close to oXD

(Fig. 1); however, Neumann-type boundary condi-

tions is imposed in the form of convection, heat flux

and radiation. To impose heat flux boundary condi-

tions, firstly we evaluate the rate of heat entering into

the body from the boundary surface, then we must

convert the rate of flowing heat _Q to a volumetric

value ~Q (heat generation per unit volume) by [45]:

~Q ¼
_Q

Vf
¼ �

R
S q � n ds
SDx

¼ � q � n
Dx

; x 2 oXN ð14Þ

in which, q is the heat flux, S is the area to which the

heat flux is imposed and Vf is the volume of the

boundary region. By using Eq. (14), one can deter-

mine the heat flux portion of each node on the

corresponding boundary.

The convection boundary condition (Neumann), in

which a heat transfer between the surface of a body

and its surrounding occurs, is expressed by [45, 46]:

qðx; tÞ � n ¼ h Tsðx; tÞ � Taðx; tÞð Þ; x 2 oXN

ð15Þ

in which h is the convective heat transfer coefficient.

Moreover, Tsðx; tÞ and Taðx; tÞ are the body surface

and air temperature, respectively. In this way, volu-

metric heat generation due to the convection boundary

condition is defined by [45]:

hsðx; tÞ ¼ h Tsðx; tÞ � Taðx; tÞð Þ; x 2 oXN ð16Þ

For the chemical part, a Neumann-type boundary

condition is assigned to the hydration degree (a);

Fig. 3 Peridynamic nodes and their interactions
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furthermore, the initial value of the hydration degree

needs to be prescribed on the whole domain.

In the next subsection, we illustrate the strategy to

cope with the mechanical part of solution, using

Peridynamics. The same discretization scheme in

space is used in the mechanical solution. Therefore,

we describe how to incorporate the chemo-thermal

effects into the mechanical solution.

3.2 Chemo-thermo-mechanical coupled problem

In this subsection, the basic concepts in addition to the

main ideas of the peridynamic model for fracture are

presented. Let us consider again a body, which an

initial configuration X, occupies a 2D space (see

Fig. 4). Based on BB-PD, the equation of motion is

given by:

qðxÞ€uðx; tÞ ¼
Z
HðxÞ

f uðx0; tÞ � uðx; tÞ; x0 � xð Þ dVx0 þ bðx; tÞ

ð17Þ

where f stands for the pairwise force function of each

bond and similar to the chemo-thermal problem, two

material points interact only within a finite distance, d.
Moreover, q, u and b are the mass density, displace-

ment field and body force density, respectively. In

Eq. (17), the position of point x at time t is denoted by

yðx; tÞ ¼ xþ uðx; tÞ. In Fig. 4, the relative displace-

ment vector between two points is defined as

g ¼ u0 � u. By using a constitutive law, with the

Prototype Microelastic Brittle (PMB) model [36], the

pairwise force function is expressed by:

f u0 � u; x0 � x; tð Þ ¼ lðn; tÞcMEðaÞxðnÞ

s� b0DTavg þ j
Daavg � aau
1� aau

� 	
þ

� �
yðx0; tÞ � yðx; tÞ
yðx0; tÞ � yðx; tÞk k

\=script[\=div[\divclass

¼ ‘‘EquationNumber00 [ 18\=div[\=div[where\divid

¼ ‘‘IEq14200class ¼ ‘‘InlineEquation00 [\divformat

¼ ‘‘TEX00id ¼ ‘‘1101220211375IEq142
00class

¼ ‘‘mathinline00name ¼ ‘‘EquationSource00onclick

¼ ‘‘OpenMathWindowð01101220211375IEq1420Þ;00 title
¼ ‘‘Clickheretoedit00 [\scripttype ¼ ‘‘math=tex;mode ¼ inline00 [
\!½CDATA½b0

is the thermal expansion coefficient and s denotes the

relative elongation (stretch) of a bond, defined by [35]:

s ¼ nþ gk k � nk k
nk k ð19Þ

In Eq. (18), the average temperature of a bond is

defined by:

DTavg ¼
ðT � T0Þ þ ðT 0 � T0Þ

2
ð20Þ

where T0 represents the reference temperature, T and

T 0 indicate the temperature at material points x and x0

respectively. Similarly, the average level of hydration

degree is expressed as:

Daavg ¼
ða� a0Þ þ ða0 � a0Þ

2
ð21Þ

Fig. 4 Kinematics of the reference and deformed configurations for a peridynamic continuum
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where a0 represents the reference hydration degree, a
and a0 indicate the hydration degree at material points

x and x0 respectively.
The material constant j, in Eq. (18) denotes the

evaluation of autogenous shrinkage when hydration

degree is greater than the mechanical percolation

threshold aau and the :h iþ represents the positive

operator [29]. To take into account the shrinkage

effect of hydration phenomenon, j Daavg�aau
1�aau

D E
þ

in

Eq. (18) has been introduced. Moreover, lðn; tÞ is a

history-dependent function which takes the value of 0

for broken bonds and 1 for active bonds. cMEðaÞ stands
for the micro-modulus defined in Eq. (22). xðnÞ
determines the degree of interactions between points.

Taking into account the elastic deformation energy

and xðnÞ ¼ 1, one is able write the mechanical micro-

modulus in terms of the horizon radius d and of the

Young’s modulus E and as:

cMEðaÞ ¼

9EðaÞ
p�td3

; Plane stress

48EðaÞ
5p�td3

; Plane strain

12EðaÞ
pd4

; 3D

8>>>>>><
>>>>>>:

ð22Þ

Moreover, the critical stretch, s0ðaÞ, is defined in

terms of the critical energy release rate of the material,

G0ðaÞ [36, 44]:

Table 1 Material properties of the concrete C20/25l (Ref. [1])

Parameter Value Parameter Value

k 2.636 W/(m K) aau 0.01

qcv 2536.51 kJ/(K m3) aE 0.01

Q1 124,014 kJ/m3 aG0
0.01

b0 10 lm/(mKÞ Ea 51.53 kJ/mol

j 200 lm/m m 0.2

E1 30 GPa h 8 W/(m2K)

G01 164.5 N/m AT 3.6 GW/kg

a 0.149 b 0.51

c 2.91 m 3
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s0ðaÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pG

0
ðaÞ

9EðaÞd

s
; Plane stress

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5pG0ðaÞ
12EðaÞd

s
; Plane strain

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5G0ðaÞ
6EðaÞd

s
; 3D

8>>>>>>>>>>><
>>>>>>>>>>>:

ð23Þ

Due to the processes that occur in the hardening

cement paste, its mechanical properties are strongly

affected by the hydration value a [1, 29], since in the

previous formula the mechanical parameters depend

on the hydration value. The Young’s modulus, EðaÞ
and the critical energy release rate,GðaÞ0, are given by
[1, 29]:

EðaÞ ¼ E1�aaE

G0ðaÞ ¼ G01�aaG0

�
ð24Þ

where E1 andG01 are the final Young’s modulus and

final (when the hydration is completed) energy release

rate, respectively. �aaE and �aaG0 are two parameters in

the range of (0, 1) related with the hydration value of

the material a. Based on [24, 29, 74], �aaE , �aaG0 are

defined by:

�aaE ¼ a� aE
1� aE

� 	
þ

ð25Þ

and

�aaG0 ¼ a� aG0

1� aG0

� 	
þ

ð26Þ

where aE and aG0
are two threshold hydration degree

constants, which express the hydration degree when

material starts having both the mechanical properties,

EðaÞ andG0ðaÞ greater than zero.We break a bond and

remove it from further calculations when:

s� b0Tavg þ j
Daavg � aau
1� aau

� 	
þ
> s0 að Þ ð27Þ

Moreover, the damage level of point x at time t is given

by:

/ðx; tÞ ¼ 1�
R
HðxÞ lðn; tÞdVx0R

HðxÞ dVx0
ð28Þ

where / represents the ratio of the number of broken

bonds to the total number of bonds initially connected

to point x and its value is between 0 and 1. The case

/ ¼ 0 means that there is no broken bonds between

the point and all surrounding points within its horizon,

while / ¼ 1 represents a complete damaged state.

It is well known that PBM constitutive law may

lead to overstimations of the peak-load [75–78] and to

difficulties in the capability to describe the post-peak
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behaviour. A possible strategy for reducing this effect

is to adopt bi or tri-linear constitutive laws or non-

uniform material resistance as indicated in [79].

Similar to the chemo-thermal part, to discretize

Eq. (17), one can adopt the one-point Gauss quadra-

ture rule as:

qðxÞ€uðx; tÞ ¼
XN
j¼1

f uðx0; tÞ � uðx; tÞ; x0 � xð Þ

bðxj � xiÞVj þ bðx; tÞ
ð29Þ

In the present contribution, a quasi-static solution is

obtained using the dynamic relaxation method firstly

introduced in [80]. As suggested in [81, 82], the

equation of motion of each node in Eq. (29) is

assembled, into a global system of equations and

therefore one can introduce an artificial damping to the

system by:

K €UðX; tÞ þ CK _UðX; tÞ ¼ FðU;U0;X;X0Þ ð30Þ

in which C stands for the damping coefficient and K is

the fictitious diagonal density matrix. Furthermore,

displacement vector U and the positions vector, X in

Eq. (30) are given by:

U ¼ uðx1; tÞ; uðx2; tÞ; . . .; uðxM ; tÞ½ � ð31Þ

X ¼ x1; x2; . . .; xM½ � ð32Þ

Moreover, F stands for the summation of the external

and internal forces, whose its i-th component can be

calculated:

Fi ¼
XM
i¼1

XN
j¼1

fðuðxj; tÞ � uðxi; tÞ; xj � xiÞ bðxj � xiÞVj

þ bðxi; tÞ
ð33Þ

where M is the total number of nodes, and the density

matrix, K, is defined according to [81]. For the

damping ratio C, values in the range of 106 � 107

kg/m3s are used, as suggested in [82].

The time integration is performed by adopting a

central difference explicit integration approach. Hav-

ing found the displacement and acceleration of each

node xi at t
n, ðuni ; €uni Þ, displacements and velocities at

tnþ1 ¼ tn þ DtME can be calculated by:

_u
nþ1=2
i ¼ ð2� CDtMEÞ _un�1=2

i þ 2DtMEK
�1
i Fn

i

2þ CDtME

ð34Þ

unþ1
i ¼ uni þ DtME _u

nþ1=2
i

ð35Þ

_unþ1
i ¼ _u

nþ1=2
i þ DtME

2
€unþ1
i

ð36Þ

In this way, the solver is able to advance to the next

time step by:

unþ1
i ¼ uni þ DtME _uni þ

1

2
Dt2ME €u

n
i

ð37Þ

in whichDtME represents the constant mechanical time

step. For the first time iteration, the velocity at t1=2 is

obtained by:

_u
1=2
i ¼ 1

2
DtMEK

�1
i F0

i
ð38Þ

Fig. 10 Example I: concrete slab restrained by supporting piles:

problem domain and boundary conditions

Table 2 Example I material properties (Refs. [29, 31])

Parameter Value Parameter Value

k 2.6 W/(m K) aau 0.115

qcv 2400 kJ/(K m3Þ aE 0

Q1 119,000 kJ/m3 Ea 50 kJ/mol

b0 10 lm/(mKÞ m 0.2

j 30 lm/m TSoil 17 �C

E1 29 GPa AT 0.729 GW/kg

h1�2 4.5 W/(m2 K) h3�4 7.5 W/(m2 K)

a 0.149 b 0.51

c 2.91 m 3
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For the dynamic relaxation method, as recommended

in [81] the time step is taken as DtME ¼ 1.

4 The step by step procedure of the method

1. Inputting the constant parameters.

• Mechanical constants:

E1; G01; aE; aG0
; m; q; DtME; d; cME.

• Thermal constants:

cv; b
0; k; h; T0; T1; DtTH ; d; cTH .

• Chemical constants: a0; Q1; j; aau; AT ; Ea.

2. Pre-processing: applying the chemical, thermal

and mechanical initial conditions.

3. Chemo-thermal analysis for step ðnþ 1Þ and

calculate Tnþ1 and anþ1 by Eq. (12).

4. Calculate the displacements of the nodes through

Eqs. (30)–(38).

5. Evaluate the stretch of the bonds by Eq. (19).
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6. Bonds should be removed from the calculations if

their stretch exceeds the critical value, based on

Eq. (27).

7. Calculating the damage level of the nodes by

means of Eq. (28).

8. Save the updated displacements, hydration degree

and temperature values as the initial values for the

next time step.

9. Repeat from the step 3 for the next time step.

5 Experimental validation of the model

5.1 Evolution of material strength, heat generation

and temperature during the hydration process

To validate the present numerical method, we simulate

a concrete cubic sample which is taken from an

experimental study [1, 83]. The dimensions of the

cubic sample is 150� 150� 150 mm. The concrete

properties are taken from [1, 83] and are given in

Table 1. The testing sample is equipped with thermal

sensors located at the top-center of the sample and the

whole system is stored in a polystyrene box with a

thickness of 50 mm. The chamber temperature is

20 �C and its humidity is 50%. The initial hydration

degree all over the slab is a0 ¼ 0:05. Furthermore, the

initial temperature of the concrete slab is T0 ¼ 20 �C
and the final temperature is T1 ¼ 30 �C. The model is

discretized uniformly by a grid spacing of Dx ¼ Dy ¼
Dz ¼ 0:075 m and a total number of 9261 nodes. The

incremental time step is taken as Dt ¼ 1 s and the

simulation is carried out up to 600 h. The time history

of the Young’s modulus is represented in Fig. 5. There

is an acceptable agreement between the Young’s

modulus of the three experimental tests [1, 83] and that

of the peridynamic model.

We also investigate the thermal behaviour of the

system. The temperature history is shown in Fig. 6. It

can be observed that the maximum temperature

reaches up to 38 �C at the concrete age of 18 h in

the peridynamic model and it is in a remarkable

agreement with the experimental measurements

[1, 83]. Furthermore, the accumulated heat generated

due to the hydration process in the peridynamic model

is compared to the experimental test in Fig. 7. A very

good agreement is achieved.

5.2 Shrinkage phenomenon

In order to get a deep insight into the chemo-thermo-

mechanical behavior, the shrinkage phenomenon of

concrete is examined. Shrinkage is the change of

volume of the concrete due to the change of the

hydration degree and it is one of the significant aspects

of the early-age concrete. The experimental set up

(rectangular slabs) is described in [1, 83]. The

dimensions of the slabs are 1000� 100 mm and the

related numerical model is solved in a plane strain

condition. C20/25 concrete is used in the experimental

tests and its properties are taken from [1, 83] (see

Table 1). The aim of this test is to measure the

autogenous shrinkage strain. To this end, the moisture

exchange with the ambient medium is prevented. The

ambient temperature was measured during the test in

[1, 83] as depicted in Figure 8 and used into the

numerical model to impose a convection boundary

Fig. 12 Example II: geometry and boundary conditions for the

hydration reaction in a cement ring structure

Table 3 Example II material properties (Ref. [29])

Parameter Value Parameter Value

k 2.8 W/(m K) aau 0.115

qcv 2400 kJ/(K m3Þ aE 0.35

Q1 117,840 kJ/m3 aG0
0.30

b0 15 lm/(mKÞ Ea 50 kJ/mol

j 75 lm/m m 0.22

E1 35 GPa Ta 15 �C

G01 25 N/m AT 0.215 GW/kg

a 0.149 b 0.51

c 2.91 m 3
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Fig. 13 Example II: the evolution of the a, d, g damage level /, b, e, h temperature T (�C) and c, f, i hydration degree a during the

hydration process using the present approach
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condition on all the boundaries [1, 83]. On the left

boundary of the concrete slab, both x and y-displace-

ments are fixed, while on all other boundaries both

x and y-displacements are free. The right side of the

slab is in touch with a displacement transducer which

records all displacement within a range of 2 mm.The

slab is discretized uniformly by a grid spacing of Dx ¼
Dy ¼ 0:005 m and a total number of 4221 nodes. The

incremental time step is taken as Dt ¼ 10 s and the

simulation is carried out up to 28 days. In Fig. 9, the

development of shrinkage strain is presented. Using

the peridynamic model, the shrinkage strain reaches

�184 lm=m after 28 days which is in a very good

agreement with the two experimental tests in [1, 83].

Up to here, we presented simple models to inves-

tigate the variation of the elastic modules, the evolu-

tion of the temperature and the shrinkage strain in

early-age concrete. Moreover, we compared them to

Fig. 14 Example II: the evolution of the phase field d, temperature T (�C) and hydration degree a during the hydration process using the
phase field method [29]

123

2370 Meccanica (2021) 56:2357–2379



the experimental data available in the literature. In the

rest of this study, we investigate more complex

problems by three other examples.

6 Numerical examples

6.1 Example I: chemo-thermo-mechanical

analysis of a concrete slab

In this example, the temperature variation of a

concrete slab, due to the early-age behaviour of

concrete, is investigated. Using this example, we aim

at validating the fully chemo-thermal reactions via a

peridynamic approach. This example has been inves-

tigated in [31, 32] by using FEM. The authors used two

different types of elements known as hybrid and

conform, then they compared their results with the

experimental data in [84]. Heat transfer occurs across

the slab thickness only. This problem is solved in a

plane strain condition.

The slab with the dimensions of 1:0� 0:35 m is

considered here (see Fig. 10.) Two thermal sensors, A

and B, are placed at 0.05 m from the bottom and the

top surfaces respectively. The same material param-

eters used in [29, 31] are assumed to solve this

example. These parameters are given in Table 2. The

convective boundary conditions have coefficients

hc ¼ 7:5 W/(m2 K) (convection with air) and hc ¼

4:5W/(m2 K) (convection with soil) at the bottom-end

(P1–P2) and the top-end (P3–P4) respectively. The

environment air temperature represented in Fig. 11 is

changing during the simulation. The initial hydration

degree all over the slab is a0 ¼ 0:05. Furthermore, the

initial temperature of the concrete slab and the surface

of the supporting soil is T0 ¼ 17:5 �C and T0 Soil ¼
17 �C respectively. The isolated boundary condition is

applied to the right (P2–P3) and the left (P1–P4) sides

of the slab (see Fig. 10). Furthermore, the x-displace-

ments are fixed in the left and the right sides of the slab

while y-displacements are free [29, 31]. On the

bottom-end (P1–P2), y-displacements are fixed, while

the x-displacements are free [29, 31]. On the top side

of the slab (P3–P4), both x and y-displacements are

free. The slab is discretized uniformly by a grid

spacing of Dx ¼ Dy ¼ 0:05 m and a total number of

14,271 nodes. The incremental time step is taken as

Dt ¼ 10 s. Two nodes xA ¼ ð0:5; 0:05Þ m and xB ¼
ð0:5; 0:3Þ m are chosen to investigate the time history

of the temperature. The time history of the temperature

for nodes xA and xB are shown in Fig. 11. The results

for both of the nodes are in an acceptable agreement

with the FEM models (conform and hybrid) in

[31, 32]. Moreover, the peridynamic temperature time

history is in a good agreement with the measured data

in [84].

Fig. 15 Example II: the non-symmetric distribution of the a damage level /, b temperature T (�C) and c hydration degree a after 200
hours using the present approach
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6.2 Example II: hydration reaction in a cement

ring structure

In this example, we investigate the chemo-thermo-

mechanical crack propagation in a homogeneous

circular concrete specimen. A square hole is

considered at the centre of this specimen as shown in

Fig. 12. This example has been solved in [29] using

the phase field method. The material parameters in

[29] are considered in this example and are listed in

Table 3. The radius of the circular specimen and the

size of the square hole are taken as r ¼ 0:5 m and
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a ¼ 0:4 m, respectively. The initial conditions T0 ¼
20 �C and a0 ¼ 0:01 are taken for the whole specimen.

A convection boundary condition with the convection

coefficient of h ¼ 8 W/(m2 K) is applied over the

system as shown in Fig. 12. The ambient temperature

is assumed to be constant during the whole interaction

process and is taken as Ta ¼ 15 �C. To impose the

mechanical boundary conditions, the left and the right

sides of the square hole are fixed along the x-direction

while the y-displacements are free. Moreover, the top

and the bottom edges of the square hole are fixed along

the y-direction while the x-displacements are free.

The slab is discretized uniformly by a grid spacing

of Dx ¼ Dy ¼ 0:005 m and a total number of 25156

nodes. The incremental time step is taken as Dt ¼ 10 s

for a total of 72000 steps. The contour plots of the

damage, temperature field and hydration degree for

three different time steps are depicted in Figure 13.

The comparison of Fig. 13, with the phase field results

taken from [29] in Fig. 14, shows that there is an

acceptable agreement between the peridynamic and

phase field approaches. As shown in Figure 13g, the

damage evolution in the peridynamic model is abso-

lutely symmetric which shows there is significantly

low round-off error in our simulations. The compar-

ison of Figs. 13 and 14 is apparently not very good,

because the phase field model crack evolves earlier

and completely breaks the sample, while the peridy-

namic model shows smaller damage values. However,

if we impose a very small perturbation in the damage

value of only one node we obtain damage evolution

contour plots after 200 hours in Fig. 15a similar to the

phase field results in Fig. 14. Since the model has a

symmetrical geometry and we apply symmetric loads

and constrains the numerical results must be symmet-

ric; however, in some numerical codes due to the

cumbersome computations a round-off error occurs in

the computations which could lead to non-symmetric

results. For further validation of the present method,

two nodes xA ¼ ð0:2; 0Þ m and xB ¼ ð0:5; 0Þ m see

(Fig. 12) are chosen to investigate the time history of

the temperature and hydration degree. The time

history of the temperature and hydration degree for

nodes xA and xB are shown in Figs. 16a, b respectively.

The results for both of the nodes are in an accept-

able agreement with the phase field models in [29].

6.3 Example III: comparison of the crack shape

in a concrete beam

In this example, crack initiation and propagation in a

non-reinforced concrete C20/25 beam is investigated

by using the proposed peridynamic model. The results

will be compared to the experimental tests and the

phase field model simulation results [1]. As mentioned

in [1], C20/25 is risky for the durability of the

structures and it is prone to loss of performance due to

cracking induced by early-age hydration. Damage and

fracture may take place in a critical working condition

as mentioned in [1]. Figure 17 shows the geometry

Fig. 17 Example III: geometry and the boundary conditions

a description of the experimental specimen b the model used for

the simulation

Table 4 Example III material properties of the AISI 4130

Alloy Steel (Ref. [1])

Parameter Value Parameter Value

ks 42.7 W/(m K) Es 200 GPa

qcs 3744 kJ/(K m3Þ ms 0.3

b0s 124,014 kJ/m3 hcr 8 W/(m2K)
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and the boundary conditions of the specimen. The

central part of the H-shape specimen is bracing, while

stiff steel tubes are arranged parallel and symmetri-

cally to the long sides of the middle part. Four critical

zones with a high risk of cracking emerges at four

corners of the specimen as depicted in Fig. 17a. The

material parameters in [1] are considered in this

example and listed in Table 1. The initial temperature

is assumed to be 20 �C [1]. For the sake of simplicity,

only half of the specimen is modelled in our simula-

tions due to its symmetric shape. The steel tubes and

plates are made of AISI 4130 Alloy steel; its properties

are taken from Nguyen et al. [1] and are listed in

Fig. 18 Example III: the symmetric evolution of the a, c, e damage level, using the present approach, b, d, f the phase field model [1]
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Table 4. The following assumptions are considered

for the boundary conditions (see Ref. [1]):

1. In the edges AB, CD, EF and HG, which are in

contact with the air environment, convective

boundary conditions with a convection coefficient

of hcr ¼ 8 W/(m2 K), and air temperature of Ta ¼
20 �C are used.

2. For the concrete interfaces in contact with the steel

tubes and plates, thermal conductance conditions

are applied with a conductance coefficient of

hcd ¼ 104 W/(m2 K), then the convective bound-

ary conditions are applied to the steel-air surfaces.

3. For the mechanical boundary conditions, the

displacements along the x-direction at the sym-

metrical edge of both concrete beam (DE) and the

Fig. 19 Example III: the distribution of the temperature T (�C) a using the present approach b using the phase field approach [1] and

hydration degree a c using the present approach d using the phase field approach [1] after 24 h

Fig. 20 Crack morphology obtained by a present approach b and c experiment in [1]
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steel tube are zero, while their y-displacements are

free. It is assumed that there is a perfect cohesion

between the concrete and the steel interfaces so

that the displacements along x-directions at both

surfaces BC and FG are fixed while their y-

displacements are free. In all other boundaries

(AB, CD, FE, GH), both x and y-displacements are

free.

4. The initial conditions T0 ¼ 20 �C and a0 ¼ 0:01

are taken for the whole structure.

The slab is discretized uniformly by a grid spacing of

Dx ¼ Dy ¼ 0:00425 m and a total number of 10599

nodes. The incremental time step is taken as Dt ¼ 10 s

for a total of 86400 steps. The contour plots of the

damage are depicted in Fig. 18 for three different time

steps.

The comparison of the crack paths in Fig. 18a, c, e,

and the results obtained by the phase field model in

Fig. 18b, d, f, shows that there is a very good

agreement between the peridynamic and phase field

approaches. Moreover, the temperature field and

hydration degree at time t ¼ 240 hours are represented

in Fig. 19.

The comparison of Fig. 19a, c, and the temperature

field and hydration degree contour-plots obtained by

the phase field model in Fig. 19b, d, indicates that

there is an acceptable agreement between the peridy-

namic and phase field approaches. In order to compare

the crack paths quantitatively, one may analyse the

crack angles as shown in Fig. 20. This angle for the

experimental test [1] is 145:8� and 156:63� at corner 1
and 3 respectively (see Fig. 20). This angle in the

present study is absolutely symmetric and is equal to

147� (see Fig. 20). The crack angle obtained using the
proposed approach is in a good agreement with the

experimental test.

7 Conclusions

In this paper, a new technique is developed in a

peridynamic framework to investigate the complex

fracture mechanism induced by the chemo-thermo-

mechanical reactions at early ages in a cement based

structure. Using this method, one is able to predict

complex crack patterns without any a priori hypothesis

on crack onset and geometry. The accuracy of the

model is examined through problems such as chemo-

thermo-mechanical analysis of a concrete slab, hydra-

tion reaction in a cement ring structure and crack

propagation over a concrete beam. Hydration degree,

temperature and crack paths are compared to the

experimental data and to numerical solutions pro-

duced by the FEM, hybrid FEM and phase field

methods. A proper agreement is achieved between all

sets of results. The new computational method is

capable of producing symmetric results. More impor-

tantly, the crack angle observed by the present method

is in a good agreement with the experimental data.
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