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Abstract—Generalized  Frequency-Division = Multiplexing
(GFDM) is a candidate modulation for future wireless cellular
networks. The main reason stands in the flexibility of its structure
that could fulfill ideas and challenges of forthcoming network
scenarios. A known issue of GFDM is its worse performance
compared to Orthogonal Frequency-Division Multiplexing,
which is due to the interference among transmitted symbols. A
mathematical model of such an interference has been proposed in
a recent paper by exploiting the parallelism that exists between
GFDM and discrete Gabor transform. The model allows for the
design of different types of linear and non-linear equalizers.
With the goal of increasing the transmission reliability, in
this paper the introduction of channel coding is considered
together with an appropriate interleaving. The computation of
the Log-Likelihood Ratio (LLR) is described, which allows for
soft decoding in the case of maximum likelihood and linear
minimum mean square detection. The gain in performance
achieved with channel coding and time-frequency interleaving
is demonstrated by means of Monte Carlo simulations for the
standard 64-state rate-1/2 convolutional code. A comparison
with an approach for soft decoding proposed in literature for
GFDM is also reported.

Index terms- GFDM, detection, channel coding, soft decod-
ing, time-frequency interleaving

I. INTRODUCTION

In upcoming fifth generation (5G) communications, a new
dawn seems to have arrived. This has an impact on all the
layers of the system that must be adapted to face with the
forthcoming needs, including the introduction of novel and
more flexible waveforms at physical layer [1]. Among the
new waveforms, Generalized Frequency Division Multiplexing
(GFDM) is a flexible multicarrier modulation scheme pro-
posed for the 5G wireless cellular systems [2]-[5].

A. State of art GFDM

In GFDM each data block is spread over different sub-
carriers, each of which is suitably pulse shaped by a circular
filter [2]-[5]. GFDM can flexibly configure the symbol struc-
ture, since it encompasses the characteristics of both single
carrier and multicarrier transmission. Moreover, low PAPR
and high spectral efficiency can be achieved simultaneously
by applying appropriate pulse shaping and by changing the
parameters of the system [6]-[8].

However, when transmission takes place over frequency
selective fading channels a performance degradation is ex-
perienced due to Inter-Symbol Interference (ISI) that arises

among transmitted symbols. Therefore, suitable countermea-
sures for ISI must be devised [9]. Equalization, together
with the introduction of channel coding, allows to reduce the
detrimental effects of ISI. Thus, an appropriate modelling of
ISI in GFDM is required for an optimal design of linear and
non-linear equalizers. The authors of [10] were the first to
propose an approximate modelling of ISI in the frequency-
domain by exploiting the equivalence between GFDM and
Discrete Gabor Transform (DGT) described in [11]. In [9]
the new concept of Inter Sub-Symbols Interference (ISSI)
among the symbols transmitted on the same sub-carrier was
introduced and described in an analytical way. The developed
mathematical model is based on the description of the channel
associated with each sub-carrier as a Multiple-Input Multiple-
Output (MIMO) system.

B. Contributions

Channel coding and interleaving are known techniques that
allow for mitigation of fading effects of the channel and
achieve a performance gain. Although their application to
GFDM can be expected in practice, in the literature it is not yet
present a study on how they can be applied to such a system.
Starting from this consideration, and exploring this research
aspect, the novel aspects of this work are:

« evaluation of performance of coded GFDM (CO-GFDM);
« definition of a suitable time-frequency interleaving sym-
bol mapping for transmitted symbols;
« derivation of analytical expression for the computation of
log-likelihood ratio (LLR).
We evaluate the performance of soft-decision decoding based
on the interpretation of GFDM in the DGT setting and the
modelling of ISSI given in [9]. A standard 64-state rate-
1/2 convolutional code with polynomial generator [133,171]
is used and the mapping of its coded bit output on the
different sub-carriers is discussed [12]. A soft-input Viterbi
Algorithm (VA) is used to estimate the sequence of transmitted
information bits. This work paves the way to other coding
and decoding scheme for interleaved CO-GFDM, which also
includes iterative approaches.

C. Main Achievements

Our results show that CO-GFDM allows for a significant
improvement in performance, thus representing a suitable
approach to reduce the effect of the frequency-selectivity



of the channel. Numerical results are provided for linear
Minimum Mean-Squared Error (MMSE) equalizer and the
Maximum-Likelihood Detector (MLD). It is shown that while
at low-to-intermediate Signal-to-Noise Ratio (SNR) uncoded
MMSE and MLD have similar Bit-Error Rate (BER), with
soft decision-decoding MLD allows for superior performance
compared to MMSE and other methods in the literature.
Obviously, this is achieved for a higher computational cost.

The paper is organized as follows. Section II gives an
overview of GFDM and its DGT interpretation. The proposed
time frequency mapping for a GFDM system is introduced in
Sec. III, while Sec. IV reports the soft output demodulation
and LLR computation. Section V presents simulation results
obtained with the proposed designs. Conclusions of this work
are drawn in Sec. VL.

II. DGT-BASED GFDM

In the GFDM modulator, the block of transmitted bits is
applied to the input of a mapper that gives at its output an
M x K data matrix X, whose N =M K elements take values
from a complex constellation [11]. The data matrix X is sent
to the modulator, based on K sub-carriers, where on each
sub-carrier M sub-symbols are transmitted. According to this
model the data matrix X can be represented as the composition
of K column vectors as

X:[XOaXh"'aXKfl}v (1)

where

Xq= [Xq(0)7Xq(l)ﬂ T 7Xq(M - 1)]T7 2

with X, (m) representing the mth sub-symbol, m = 0,1....,
M — 1, transmitted on the gth sub-carrier, g= 0,1,...,K — 1
and ()T denoting the transposition operation.

After the pulse shape filtering, the nth sample of the
transmitted GFDM signal is

K—-1M-1 N
z(n) =YY wg(m)g[(n —mK)x]e" K", (3)
qg=0m=0

where n = 0,1,---,N —1, is the sampling index and (-)n
denotes the modulo N operation that implements the circular
shifting of the periodic discrete-time shaping filter g[-]. Ac-
cording to [11], (3) can be seen as the Inverse Discrete Gabor
Transforms (IDGT) of the discrete-time signal transmitted
x(n), and g(n) defines the synthesis function. In [9] the
discrete-time sinc function is chosen for g(n).

By following this interpretation, the receiver computes the
DGT of the received signal as

j2mgn

fym) = 3 [ - mEW] Ry, @)

where Z,(m) is an estimate of the transmitted symbols; y(n) =
z(n)® h(n) + w(n) is the received sequence after discrete-
time convolution with the impulse-response of the channel
h(n) and overlaid by the white noise w(n); y(n) is a periodic
discrete function of period N that, in the DGT setting, is

Xp(0) Xo(1) Xo(2) Xo(M —1)

X1(0) XM X1(2) X, (M- 1)

X,(0) X)) X(2) XM —-1)

Xk-1(0) Xg-1(1) Xg-1(2) Xg-1(M —1)

Fig. 1: Encoded symbols enter the interleaving matrix by
columns, i.e. following the vertical green arrow. The GFDM
modulator reads the matrix by row, i.e. following the horizon-
tal yellow arrow.

defined as the analysis function. An orthogonal transmission is
achieved when ~y(n) and g(n) satisfy the Wexler-Raz identity
defined in [10]. This condition is automatically satisfied in case
of transmission over an ideal channel, i.e. h(n) = §,, being
0., the Kronecher delta function (69 = 1, §,, = 0 for n #0). For
this case, in the absence of noise, Z,(m) coincides with z,(m)
for each (m,q) pair.

However, when transmission takes place over frequency
selective channels, i.e. characterized by delay spread and
fading effect, different types of interference arise and this
bi-orthogonality condition is not more satisfied. While the
inter carrier interference can be mitigated introducing a cyclic
prefix, the interference among the sub-symbols within the
same subcarrier needs to be defined and equalized. To over-
come this issue in [9], the received signal on the gth sub-
carrier Y, = [Y,(0),Y,(1),...,Y,(M —1)]" is modelled as
the following MIMO system

Y, =HuX,+W,, ¢=1,....,K—1, 5)
where W, = [W,(0), W,(1),...
vector of the noise samples and

,W,(M —1)]" is the DGT

HqM(O) HqM(N*K) ’ HqM(N*(Mfl)K
_ HyfN—M-1)K)  Hqpr(0) Hqn(N — K)
M= : : . :
Hopr(N-K)  Hou(N-2K) - Hou(0)
(6)

describes the impact of the channel matrix on the the transmit-
ted vector. As discussed in [9], it is possible to apply different
types of per sub-carrier MIMO equalization approaches to deal
with ISSI and symbols detection. However, it is worth noting
that in [9] the analysis of the performance is limited to uncoded
transmission of the information bits.

III. TIME-FREQUENCY INTERLEAVING IN GFDM SETTING

Starting from the representation of the data matrix given
in (1) and considering the received signal vector defined in
(5) the aspect of time-frequency interleaving is here con-
sidered. The encoded bits are interleaved over the K sub-
carriers as shown in Fig. 1. This counteracts the frequency
selectivity of the channel and increases the diversity, thus
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improving the performance. In fact, in the adopted time-
frequency interleaving K symbols are firstly distributed across
different subcarriers with the aim of combing the diversity
effect of the channel frequency selectivity on the K sub-
carriers, averaging the “bad” sub-carriers with the “good”
ones. The term “bad” associated with a given sub-carrier
means a sub-channel characterized by a deep-fading effect,
which makes the channel condition inadequate for a reliable
transmission. Then, the successive blocks of K symbols fill the
M-1 available time slots. It is worth observing that codewords
sufficiently long provide a sort of averaging effect with respect
to fading events since they introduce logical relations between
bits subject to different channel conditions. Another advantage
of this approach is the reduction of the system complexity. In
fact, a single encoder and decoder can be used in the entire
system as shown in Fig. 2 .

IV. SOFT-OUTPUT DEMODULATION AND LLR
COMPUTATION FOR DGT-BASED GFDM

The received sequence is demodulated by a soft-input soft-
output demodulator. The computed LLR is then passed to a
standard binary soft-input Viterbi decoder. The soft decoder
uses the sequence of LLR values to take a decision on the
transmitted information bits. The LLR analysis is described
in the following subsections, taking into account the different
types of receivers and the discussed time-frequency mapping.

A. Linear MMSE Equalizer

The linear MMSE equalizer allows for good trade-off
between noise enhancement and ISI removal [14]. The ex-
pression of the demodulation matrix for the gth subcarrier,
q=0,....,K—1,is

Conmmmse = (HHon + Noly ) 'H,,

)

where N is the variance of the noise and I, is an M x M
identity matrix. After the equalization step, an estimate of the
transmitted symbols on the gth subcarrier X,=C,arvmse Y
is passed to the demodulator. Since the modulation procedure
is memoryless, the demodulation of X, can be decomposed
into independent demodulations of its components. The soft
de-mapper calculates the LLR metric for the coded bit asso-
ciated with it. Assuming Quadrature Phase Shift Key (QPSK)
modulation, i.e. two bits ¢g ,,,1 and c¢gm,2 per symbol X,
the LLR for coded bit ¢y, 1 is

Pricgmi=1Xgm) q=0,...,K—1,
PT(Cq)m,1:O|qu)’ m = 07)M_1

®)

chymylzln

where In(-) denotes the natural logarithm and Pr(cgm, 1 =
b|Xym), with b = 0,1, is the a priori conditional probability
that cq,,,1=b given that the estimated symbol is qu and can
be rewritten as

1
Pr(cq,m,l = 1|qu) zzpr(cq,m,lzL Cq,7rb,2|qu) (9)

Cq,m,2=0

By using the Bayes’ rule and assuming equiprobable transmit-
ted and received symbols, (8) becomes

1 J—
ZCQ,NL,2:O f()fqm|cq,m,1 =1, Cq,mﬂ). (10)

=0 f(qu|Cq,m,1 = 07 cq,m,l)

Zeqma = In Zl

Cq,m,2

Now, since it can be assumed that, after the linear equalization,
the components of the transmitted codeword undergo indepen-
dent channel fading gain and noise samples, the conditional
Probability Density Function (PDF) follows a Gaussian distri-
bution as

1 Kgm—Xgm)?
2

Xom|Xgm) = —— 2
f(4|q) Gmﬁe

where o2, = No((HgMHqM +NOIM)71)m’m is the noise
variance after the equalizer. Substituting (11) in (10) and
making all the derivations also for ¢, ,,,1=0 case in the de-
nominator of (8), the value of the LLR for ¢, ,,,,1 is computed.
Note that for ¢, ,, 2 the same derivation done for ¢, 1 in the
previous equations holds by inverting 1 with 2 in the sub-
scripts of the variables, i.e. considering the previous coded
bit ¢;,m,,1 in the conditional probability (9). Moreover, in case
of high order modulation formats with [ bits per symbol, (9)
considers the sum of all the possible [ — 1 bits combinations
cj—1 as

(an

Pr(cgma = UXgm) = Y_ Pricgmi=1c1|Xgm), (12)

c,_1€eBi-1

where B!~! is the set defined by the (I — 1)-dimensional
Cartesian product of B = {0,1}.

B. MLD

In the case of MLD, the approach followed to estimate the
LLR is based on an exhaustive search per detection [15], [16].
Considering again Gray mapped-QPSK, we report how the
demodulation is done for the first symbol, i.e. m=1 in the
subscripts, received on the gth sub-carrier Y;; as explained in
the following. The symbol Y, is characterized by two coded
bits ¢4,1,1 and ¢4,1,2. The LLR is defined as

Pr(cgi1 = 1|?q)
PT(Cq,Ll = O|Yq)

Zeq11 =In q=0,...,K—1. (13)



The conditional probability of ¢, 11 = 1 given the received
symbols Y, Pr(cq11 = 1/Y,) can be rewritten as

1
PT(Cq,l,l = 1|Yq) = Z P’I’(Cq7171 = 1,Cq7172|Yq) =

€q,1,2=0

= Pr(an = _I‘Yq) + Pr(an =—J |Yq) =

apy_1€EAM-L
DY
apy_1€EAM-1L
where AM~1 is the set defined by the (M — 1)-dimensional
Cartesian product of A = {1,—1,—3,j} and ap/_1 is the
vector of one possible combination. For the Bayes rule, using
(11) we get

Pr(aq,l = 71, aM_1|Yq)+

Pr(ag1 = —j, a]\l—1|Yq) (14)

—|I¥q—Hgap 11

> Pragi=—1lay 1[Y,)=) e No . (15)
ap_1EAM-1 ay_1€AM-1
—11¥g—Hgap _111?
aM,Ilnea.,i(M—l ZaM—l cAa® o ’
i.e. the combination of the M — 1 symbols that maximizes it,
the MLD condition [16] is obtained . In the same way, the
other term in the second line of (14) can be rewritten as

Note that taking the

—11¥g—Hgap_11?

ZPr(an:fj,aM_l |Yq):z e No .(16)

ap_1€EAM—1 apy_1€AM-1

By following the same consideration for Pr(c,11 = 0|Y,),
the LLR is obtained, and so on for all the other bits. As it can
be noted, when the constellation size increases, this approach
leads soon to unaffordable complexity that rises exponentially.
Then, these metrics are de-interleaved, i.e. each couple is
assigned to the bit position in the decoded sequence according
to the de-interleaver map and fed to the decoder. To perfom
the decoding we consider soft-input VA with unquantized LLR
values [17]. The VA selects the binary sequence with the
smallest cumulative sum of metrics [15].

V. SIMULATION RESULTS

Here, we report a comparison between all the different
types of receivers discussed in the previous section, including
that proposed in [10]. This latter, named approximated MLD,
implements an independent frequency-domain computation of
the LLR for the sub-symbols transmitted on the same sub-
carrier by neglecting the interference generated by the other
remaining M — 1 sub-symbols.

Taking into account the L-path tapped delay line channel
model defined in [13], the time impulse response of the multi-
path fading channel results to be as

L-1
h(n)=> hié(n—m), (17)
=0

where h; is tap coefficient of the ith path, with random
complex amplitude following Rayleigh distribution, associated

with the propagation delay 7; and ¢ (¢) is the delta Dirac
function. In all the simulations L =9 is used. The propagation
delays in (17) are equally spaced, i.e. the case where 7; = 1,
with ¢ = 0,...,L — 1. This approach can be generalized in
case of not uniform delays using an interpolation and over
fitting procedure that takes into account the sampling intervals
T:NLM, where Af is the subcarrier spacing, to translate the
associated channel power in the correct ¢ position. This type of
channel model includes also the 9-paths EVA channel channel
used in [10] and defined in the 3GPP LTE standards.

Figure 3 reports the BER versus the ratio between the
energy per bit and noise variance Ej,/Ny of the considered
encoding scheme with respect to uncoded transmission. It can
be observed that, notwithstanding the difference in complexity,
MMSE and MLD receivers exhibit similar performance for
the entire range of considered SNR value in case of uncoded
transmission. In contrast, for coded transmission the MLD
allows for better performance compared to linear MMSE.
However, both of them outperform the approximate MLD
approach [10], meaning that the exploited ISSI modelling
allows a better design of the equalizers.

In Fig. 4 it is reported the BER performance of GFDM for
QPSK transmission with different values of M and K, i.e. by
varying the number of sub-carriers involved in the transmission
K for a fixed number of symbols per sub-carrier M or, by
keeping M fixed and changing K. This is done to show how
the time-frequency interleaving described in Sec. 3 impacts the
performance. From these results some considerations can be
done about the overall of N=M K symbols transmission for
different values of K and M. As it can be seen, by increasing
K for M =5, a 2dB performance degradation at BER=5-103
is observed, which is due to the higher incidence fading
effects on average. Instead, by increasing M for K =32 a
slightly difference appears starting from Ej, /Ny =8 dB, which
demonstrates the diversity gain effect obtained by transmitting
more sub-symbols on the same sub-carrier. Thus, for a fix NV: if

10°
<N
10-1 L
o
1] 2L
o 10
——-MMSE
103 MLD
—< Approximate MLD
MLD uncoded
= =MMSE uncoded
10—4 | | | | |
0 2 4 6 8 10 12

E,/N, (dB)

Fig. 3: CO-GFDM QPSK BER vs. E,/Ny with M=5 and
K=32 and different types of per sub-carrier receiver
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Fig. 4: CO-GFDM QPKS BER vs. E;/Ny with different
number of transmitted information symbols N

more subcarriers K are considered a performance degradation
is shown due to channel selectivity, but this allows to reduce
the number of sub-symbols M and thus, the complexity due
to ISSI equalization; while if M is increased, reducing the
number of sub carriers K, the proposed interleaving gain
makes the transmission more robust to fading, allowing a
performance gain at the cost of higher complexity.

Figure 5 shows the BER versus E,/Ny for higher order
modulation schemes, i.e. 16-QAM. Since in this case the
MLD approach turns to be unpractical from a computational
cost point of view, only the performance of linear MMSE
equalizer is reported. Without loss of generality and for
completeness, the same simulation parameter in [Tab. IV of
[10]] are investigated. A 3GPP deterministic EVA channel
model profile is considered, with K =256 and M =7. It is
worth noting that the difference in trend of two equalization
procedures is consistent with the one of Fig. 3.

VI. CONCLUSION

Generalized Frequency-Division Multiplexing (GFDM) is a
newly proposed multi-carrier modulation scheme that can meet
the requirements of flexibility and higher spectral efficiency
of future high frequency cellular networks. In this paper we
have considered the problem of making GFDM transmission
more robust to multipath fading by introducing and modelling
channel coding after an appropriate interleaving of information
symbols, exploiting both the frequency and time domains.
The computation of LLR is discussed and detailed for linear
MMSE and MLD using a recently proposed modelling of the
interference that affects symbols transmitted on the same sub-
carrier. The improvement in error rate performance achieved
with the proposed LLR computation and mapping over another
approach proposed in the literature is demonstrated by means
of Monte Carlo simulations for soft-decision decoding of the
standard 64-state rate-1/2 convolutional code.

Furthermore, some suggestions about the waveform design
parameters, i.e. M and K, arise from the simulation results

BER
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case of 3GPP EVA channel [10] with K =256 and M =7

discussion, allowing for a trade off between performance gain
and complexity.
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