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Abstract

Compressible two-phase flows of carbon dioxide in supercritical thermodynamic conditions are encoun-

tered in many applications, e.g. ejectors for refrigeration and compressors for power production and carbon

capture and sequestration to name a few. Alongside the phase change, transonic/supersonic flow regimes

and real-gas effects also add additional complexities in the simulations of such flows. In this work, we inves-

tigate cavitating and condensing flows of carbon dioxide via numerical simulations based on the two-fluid

concept, applying both a mixture model and a barotropic model. In the mixture model, the phase change is

modelled with an extra transport equation for the mass of the dispersed phase and a source term introduced

via a penalty formulation. The barotropic model reproduces the pressure-density relation of the mixture

along the upstream isentrope. Both the models assume thermodynamic and mechanical equilibrium between

phases and exclude meta-stability effects. All results are compared against experimental data taken from

literature and the main numerical issues of the models are discussed in detail. The agreement between the

simulations and the experiments is remarkable even though suggesting a further margin of improvement

in the physical modeling. Finally, we show that the barotropic model yields comparable predictions of the

expansion processes at a lower computational cost and with an improved solver robustness.
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1. Introduction

Carbon dioxide (CO2) is not only a greenhouse gas. Thanks to its low toxicity and its thermal stability

for wide ranges of pressure and temperature, CO2 (also known as R744 in the refrigeration field) is also

attracting scientific research efforts and R&D investments to enable its usage as working fluid for energy

systems and process engineering. Several alternative and novel energy technologies are presently based on5

the application of CO2, e.g. refrigeration systems [1, 2] and closed power cycles [3, 4, 5, 6] to name a few.

These technologies share a specific technical issue: in at least one component of the system, CO2 evolves in

thermodynamic states close to the critical point.

Depending on the entropy level of the intake supercritical condition, the phase transition might lead to

the formation of either vapour (when s < sc) or liquid (when s > sc); in other words, expanding from a10

general supercritical state either cavitation (liquid 7→ vapour) or condensation (vapour 7→ liquid) can take

place in supercritical carbon dioxide (sCO2) flow components. With reference to the flow devices listed

above, ejectors for refrigeration typically operate for s < sc, while compressors for CCS operate for s > sc;

conversely, compressors for closed power cycles can be run in both the conditions, depending on the cycle

configuration, the thermodynamic optimization, and the full-/part-load strategy of the plant. In all these15

flow devices the phase transition occurs within streams of high-speed fluid; the available experiments (see,

for example, the visualization published in [7]) indicate that in such flow configurations the new phase

(composed by either droplets or bubbles) appears dispersed into the main one, without evident interfaces

between the phases. The onset of a dispersed phase is typically associated to a sudden drop of the speed

of sound, which is comparably lower than that of the fluid in either of the saturated conditions. As a20

result, the onset of two-phase flows is associated to a sudden increase of the Mach number of the stream,

promoting the establishment of supersonic flows, shock waves, and choking with respect to single-phase

flows of the same fluid [8]. In this context, a proper computational modeling of cavitation and condensation

phenomena in sCO2 compressible flows, and their subsequent implications on the flow morphology and on

the thermodynamics of the process, is crucial for the design of sCO2 devices and, ultimately, for the technical25

feasibility and market penetration of the entire sCO2 energy technology.

Two-phase flows were object of theoretical, computational and experimental studies in the last decades;

historically, the vast majority of these studies was focused on water for cavitation in pumps [9] and valves

[10, 11], on cryogenic fluids for rocket turbopumps [12, 13] and on steam for condensation in turbines

[14, 15, 16]. The outcome of these studies is best summarized, to the authors’ knowledge, in the excellent30

book of Brennen [17], which provides a rigorous and comprehensive presentation of two-phase flows, with

emphasis on both the physical and modeling perspectives. With reference to Brennen’s classification, the
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Figure 1:

so-called two-fluid model appears to be the most computational-effective formulation to model the dispersed

phase transitions of interest in this work. In the two-fluid model, the dispersed phase is considered mixed

from an Eulerian perspective with the main phase in a unique continuous fluid, whose mean properties are35

defined on the basis of proper volume or mass averages of the corresponding single-phase properties. Even

within this modeling framework, several alternative sub-models were proposed in the scientific literature to

treat the generation of the dispersed phase and the interaction between the phases.

The typical short time-scale of the process might allow the supercritical fluid to expand below the satu-

ration limit without incurring in a phase change, reaching the so-called meta-stable state. Meta-stable states40

might exist within limited thermodynamic regions, comprised between the saturation curve (representative

of the phase transition under thermodynamic equilibrium) and the spinodal curve (limit of the meta-stable

equilibrium). Experiments for wet steam [18] and, recently, for sCO2 [7] indicate that in high-speed flows

the transition occurs delayed with respect to the saturation line, thus proving the existence of meta-stable

states, though in limited regions of the flow. When the two phases are established, velocity and temper-45

ature differences might arise between the phases, promoting mechanical and/or thermal non-equilibrium.

De Lorenzo et al. [19] reviewed the most relevant two-fluid models, classified them with respect to the

character of non-equilibrium phenomena to be represented in the solution, and proposed a class of novel

one-dimensional analytic solutions of two-phase flows in nozzles.

Such rich scientific background allows us to provide a classification of the most relevant models available50

for the prediction of cavitating/condensing high-speed flows, which could also be applied in presence of sCO2

flows:

• the homogeneous equilibrium model (HEM), which excludes meta-stable states and assumes mechanical

and thermal equilibrium between the phases;
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• the non-homogeneous equilibrium model (NEM), which excludes meta-stable states and assumes ther-55

mal equilibrium between the phases, but allows for the existence of a relative velocity between the two

phases;

• the homogeneous frozen model (HFM), which excludes meta-stable states and assumes mechanical

equilibrium, but neglects the heat exchange between the phases;

• the delayed equilibrium model (DEM), which allows for the existence of meta-stable states (by consider-60

ing a third phase, besides the saturated liquid and vapour, composed by the supersatured supercritical

fluid), and only considers mechanical equilibrium between the phases.

Brennen [17] and De Lorenzo el al. [19] successfully applied these models in simple geometric configura-

tions like ducts and nozzles, where quasi-one-dimensional analytical solutions provide a technically relevant

representation of the flow. However, to pursue the thermofluid-dynamic design of the technical devices of65

interest for sCO2 technology, the aforementioned models have to be reformulated in order to be implemented

in a multi-dimensional computational fluid-dynamic (CFD) framework. Examples of two-phase models im-

plemented in the frame of CFD tools are reported in [20] and [21], mainly focusing on water cavitation.

With respect to such studies, the supercritical condition of CO2 complicates the thermodynamic modeling

of the single phases, besides the inherent complication associated to the phase change. Recently, examples of70

CFD simulations of two-phase flows of sCO2 were proposed [22, 23, 24, 25], and compared with experiments

performed on either cavitating or condensing flows of sCO2 in converging-diverging nozzles. However, in

none of the aforementioned publications the proposed CFD model is compared to both classes of phase

transition.

This paper is structured as follows. At first the computational models are outlined, then the two test-75

cases are presented. The results of the application of the flow models to, first, cavitating flows and, then,

condensing flows are discussed, highlighting modeling issues and computational accuracies. Finally, a critical

discussion on the calculation of the speed of sound in presence of cavitating and condensing flows is proposed.

2. Computational framework

In this section, we outline the two computational formulations that will be used throughout this work,80

highlighting the main modeling assumptions. Both of them stems from the two-fluid concept, but they

differ in terms of the thermodynamic treatment and, ultimately, in the way in which the dispersed phase is

generated and evolves within the main one. Both the flow models are implemented in the Ansys-Fluent®

framework making use of ad-hoc user-defined functions (UDFs).

The first model, named mixture model hereinafter, considers the mixture as a whole instead of being85

composed by two distinct phases. Such flow modeling allows for a drastic simplification in the mathematical
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description of the two-phase flow: the classical set of Reynolds-Average Navier-Stokes equations is recovered

and formulated in terms of mixture density and mixture centre-of-mass velocity, eventually complemented

with constitutive equations to model the relative motion between phases. Analogously, the energy equation

is expressed in terms of the mixture enthalpy.90

Defining the volumetric fraction of the main or principal phase as αp and that of the dispersed phase as

αd, the mixture density ρm, molecular viscosity µm and thermal conductivity κm result from the volume-

weighted average as follows:

ρm = αpρp + αdρd (1)

µm = αpµp + αdµd (2)

κm = αpκp + αdκd (3)

It is recalled that αp = 1 − αd for single-component two-phase flow. Any specific thermodynamic

quantity of the mixture ψm (such as enthalpy, entropy, internal energy, etc...) is instead evaluated using95

mass-averages, by resorting to the mass fractions of the phases. The mass fractions of the primary and

dispersed phases, defined as wp and wd respectively, are evaluated as:

wp =
ρp
ρm

αp (4)

wd =
ρd
ρm

αd (5)

From mass conservation, the two mass fractions sum to unity, i.e. wp + wd = 1. They are used to

determine the general specific mixture quantity ψm as follows:

ψm = wpψp + wdψd (6)

An additional transport equation for the mass of the dispersed phase describes the generation and the100

evolution of the dispersed phase. The resulting set of governing equations can effectively track the evolution

of averaged properties without resorting to sub-models that account for inner interactions between phases,

whose modeling would require a deep knowledge of the interfacial properties [26].

The second model, named barotropic model hereinafter, is still based on the two-fluid flow representation

and strictly assumes that (i) the phases are in thermal and mechanical equilibrium, and (ii) any thermody-105

namic/transport property of the mixture Ψ only depends on the pressure, e.g. Ψ = Ψ(P ). In general, the

generic mixture property for a single-component fluid should depend on two independent thermodynamic

quantities, for example Ψ = Ψ(P, s). The barotropic assumption hence implies to neglect the any contribu-

tion besides the one of pressure on the quantity of interest; this means, in practice, to neglect the volumetric
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thermal expansion of the fluid. However, thanks to the barotropic assumption the equations of motion are110

decoupled from the energy equation, which does not need to be explicitly resolved. Such model, though

highly simplified, is deemed to be particularly relevant for turbocompressor application, since heat transfer

is usually negligible in such components and the computational efficiency is crucial for their aerodynamic

design and optimization.

2.1. Mixture model115

The set of steady-state governing equations for the mixture model reads:

∇ · (ρmvm) = 0

∇ · (ρmvm ⊗ vm) = ∇ · (T + Tturb)−∇Pm

∇ · (ρmhtmvm) = −∇ · (q + qturb) +∇ · [vm(T + Tturb)]

∇ · (αdρdvm) = G (7)

where no slip velocity is considered between phases, i.e. v = vm = vp = vd, and equal pressure and

temperature is assumed between the phases, i.e. P = Pm = Pp = Pd and T = Tm = Tp = Td, thus

imposing thermal and mechanical equilibrium. The shear-stress relationship for an isotropic Newtonian fluid

is supplied T = µm(∇⊗ vm + (∇⊗ vm)T ), where the contribution given by the volume viscosity coefficient120

is neglected in the mixture model implementation by Ansys-Fluent®. The Fourier’s law q = −κm∇Tm
is used for the heat conduction. The gross effects of turbulence, expressed by the Reynolds stresses Tturb
and the turbulent heat transfer qturb, are introduced by means of the well-known two-equation k − ω SST

model [27]. It follows that a system consisting in seven partial differential equations has to be solved for a

two-dimensional problem.125

The last equation of system (7) is the specific feature of the proposed mixture model and its formulation is

crucial to obtain smooth numerical convergence and accurate results. The role of this equation is actually to

produce a certain amount of mass-flow rate of the dispersed phase (left-hand side of the equation) when the

local thermodynamic state resulting from the numerical calculation reaches the condition of phase transition

by activating a mass-transfer source term G (right-hand side of the equation). Several formulations were130

proposed for this source term (see, for example, Dang el al., [21], Giacomelli el al., [23], Boyds el al., [25]),

typically referring to the Hertz-Knudsen physical model [28]. In the present work, we propose a formulation

similar to the one used in Hosangadi el al. [24] but with a different concept and implementation. We define

G as:

G = sgn(s0 − sc)K [P − Psat(T )] , (8)

which is valid for both P > Psat(T ), which implies condensing flows, and for P < Psat(T ), which reproduces135

cavitating flows. Otherwise, G = 0 because there is no phase change.
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In our model, P −Psat(T ) is the driving force of the phase change: when the local pressure exceeds (goes

below) the saturation pressure at the local temperature, condensation (cavitation) locally occurs generating

an increase in the mass of the dispersed phase. In this sense, such source term effectively mimics the

Hertz-Knudsen model; however, the Hertz-Knudsen model was conceived to represent processes occurring140

at the microscale, which are not solved in the continuum macroscopic framework of the CFD. Hence, we just

retain the general intuition to construct the mathematical model: from the mathematical perspective, this

formulation is actually a penalty term introduced in the equation to numerically impose the satisfaction of a

constraint, i.e. the onset of transition when P = Psat(T ). Therefore, the numerical difference P − Psat(T )

can be interpreted as a violation of the stable thermodynamic equilibrium and it becomes an artificial effect145

of the penalty formulation. To control P−Psat(T ), and thus recovering an accurate numerical approximation

of the two-phase solutions, i.e. P ≈ Psat(T ), the formulation of G features the penalty coefficient K [sm−2],

which is dimensional and represents the weight of the penalty: the higher the K, the lower P − Psat(T ). In

the result section, we will show the influence of this parameter on the accuracy of the solutions. It is only

anticipated that K = O(102 ÷ 103) sm−2 is sufficient to impose that, in the two-phase region of the flow,150

the solution links the pressure field with the temperature field such that the actual P approximates Psat(T )

with a small numerical error (< 0.5%).

It is also worth mentioning that the present interpretation is fundamentally different from that of Dang et

al. [21], in which the pressure difference is assigned a priori, Hosangadi et al. [24], in which the equilibrium

condition P = Psat(T ) is not recovered in the solution, and Bodys et al. [25], in which a reference saturation155

pressure is defined and the source term monotonically increases along the expansion accordingly.

2.1.1.

A further issue of the mixture model, particularly relevant to sCO2 application, is the thermodynamic

modeling of the supercritical fluid in the single-phase region and of the individual phases in the two-phase

region. Due to the near-critical conditions, a generalized thermodynamic description is required. In the160

present formulation, any generic property Ψ of the single-phase primary phase is expressed as a function

of pressure and temperature, i.e. Ψp = Ψp(P, T ). A LUT approach was implemented in Ansys-Fluent®

and supplied via a user-defined real-gas model (UDRGM). The value of Ψp at a generic pair (P, T) is then

computed with a bilinear interpolation between the four closest thermodynamic nodes.

When the primary phase is in equilibrium with the dispersed phase , Ψp is only function of the saturation165

pressure at the local temperature, i.e. Ψp = Ψp(Psat(T )).

On the other hand, the dispersed phase can only exist in equilibrium with the primary one, hence the

thermodynamic properties are always expressed as a function of the saturation pressure only, i.e. Ψd =

Ψd(Psat(T )).

For both phases, the thermodynamic tables are generated by making use of Refprop®, which implements170
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Figure 2:

a multi-parameter equation of state expressed in terms of the Helmholtz fundamental relation [29] for

CO2. Transport properties µ, κ are computed in analogy with the thermodynamic properties, employing

the relationships made available by Refprop® in the construction of the tables. The resulting mixture

properties follow the averaging procedures described in §2.

2.2. Barotropic model175

The set of steady-state governing equations for the barotropic model reads:

∇ · (ρv) = 0

∇ · (ρv ⊗ v) = ∇ · (T + Tturb)−∇P (9)

The two-equation k − ω SST model [27] completes the system of governing equations by taking into

account turbulence effects.
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Figure 3:

The barotropic set of equations are simply the single-phase Reynold-Averaged Navier-Stokes equations,

in which the fluid behaves like the mixture when the thermodynamic state falls below the saturation curve.180

Compared to the mixture model, the barotropic formulation inherently excludes any mechanical or thermal

disequilibrium between phases, and hence it strictly belongs to the HEM class. Furthermore, the barotropic

assumption implies that the thermo-physical properties of the fluid, which should depend on two thermody-

namic quantities, are only dependent on pressure, thus neglecting any thermal effect: the fluid is therefore

considered compressible but not thermally expandable, i.e. (∂ρ/∂P )T ̸= 0 and (∂ρ/∂T )P = 0 respectively.185

Such assumption simplifies the resulting flow representation with respect to the classical HEM (whose most

general formulation is reported, for example, in [22]), but it provides crucial advantages from the compu-

tational perspective. The barotropic model decouples mechanical from thermal effects, removing the need

of solving the energy equation to characterize the thermo-physical fluid properties. As a consequence, the

mathematical problem is reduced to the resolution of five partial differential equations (for 2D systems),190

two less than the mixture model. Moreover, the solver becomes inherently more robust than mixture model

when dealing with supercritical fluids, because it does not handle the sharp gradients of cP which arise

close to the critical point (wherein cP is singular). In a hierarchy of CFD models, the barotropic model is

therefore the most robust and computationally efficient numerical formulation which can be conceived for

tackling the numerical simulation of multi-dimensional two-phase flows of sCO2.195

The physical accuracy of the model strongly relies on the definition of the barotropic relationships for

the three thermo-physical properties of interest for the solution, i.e. the density, the molecular viscosity and
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the speed of sound c:

ρ = ρ(P )

µ = µ(P )

c = c(P ) (10)

Since these properties physically depend also on entropy, a choice on the entropy generation across the

process has to be made to obtain the three relationships (10). An obvious possibility, considered in the200

simulations reported in this work, is to keep the entropy level constant at the upstream value s = s0. This

choice physically means that the thermal effects prompted by the entropy generation on the aforementioned

properties are ignored. It is worth stressing that the choice of building barotropic relationships based

on the upstream entropy does not mean to assume isentropic flows: the mechanical dissipation is indeed

introduced via viscous and turbulent effects in the momentum equation; the model simply ignores the205

correction to the thermo-physical properties due to this dissipation, which would cause an increase of entropy.

However, if a preliminary estimate on the entropy generation across the process is available, as often occurs

for turbocompressor simulations (via the estimated aerodynamic efficiency, for example), the barotropic

relations (10) could be in principle constructed considering the estimated entropy rise, thus refining the

thermodynamic accuracy of the solution. In the results section we will discuss the contribution given by the210

entropy generation, by comparing the results of the mixture model with that of the barotropic models.

3. Reference two-phase expanding flows

We here introduce the reference cases against which the two numerical models are validated. Since both

the computational strategies focus on the mixture evolution, in principle there should be no differences

among cavitating and condensing flows regardless of the phase change initialization. However, despite the215

generality of the mathematical formulation, the adequacy of the simulation tools in properly representing

the macroscopic flow features of two-phase compressible flows has to be verified for both flow conditions.

Specifically, we considered the experiments made by Nakagawa et al. [30] to validate the computational

solver for CO2 cavitating flows and the experimental data provided by Lettieri et al. [7] for the validation of

CO2 condensing flows. For both experiments, the nozzle width is large enough compared to the nozzle height220

such that three-dimensional effects are expected to be negligible. Therefore, two-dimensional simulations

are carried out for both cavitating and condensing flows.

Nakagawa et al. [30] analysed cavitating flows of CO2 for several converging-diverging nozzle geometries,

featuring different divergence angles, and for different upstream total conditions. They provided pressure

and temperature measurements along the nozzle axis by means of pressure transducers and thermocouples.225
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Figure 4: Reference isentropic expansions that are considered in this work for the validation of the proposed computational

methodologies.

In the present work, we focused on the nozzle geometry with a divergence angle of 0.153◦ for the two

published upstream total conditions. Based on the isentropic homogeneous theory, the authors claimed that

the flow regime is not supersonic for both expansion processes. This conjecture will be object of a specific

analysis in the final part of the present paper. Authors also pointed out that a supersonic flow regime was

established for nozzle geometries with a higher divergence angle, but the measured pressure falls below the230

triple point. To avoid dealing with three-phase flows, these latter cases are not considered in this work.

Lettieri et al. [7] performed five supersonic expansions at s > sc whose upstream total state progres-

sively approaches the thermodynamic critical point. They provided the pressure evolution along the nozzle,

measured with pressure transducers at several (13) nozzle axial locations; moreover, through an optical

apparatus, they also obtained visualizations of the two-phase flows inside the converging-diverging nozzle as235

well as the experimental condensation onset for each condition. They showed that all expansion processes

are characterized by a misty flow regime, where the two phases are practically indistinguishable [7, Fig. 9].

By virtue of such experimental observations, a mixture description of the two-phase flow according to the

two-fluid model appears an appropriate approximation.

Table 1 reports the boundary conditions for the cavitating and condensing flows that will be discussed240

in this work along with the upstream entropy level. Cavitating flows are denoted with a capital letter, while

condensing flows are identified by a number. In Figure 4 the corresponding isentropic processes in the T–s

thermodynamic plane are reported. Out of the seven conditions available from experiments, case A, case 4

and case 5 are expansions evolving from a supercritical upstream state (T > Tc and P > Pc). As a final note,
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the shaded areas in Figure 4 represent the extent of the meta-stable region predicted by the multi-parameter245

equation of state included in the Refprop®. As already stated, in constructing the CFD models the onset

of phase change was set at the saturation, thus excluding any meta-stability effects. The plot shows that

the extent of the meta-stable regions progressively reduces when approaching the critical point,

Table 1: Summary of boundary conditions for the cavitating (labelled with a capital letter) and condensing (labelled with

a number) flows simulated in this work. For condensing flows, the outlet static pressure is not specified because its value is

ignored as a consequence of the supersonic flow regime.

Case P t
0 (bar) T t

0 (K) P1 (bar) s0/sc

A 91.00 310.45 27.5 0.95

B 61.00 293.15 17.5 0.83

1 58.96 314.67 - 1.31

2 65.35 311.99 - 1.26

3 73.53 313.60 - 1.22

4 79.99 313.94 - 1.17

5 84.74 313.88 - 1.12

4. Results

4.1. Cavitating flows250

We first consider the case of cavitating flow, occurring when the inlet entropy level is lower than the

critical one; such condition is representative of the local expansions occurring in the intake region of the

main compressor of sCO2 closed power cycles [31]. In this context, when the phase transition takes place

the primary phase is liquid and the dispersed one is vapour, hence αp = αL and αd = αV . The phase change

occurs when P < Psat(T ).255

Total pressure and total temperature are prescribed at the inlet section as in Table 1 for the two expansion

processes considered, imposing αV = 0 therein (the flow enters only in liquid phase). For the barotropic

model, only the total pressure is specified. As for the turbulent boundary conditions, a hydraulic diameter

equal to 10.0mm (i.e., twice the height of the inlet section) and an eddy viscosity ratio equal to 2.5 are

assigned, representative of a low turbulence level as expected in a nozzle expanding flow from a reservoir;260

the algorithms implemented in Ansys-Fluent® obtain the corresponding values of k and ω assigned at the

inlet. The static pressure is specified at the nozzle outlet as in Table 1. However, it is to be noted that

if a supersonic condition is reached at the nozzle outlet, the solver ignores the assigned pressure value and

calculates the proper adapted pressure value.
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Figure 5:

No-slip and adiabatic boundary conditions are prescribed at the wall, which is not considered smooth.265

As reported in [32], a mean roughness of 2µm is considered on the nozzle wall; this value is converted into an

equivalent sand-grain roughness using a conversion factor of 3.1 [33], resulting in ks = 6.2 µm. Even though

it might appear very small in absolute terms, the relevance of the wall roughness stems from the small scale

of the experiment. A comparison with results obtained assuming smooth surfaces will be proposed later in

this Section, when discussing the aerodynamics of the nozzle. Finally, a symmetry condition is imposed at270

the nozzle axis.

The system of equations for the mixture model is solved in the following order: the continuity and the

momentum equations are solved together in a coupled fashion, then energy equation, vapour-mass equation

and turbulence equations are solved separately in this order. The barotropic model makes use of the same

resolution scheme, but energy and vapour-mass equations are not solved. All equations are discretised with275

a third-order QUICK scheme for both models. Furthermore, the PRESTO! scheme is used to interpolate

the pressure at the cell face, while the gradient is reconstructed with a Green-Gauss node-based technique.

A grid convergence assessment is first carried out by generating three hexahedral grids with an increasing

number of elements, by taking as a reference the case A. The mixture model is considered for this mesh
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Table 2:

GCI

x P T wV

(mm) (%) (%) (%)

0 0.01 0.00 0.00

15 0.00 0.00 0.00

30 0.00 0.00 0.00

45 −0.01 0.00 0.00

55 −0.01 0.00 0.00

analysis but equivalent outcomes are found for the barotropic simulations as well. In increasing the mesh280

resolution, the number of elements are doubled each time in the x-direction while keeping the same wall

resolution, i.e. 9 evenly spaced layers in the y-direction with a first-layer wall distance equal to 6.7×10−6 m

at the throat. The number of elements along the y-direction is dictated by the selected surface roughness,

i.e. the first centre-cell distance has to be higher than the roughness value.

The results of this study in terms of main flow distributions is reported in Figure 5, showing that only285

minor differences are found among three meshes with increasing number of elements. Therefore, the

medium mesh is selected for the following analyses, consisting in overall ≈ 3 × 104 elements, with a grid

resolution at throat of 2× 10−5 m. The selected computational mesh is displayed in Figure 5(a).

As a final and most relevant modeling issue, the setting of the penalty term G in the mixture model is

defined though a set of simulations featuring progressively higher values of the penalty constant K, whose290

value is raised from 10 sm−2 to 103 sm−2. The results of three calculations are reported in Figure 6 in

terms of pressure distributions (left) and vapour mass fraction (right). Simulation results denote an evident

convergence process, showing significant differences when the penalty parameter is raised from 10 sm−2 to

102 sm−2, while nearly identical profiles are predicted when K is raised from 102 sm−2 to 103 sm−2. From

the results of this analysis, K = 103 sm−2 is systematically set in all following simulations performed with295

the mixture model.

After the definition of the numerical set-up, we now focus on the experimental assessment of the CFD

models. Simulation results are compared against experimental data [30] for both cases A and case B in

Figure 7 in terms of pressure and temperature profiles along the nozzle axis.

First considering case A, the agreement between the predicted pressure trends and the experimental one300

is excellent with both the direct or indirect pressure measurements.

The agreement with the experimental data drops when considering the non-supercritical case B, for that
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Figure 6: Influence of the penalty constant K on the solution of the case A.

a systematic over-prediction affects the expansion, although the overall trend is properly reproduced. One

possible explanation for such larger deviations is that meta-stable effects, negligible close to the critical point

as in case A (s/sc = 0.95), gain importance away from it as in case B (s/sc = 0.83). Such differences are305

consistent with the results of Palacz et al. [22], who also found a reduction in the HEM accuracy away from

the critical point. However, a closer inspection of the experimental data for case B shows a certain scattering

of the experimental pressure data, especially between direct and temperature-derived measurements.

The above considerations apply identically for both the mixture and the barotropic models, which exhibit

qualitatively equal predictions in terms of pressure profiles. However, the thermodynamic implications of310

the simplified barotropic assumption are interesting to investigate and, hence, a detailed post-processing

was performed on the computed data to obtain estimates for:

• the enthalpy field, as hbaro = h(P t
0 , T

t
0)− 0.5 · v2baro

• the entropy field, as sbaro = s(Pbaro, hbaro)

• the vapour mass-fraction, as wV,baro = wV (Pbaro, hbaro)315

These thermodynamic estimates can be performed straightforwardly if the total enthalpy is assumed

uniform over the entire flow field. This assumption is actually a simplification of the actual flow configuration:

even if the nozzle walls are adiabatic, implying that the flux of total enthalpy must be conserved, local

gradients of the total enthalpy might arise as a consequence of internal heat-transfer processes between

layers of fluid at different temperature. One classical example is the heat transfer between the boundary320

layer, heated by the viscous dissipation, and the adjacent free-stream region. The mixture model, by virtue

of its complete thermodynamic formulation and its agreement with the experimental temperature profile,

can be used as a benchmark for the aforementioned processing of barotropic-simulation data.
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Figure 7: Comparison of the mixture (solid lines) and barotropic (dashed lines) model against experimental data [30] along the

nozzle axis. The vapour-mass fraction predicted by the barotropic model is computed as a post-processing.

Figure 8 summarizes significant flow features predicted for the supercritical condition of case A. It

reports the two-dimensional distributions of the velocity magnitude, as well as spanwise velocity profiles325

for three relevant sections across the throat, and the entropy distribution along the nozzle axis. For each

of these plots, results obtained with the mixture model (solid lines) are compared with corresponding data

extracted/processed from the barotropic flow field (dashed lines). First considering the velocity distributions,

it is evident how the two simulation models predict very similar flow configurations in a relatively complex

flow field. Indeed, while in the converging region of the nozzle a common configuration is recognized, with a330

wide isentropic free-stream contoured by a narrow boundary-layer, in the diverging part the isentropic core

rapidly vanishes and spanwise gradients affect the entire cross-section, leading to fully-developed profile.

By looking at the two-dimensional velocity contours in Figure 8(a) sharp angle at the throat promotes a

thickening of the boundary layer, whose dimension rapidly becomes comparable with the nozzle height in

the diverging channel, as also confirmed by the spanwise velocity distributions before and after the throat335

in Figure 8(b).

Such flow field in the diverging part of the nozzle is mostly due to the very low aspect ratio of the duct,

but also the very small scale of the experiment plays a role. The diverging duct is indeed so narrow that the

wall roughness also significantly contributes to determine the flow configuration. In this work, the surface

roughness adopted in [32] is considered, but two further comparative simulations for hydraulically smooth340
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Figure 8: (a) Velocity fields predicted by the mixture model (top) and barotropic model (bottom) for the case A For visualization

purposes, the x-direction is stretched such that x/y = 0.125 and the convergent section is not shown; (b) spanwise velocity

profiles for three relevant sections, namely at x = −5mm (orange lines), 5mm (red lines) and 10mm (dark-red lines); (c)

entropy distributions along the nozzle axis for the mixture and the barotropic model.

walls were performed. The first one employs the same wall resolution of the rough-wall simulations, and

hence resorts to wall-functions for the near-wall treatment, while the second one features a refined mesh

clustering at the wall so to achieve y+ < 1 all over the wall boundaries. These two further simulations are

compared to the one obtained with rough wall in Figure 9 for both case A and case B. The two smooth-wall

simulations show only marginal differences on the pressure profiles (with a slight quantitative differences345

amplifying towards the nozzle outflow), but they exhibit a considerable difference with respect to the rough-

wall simulation, highlighting the significance of the wall roughness in this experiment.

The flow configuration is complex not only on the aerodynamic ground, but also introduces thermody-

namic challenges, resulting a very critical benchmark for the present barotropic model, which was constructed

by assuming an isentropic pressure-density relation. However, the velocity field reproduced by the barotropic350

model is aligned with the mixture one , also in the region of developed profiles, where entropy is generated

in the boundary layer. Moreover, by inspecting the entropy generation along the nozzle axis, it is evident

that the barotropic flow solution, once properly post-processed, can be used to achieve realistic estimates of

the mechanical dissipation processes, regardless of the isentropic pressure-density relationship adopted. As

a result, when the estimated entropy and the computed pressure are combined to obtain the generation of355
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Figure 9:

Table 3:

Wall ṁmix ṁbaro εmix−baro

functions (kg/s) (kg/s) (%)

Case A

Rough wall ✓ 4.72 4.80 −1.54

Smooth wall ✓ 5.43 5.40 0.59

Smooth wall 5.39 5.36 0.45

Case B

Rough wall ✓ 3.71 3.77 −1.60

Smooth wall ✓ 4.19 4.20 −0.67

Smooth wall 4.16 4.17 −0.33

vapour mass fraction along the nozzle, a remarkable agreement is found between the barotropic model and

the complete mixture model, in terms of transition onset, overall trend, and quantitative levels, as visible

in Figure 7.

Due to the fully developed profiles observed in the diverging region of the nozzle, the distributions in

cross-stream direction are expected to be highly non-uniform for all the quantities, including the vapour360

mass fraction. The spanwise distributions of wV at three different axial locations are reported in Figure 10

for case A, showing a consistent increase close to the wall. This can be explained by considering that higher

entropy level is found moving away from the nozzle axis, due to the dissipation in the boundary layer. The

rise of entropy further increases the vapour quality with respect to that of the flow in the nozzle axis (which

is, in turn, higher with respect to the ideal quality in presence of an isentropic expansion). As a result, the365

vapour-mass fraction at the wall is 3 − 5% higher than the free-stream value. In these trends, slight but
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Figure 10: Vapour-mass fraction of case A normalised to the free-stream value at different axial locations, namely at x = 10mm

(orange lines), 20mm (red lines) and 40mm (dark-red lines).

visible differences appear between the results obtained with the mixture model and with the barotropic one.

This is a consequence of the uniform total enthalpy assumption in the post-processing of the barotropic

solution: close to the wall, the fluid heated by dissipation exchanges heat with the fluid away from the

wall, resulting in a slight reduction of the total enthalpy. This effect, as already noted, cannot be captured370

in the processing of the barotropic flow solution, which eventually results in a slight overestimate of the

enthalpy close to the wall. Consequently, the mass fraction of vapour is slightly overestimated in barotropic

estimation, although the discrepancy remains within 1% of the local nozzle-axis value.

The good accuracy of the barotropic flow solution is worth for further physical investigations. As already

remarked, the barotropic model implies to consider the fluid compressible but not thermally expandable,375

i.e. to assume the thermal expansion coefficient β = −1

ρ

(
∂ρ

∂T

)

P

equal to zero. Figure 11 reports the

distribution β for the carbon dioxide in single-phase above saturation, including the liquid, the supercritical

and the superheated vapour region. To highlight the effects of thermal expansion, logarithmic scale is

used for the contours. The plot indicates that the carbon dioxide is prone to thermal expansion only in

a narrow region adjacent to the critical point, where the fluid exhibits severe gradients in all the thermo-380

physical properties. Among the thermo-physical properties of interest, in the critical region the isobaric heat

capacity cP grows significantly (becoming theoretically infinite at the critical point). The combination of

high β and high cP in the critical region is a further indication of the technical relevance of the barotropic

model: where thermal expansion is quantitatively significant, the amount of heat required to alter the fluid

temperature is enormous and arguably not comparable with the heating due to viscous dissipation occurring385

in adiabatic flows.
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Figure 11: Volumetric coefficient of thermal expansion and isobaric specific heat (black dashed lines) for single-phase CO2.

4.2. Condensing flows

In condensing flows the primary phase is the vapour phase αp = αV , while the secondary phase is the

liquid phase αd = αL. The phase change is activated when P > Psat(T ).

The computational procedure resembles the one previously described for the cavitating case. Total390

pressure and total temperature are prescribed at the inlet section as in Table 1 for the five flow configurations,

imposing αL = 0 therein (the flow enters only in vapour phase). For the barotropic model, only the total

pressure is specified. To impose the typical low turbulence level of a flow expanding from a reservoir, a

hydraulic diameter equal to 12.6mm, i.e. twice the height of the inlet section, and an eddy viscosity ratio

equal to 2.5 are assigned as turbulent boundary conditions. As the flow regime is always supersonic, the395

solver ignores the static pressure value imposed at the outlet. No-slip and adiabatic boundary conditions

are prescribed at the wall, while a symmetry condition is imposed at the nozzle axis. Differently from the

cavitation experiment, the nozzle used for the condensation study is of sufficiently large scale that the wall

is modelled as smooth . The numerical schemes and the solver strategy are identical to the ones already

introduced in §4.1.400

A grid convergence assessment was carried out by generating three structured meshes with an increasing

number of elements. The number of elements was doubled each time in both x- and y-directions while

keeping the same wall resolution. Coherently with the smooth-wall condition in combination to the k − ω

SST turbulence model, the near-wall region of the mesh was constructed to avoid the use of wall functions

and it is composed by 20 layers in the boundary layer, with a first-layer wall distance equal to 3× 10−8 m.405

The maximum y+ = 1.2 is found for the case 5 with three cells within the viscous sub-layer (y+ < 10). The
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Figure 12:

Table 4:

GCI

x P T wL

(mm) (%) (%) (%)

0 0.67 0.12 −2.53

15 0.03 0.00 −0.01

30 0.02 0.00 −0.01

45 0.01 0.00 0.00

60 0.00 0.00 0.00

flow model used in this grid study is the mixture model and we focus on the expansion process closer to

the thermodynamic critical point (case 5). Pressure, temperature and liquid-mass fraction trends along the

nozzle axis are reported in Figure 12(b) alongside the turbulent kinetic energy distribution at a specified

axial location (x = 20mm).410

Figure 13 reports the comparison of pressure and the liquid-mass fraction distributions against experi-

mental data for the five condensing flows.
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Figure 13:

Table 5:

ṁmix ṁbaro εmix−baro

(kg/s) (kg/s) (%)

Case 1 29.43 29.46 −0.08

Case 2 33.64 33.66 −0.06

Case 3 38.97 38.99 −0.04

Case 4 44.02 44.04 −0.03

Case 5 48.94 48.95 −0.02

When comparing the numerical results to the experiments in Figure 13, the larger pressure discrepancy

is found right after the onset of the phase change, where the experimental data exhibit a sudden change in

the pressure trend. Furthermore, for the first two cases, an unconventional knee is noticed in the pressure415

trend close the phase-transition onset, producing a concavity in the pressure trend which remains negative

in the first part of the divergent. This feature is not captured by the models, which instead predict a

more conventional pressure trend, which smoothly evolves from a negative concavity in the convergent to a

positive concavity in the divergent. Such a peculiar trend in the experimental data probably originates from

meta-stable equilibrium states, which are expected to be prominent far from the critical point, delaying the420
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phase transition. Lettieri et al. [7] actually identified meta-stability effects in their results, and even derived

experimental samples of the Wilson line. They actually found that the largest departure from conventional

saturation applies for cases 1 and 2 of the present study

Despite the meta-stability effects discussed above, it is worth highlighting that the present simulation

model predicts the condensation onset in a very good approximation for all the cases. In the experiment,425

the position of transition onset was derived from optical measurement, and it is reported in the frames of

Figure 13 as a red tick. In fact, a slight discrepancy is found for the cases far from the critical point (Cases

1 and 2), while a perfect matching is achieved for the expansions from the supercritical state (Cases 4 and

5). This is fully consistent with the above meta-stability effects, but we also note that the experimental

identification of condensation point may be affected by a larger uncertainty for Cases 1, 2 and 3. In such430

cases, the transition is smoother and it is not straightforward to exactly identify the axial location at which

the phase change starts, see [7, Fig. 9]. The opposite occurs for the near-critical cases 4 and 5, for that the

identification is made easier by the rapid growth of the condensed mass fraction, and the matching with the

experiment becomes excellent.

The corresponding mass-fraction flow fields computed by the mixture models are reported in Fig. 14.435

The flow fields are qualitatively similar to the experimental visualization made by Lettieri et al., in which

the condensation location moves back in the nozzle while the upstream thermodynamic state gets closer to

the critical point.

5. Mixture speed-of-sound formulation

The two computational models introduced in this work have been shown to reproduce, with a good440

or acceptable accuracy, the experimental results of compressible two-phase flows, both for cavitation and

condensation. Since both models are built on the two-fluid concept, which describes the mixture evolution

without detailing the local interfaces between phases, the concept of speed of sound can be extended to the

mixture and a ’surrogate’ expression for that can be defined.

The definition of the mixture speed of sound is closely linked to the employed two-phase models and its445

associated assumptions [19, 34]. Moreover, it was demonstrated that the more the system is constrained,

the lower the corresponding speed of sound [35, 36]. It means that the HEM speed of sound will be lower

than the speed of sound of a HFM, which relaxes the thermal equilibrium assumption. Specifically, the

HEM speed of sound is expressed as:

c2m =

(
∂P

∂ρm

)

s

(11)

Given the assumptions of the mixture and barotropic model, we expect that this relationship should be450

used in the determination of the speed of sound and to assess whether or not the flow regime is supersonic.
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Figure 14: Liquid-mass fraction distributions for the five condensing flows as predicted by the mixture model. The red tick

identifies the condensation onset observed experimentally by Lettieri et al. [7, Tab. 3]

By default, Ansys-Fluent® makes use of the speed-of-sound formulation :

1

ρmc2m
=

αL

ρLc2L
+

αV

ρV c2V
(12)

The expression says that the bulk modulus of the mixture ρmc
2
m is the harmonic average of the bulk

moduli of the components weighted on their volume fractions. In analogy with the analysis of Giacomelli

et al. [23], we also include the definition of the mixture speed of sound provided by Brennen [17].455

1

ρmc2m
=
αV

P
[(1− ϵV )fV + ϵV gV ] +

αL

P
[(1− ϵL)fL + ϵLgL] (13)

which considers that a portion of the phases can exchange heat and momentum instantaneously (ϵL, ϵV ),

promoting equilibrium, and the remaining portion (1 − ϵL, 1 − ϵV ) does not contribute to the exchange,

promoting disequilibrium. In this way, depending on the portion of fluid involved in the phase change, either

the HEM (ϵL = ϵV = 1) or the HFM (ϵL = ϵV = 0) can be recovered. On top of that, Brennen suggested

the following approximations: fV = gV ≈ 1, fL ≈ 0, ϵL ≈ αV , and gL ≈ 2.1(P/Pc)
−0.566 for carbon dioxide460

only. Plugging into Eq. (13) the above simplifications, the following expression for the mixture speed of

sound is obtained:
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Figure 15: Comparison among different two-phase speed-of-sound formulations: homogeneous equilibrium model (Equation

11), homogeneous frozen model (Equation 12) and an hybrid formulation between the homogeneous equilibrium model and the

homogeneous frozen model proposed by Brennen [17] (Equation 14).

1

ρmc2m
= 2.1

αLαV

P 1.566
P 0.566
c +

αV

P
(14)

Figure 15 reports the speeds of sound computed according to three expressions (11), (12) and (14) for

isentropic expansions of cavitating (case A and B) and condensing (case 1 and 5) flows. The HEM speed

of sound exhibits a discontinuity at the saturation [35], which is more pronounced for cavitating flows.465

Interestingly, the HEM speed of sound generally increases along isentropic expansion (unless case 1, which is

far from the critical point and applications of interest) while the single-phase carbon-dioxide speed of sound

always decreases along isentropic expansion. Such evidence can be interpreted in terms of the fundamental

derivative of the gas dynamics Γ = 1+
ρ

c

(
∂c

∂ρ

)

s

[37], which is lower than the unity in the two-phase region

of carbon dioxide. Moreover, under the HEM assumptions, Γ < 0 in the near-critical two-phase region [38],470

paving the way for the occurrence of non-classical effects [39]. It is worth specifying that the expression (14)

shows a spike for cavitating flows at the saturation, possibly due to the approximations that were introduced.

To avoid this unphysical behaviour, the maximum speed of sound was limited at the single-phase speed of
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Figure 16: Mach number distributions for the case A (cavitating flow) using different two-phase speed-of-sound formulation:

(a) Ansys-Fluent® mixture-model built-in formulation, (b) HFM, (c) Brennen, (d) HEM. For visualization purposes, the x-

direction is stretched such that x/y = 0.125 and the convergent section is not shown.

sound.

Figure 16 displays the Mach number fields for case A (cavitation). Specifically, Figure 16(a) is the Mach475

number field as provided by Ansys-Fluent® for the mixture model, while Figures 16(b–d) are obtained by

setting the three different speed-of-sound formulations in the equation (10) of the barotropic model. First,

the nearly identical distributions obtained in Figure 16(a)–(b) confirms that the present version of Ansys-

Fluent® makes use of equation (12) as a post-processing for the mixture speed of sound. As a consequence

of the higher speed of sound under HFM assumptions, the Mach number is everywhere lower than unity,480

reaching the maximum value of M = 0.82 at the nozzle outlet. In accordance with Figure 15, the main

difference between Figure 16(c)–(d) is located at the phase-transition onset, in which the HEMmodel predicts

a sudden drop. Brennen’s formulation instead smears the discontinuity, then recovering approximately the

same Mach number evolution predicted by the HEM formulation towards the nozzle outlet, in which a

slightly supersonic Mach number (M = 1.06) is predicted.485

As a final comment, the Mach number field obtained with Brennen’s model, which accepts a degree of

disequilibrium, do not diverge significantly from solutions obtained with HEM simulation tools. This finding

provides a crucial indication on the technical relevance of CFD simulations tools based on the assumption

of homogeneous equilibrium for sCO2 compressor design and analysis, especially when it comes to the
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Mth = 0.79

Mth = 0.79

Mth = 0.96

Mth = 1.00

(a)

(b)

(c)

(d)

Figure 17: Mach number distributions for the case 5 (condensing flow) using different two-phase speed-of-sound formulation:

(a) Ansys-Fluent® mixture-model built-in formulation, (b) HFM, (c) Brennen, (d) HEM. The Mach number at the geometrical

throat Mth is also reported.

identification of the choking limit.490

A similar analysis is illustrated in Figure 17 for the case 5 (condensation). Again, the default choice of

Ansys-Fluent® , which corresponds to the HFM formulation, provides the lowest Mach number, with the

onset of the sonic Mach number after the geometrical throat. Although the sonic throat may be different

from the geometrical one when the boundary layer is considered, the streamwise location where the sonic

Mach number onsets seems not consistent with the boundary-layer displacement thickness. This observation495

corroborates the idea that the expression for the speed of sound in (12) is not consistent with the HEM

governing equations. On the other hand, the HEM expression (11) predicts a sonic Mach number in the

geometrical throat, consistently with the assumptions of the model. As a matter of fact, in presence of

mechanical and thermal equilibrium among phases, the single-phase gas dynamics should be theoretically

recovered for the mixture.500

6. Conclusion

The paper has presented and discussed two computational strategies to simulate compressible two-phase

flows of carbon dioxide for industrial applications, operating in the proximity of the thermodynamic critical

point and in supercritical conditions. Both models rely on the description of the mixture properties by
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resorting to the so-called two-fluid concept, thus eliminating the need of detailing the local interaction505

between phases. This allows to achieve a considerable simplification in the mathematical modeling, in

view of their application to the design and analysis of supercritical carbon dioxide compressors. The first

formulation, named mixture model, consists in the full-set of governing equations for the mixture plus an

additional transport equation that governs the phase transitions; the onset of phase change is driven by the

difference between the local pressure and the saturation pressure at the local temperature, by resorting to510

a penalty formulation. The second formulation, named barotropic model, strictly assumes mechanical and

thermal equilibrium and the mixture thermo-physical properties are expressed as functions of the pressure

only. These simplifications leads to a reduction of the overall computational cost alongside an increased

solver robustness, by virtue of the simplified thermodynamic treatment.

The two models have been compared against experiments published in literature for cavitating (liquid515

7→ vapour) and condensing (vapour 7→ liquid) flows. Both the comparisons involve expansion processes that

progressively approach the critical point, where large discrepancies from the ideal-gas thermodynamics are

observed. The two models exhibit a remarkable agreement with each other and are able to reproduce the

trends set by the experimental data, also showing an overall good quantitative agreement with measured

data.520

More significant quantitative differences emerge when considering expansions evolving from subcritical

states. We conjecture that most of the deviations can be attributed to meta-stable effects, which might

delay the phase-change onset in the conditions farthest from the critical point, or to the presence of a

relative motion between phases. The mixture model, even though expressed under mechanical and thermal

equilibrium in this work, is enough flexible to possibly relax these assumptions via constitutive equations,525

when detailed experimental data will enable their formulations for compressible flows of carbon dioxide. In

the limit of the homogeneous equilibrium approximation, the barotropic model has been shown to provide

comparable predictions of the expansion processes at a lower computational cost and with an improved

solver robustness.
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Appendix A. Tabular results530

Table A.6:

Pmix − Pbaro

Pmix

Case A Case A Case B Case B
Case 1 Case 2 Case 3 Case 4 Case 5

Rough Smooth Rough Smooth

Max 2.9% 7.4% 2.3% 7.2% 1.0% 0.9% 0.9% 0.8% 0.9%

Min 0.0% −0.1% 0.0% 0.0% 0.0% −0.6% −0.3% −0.3% −0.5%

Table A.7:

Case A Case B

Rough Smooth Rough Smooth

x Pexp Pmix ε Pexp Pmix ε Pexp Pmix ε Pexp Pmix ε

(mm) (bar) (bar) (%) (bar) (bar) (%) (bar) (bar) (%) (bar) (bar) (%)

10 65.17 65.18 0.0 65.17 50.51 −22.5 35.10 43.54 24.0 35.10 34.17 −2.6

20 55.47 54.70 −1.4 55.47 41.90 −24.5 33.06 36.87 11.5 33.06 28.58 −13.6

30 46.01 46.61 1.3 46.01 36.55 −20.6 24.90 31.60 26.9 24.90 24.99 0.4

40 36.78 39.90 8.5 36.78 32.27 −12.2 20.00 27.17 35.8 20.00 22.10 10.5

Texp Tmix ε Texp Tmix ε Texp Tmix ε Texp Tmix ε

(K) (K) (%) (K) (K) (%) (K) (K) (%) (K) (K) (%)

4.8 300.61 302.57 0.7 300.61 293.32 −2.4 280.41 285.11 1.7 280.41 277.05 −1.2

10.8 294.93 298.07 1.1 294.93 287.16 −2.6 275.79 281.29 2.0 275.79 271.81 −1.4

16.8 291.06 293.49 0.8 291.06 282.38 −3.0 270.94 277.30 2.3 270.94 267.67 −1.2

22.8 286.90 289.27 0.8 286.90 278.70 −2.9 266.85 273.62 2.5 266.85 264.43 −0.9

28.8 282.81 285.33 0.9 282.81 275.57 −2.6 265.06 270.17 1.9 265.06 261.65 −1.3

34.8 280.55 281.57 0.4 280.55 272.65 −2.8 262.39 266.88 1.7 262.39 259.05 −1.3

40.8 277.52 277.86 0.1 277.52 269.93 −2.7 259.27 263.60 1.7 259.27 256.62 −1.0

46.8 272.84 273.96 0.4 272.84 267.40 −2.0 254.63 260.13 2.2 254.63 254.36 −0.1

52.8 265.72 269.20 1.3 265.72 265.05 −0.3 248.36 255.70 3.0 248.36 252.27 1.6
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Table A.8:

Case 1 Case 2 Case 3 Case 4 Case 5

x Pexp Pmix ε Pexp Pmix ε Pexp Pmix ε Pexp Pmix ε Pexp Pmix ε

(mm) (bar) (bar) (%) (bar) (bar) (%) (bar) (bar) (%) (bar) (bar) (%) (bar) (bar) (%)

−28 58.08 58.02 0.1 64.38 64.36 0.0 72.44 72.46 0.0 78.77 78.88 0.1 83.47 83.63 0.2

−21 57.48 57.13 −0.6 63.85 63.41 −0.7 71.97 71.44 −0.7 78.46 77.84 −0.8 82.80 82.59 −0.3

−14 54.97 54.38 −1.1 61.14 60.53 −1.0 68.89 68.36 −0.8 75.94 74.70 −1.6 80.49 79.48 −1.3

−7 48.40 47.10 −2.7 54.01 53.08 −1.7 62.67 60.57 −3.3 69.42 66.98 −3.5 74.10 72.05 −2.8

0 34.54 33.08 −4.2 41.12 40.40 −1.8 52.24 46.04 −11.9 53.96 50.68 −6.1 57.99 54.54 −5.9

7 32.82 28.64 −12.7 39.41 33.14 −15.9 42.11 37.84 −10.1 45.90 41.83 −8.9 49.71 45.28 −8.9

14 29.89 26.14 −12.5 35.48 29.97 −15.5 38.11 34.28 −10.1 41.90 37.95 −9.4 45.35 41.17 −9.2

21 28.01 24.20 −13.6 32.91 27.65 −16.0 35.81 31.65 −11.6 39.71 35.09 −11.6 43.03 38.12 −11.4

28 25.87 22.57 −12.8 30.07 25.77 −14.3 32.74 29.53 −9.8 36.07 32.77 −9.1 38.95 35.64 −8.5

35 23.51 21.22 −9.7 27.31 24.20 −11.4 29.84 27.73 −7.1 32.99 30.81 −6.6 35.58 33.55 −5.7

42 21.89 20.03 −8.5 25.28 22.83 −9.7 27.63 26.18 −5.3 30.55 29.10 −4.7 32.90 31.72 −3.6

49 20.59 18.98 −7.8 23.75 21.63 −8.9 25.89 24.80 −4.2 28.63 27.59 −3.6 30.91 30.09 −2.6

56 19.50 18.24 −6.5 22.43 20.78 −7.3 24.39 23.84 −2.3 26.92 26.53 −1.5 28.98 28.94 −0.1
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Nomenclature

Acronyms

CCS carbon-capture sequestration

CFD computational fluid dynamic

DEM deleyed equilibrium model

GCI grid convergence index

HEM homogeneous equilibrium model

HFM homogeneous frozen model

LUT look-up table

NEM non-homogeneous equilibrium model

sCO2 supercritical carbon dioxide

UDF user-defined function

UDRGM user-defined real-gas model

WMAPE weighted mean absolute percentage error

Greek Symbols

α volume fraction [−]

β thermal expansion coefficient [K−1]

ϵ interacting fluid portion [−]

Γ fundamental derivative of gas dynamics [−]

κ thermal conductivity [Wm−1 K−1]

µ dynamic viscosity [Pa · s]

Ψ thermodynamic/transport property

ψ specific thermodynamic property

ρ density [kgm−3]
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Roman Symbols

c speed of sound [m s−1]

cP specific isobaric heat capacity [J kg−1 K−1]

f, g Brennen’s thermodynamic functions [−]

G phase-change source term [kgm−3 s−1]

h mass-specific enthalpy [J kg−1]

k turbulent kinetic energy [m2 s−2]

K penalty constant [sm−2]

ks sand-grain roughness [m]

M Mach number [−]

ṁ mass-flow rate [kg s−1]

P pressure [Pa]

P̃sat saturation pressure at the upstream entropy [Pa]

Psat saturation pressure at the local temperature [Pa]

q heat flux [Wm−2]

qturb turbulent heat flux [Wm−2]

s mass-specific entropy [J kg−1 K−1]

T temperature [K]

T stress tensor [Pa]

Tturb Reynolds stress tensor [Pa]

v velocity [m s−1]

w mass fraction [−]

x axis direction [m]

y span direction [m]
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y+ dimensionless wall distance [−]

Subscripts and superscripts

0 nozzle inlet

1 nozzle outlet

∞ free-stream

baro barotropic model

c thermodynamic critical point

d dispersed/secondary phase

exp experimental value

L liquid phase

m mixture property

max maximum value

mix mixture model

p primary phase

sat saturation property

t total quantity

th nozzle throat

V vapour phase

w wall
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