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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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Abstract 

This paper presents an uncertainty analysis of a six-degree-of-freedom surface encoder, which is designed to measure multi-degree-of-freedom 
motion of a planar motion stage with a single laser beam. Since the surface encoder is composed of an optical sensor head and a two-axis scale 
grating, optical misalignments in the sensor head and form errors of the scale grating will affect the measurement uncertainty. In this paper, 
aiming to achieve further accurate measurement of translational displacement, an uncertainty budget table is built for the X-directional 
translational displacement measurement, while considering the above mentioned uncertainty sources. 
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1. Introduction 

Strong demands for miniaturization and multi-
functionalization of electronic devices and optical devices can 
be found in modern industries. Semiconductor devices and 
optical elements are therefore desired to be miniaturized 
and/or to have complex freeform. In manufacturing 
equipments and measuring instruments for such products, 
ultra-precision positioning stages having nanometric 
positioning resolution, as well as multi-axis driving, a stroke 
longer than several hundreds of millimeter, and a nanometric 
positioning resolution, are necessary [1]. To satisfy these 
demands, a high-precision position measuring system, which 
can carry out simultaneous measurement of six-axis in real 
time, is required to be established so that a full-closed loop 
control of the stage system can be realized. Multi-axis 
measuring systems employing several single-axis sensors such 
as laser interferometers and capacitive sensors have therefore 
been constructed so far [2]. However, the integration of 
multiple sensors leads to an increase in the size and 
complexity of systems, and the installation error of each 
sensor degrades the measurement accuracy, as well. In 

addition, influences of the environment such as temperature 
deviation are crucial problems in the case of using laser 
interferometers. 

In order to solve these problems, an optical sensor referred 
to as the six-degree-of-freedom (DOF) surface encoder has 
been developed [3]. With the enhancement of a two-
dimensional (2D) scale grating and a reference grating, the 
surface encoder can carry out six-DOF measurement by using 
a single sensor head at a single measurement point. The 
optical system of the sensor consists of a displacement 
assembly for detection of three-axis translational 
displacements (XYZ) and an angle assembly for detection of 
three-axis angular displacements (X, Y, Z). Experiments in 
the previous study have revealed that the developed six-axis 
surface encoder has a measurement resolution of 2 nm along 
the three axes (XYZ), 0.1 arc-second and 0.3 arc-second about 
the XY-axes (X and Y) and Z-axis (Z), respectively [3].  

Measurement of translational and angular displacements 
with the surface encoder will be affected by several 
uncertainty sources associated with optical misalignments in 
an optical sensor head of the surface encoder, form error of a 
two-dimensional diffraction grating employed as the scale 
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be found in modern industries. Semiconductor devices and 
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positioning resolution, as well as multi-axis driving, a stroke 
longer than several hundreds of millimeter, and a nanometric 
positioning resolution, are necessary [1]. To satisfy these 
demands, a high-precision position measuring system, which 
can carry out simultaneous measurement of six-axis in real 
time, is required to be established so that a full-closed loop 
control of the stage system can be realized. Multi-axis 
measuring systems employing several single-axis sensors such 
as laser interferometers and capacitive sensors have therefore 
been constructed so far [2]. However, the integration of 
multiple sensors leads to an increase in the size and 
complexity of systems, and the installation error of each 
sensor degrades the measurement accuracy, as well. In 

addition, influences of the environment such as temperature 
deviation are crucial problems in the case of using laser 
interferometers. 

In order to solve these problems, an optical sensor referred 
to as the six-degree-of-freedom (DOF) surface encoder has 
been developed [3]. With the enhancement of a two-
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surface encoder can carry out six-DOF measurement by using 
a single sensor head at a single measurement point. The 
optical system of the sensor consists of a displacement 
assembly for detection of three-axis translational 
displacements (XYZ) and an angle assembly for detection of 
three-axis angular displacements (X, Y, Z). Experiments in 
the previous study have revealed that the developed six-axis 
surface encoder has a measurement resolution of 2 nm along 
the three axes (XYZ), 0.1 arc-second and 0.3 arc-second about 
the XY-axes (X and Y) and Z-axis (Z), respectively [3].  
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uncertainty sources associated with optical misalignments in 
an optical sensor head of the surface encoder, form error of a 
two-dimensional diffraction grating employed as the scale 
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It should be noted that Z will induce the phase change  in 
each of the first order diffracted beams both in the X- and Y-
directions. In summary, wavefronts of the X- and Y-
directional first order diffracted beams Us(=X+1, X-1, Y+1, 
Y-1) from the scale grating can be expressed as follows: 

   iΦiΩUUs XX expexp 101    (5) 

   iΦiΩUUs YY expexp 101    (6) 

where U0 is the amplitude of diffracted beam, which depends 
on the power of laser beam emitted from the LD. In addition, 
the wavefronts of the X- and Y-directional first order 
diffracted beams Ur(=X+1, X-1, Y+1, Y-1) from the 
reference grating can be expressed as follows: 

01111 UUrUrUrUr YYXX    (7) 

The wavefronts U resulting from superimpositions between 
the diffracted beams from the scale and reference gratings can 
therefore be expressed as follows: 

111   XXX UrUsU  (8) 

111   YYY UrUsU  (9) 

The interference signals I from the wavefronts U can be 
calculated as follows: 

  ΦΩUUUI XXXX   1
2
0111 cos12  (10) 

  ΦΩUUUI YYYY   1
2
0111 cos12  (11) 

From these equations, the three-dimensional displacements 
X, Y and Z of the scale grating can be acquired. In the 
optical setup shown in Fig. 2, an additional PD unit (PD unit 
B), which detects interference signals having phase shifts of 
90 degree with respect to those detected by the PD unit A, can 

be employed to distinguish the positive or negative direction 
of each of the translational motions [7]. It should be noted that 
the PD unit B is not indicated in the figure for the sake of 
simplicity. In summary, the three-dimensional displacements 
X, Y and Z of the scale grating can be detected from the 
interference signals detected by the PD units A (SA±1) and B 
(SB±1) as follows: 
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As can be seen in these equations, translational displacements 
along the X-, Y- and Z-directions can be obtained by detecting 
interference signals with the PD units. 

3. Experiments for analysis of measurement uncertainty 

3.1. Experimental setup 

In this paper, the uncertainty in the measurement of 
translational displacement along the X-direction was 
evaluated based on GUM [8] throughout some experiments. 
Figures 3(a) shows a schematic of the experimental setup, and 
Fig. 3(b) shows a diagram of the signal processing employed 
in this paper to carry out analysis of measurement uncertainty 
of the multi-DOF surface encoder. As can be seen in the 
figure, an optical sensor head of the surface encoder was held 
stationary on a vibration-insulating table, while a scale grating 
having two-dimensional pattern structures was held by a 
supporting arm mounted on a three-axis piezoelectric (PZT) 
stage capable of giving translational motion to the scale 
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(a) A schematic of the experimental setup                                       (b) Diagram of the signal processing 
 

Fig. 3  A schematic and a photograph of the experimental setup 
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grating, environmental conditions and so on. In this paper, as 
the first step of uncertainty analysis of the six-DOF surface 
encoder, uncertainty of the X-directional translational 
displacement measurement is evaluated through some 
experiments with a developed prototype optical sensor head 
[3]. 

2. Principle of the surface encoder for measurement of six-
degree-of-freedom position detection 

A schematic of the optical design of six-DOF surface 
encoder is shown in Fig. 1 [3]. The surface encoder is 
composed of an angle assembly, a displacement assembly, a 
reference grating, a scale grating, and a laser diode (LD). In 
the setup, the reference grating is held stationary while the 
scale grating is mounted on a target of interest. The angle 
assembly measures three-DOF angular motion of the scale 
grating about the X-, Y- and Z-axes by utilizing a 0th- and 1st-
order diffracted beams based on the principle of three-axis 
autocollimator [4]. Meanwhile, the displacement assembly 
measures translational motion of the scale grating along the X, 
Y, and Z directions. One of the main features of the six-DOF 
surface encoder is its optical configuration sharing a single 
laser beam from LD between the angle assembly and the 
displacement assembly. The optical design enables the surface 
encoder to carry out measurement complying with the Abbe 
principle [5], which is important for the next-generation 
precision positioning technology [6] that requires sub-
nanometric positioning accuracy.  

Figure 2 shows a schematic of the displacement assembly 
with the scale grating and the reference grating. In the 
displacement assembly, the first-order diffracted beams from 
the scale grating and those from the reference grating are 
made to superimpose with each other by using a polarized 
beam splitter (PBS) so that interference signals can be 
generated for measurement of translational motion of the 
scale grating. A laser beam emitted from the LD is divided 
into p- and s-polarized components by using the PBS. The p-
polarized component goes through the PBS and is made 
incident to a scale grating, while the s-polarized component is 

reflected by the PBS and is made incident to a reference 
grating. The divided laser beams made incident to the 2D 
gratings generate first order diffracted beams in both the X- 
and Y-directions. Each of the diffracted beams from the scale 
grating is made to superimpose with each of ones from the 
reference grating by the PBS as shown in Fig. 2, and resulting 
four interference signals will be generated. By using the PD 
unit, each of the interference signals will be acquired 
independently. 

Displacement of the scale grating along the X-, Y- and Z-
directions will induce changes in the phases of diffracted 
beams from the scale grating. When the displacement X 
along the X-direction is applied to the scale grating, the 
change in the phase of first order X-directional diffracted 
beams X±1 will be as follows:  

X
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2

1  (1) 

where P is the period of scale grating. In the same manner, the 
Y-directional displacement Y will generate a change in the 
phase of first order Y-directional diffracted beams Y±1, which 
can be expressed as follows: 
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Meanwhile, in the case of the Z-directional displacement Z, 
a phase change will be generated by the optical path 
difference (OPD) in between a path toward the scale grating 
and that toward the reference grating. Since the OPD 
generated by Z will be (1+cos)Z, the change in phase  
induced by Z can be expressed as follows: 
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where  is the light wavelength, and  is the first-order 
diffraction angle that can be calculated by the following 
equation: 
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Fig. 1  A schematic of the optical configuration for the prototype optical 
sensor head of the six-DOF surface encoder [3] 
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Fig. 2  A schematic of the displacement assembly and sources of uncertainty 
for measurement of three-DOF translational motion [3] 
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It should be noted that Z will induce the phase change  in 
each of the first order diffracted beams both in the X- and Y-
directions. In summary, wavefronts of the X- and Y-
directional first order diffracted beams Us(=X+1, X-1, Y+1, 
Y-1) from the scale grating can be expressed as follows: 
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where U0 is the amplitude of diffracted beam, which depends 
on the power of laser beam emitted from the LD. In addition, 
the wavefronts of the X- and Y-directional first order 
diffracted beams Ur(=X+1, X-1, Y+1, Y-1) from the 
reference grating can be expressed as follows: 
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X, Y and Z of the scale grating can be acquired. In the 
optical setup shown in Fig. 2, an additional PD unit (PD unit 
B), which detects interference signals having phase shifts of 
90 degree with respect to those detected by the PD unit A, can 

be employed to distinguish the positive or negative direction 
of each of the translational motions [7]. It should be noted that 
the PD unit B is not indicated in the figure for the sake of 
simplicity. In summary, the three-dimensional displacements 
X, Y and Z of the scale grating can be detected from the 
interference signals detected by the PD units A (SA±1) and B 
(SB±1) as follows: 
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As can be seen in these equations, translational displacements 
along the X-, Y- and Z-directions can be obtained by detecting 
interference signals with the PD units. 

3. Experiments for analysis of measurement uncertainty 

3.1. Experimental setup 

In this paper, the uncertainty in the measurement of 
translational displacement along the X-direction was 
evaluated based on GUM [8] throughout some experiments. 
Figures 3(a) shows a schematic of the experimental setup, and 
Fig. 3(b) shows a diagram of the signal processing employed 
in this paper to carry out analysis of measurement uncertainty 
of the multi-DOF surface encoder. As can be seen in the 
figure, an optical sensor head of the surface encoder was held 
stationary on a vibration-insulating table, while a scale grating 
having two-dimensional pattern structures was held by a 
supporting arm mounted on a three-axis piezoelectric (PZT) 
stage capable of giving translational motion to the scale 
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(a) A schematic of the experimental setup                                       (b) Diagram of the signal processing 
 

Fig. 3  A schematic and a photograph of the experimental setup 
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grating, environmental conditions and so on. In this paper, as 
the first step of uncertainty analysis of the six-DOF surface 
encoder, uncertainty of the X-directional translational 
displacement measurement is evaluated through some 
experiments with a developed prototype optical sensor head 
[3]. 

2. Principle of the surface encoder for measurement of six-
degree-of-freedom position detection 

A schematic of the optical design of six-DOF surface 
encoder is shown in Fig. 1 [3]. The surface encoder is 
composed of an angle assembly, a displacement assembly, a 
reference grating, a scale grating, and a laser diode (LD). In 
the setup, the reference grating is held stationary while the 
scale grating is mounted on a target of interest. The angle 
assembly measures three-DOF angular motion of the scale 
grating about the X-, Y- and Z-axes by utilizing a 0th- and 1st-
order diffracted beams based on the principle of three-axis 
autocollimator [4]. Meanwhile, the displacement assembly 
measures translational motion of the scale grating along the X, 
Y, and Z directions. One of the main features of the six-DOF 
surface encoder is its optical configuration sharing a single 
laser beam from LD between the angle assembly and the 
displacement assembly. The optical design enables the surface 
encoder to carry out measurement complying with the Abbe 
principle [5], which is important for the next-generation 
precision positioning technology [6] that requires sub-
nanometric positioning accuracy.  

Figure 2 shows a schematic of the displacement assembly 
with the scale grating and the reference grating. In the 
displacement assembly, the first-order diffracted beams from 
the scale grating and those from the reference grating are 
made to superimpose with each other by using a polarized 
beam splitter (PBS) so that interference signals can be 
generated for measurement of translational motion of the 
scale grating. A laser beam emitted from the LD is divided 
into p- and s-polarized components by using the PBS. The p-
polarized component goes through the PBS and is made 
incident to a scale grating, while the s-polarized component is 

reflected by the PBS and is made incident to a reference 
grating. The divided laser beams made incident to the 2D 
gratings generate first order diffracted beams in both the X- 
and Y-directions. Each of the diffracted beams from the scale 
grating is made to superimpose with each of ones from the 
reference grating by the PBS as shown in Fig. 2, and resulting 
four interference signals will be generated. By using the PD 
unit, each of the interference signals will be acquired 
independently. 

Displacement of the scale grating along the X-, Y- and Z-
directions will induce changes in the phases of diffracted 
beams from the scale grating. When the displacement X 
along the X-direction is applied to the scale grating, the 
change in the phase of first order X-directional diffracted 
beams X±1 will be as follows:  

X
P

ΩX 
2

1  (1) 

where P is the period of scale grating. In the same manner, the 
Y-directional displacement Y will generate a change in the 
phase of first order Y-directional diffracted beams Y±1, which 
can be expressed as follows: 

Y
P

ΩY 
2

1  (2) 

Meanwhile, in the case of the Z-directional displacement Z, 
a phase change will be generated by the optical path 
difference (OPD) in between a path toward the scale grating 
and that toward the reference grating. Since the OPD 
generated by Z will be (1+cos)Z, the change in phase  
induced by Z can be expressed as follows: 

  ZΦ 




2cos1  (3) 

where  is the light wavelength, and  is the first-order 
diffraction angle that can be calculated by the following 
equation: 
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Fig. 1  A schematic of the optical configuration for the prototype optical 
sensor head of the six-DOF surface encoder [3] 
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Fig. 2  A schematic of the displacement assembly and sources of uncertainty 
for measurement of three-DOF translational motion [3] 
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in the surface encoder output is eliminated by calculating 100-
point simple moving average. Interpolation errors were 
evaluated to be ±14.2 nm. Regarding the graduation periods 
of the surface encoder outputs (570 nm for the X- and Y-
directions), the interpolation errors were evaluated to be 
±2.50% for measurement of the X-directional displacement. 
The standard uncertainty associated with the interpolation 
error u(eInterpolation) is evaluated by using the experimental 
results described above. By regarding the probability 
distribution as rectangular, u(eInterpolation)=14.2/ 3 =8.198 nm.  

(c) Crosstalk among the X-, Y- and Z-axes  

Crosstalks among the X-, Y- and Z-axes in the surface 
encoder were evaluated in experiments by using the setup 
shown in Fig. 3. Experiments including the signal processing 
for the surface encoder output were carried out in the same 
manner as the evaluation of interpolation error. Translational 
motion with a constant velocity of 250 nm/s was given to the 
scale grating along a specific direction (the Y- or Z-direction), 
while detecting the motion of the scale grating along the X-
direction by the surface encoder. Figures 6(a) and 6(b) show 
the deviations of the surface encoder output when 
translational motion along each of the Y- and Z-directions was 
applied to the scale grating. As can be seen in the figures, 
each deviation of surface encoder output had a linear 
component, which is mainly due to a misalignment between 
the local coordinate systems of the PZT actuator and the 
surface encoder. Orthogonal error of the two-dimensional 

pattern structures in the scale grating could also affect the 
deviations. Meanwhile, influences of these linear components 
in the surface encoder can be compensated by carrying out 
calibration in advance of the measurement. Therefore, in this 
paper, a non-linear component of the deviations of surface 
encoder X-output is evaluated by eliminating the linear 
component as shown in Fig. 6(c) and 6(d). As can be seen in 
the figures, the maximum crosstalk error was found to be 
8.77 nm. The standard uncertainty associated with the 
crosstalk u(eCrosstalk) is evaluated by using the experimental 
results. By regarding the probability distribution as 
rectangular, u(eCrosstalk)=8.77/ 32 =3.101 nm. 

(d) Form errors of pattern structures of the 2D scale grating 

In the surface encoder, the X-directional periods of pattern 
structures on the scale grating are employed as scale 
graduations of the translational displacements along the X- 
direction. Deviations of grating periods could therefore be 
sources of uncertainty. By using a fast evaluation method 
based on a Fizeau interferometer [9], the X-directional grating 
period deviation of the scale grating employed in this paper 
was evaluated over an area of 25 mm×25 mm. The deviation 
of grating periods along the X-direction was evaluated to be 
70 nm. According to the results, the measurement error due to 
the form error of the scale grating is expected to be 
approximately 0.00028% at the most. Therefore, regarding the 
probability distribution as rectangular, the standard 
uncertainty associated with the form error of the scale grating 
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Fig. 6  Evaluation of the crosstalk error 
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grating along the X-, Y- and Z-directions in the figure. In the 
setup, a commercial laser interferometer (Canon DS-80) was 
employed as a reference. A flat mirror was therefore attached 
to the supporting arm as the target mirror for the commercial 
laser interferometer. In this paper, uncertainty analysis is 
carried out focusing on the following four sources of 
uncertainty: (a) uncertainty due to short-term stability and 
electrical noise component, (b) uncertainty due to the 
interpolation error, (c) uncertainty due to the cross-talk, and 
(d) uncertainty due to the form errors of pattern structures of 
the 2D scale grating. Experimental data acquired by the setup 
are utilized to carry out uncertainty analysis for each of the 
sources of uncertainty. 

3.2. Uncertainty due to each of the sources of uncertainty 

(a) Short-term stability and electrical noise components in the 
surface encoder outputs 

Voltage outputs from the optical sensor head of the multi-
DOF surface encoder are affected by external disturbances 
such as mechanical vibrations, the change in ambient 
temperature, and so on. In addition, electromagnetic 
disturbances induced by several factors such as instability of 
the laser diode employed as the light source for the optical 
sensor head or a noise component in the output from the DC 
stabilized power supply could also affect the surface encoder 
output. Although it is not so easy to evaluate a degree of the 
influence of each of the uncertainty sources, a sum of these 
influences can be experimentally evaluated by evaluating the 
stabilities of the surface encoder outputs. Figure 4(a) shows 

output deviations of the surface encoder captured during 3 
seconds with a sampling rate of 2 kHz. Figure 4(b) shows the 
close up of the plot in Fig. 4(a). As can be seen in the figure, a 
component with a frequency of 50 Hz was found to be the 
main cause of the output deviation. The standard deviation 
was evaluated to be 1.333 nm. Since the value of a single 
observation will be employed as the surface encoder output, 
the standard uncertainty associated with the stability and noise 
components in the surface encoder outputs u(eStability) is 
evaluated to be u(eStability) / 1 =1.333 nm. 

 
(b) Interpolation error 

Interpolation error of the surface encoder was determined 
experimentally by using the setup shown in Fig. 3. Linear 
motion with a constant velocity of 250 nm/s along the X-
direction was given to the scale grating mounted on the PZT 
stage, while monitoring the X-displacement of the scale 
grating by the surface encoder, with the commercial laser 
interferometer employed as a reference. Sampling rates of 
both the surface encoder output and the reference laser 
interferometer output were set to be 1 kHz. Figure 5(a) shows 
the result. In the figure, the horizontal axis is the X-
displacement of the scale grating measured by the reference 
laser interferometer, while the vertical axis is the X-
displacement of the scale grating measured by the surface 
encoder. It should be noted that the sensor output is 
influenced by a misalignment between the surface encoder 
and the laser interferometer. The linear component is 
eliminated and the plot in Fig. 5(a) was re-plotted as shown in 
Fig. 5(b). It should be noted that a high-frequency component 
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Fig. 4  Deviation of the surface encoder output 
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in the surface encoder output is eliminated by calculating 100-
point simple moving average. Interpolation errors were 
evaluated to be ±14.2 nm. Regarding the graduation periods 
of the surface encoder outputs (570 nm for the X- and Y-
directions), the interpolation errors were evaluated to be 
±2.50% for measurement of the X-directional displacement. 
The standard uncertainty associated with the interpolation 
error u(eInterpolation) is evaluated by using the experimental 
results described above. By regarding the probability 
distribution as rectangular, u(eInterpolation)=14.2/ 3 =8.198 nm.  

(c) Crosstalk among the X-, Y- and Z-axes  

Crosstalks among the X-, Y- and Z-axes in the surface 
encoder were evaluated in experiments by using the setup 
shown in Fig. 3. Experiments including the signal processing 
for the surface encoder output were carried out in the same 
manner as the evaluation of interpolation error. Translational 
motion with a constant velocity of 250 nm/s was given to the 
scale grating along a specific direction (the Y- or Z-direction), 
while detecting the motion of the scale grating along the X-
direction by the surface encoder. Figures 6(a) and 6(b) show 
the deviations of the surface encoder output when 
translational motion along each of the Y- and Z-directions was 
applied to the scale grating. As can be seen in the figures, 
each deviation of surface encoder output had a linear 
component, which is mainly due to a misalignment between 
the local coordinate systems of the PZT actuator and the 
surface encoder. Orthogonal error of the two-dimensional 

pattern structures in the scale grating could also affect the 
deviations. Meanwhile, influences of these linear components 
in the surface encoder can be compensated by carrying out 
calibration in advance of the measurement. Therefore, in this 
paper, a non-linear component of the deviations of surface 
encoder X-output is evaluated by eliminating the linear 
component as shown in Fig. 6(c) and 6(d). As can be seen in 
the figures, the maximum crosstalk error was found to be 
8.77 nm. The standard uncertainty associated with the 
crosstalk u(eCrosstalk) is evaluated by using the experimental 
results. By regarding the probability distribution as 
rectangular, u(eCrosstalk)=8.77/ 32 =3.101 nm. 

(d) Form errors of pattern structures of the 2D scale grating 

In the surface encoder, the X-directional periods of pattern 
structures on the scale grating are employed as scale 
graduations of the translational displacements along the X- 
direction. Deviations of grating periods could therefore be 
sources of uncertainty. By using a fast evaluation method 
based on a Fizeau interferometer [9], the X-directional grating 
period deviation of the scale grating employed in this paper 
was evaluated over an area of 25 mm×25 mm. The deviation 
of grating periods along the X-direction was evaluated to be 
70 nm. According to the results, the measurement error due to 
the form error of the scale grating is expected to be 
approximately 0.00028% at the most. Therefore, regarding the 
probability distribution as rectangular, the standard 
uncertainty associated with the form error of the scale grating 
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grating along the X-, Y- and Z-directions in the figure. In the 
setup, a commercial laser interferometer (Canon DS-80) was 
employed as a reference. A flat mirror was therefore attached 
to the supporting arm as the target mirror for the commercial 
laser interferometer. In this paper, uncertainty analysis is 
carried out focusing on the following four sources of 
uncertainty: (a) uncertainty due to short-term stability and 
electrical noise component, (b) uncertainty due to the 
interpolation error, (c) uncertainty due to the cross-talk, and 
(d) uncertainty due to the form errors of pattern structures of 
the 2D scale grating. Experimental data acquired by the setup 
are utilized to carry out uncertainty analysis for each of the 
sources of uncertainty. 

3.2. Uncertainty due to each of the sources of uncertainty 

(a) Short-term stability and electrical noise components in the 
surface encoder outputs 

Voltage outputs from the optical sensor head of the multi-
DOF surface encoder are affected by external disturbances 
such as mechanical vibrations, the change in ambient 
temperature, and so on. In addition, electromagnetic 
disturbances induced by several factors such as instability of 
the laser diode employed as the light source for the optical 
sensor head or a noise component in the output from the DC 
stabilized power supply could also affect the surface encoder 
output. Although it is not so easy to evaluate a degree of the 
influence of each of the uncertainty sources, a sum of these 
influences can be experimentally evaluated by evaluating the 
stabilities of the surface encoder outputs. Figure 4(a) shows 

output deviations of the surface encoder captured during 3 
seconds with a sampling rate of 2 kHz. Figure 4(b) shows the 
close up of the plot in Fig. 4(a). As can be seen in the figure, a 
component with a frequency of 50 Hz was found to be the 
main cause of the output deviation. The standard deviation 
was evaluated to be 1.333 nm. Since the value of a single 
observation will be employed as the surface encoder output, 
the standard uncertainty associated with the stability and noise 
components in the surface encoder outputs u(eStability) is 
evaluated to be u(eStability) / 1 =1.333 nm. 

 
(b) Interpolation error 

Interpolation error of the surface encoder was determined 
experimentally by using the setup shown in Fig. 3. Linear 
motion with a constant velocity of 250 nm/s along the X-
direction was given to the scale grating mounted on the PZT 
stage, while monitoring the X-displacement of the scale 
grating by the surface encoder, with the commercial laser 
interferometer employed as a reference. Sampling rates of 
both the surface encoder output and the reference laser 
interferometer output were set to be 1 kHz. Figure 5(a) shows 
the result. In the figure, the horizontal axis is the X-
displacement of the scale grating measured by the reference 
laser interferometer, while the vertical axis is the X-
displacement of the scale grating measured by the surface 
encoder. It should be noted that the sensor output is 
influenced by a misalignment between the surface encoder 
and the laser interferometer. The linear component is 
eliminated and the plot in Fig. 5(a) was re-plotted as shown in 
Fig. 5(b). It should be noted that a high-frequency component 
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Fig. 4  Deviation of the surface encoder output 
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u(eGrating) can be calculated as u(eGrating)=L×2.8×10-6/ 32 , 
where L is the measurement range. If we assume that L=1000 
mm, u(eGrating)=0.808 nm. 

Regarding the above calculated standard uncertainties, the 
combined uncertainty Uc is calculated as follows: 

nm902.8
808.0101.3198.8333.1

)()()()(

2222

Grating
2

Crosstalk
2

ionInterpolat
2

Stability
2




 eueueueuUc

 (15)

 

For a coverage factor of k=2, multiply the combined standard 
uncertainty by 2, to give an expanded uncertainty U of 
17.804 nm (95% confidence). Uncertainties due to those 
sources of uncertainty analyzed as described above are 
summarized as shown in Table 1. It should be noted that the 
uncertainty analysis was carried out focusing on the X-
directional translational displacement measurement. In 
addition, influences of the other factors such as long-term 
stability of the sensor output which could be affected by 
environmental conditions have not been taken into 
consideration in this paper. Further detailed analysis will be 
carried out as future work, as well as the establishment of a 
mathematical model considering transfer functions of the 
multi-DOF surface encoder system. 

4. Conclusions 

In this paper, an uncertainty analysis of a six-degree-of-
freedom surface encoder for a planar motion stage has been 
carried out based on GUM by using results acquired in the 

evaluation experiments of a prototype multi-DOF surface 
encoder. The analysis has been carried out focusing on the 
influences of short-term stability and electrical noises, 
interpolation error, cross-talk, and form errors of pattern 
structures of the 2D scale grating.  
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                    Table 1  Uncertainty for translational motion measurement 

Source of
uncertainty Symbol Type Probability

distribution Divisor Standard
uncertainty

Sensitivity
coefficient

|c(xi)|×u(xi)
nm

Stability and noise component u(eStability) A ― ― 1.333 nm 1 1.333

Interpolation error u (e Interpolation) B Rectangular 8.198 nm 1 8.198

Crosstalk u (e Crosstalk) B Rectangular 3.101 nm 1 3.101

Grating form u (e Grating) B Rectangular 0.808 nm 1 0.808

Combined standard
uncertainty U c ― 8.902

Expanded uncertainty
(k = 2) U ― 17.804
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