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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the 28th CIRP Design Conference 2018. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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This paper proposes a tolerance analysis method of annular surfaces considering form errors and local surface deformations. Specifically, form 
errors are properly considered based on skin model shapes. Local surface deformations are calculated based on a Conjugate Gradient-Fast 
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1. Introduction 

Tolerance design plays an important role in guaranteeing 
quality of mechanical products through improving functional 
performance and manufacturing efficiency during the early 
design stage of mechanical products [1, 2]. In order to provide 
theoretical foundation and practical technology for prediction 
and evaluation of the performance of a product, tolerance 
modeling and analysis have been widely studied based on the 
given Geometric Dimensioning and Tolerancing (GD&T) 
scheme [3, 4]. 

Over the past thirty years, lots of researchers have devoted 
themselves to solving tolerancing related problems. Various 
different tolerance modeling methods have been proposed [5-
10]. Using these tolerance models, many researchers have 
presented different tolerance analysis methods. The most 
typical and recognized methods range from the variational 
method [11], the matrix method [12], the vector loop method 
[13] to the Jacobian-torsor method [14-16], and the T-Map 
based method [17]. However, those traditional tolerance 
analysis methods mentioned above just ignored the effect of 
form errors, which are ubiquitous during manufacturing 
process. To be more specific, these methods simply regarded 
the geometric deviations as translational and rotational 

variations of nominal features. Because more and more 
researchers have realized that this kind of simplification may 
cause inaccuracy of tolerance analysis results, consideration of 
form errors have increased interests among peers [18-20]. To 
properly consider the effects of form errors during tolerance 
analysis, the idea of skin model shapes was put forward [21, 
22]. Because skin model shapes can integrate various 
modeling methods of form errors [23, 24] and have the ability 
to access assembly simulation and tolerance analysis process 
[25], they have shown great potential in Computer-Aided 
Tolerancing (CAT) applications [26, 27]. However, the 
assembled parts are inevitably to have deformations during 
real assembly process due to the external forces [28]. Existed 
research on skin model shape-based methods has not yet 
considered the combined effects of form errors and local 
surface deformations, which may have considerable impacts 
on tolerance analysis results in some specific conditions. 
Concerning the effects of deformations, Grandjean et al. [29] 
modeled the local surface deformations by a purely plastic 
behavior of the material during tolerance, but it did not 
conform to real deformations behavior. Guo et al. [30] 
presented a linear equivalent model, but their model requires 
FEM to calculate the stiffness matrix, which restricts its 
efficiency. Hence, the integration of form errors and local 
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3.2. Modeling form errors based on Zernike polynomials 

Similarly, the form tolerance zone is constrained by two 
parallel annular surfaces with distance tf, as shown in Fig. 3. 
Various methods have been proposed to model form errors 
[24]. Here, the Zernike polynomials [31] are adopted to model 
the form errors based on the design value of form tolerance. It 
should be noted that the Zernike polynomials modeling 
method is not the only choice; other methods [24] are also 
viable. 

 

Fig. 3. Tolerance zone of the form error. 

The representation of form errors can be regarded as a 
linear combination of a series of basis functions. The Zernike 
polynomials are used to generate the basis functions; this can 
be expressed as: 
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where ( )t
nR   is a radial function and ( )t

n   is an angle 
related function; t and n are nonnegative integers with n t ; 
  is the azimuthal angle. 

After obtaining the basis functions, a surface with a 
specific form error can be generated by the linear combination 
of the basis functions as follows: 

f i iS g                                                  (4) 

where Sf represents the coordinates of points on the surface 
with form errors, gi represents the basis functions, and λi 
represents the coefficients of the basis functions. 

3.3. Modeling skin model shapes 

After obtaining Sp and Sf, modeling of the skin model 
shape for an annular surface with position, orientation, and 
form errors can be performed by summing Sp and Sf, as shown 
in Fig.4, which can be expressed as: 

t p fS S S                                                       (5) 

where St represents the coordinates of the points on the skin 
model shape. 

 

Fig. 4. Modeling skin model shapes. 

However, the direct summation of Sp and Sf may violate the 
constraint of tolerance specification tp. To avoid this problem, 
St, obtained directly from Eq. (5) should be checked to ensure 
that it conforms to the constraint of tp; i.e., that it is a valid 
skin model shape. The invalid skin model shapes are 
discarded and re-generated until St conforms to the tolerance 
specification. 

4. Calculating local surface deformations 

For many mechanical products, the combined effects of 
form errors and local surface deformations on assembly 
deviations are non-negligible, which deserve a comprehensive 
research. However, considering the combined effects of them 
is relatively difficult in the field of tolerance analysis, 
especially for Monte Carlo simulations based on randomly 
generated skin model shapes. However, much research in 
tribology has focused on contact problems between non-ideal 
surfaces, and BEM is known to be an accurate and efficient 
means of solving contact problems [32-35]. In this section, the 
CG-FFT method [36, 37], a classical BEM method, is 
introduced to calculate local surface deformations. 

CG-FFT is a classical BEM calculation method, and its 
accuracy and efficiency have been widely demonstrated [36, 
37]. Moreover, it requires only discrete point data on surfaces 
(i.e., boundaries), which makes the combination of skin model 
shapes and CG-FFT a perfect match. Under the assumption of 
frictionless non-adhesive contact, the contact between two 
non-ideal surfaces can be replaced by the contact between a 
rigid ideal surface and an equivalent non-ideal surface [32].  

The BEM methods are typically used for contact problems 
of rectangular surfaces. The elastic displacement of discrete 
points on the rectangular surface, according to contact 
mechanics, can be calculated as: 
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where M and N represent the number of discrete points in the 
x- and y-directions, respectively; p represents the contact force 
on each discrete point; and K denotes the matrix that collects 
the influence coefficients; it is related to the effective 
composite elastic modulus , 'E , which can be obtained by: 
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with 1E  and 2E  being the Young’s moduli of elasticity and 

1  and 2  being the Poisson’s ratios for the two contacting 
parts. 

Based on the principle of minimizing the total 
complementary potential energy, the calculation of a contact 
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surface deformations still remains a challenge, due to the 
complexity of interactions between them. 

In short, previous work on tolerance analysis has not 
appropriately considered the combined effects of form errors 
and local surface deformations. Recently, the authors 
proposed a novel tolerance analysis framework, which aims to 
consider the interactions between form errors and local surface 
deformations during assembly simulation and tolerance 
analysis. The implementation of the framework is based on 
skin model shapes and a classic Boundary Element Method 
(BEM), named the Conjugate Gradient-Fast Fourier 
Transform (CG-FFT). The proposed framework only 
conducted the tolerance analysis process of rectangular 
surfaces because of the restriction of the adopted BEM 
calculation method. To further extend the application of the 
framework, the current paper focuses on the deformations 
calculation and tolerance analysis of annular surfaces. It is 
structured as follows: Section 2 briefly illustrates the tolerance 
analysis framework. Section 3 introduces a method for 
generating skin model shapes of annular surfaces considering 
form errors. Section 4 describes the BEM calculation of local 
surface deformations of annular surfaces under external forces. 
Section 5 presents the tolerance analysis process. Finally, 
Section 6 presents our conclusions and future prospects. 

2. The tolerance analysis framework 

For sake of completeness, the tolerance analysis 
framework considering the combined effects of form errors 
and local surface deformations is briefly introduced in this 
section. As shown in Fig.1, the first step in this framework is 
to determine the key mating surfaces for a given assembly. 
This can be realized by the experience of designers and/or 
through a quick CAT/FEM calculation. Specifically, the 
surfaces whose imperfections can have significant effects on 
the key functional requirements can be determined by a quick 
CAT calculation, and the surfaces that may bear relatively 
high compressive pressure can be determined by a quick FEM 
calculation. It has to be mentioned that the quick FEM 
calculation here is only conducted once, by using the solid 
part models with ideal sizes and shapes. Then, tolerance 
analysis is conducted by a complete Monte Carlo-based 
assembly simulation. During Monte Carlo simulation, skin 
model shapes are first generated. After that, the difference 
surface method or point cloud registration methods [25] are 
used to obtain the relative positioning of mating surfaces with 
the consideration of form errors. For key mating surfaces 
obtained in the first step, the relative positioning has to be 
further adjusted based on the calculation of local surface 
deformations. After all of the parts and mating surfaces have 
been evaluated, the assembly simulation is complete. After 
repeating the above assembly simulation hundreds of times, 
i.e., a Monte Carlo simulation, the tolerance analysis 
procedure can be complete. 

 

Fig. 1. Illustration of the tolerance analysis framework (Basic idea of the 
framework has been elaborated in a submitted journal article, but limited to 

rectangular surfaces. The illustration here is an extension to annular surfaces). 

3. Generating skin model shapes for annular surface 

Generation of skin model shapes with position, orientation, 
and form errors is an essential step in the proposed tolerance 
analysis framework. This section introduces a method of 
modeling skin model shapes for annular surfaces with 
position, orientation, and form errors. 

3.1. Modeling position and orientation errors 

As shown in Fig. 2, tolerance tp constrains the position and 
orientation of the top surface; thus the top surface can deviate 
only within the corresponding tolerance zone. Based on SDT 
theory [7], deviation of the top surface can be expressed by 
three parameters, [   ]z x yd   , which represent the translation 
and rotations of the tolerance surface. The range of the three 
parameters can be obtained according to the extreme positions 
of the surface. 

With consideration of position and orientation errors, the 
nominal surface deviates from its ideal position and becomes 
inclined, called a ‘biased surface’. The equation of the biased 
surface can be obtained based on the specific values of 
[   ]z x yd   . Then, the z-coordinates of sampling points on the 
biased surface can be expressed as: 

( )pS f X,Y                                                                    (1) 

where Sp represents the z-coordinates of sampling points, f 
indicates the equation of the biased surface, and X and Y 
represent the x- and y-coordinates, respectively, of the 
sampling points. 

 

Fig. 2. Geometric design of a simple part. 
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surface can be obtained based on the specific values of 
[   ]z x yd   . Then, the z-coordinates of sampling points on the 
biased surface can be expressed as: 

( )pS f X,Y                                                                    (1) 

where Sp represents the z-coordinates of sampling points, f 
indicates the equation of the biased surface, and X and Y 
represent the x- and y-coordinates, respectively, of the 
sampling points. 

 

Fig. 2. Geometric design of a simple part. 
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of the points are not in the theoretical deviation domain any 
more (the red ones), which shows the effects of form errors. 

 

Fig. 7. (a) with form errors; (b)with deformations. 

Case 3: considering deformations 

To demonstrate the effects of local surface deformations on 
the SDT parameters of the relative positioning of mating 
surfaces, local surface deformations are calculated based on 
the CG-FFT method presented in Section 4. In this calculation, 
the same skin model shapes obtained in Case 2 are used. The 
parameters of the materials include 1 2 210 GpaE E   and 

1 2 0.34   , which are typical parameters of steels. The 
external force is assumed to be 1000 N here. The direction of 
the external force is assumed to be perpendicular to the rigid 
surface. With consideration of the local surface deformations, 
Fig. 7(b) shows the contact area based on the same skin model 
shape shown in Fig. 7(a). The non-ideal surface is flattened by 
the force applied and the contact area is no longer three points, 
but several small, flat facets. 

The distribution of SDT parameters can be also obtained 
after conducting 1000 simulation runs, as shown in Fig. 6(c). 
The distribution of outer points in Fig. 6(c) is different from 
that in Fig. 6(b), which shows the effects of local surface 
deformations. 

5.2. Comparison of the results 

To quantitatively evaluate the effects of form errors and 
local surface deformations, the percentages of outer points in 
Figs. 6(b) and 6(c) are calculated, which is called the 
noncompliance rate (NCR) [29]. For the two cases, the NCRs 
are 5.1% and 6.1%, respectively. This indicates that both form 
errors and local surface deformations have considerable 
effects on the results of tolerance analysis.  

To further show the effects of form errors, the SDT 
parameters calculated solely by translational and rotational 
errors (i.e., a traditional tolerance analysis method) from the 
same 1000 simulation runs are also obtained, and their 
distributions are shown in Fig. 8 for comparison. It can be 
seen that form errors influence all of zd , x , and y . In 
addition, comparison of the SDT parameter distributions of 
1000 simulations of Cases 2 and 3 is also shown in Fig. 9. It 
can be seen that the local surface deformations have a 
considerable effect on zd . 

 

Fig. 8. SDT parameters (a) x ; (b) y ; (c) dz. 

 

Fig. 9. SDT parameters dz. 

Moreover, table 1 lists the CPU times of the different cases 
of simulations. Here, the CPU time is the total time for 1000 
Monte Carlo simulation runs. The simulations are quite 
efficient: even for Case 3, in which local surface deformations 
are calculated, the average time required for one simulation 
run is less than 0.5 s. The simulations were conducted on the 
author’s ordinary desktop computer (Windows 7 operating 
system, 3.20 GHz Intel Core i7-6900K CPU and 64 GB 
RAM). Therefore, the efficiency of the proposed tolerance 
analysis framework is acceptable. 

Table 1. Comparison of the results. 

 Case 1 Case 2 Case 3 

Considering form errors? No Yes Yes 

Considering deformations? No No Yes 

NCR - 5.1% 6.1% 

Time 0.05s 41.64s 448.66s 

6. Conclusions and future prospects 

Form defects and local surface deformations may affect 
product performance considerably. However, traditional 
tolerance analysis methods almost ignore the combined 
effects of form errors and local surface deformations. Hence, 
with a comprehensive consideration of them, tolerance 
analysis of annular surfaces is conducted in this paper. 
Specifically, form errors are properly considered based on 
skin model shapes. Local surface deformations are calculated 
based on a CG-FFT method, which is a classic BEM 
calculation method. Based thereon, tolerance analysis of 
annular surfaces is conducted based on Monte Carlo 
simulation, and efficiency of the process is also demonstrated. 
It is expected that the consideration of the combined effects of 
form errors and local surface deformations can help ensure the 
product performance more effectively. 

Because the current research only treats the annular 
surfaces and simple force conditions. Further research should 
focus on improving the proposed tolerance analysis 
framework to ensure its broad applicability and ability to 
solve more complex tolerancing problems. First, other surface 
types especially cylindrical surface should be considered. 
There are some research outcomes on this issue [38], but the 
calculation of deformations of cylinders is still challenging. 
Second, the current research only treat conditions where the 
external force is a uniform loading force. Implementing an 
accurate and efficient calculation for complex force 
conditions also needs further studies. At last, to make the 
calculation of deformations more accurate, plasticity of the 
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problem can be transformed into a quadratic programming 
problem [37]. The key issue of calculating local surface 
deformations is solving the quadratic programming problem. 
Here, the CG-FFT method is used, which applies the 
Conjugate Gradient algorithm to search the gradient direction, 
and the Fast Fourier Transform method to compute Eq. (6) 
efficiently. A more detailed explanation of the CG-FFT 
method can be found elsewhere [36, 37]. 

However, the CG-FFT method is only suitable for local 
surface deformations calculations of rectangular surfaces. To 
make the calculation appropriate for annular surfaces as well, 
a method that transforms the annular surface into a 
rectangular one is proposed here. Based on the radius 
difference between the inside and outside circle of the annular 
surface, two different kinds of solutions are proposed to get 
with the calculation process. 

For conditions where the radius difference is relatively 
large comparing with the radius of the inner circle, i.e., 
R r r , the annular surface is expanded to a rectangular 
surface as shown in Fig. 5(a), where cyan points are valid 
sampling points on the annular surface while the red points 
are dumb ones. Then, z coordinates of these red points are set 
to very small values while the cyan ones are set to the 
coordinates of the toleranced annular surface. This method 
does not cause too much computational efficiency loss 
because the portion of the dumb points is relatively small. 

For conditions where the radius difference is relatively 
small comparing with the radius of the inner circle, i.e., 
R r r , which is very common in mechanical products, 
the annular surface is approximately transformed into a 
rectangular surface as shown in Fig. 5(b).  

After transforming the annular surface into a rectangular 
one, local surface deformations can be calculated using the 
introduced CG-FFT method. 

 

Fig. 5. (a) R r r ; (b) R r r . 

5. Tolerance analysis 

This section conducts the tolerance analysis process based 
on Monte Carlo simulation. As mentioned in Section 2, the 
key issue in this process relies on the calculation of the 
relative positioning of key mating surfaces. Here, the 
traditional method is termed as Case 1, and two other Monte 
Carlo simulations are conducted to show the effects of form 
errors and local surface deformations. One considers only the 
effects of form errors, i.e., Case 2, and the other considers the 

effects of both form errors and local surface deformations, i.e., 
Case 3. The relative positioning of mating surfaces can be 
depicted by SDT parameters. The simple part shown in Fig. 2 
is used to conduct the simulation, which can be regarded as 
the condition shown in Fig. 5(b). A total of 1000 simulations 
is conducted, and the sampling size M N  is 161 21  after 
transforming the annular surface into a rectangular one based 
on the method proposed in Section 4. In the simulation, 
specific parameters of the simple example include: 

15 mmr  , 25 mmR  , 0.05 mmpt  , and 0.02 mmft  . 
In addition, simulations were conducted using the commercial 
mathematics software, Matlab® 2016. 

5.1. Monte Carlo simulation 

Case 1: traditional method 

In traditional tolerance analysis, the mating surfaces are 
assumed to be ideal and rigid; i.e., the effects of form errors 
and local surface deformations are not included. In this case, 
the SDT parameters simply need to satisfy the restriction of 
the tolerance zone. Based on that, a theoretical tolerance 
domain can be obtained, as shown in Fig. 6(a). 1000 valid 
combinations of the SDT parameters are also generated, i.e., 
the green points in Fig. 6(a). 

 

Fig. 6. (a) theoretical domain; (b)with form errors; (c) with deformations. 

Case 2: considering form errors 

To consider the effects of form errors, skin model shapes 
of the top surface of the part shown in Fig. 2 are randomly 
generated based on the method presented in Section 3. A 
convex hull-based assembly simulation method [25] is used to 
identify the relative positioning of the assembled parts. The 
contact points are indicated by three black dots (Fig. 7(a)). 

After conducting 1000 simulation runs, the distribution of 
SDT parameters can be obtained, as shown in Fig. 6(b). Some 
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of the points are not in the theoretical deviation domain any 
more (the red ones), which shows the effects of form errors. 

 

Fig. 7. (a) with form errors; (b)with deformations. 

Case 3: considering deformations 

To demonstrate the effects of local surface deformations on 
the SDT parameters of the relative positioning of mating 
surfaces, local surface deformations are calculated based on 
the CG-FFT method presented in Section 4. In this calculation, 
the same skin model shapes obtained in Case 2 are used. The 
parameters of the materials include 1 2 210 GpaE E   and 

1 2 0.34   , which are typical parameters of steels. The 
external force is assumed to be 1000 N here. The direction of 
the external force is assumed to be perpendicular to the rigid 
surface. With consideration of the local surface deformations, 
Fig. 7(b) shows the contact area based on the same skin model 
shape shown in Fig. 7(a). The non-ideal surface is flattened by 
the force applied and the contact area is no longer three points, 
but several small, flat facets. 

The distribution of SDT parameters can be also obtained 
after conducting 1000 simulation runs, as shown in Fig. 6(c). 
The distribution of outer points in Fig. 6(c) is different from 
that in Fig. 6(b), which shows the effects of local surface 
deformations. 

5.2. Comparison of the results 

To quantitatively evaluate the effects of form errors and 
local surface deformations, the percentages of outer points in 
Figs. 6(b) and 6(c) are calculated, which is called the 
noncompliance rate (NCR) [29]. For the two cases, the NCRs 
are 5.1% and 6.1%, respectively. This indicates that both form 
errors and local surface deformations have considerable 
effects on the results of tolerance analysis.  

To further show the effects of form errors, the SDT 
parameters calculated solely by translational and rotational 
errors (i.e., a traditional tolerance analysis method) from the 
same 1000 simulation runs are also obtained, and their 
distributions are shown in Fig. 8 for comparison. It can be 
seen that form errors influence all of zd , x , and y . In 
addition, comparison of the SDT parameter distributions of 
1000 simulations of Cases 2 and 3 is also shown in Fig. 9. It 
can be seen that the local surface deformations have a 
considerable effect on zd . 

 

Fig. 8. SDT parameters (a) x ; (b) y ; (c) dz. 

 

Fig. 9. SDT parameters dz. 

Moreover, table 1 lists the CPU times of the different cases 
of simulations. Here, the CPU time is the total time for 1000 
Monte Carlo simulation runs. The simulations are quite 
efficient: even for Case 3, in which local surface deformations 
are calculated, the average time required for one simulation 
run is less than 0.5 s. The simulations were conducted on the 
author’s ordinary desktop computer (Windows 7 operating 
system, 3.20 GHz Intel Core i7-6900K CPU and 64 GB 
RAM). Therefore, the efficiency of the proposed tolerance 
analysis framework is acceptable. 

Table 1. Comparison of the results. 

 Case 1 Case 2 Case 3 

Considering form errors? No Yes Yes 

Considering deformations? No No Yes 

NCR - 5.1% 6.1% 

Time 0.05s 41.64s 448.66s 

6. Conclusions and future prospects 

Form defects and local surface deformations may affect 
product performance considerably. However, traditional 
tolerance analysis methods almost ignore the combined 
effects of form errors and local surface deformations. Hence, 
with a comprehensive consideration of them, tolerance 
analysis of annular surfaces is conducted in this paper. 
Specifically, form errors are properly considered based on 
skin model shapes. Local surface deformations are calculated 
based on a CG-FFT method, which is a classic BEM 
calculation method. Based thereon, tolerance analysis of 
annular surfaces is conducted based on Monte Carlo 
simulation, and efficiency of the process is also demonstrated. 
It is expected that the consideration of the combined effects of 
form errors and local surface deformations can help ensure the 
product performance more effectively. 

Because the current research only treats the annular 
surfaces and simple force conditions. Further research should 
focus on improving the proposed tolerance analysis 
framework to ensure its broad applicability and ability to 
solve more complex tolerancing problems. First, other surface 
types especially cylindrical surface should be considered. 
There are some research outcomes on this issue [38], but the 
calculation of deformations of cylinders is still challenging. 
Second, the current research only treat conditions where the 
external force is a uniform loading force. Implementing an 
accurate and efficient calculation for complex force 
conditions also needs further studies. At last, to make the 
calculation of deformations more accurate, plasticity of the 
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problem can be transformed into a quadratic programming 
problem [37]. The key issue of calculating local surface 
deformations is solving the quadratic programming problem. 
Here, the CG-FFT method is used, which applies the 
Conjugate Gradient algorithm to search the gradient direction, 
and the Fast Fourier Transform method to compute Eq. (6) 
efficiently. A more detailed explanation of the CG-FFT 
method can be found elsewhere [36, 37]. 

However, the CG-FFT method is only suitable for local 
surface deformations calculations of rectangular surfaces. To 
make the calculation appropriate for annular surfaces as well, 
a method that transforms the annular surface into a 
rectangular one is proposed here. Based on the radius 
difference between the inside and outside circle of the annular 
surface, two different kinds of solutions are proposed to get 
with the calculation process. 

For conditions where the radius difference is relatively 
large comparing with the radius of the inner circle, i.e., 
R r r , the annular surface is expanded to a rectangular 
surface as shown in Fig. 5(a), where cyan points are valid 
sampling points on the annular surface while the red points 
are dumb ones. Then, z coordinates of these red points are set 
to very small values while the cyan ones are set to the 
coordinates of the toleranced annular surface. This method 
does not cause too much computational efficiency loss 
because the portion of the dumb points is relatively small. 

For conditions where the radius difference is relatively 
small comparing with the radius of the inner circle, i.e., 
R r r , which is very common in mechanical products, 
the annular surface is approximately transformed into a 
rectangular surface as shown in Fig. 5(b).  

After transforming the annular surface into a rectangular 
one, local surface deformations can be calculated using the 
introduced CG-FFT method. 

 

Fig. 5. (a) R r r ; (b) R r r . 

5. Tolerance analysis 

This section conducts the tolerance analysis process based 
on Monte Carlo simulation. As mentioned in Section 2, the 
key issue in this process relies on the calculation of the 
relative positioning of key mating surfaces. Here, the 
traditional method is termed as Case 1, and two other Monte 
Carlo simulations are conducted to show the effects of form 
errors and local surface deformations. One considers only the 
effects of form errors, i.e., Case 2, and the other considers the 

effects of both form errors and local surface deformations, i.e., 
Case 3. The relative positioning of mating surfaces can be 
depicted by SDT parameters. The simple part shown in Fig. 2 
is used to conduct the simulation, which can be regarded as 
the condition shown in Fig. 5(b). A total of 1000 simulations 
is conducted, and the sampling size M N  is 161 21  after 
transforming the annular surface into a rectangular one based 
on the method proposed in Section 4. In the simulation, 
specific parameters of the simple example include: 

15 mmr  , 25 mmR  , 0.05 mmpt  , and 0.02 mmft  . 
In addition, simulations were conducted using the commercial 
mathematics software, Matlab® 2016. 

5.1. Monte Carlo simulation 

Case 1: traditional method 

In traditional tolerance analysis, the mating surfaces are 
assumed to be ideal and rigid; i.e., the effects of form errors 
and local surface deformations are not included. In this case, 
the SDT parameters simply need to satisfy the restriction of 
the tolerance zone. Based on that, a theoretical tolerance 
domain can be obtained, as shown in Fig. 6(a). 1000 valid 
combinations of the SDT parameters are also generated, i.e., 
the green points in Fig. 6(a). 

 

Fig. 6. (a) theoretical domain; (b)with form errors; (c) with deformations. 

Case 2: considering form errors 

To consider the effects of form errors, skin model shapes 
of the top surface of the part shown in Fig. 2 are randomly 
generated based on the method presented in Section 3. A 
convex hull-based assembly simulation method [25] is used to 
identify the relative positioning of the assembled parts. The 
contact points are indicated by three black dots (Fig. 7(a)). 

After conducting 1000 simulation runs, the distribution of 
SDT parameters can be obtained, as shown in Fig. 6(b). Some 
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materials and density of the sampling points should also be 
considered. 
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