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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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During the design of manufactured products, functional requirements that need to be fulfilled are defined; they are expressed in terms of the
dimensions. Functional requirements are considered as critical if they have a major impact on the performance of the system. In the current
industrial practice, the dimensions involved in a critical functional requirement are identified as Key Characteristics. This study aims to rank the
influence of the dimensions involved in a critical functional requirement with respect to their impacts on the non-conformity of a mechanical
system. This paper presents a methodology for the identification of Key Characteristics by combining the Sobol’ global sensitivity method
(based on the variance decomposition) with the Advanced Probability-based Tolerance Analysis approach (APTA). The method is applied on an
electrical plug having a functional requirement with a linear formulation. The results showed a possibility to prioritize some dimensions and
neglect the effect of the others.
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1. Introduction

The products manufactured in the industries are all subjected
to geometrical imperfections. The designers specify the nom-
inal dimensions, the tolerance intervals, the capability require-
ments that need to be fulfilled. When these requirements are not
respected, unfavourable effects may occur on the performance
of the mechanical system. Therefore, designers indicate the
dimensions that have to be considered as Key-Characteristics
(sometimes indicated by a diamond on the drawing, especially
in the French automotive industry), i.e. the dimensions with a
first order influence on the functionality.

Numerous definitions are associated with the Key Character-
istics (KCs). They differ from a company to another. A general
definition is given by Thornton in [1], and it states the follow-
ing: “Key characteristics are the product, sub assembly, part,
and process features that significantly impact the final cost, per-
formance, or safety of a product when the key characteristics
vary from nominal”. During manufacturing, the dimensions
specified as KCs require more attention because of the follow-
ing reasons:

• They are more frequently controlled.
• The derogations are not allowed.

It is therefore necessary to guarantee that all the KCs have a sig-
nificant impact on the performance of the mechanical system,
in order to reduce the waste, the costs and efforts associated
with manufacturing.

The industrial standards consist of using the Failure Mode
Effects and Criticality Analysis (FMECA) [2] in order to iden-
tify the critical safety, functional and assembly aesthetic re-
quirements, which could be potentially associated with a high
Non-Conformity-Rate (NCR). An upper and a lower bound are
associated with each functional requirement. FMECA is a risk-
based approach: the probability of non-functionality is consid-
ered as well as the consequence of the non-functionality. The
requirements are presented as mathematical functions involving
the dimensions of the parts. FMECA does not provide a method
to identify the dimension with a first order contribution to the
NCR. A possible industrial practice is setting all the dimen-
sions involved in a critical requirement as KCs, even though
some of them may have a reduced contribution with respect to
the others. In addition, a method named Analysis of Causality,
Failures and Effects (ACDE) for the identification of the key
characteristics was developed in LCFC [3][4]. This method is
based on the FMECA method [2] and the KC flowdown [1,5].
Other methods exist in the literature, where the influence of the
part tolerance on the assembly clearance is estimated using sen-
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sitivity analysis methods [6]. In addition, the global sensitivity
analysis is implemented in convex hull based tolerancing tech-
niques such deviation domains [7].

The focus of this paper is the implementation of a method
which allows designers to identify the dimensions with a high
or a reduced impact on the NCR in order to reduce the total
number of KCs indicated on their drawings without loss of
quality. Three main points should be identified to define an
appropriate strategy for the identification of the KCs:

1. The model of uncertainty of the dimensions.
2. Geometrical modelling.
3. The identification of a suitable numerical model associated

with the quality of a system.

The model mentioned in the first point is with two levels of
uncertainties, that is the uncertainty in the dimensions and in the
corresponding statistical parameters. The geometrical model is
not investigated in depth in this paper, but the method is suffi-
ciently flexible to be applied on any geometrical model such as
linear stack-up, non-linear functions or over-constrained mech-
anisms with gaps. The NCR is used as a quality indicator.

The proposed procedure is based on sensitivity analysis. The
formulation of the NCR is done using the advanced probability
based tolerance analysis method and it is detailed in section
2. In another hand, the sensitivity method considered is the
Sobol’ method described in section 3. The formulation of the
problem combining the two methods is given in section 4. An
application example of an electrical plug is presented in section
5. Finally, conclusions are given in section 6.

2. Formulation of the Non Conformity Rate

In industry, the quality of the product is one of the main
measures checked to satisfy the needs of the customer. Accord-
ing to the technical requirements and specifications imposed by
the customer, a list of functional requirements is defined for di-
mensional chains. A functional requirement can be expressed
as a function of input parameters X, these parameters are the
dimensions of the parts included in the dimensional chains. In
the case of a function f, the dimensional chain is expressed as:

Y = f (X) (1)

The mathematical formulation of this function can be linear
such as the case of a linear stack-up, non-linear for problems
of greater complexity. When the system studied is an over-
constrained system, the function f is implicit [8]. It is toler-
ated that a small number of systems are non-functional, as long
as this occurs seldom. The Non conformity rate therefore pro-
vides suitable metrics to measure the quality. It can be inter-
preted as the probability that an assembly is non-functional, or
as the frequency of manufacturing non-functional components.
The NCR, defined by Eq.(2), is the probability that a functional
requirement is outside the permissible bounds. It is often ex-
pressed in parts per million (ppm).

NCR = P(Y � [LS LY ; US LY ]) (2)

LS LY is the lower specification limit and US LY is the up-
per specification limit. They are called the functional variable

bounds.
Several approaches exist in the literature for the estimation of
the NCR. They are based on the reliability methods used orig-
inally for the calculation of the probability failure of the sys-
tems. The Monte Carlo method is used in the context of tol-
erancing [9], however this method is time consuming. Some
authors tried to overcome this problem by using the First Order
Reliability Method (FORM) instead [9]. Another method based
on the Taylor developments was also used for the same purpose
and it is the Second Order Tolerance Analysis method (SOTA)
[10].

2.1. Formulation for statistical tolerance analysis

In the manufacturing process, the capability and perfor-
mance measures can be considered to check if the products are
acceptable according to the given criteria. The definitions of the
performance and the capability measures are stated in the stan-
dard ISO 22514-1 [12]. The capability measure is defined as
the quality measure of the outcome of the process in a state of
statistical control, however, the performance measure is consid-
ered when the process is not in the statistical control state. In the
scope of this paper, it is assumed that the process is mature, so
it is under the statistical control. The produced batches should
meet the capability requirements. The capability indices con-
trolling the manufacturing process are Cp and Cpk [11]. Cp is
the measure of the capability of a process to meet given require-
ments. Cpk takes into account the non centred data. Generally,
the dimensions of the manufactured parts Xi are defined with
a target value Ti, a tolerance interval ti having respectively a
lower specification limit LS Li and an upper specification limit
US Li and two required capability indices C(r)

pi and C(r)
pki. For

a given batch, the dimensions of the parts are assumed to be
random variables with a normal distribution having a standard
deviation σi and mean shift δi = µi − Ti, where µi denotes the
mean value of the dimension. Two capability requirements are
associated to each dimension included in the batch, they are
defined as:

Cpi =
ti

6σi
(3)

Cpki =
ti/2 − |δi|

3σi
(4)

The given formulas of the capability indices are only used when
the variables follow a normal distribution. More general defi-
nitions of Cp and Cpk are provided in [12] applied for different
types of distributions. A part is acceptable if the value of its
dimension is within the tolerance interval (Xi ∈ [LS Li,US Li]).
The corresponding production batch includes multiple compo-
nents. Off-tolerance dimensions are tolerated as long as they are
not too frequent. Threshold limits are set for Cp and Cpk. They
monitor the statistical parameters of the dimensions such that
the probability of the occurrence of off-tolerance dimensions is
sufficiently low. The capability requirements to be satisfied are
that Cp ≥ C(r)

p and Cpk ≥ C(r)
pk . Based on these conditions, a con-

formity domain VD corresponding to each dimension Xi can be
defined. It is represented on a σi-δi diagram. The conformity
domain has a triangular shape when C(r)

pi = C(r)
pki and a trape-

D. Idriss et al. / Procedia CIRP 00 (2018) 000–000 3

zoidal shape when C(r)
pi ≥ C(r)

pki as shown in Fig.1. The hatched
part of the triangle is part of the conformity domain that it is not
unattainable since the standard deviation cannot have such low
values. It is assumed that a manufacturing process can also be
characterized by the lower limit of the standard deviation. For
example, it is not reasonable to assume that that the standard
deviation of a forged or a cast part is as low as 1 µm (in case the
surfaces are not machined).

Fig. 1. Representation of the conformity domain VD (grey area), the solid lines
represent the boundary associated with C(r)

pki, the dash lines represent the bound-
aries associated with Cp and the lower bound of the standard deviation. The
hatched area of the triangle is associated with compliant batches, but the stan-
dard deviation is too low to be achieved.

2.2. Non Conformity Rate based on APTA method

The manufacturing process differs from day to day depend-
ing on the conditions affecting the machines’ performance. Ac-
cording to [13] the statistical parameters δi and σi are variable.
The variability of these parameters have a remarkable influence
on the NCR and should be taken into account in the analysis
[14]. The methods used for the estimation of the NCR already
mentioned in section 2 do not take into consideration the vari-
ability of the statistical parameters such as the mean shifts and
the standard deviations. The Advanced Probability-based Tol-
erance Analysis (APTA) is an approach used for an accurate
estimation of the NCR. It is originally formulated in [15]. The
APTA method is applied independently to all the dimensions.
A mean shift and a standard deviation is associated to each di-
mension. The mean shifts are noted as δ = (δ1, ...δn) and the
standard deviations as σ = (σ1, ...σn), where n is the number
of dimensions. The statistical parameters are random variables,
therefore the NCR is a random variable as well, it is expressed
in terms of δ and σ.
The dimensions of the parts are assumed to have a normal dis-
tribution such as Xi ∼ Ni(µi, σi). The statistical parameters δi
and σi associated for each dimension are considered as random
variables, linked to the appropriate capability requirements, and
defined by a joint density function hδ,σ(δi, σi). This density
function is defined over the conformity domain VD shown in
Fig.1. The NCR based on APTA is computed as the following:

NCRAPT A =

∫
VD

NCR|δ,σ(δ, σ)
n∏

i=1

hδ,σ(δi, σi)dδidσi (5)

where NCR|δ,σ(δ, σ) is the conditioned or the short term Non
Conformity Rate. It is dependent only on the standard deviation
values σ and the mean shifts values δ. When APTA method is
applied to systems, the variability of the statistical parameters
of the dimensions (σ,δ) is considered. Therefore it is possible
to compute the long term NCR (NCRAPT A).

3. Sensitivity Analysis: Sobol’ method

The Sensitivity analysis is defined as “the study of how un-
certainty in the output of a model can be apportioned to differ-
ent sources of uncertainty in the model input”[16] . Consider
a numerical model y with input variables represented as a vec-
tor θ = (θ1, . . . , θn) and that the output variable is represented
by y(θ). This function represents the relation between the input
and the output of the model. The methods used in the sensitiv-
ity analysis can be classified as local and global methods. In the
local sensitivity methods, a reference point is chosen and then
the variation is considered around this point. The local methods
are not considered in this work because the reference point may
not be representative and the distribution of the input variables
cannot be taken into consideration. In the global methods the
variation over the whole domain can be studied. The Sobol’
method which is considered as a global sensitivity method is
used in the work of this paper. It is based on the decomposition
of the variables.

Sobol’ showed that an integrable function y can be expressed
as the sum of different dimensions [17]. In other words y is
decomposed in elementary functions as shown in Eq.(6).

y(θ) =y0 +

n∑
i=1

yi(θi) +
∑ ∑

1�i� j�n

yi j(θi, θ j)

+ ...y12...n(θ1, θ2, . . . , θn)

(6)

where y0 is a constant, yi(θi) = E∼θi (y | θi), similar relations are
obtained for higher order terms of the decomposition.
Sobol’ indices are based on variance decomposition and deter-
mine the part of the variance of the output resulting from each
variable [17]. They measure the influence of each input param-
eter and their interactions to the whole model output variance.
The ANOVA decomposition is obtained by taking into account
that the input parameters θi are random and independent [18].
The variance of y can be expressed as in Eq.(7)

V =
n∑

i=1

Vi +
∑ ∑

1�i� j�n

Vi j + ...V12...n (7)

where V is the total variance of model output; Vi is the first or-
der contribution of the ith model parameter: Vi = V[yi(θi)]; Vi j

is the effect of the interaction of the ith and jth parameters.
Sobol’ sensitivity indices are defined as: the first order sensi-
tivity index, also known as the main effect, is the direct im-
pact of the variable on the variable of the output of the model.
The equation corresponding to the first order index is given by
Eq.(8).

S i =
Vi

V
(8)
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on the NCR and should be taken into account in the analysis
[14]. The methods used for the estimation of the NCR already
mentioned in section 2 do not take into consideration the vari-
ability of the statistical parameters such as the mean shifts and
the standard deviations. The Advanced Probability-based Tol-
erance Analysis (APTA) is an approach used for an accurate
estimation of the NCR. It is originally formulated in [15]. The
APTA method is applied independently to all the dimensions.
A mean shift and a standard deviation is associated to each di-
mension. The mean shifts are noted as δ = (δ1, ...δn) and the
standard deviations as σ = (σ1, ...σn), where n is the number
of dimensions. The statistical parameters are random variables,
therefore the NCR is a random variable as well, it is expressed
in terms of δ and σ.
The dimensions of the parts are assumed to have a normal dis-
tribution such as Xi ∼ Ni(µi, σi). The statistical parameters δi
and σi associated for each dimension are considered as random
variables, linked to the appropriate capability requirements, and
defined by a joint density function hδ,σ(δi, σi). This density
function is defined over the conformity domain VD shown in
Fig.1. The NCR based on APTA is computed as the following:

NCRAPT A =

∫
VD

NCR|δ,σ(δ, σ)
n∏

i=1

hδ,σ(δi, σi)dδidσi (5)

where NCR|δ,σ(δ, σ) is the conditioned or the short term Non
Conformity Rate. It is dependent only on the standard deviation
values σ and the mean shifts values δ. When APTA method is
applied to systems, the variability of the statistical parameters
of the dimensions (σ,δ) is considered. Therefore it is possible
to compute the long term NCR (NCRAPT A).

3. Sensitivity Analysis: Sobol’ method

The Sensitivity analysis is defined as “the study of how un-
certainty in the output of a model can be apportioned to differ-
ent sources of uncertainty in the model input”[16] . Consider
a numerical model y with input variables represented as a vec-
tor θ = (θ1, . . . , θn) and that the output variable is represented
by y(θ). This function represents the relation between the input
and the output of the model. The methods used in the sensitiv-
ity analysis can be classified as local and global methods. In the
local sensitivity methods, a reference point is chosen and then
the variation is considered around this point. The local methods
are not considered in this work because the reference point may
not be representative and the distribution of the input variables
cannot be taken into consideration. In the global methods the
variation over the whole domain can be studied. The Sobol’
method which is considered as a global sensitivity method is
used in the work of this paper. It is based on the decomposition
of the variables.

Sobol’ showed that an integrable function y can be expressed
as the sum of different dimensions [17]. In other words y is
decomposed in elementary functions as shown in Eq.(6).

y(θ) =y0 +

n∑
i=1

yi(θi) +
∑ ∑

1�i� j�n

yi j(θi, θ j)

+ ...y12...n(θ1, θ2, . . . , θn)

(6)

where y0 is a constant, yi(θi) = E∼θi (y | θi), similar relations are
obtained for higher order terms of the decomposition.
Sobol’ indices are based on variance decomposition and deter-
mine the part of the variance of the output resulting from each
variable [17]. They measure the influence of each input param-
eter and their interactions to the whole model output variance.
The ANOVA decomposition is obtained by taking into account
that the input parameters θi are random and independent [18].
The variance of y can be expressed as in Eq.(7)

V =
n∑

i=1

Vi +
∑ ∑

1�i� j�n

Vi j + ...V12...n (7)

where V is the total variance of model output; Vi is the first or-
der contribution of the ith model parameter: Vi = V[yi(θi)]; Vi j

is the effect of the interaction of the ith and jth parameters.
Sobol’ sensitivity indices are defined as: the first order sensi-
tivity index, also known as the main effect, is the direct im-
pact of the variable on the variable of the output of the model.
The equation corresponding to the first order index is given by
Eq.(8).

S i =
Vi

V
(8)
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If the value of S i is zero, it can be deduced that the function y
does not depend on θi. In another hand if S i is equal to one, it
means that y depends only on θi.
The second order sensitivity indices gives the sensitivity of the
variance of the output to the interaction between the input fac-
tors θi , θ j. It is expressed as:

S i j =
Vi j

V
(9)

If n is the number of the model parameters, 2n − 1 indices are
to be estimated.
The total Sensitivity index, measures the interaction of each
variable with the other variables [19]. All the terms of the de-
composition in Eq.(7) where i is involved are used. It is ex-
pressed as:

S Ti = S i +
∑

j

S i j +
∑

j,k

S i jk + . . . (10)

It can be also expressed as:

S Ti =
V−i

V
(11)

Where V−i is the contribution of all except the ith parameter.
There is absence of interaction between Xi and other variables,
if the value of the total effects is equal to the value of the main
effects. The Monte Carlo methods are used for the estimation
of the Sobol’ indices [19]. One drawback of this method is the
need of a high number of samples for a precise approximation
of the results.

4. Sensitivity Analysis of the statistical parameters on the
Non Conformity Rate

In the scope of this paper, a method to study the sensitivity
of the NCR estimation to the uncertainty of the statistical in-
put parameters is presented. The NCR is estimated using the
APTA method already discussed in section 2.2. Sobol’ indices
also presented in section 3 are calculated to measure the influ-
ence of the uncertainty in the input parameters on the NCR. To
do a sensitivity analysis, the input parameters, the output func-
tion and the geometrical model should be defined. The input
parameters are the statistical parameters σi and δi correspond-
ing to the dimensions. The output function is the NCR of the
system. The NCR gives an approximation of the number of
defect products during the process. In addition, the reduction
of the defect products is a main concern in industry to assure a
high quality production, which explains the choice of the output
of this model. The choice of the input parameters is due to the
fact that the production of the products is not perfect, therefore
there is a variation in the mean shifts and standard deviation of
the dimensions. This variability has non negligible impact on
the NCR. The choice of the Sobol’ method which is a variance
based method is based on the fact that it is a quantitative global
method.
As mentioned in section 3, the application of the Sobol’ method
is only applicable when the input parameters are independent.
Values for the mean shifts and the standard deviations are to
be associated for each dimension following a normal distribu-
tion. It can be deduced that σi and δi are dependent variables.

The dependency in the input parameters imposes to group these
parameters together in order to be able to apply the Sobol’
method. The formulation of the problem is done by considering
the NCR as the function to be decomposed such that:

NCR(δ, σ) =
n∑
i

NCRi(δi, σi)

+
∑ ∑

1�i� j�n

NCRi j(δiσi, δ jσ j)

+ ...NCR12...n(δ1σ1, δ2σ2, . . . , δnσn)

(12)

Then the variance decomposition in applied as in Eq.(7), and
the partial variances are expressed as:

Vi = Vδiσi

[
E∼δiσi [NCR | δiσi]

]
(13)

Vi j = Vδiσiδ jσ j

[
E∼δiσi,δ jσ j [NCR | δiσi, δ jσ j]

]
− Vi − Vj (14)

E is the mathematical expectation. Similar relations can be ob-
tained for the higher order terms of the decomposition. Once
the total and the partial variances are well defined, the Sobol’
indices can be computed. In this work the first and the total
order indices are estimated. These indices aggregate the contri-
butions of the dimension to the variability of the NCR. Dimen-
sions with high Sobol’ indices need additional attention, as they
can be associated with large variations of the NCR.

5. Application Example

5.1. Description of the problem

An example of an electrical plug is shown in Fig.2. A func-
tional requirement is associated with this example, the inclina-
tion Y of the electrical plug should be below a threshold value.
Y is a function of fourteen parameters which are the dimensions
of the parts involved in the dimensional chain. This function is
linearised in a way to have the following relationship:

Y = f (Di) ≈ a0 +

14∑
0

aiDi (15)

Fig. 2. Electrical Plug

The chain of dimensions associated with this example is set
as a critical chain. Following the procedure of the FMECA,
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the parts involved in this chain are all set as KCs. The objec-
tive of this application is to classify the dimensions depending
on their influence on the output and to be able to reduce the
number of KCs as much as possible. An average value and a
standard deviation and a tolerance interval are associated for
each dimension. The capability requirements C(r)

pi and C(r)
pki are

also given for each dimension. Having all the data needed as
presented in Table 1, the conformity domain where the average
values and the standard deviations should lie into is determined,
it is a triangular domain since C(r)

pi = C(r)
pki. The input param-

eters are both the variable standard deviations and the mean
shifts values associated for each dimension. The output is the
Non-conformity rate estimated by the APTA method already
described. The sensitivity method applied is the Sobol’ method.
The first order and the total order Sobol’ indices are computed,
they correspond respectively to the main effect of each param-
eter and to the interaction of each parameter with the others.
The strategy adopted to estimate the Sobol’ indices is based on
Monte Carlo method, and it is detailed in [20]. The number
of samples taken is N=30000. The mean shifts and standard
deviations cannot be separated. They are grouped during the
calculation as discussed in section 4. They are assumed to have
a uniform repartition on the triangular domain,because no other
information was available. The distribution may be adjusted if
data is available. The different steps done during the calculation
are summarized in Fig.3.

Generate N statistical parameters, σ and δ

Limit the parameters in their conformity domain

Estimate the corresponding NCR

Apply the Sobol’ method based on Monte Carlo

Estimate of the sensitivity indices

Classify the KCs

Fig. 3. The different steps of the proposed method

5.2. Results

The graph presented in Fig.4 shows that the main effects of
the mean shifts and standard deviation of the dimensions D2
and D5 are the most important. In addition, it is noticed that the
total indices associated with the same dimensions have a high
value comparing to others. It can be concluded that these two
dimensions have a major importance in the dimensional chain
and should be considered as Key-Characteristics. The effects of
other dimensions such as D1, D7, D8 D9 and D10 are almost
zero so they can be neglected. The remaining dimensions with
intermediate sensitivity values cannot be classified as KCs or
non-influencing parameters. The decision on how to treat these
dimensions remains outside of the scope of this paper.

Table 1. Input Data.

Dimensions ai Ti ti C(r)
p = C(r)

pk

D1 -0.04 10.53 0.2 1.1
D2 -0.5 0.1 0.2 1.1
D3 -0.5 0 0.06 1.1
D4 1.14 0.643 0.015 1.1
D5 0.91 0 0.06 1.1
D6 0.91 0.72 0.04 1.1
D7 1.10−4 1.325 0.05 1.1
D8 0.05 0.75 0.04 1.1
D9 1.10−4 0 0.04 1.1
D10 0.13 3.02 0.06 0.86
D11 -1.4 0.72 0.04 0.86
D12 -1.15 0 0.04 0.86
D13 -0.9 0.97 0.04 0.86
D14 0.13 0.4 0.06 0.86

D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12 D13 D14

Dimensions

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
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Total effects

Fig. 4. First and Total order Sensitivity indices

6. Conclusions

This paper presents a new methodology that can be used
for the identification of the Key Characteristics by combining
the Sobol’ sensitivity analysis method with the APTA method.
Both methods are described in this paper. An application ex-
ample with the case of a linear functional requirement is also
presented. In this example, the effects of the variation of the
mean shifts and standard deviations of each dimension on the
NCR are measured. The results show that the variability of
the statistical parameters of some dimensions have an important
impact on the non conformity rates. It can be concluded that the
corresponding dimensions should be manufactured with special
attention.

Based on the FMECA method, the parts involved in a critical
dimensional chain are all set as KCs. The application of the
proposed methodology allows the reduction of the number of
parts considered as KCs and consequently the efforts dedicated
to checking them.

The sensitivity analysis is done on two levels of uncertainty,
the uncertainty in the production batches and on their statistical
parameters.

The proposed method could be developed in later steps for
the identification of the Key Characteristics for more complex
systems such as non linear and over-constrained systems. In
addition, the considered variables are assumed to have normal
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If the value of S i is zero, it can be deduced that the function y
does not depend on θi. In another hand if S i is equal to one, it
means that y depends only on θi.
The second order sensitivity indices gives the sensitivity of the
variance of the output to the interaction between the input fac-
tors θi , θ j. It is expressed as:

S i j =
Vi j

V
(9)

If n is the number of the model parameters, 2n − 1 indices are
to be estimated.
The total Sensitivity index, measures the interaction of each
variable with the other variables [19]. All the terms of the de-
composition in Eq.(7) where i is involved are used. It is ex-
pressed as:

S Ti = S i +
∑

j

S i j +
∑

j,k

S i jk + . . . (10)

It can be also expressed as:

S Ti =
V−i

V
(11)

Where V−i is the contribution of all except the ith parameter.
There is absence of interaction between Xi and other variables,
if the value of the total effects is equal to the value of the main
effects. The Monte Carlo methods are used for the estimation
of the Sobol’ indices [19]. One drawback of this method is the
need of a high number of samples for a precise approximation
of the results.

4. Sensitivity Analysis of the statistical parameters on the
Non Conformity Rate

In the scope of this paper, a method to study the sensitivity
of the NCR estimation to the uncertainty of the statistical in-
put parameters is presented. The NCR is estimated using the
APTA method already discussed in section 2.2. Sobol’ indices
also presented in section 3 are calculated to measure the influ-
ence of the uncertainty in the input parameters on the NCR. To
do a sensitivity analysis, the input parameters, the output func-
tion and the geometrical model should be defined. The input
parameters are the statistical parameters σi and δi correspond-
ing to the dimensions. The output function is the NCR of the
system. The NCR gives an approximation of the number of
defect products during the process. In addition, the reduction
of the defect products is a main concern in industry to assure a
high quality production, which explains the choice of the output
of this model. The choice of the input parameters is due to the
fact that the production of the products is not perfect, therefore
there is a variation in the mean shifts and standard deviation of
the dimensions. This variability has non negligible impact on
the NCR. The choice of the Sobol’ method which is a variance
based method is based on the fact that it is a quantitative global
method.
As mentioned in section 3, the application of the Sobol’ method
is only applicable when the input parameters are independent.
Values for the mean shifts and the standard deviations are to
be associated for each dimension following a normal distribu-
tion. It can be deduced that σi and δi are dependent variables.

The dependency in the input parameters imposes to group these
parameters together in order to be able to apply the Sobol’
method. The formulation of the problem is done by considering
the NCR as the function to be decomposed such that:

NCR(δ, σ) =
n∑
i

NCRi(δi, σi)

+
∑ ∑

1�i� j�n

NCRi j(δiσi, δ jσ j)

+ ...NCR12...n(δ1σ1, δ2σ2, . . . , δnσn)

(12)

Then the variance decomposition in applied as in Eq.(7), and
the partial variances are expressed as:

Vi = Vδiσi

[
E∼δiσi [NCR | δiσi]

]
(13)

Vi j = Vδiσiδ jσ j

[
E∼δiσi,δ jσ j [NCR | δiσi, δ jσ j]

]
− Vi − Vj (14)

E is the mathematical expectation. Similar relations can be ob-
tained for the higher order terms of the decomposition. Once
the total and the partial variances are well defined, the Sobol’
indices can be computed. In this work the first and the total
order indices are estimated. These indices aggregate the contri-
butions of the dimension to the variability of the NCR. Dimen-
sions with high Sobol’ indices need additional attention, as they
can be associated with large variations of the NCR.

5. Application Example

5.1. Description of the problem

An example of an electrical plug is shown in Fig.2. A func-
tional requirement is associated with this example, the inclina-
tion Y of the electrical plug should be below a threshold value.
Y is a function of fourteen parameters which are the dimensions
of the parts involved in the dimensional chain. This function is
linearised in a way to have the following relationship:

Y = f (Di) ≈ a0 +

14∑
0

aiDi (15)

Fig. 2. Electrical Plug

The chain of dimensions associated with this example is set
as a critical chain. Following the procedure of the FMECA,
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the parts involved in this chain are all set as KCs. The objec-
tive of this application is to classify the dimensions depending
on their influence on the output and to be able to reduce the
number of KCs as much as possible. An average value and a
standard deviation and a tolerance interval are associated for
each dimension. The capability requirements C(r)

pi and C(r)
pki are

also given for each dimension. Having all the data needed as
presented in Table 1, the conformity domain where the average
values and the standard deviations should lie into is determined,
it is a triangular domain since C(r)

pi = C(r)
pki. The input param-

eters are both the variable standard deviations and the mean
shifts values associated for each dimension. The output is the
Non-conformity rate estimated by the APTA method already
described. The sensitivity method applied is the Sobol’ method.
The first order and the total order Sobol’ indices are computed,
they correspond respectively to the main effect of each param-
eter and to the interaction of each parameter with the others.
The strategy adopted to estimate the Sobol’ indices is based on
Monte Carlo method, and it is detailed in [20]. The number
of samples taken is N=30000. The mean shifts and standard
deviations cannot be separated. They are grouped during the
calculation as discussed in section 4. They are assumed to have
a uniform repartition on the triangular domain,because no other
information was available. The distribution may be adjusted if
data is available. The different steps done during the calculation
are summarized in Fig.3.

Generate N statistical parameters, σ and δ

Limit the parameters in their conformity domain

Estimate the corresponding NCR

Apply the Sobol’ method based on Monte Carlo

Estimate of the sensitivity indices

Classify the KCs

Fig. 3. The different steps of the proposed method

5.2. Results

The graph presented in Fig.4 shows that the main effects of
the mean shifts and standard deviation of the dimensions D2
and D5 are the most important. In addition, it is noticed that the
total indices associated with the same dimensions have a high
value comparing to others. It can be concluded that these two
dimensions have a major importance in the dimensional chain
and should be considered as Key-Characteristics. The effects of
other dimensions such as D1, D7, D8 D9 and D10 are almost
zero so they can be neglected. The remaining dimensions with
intermediate sensitivity values cannot be classified as KCs or
non-influencing parameters. The decision on how to treat these
dimensions remains outside of the scope of this paper.

Table 1. Input Data.

Dimensions ai Ti ti C(r)
p = C(r)

pk

D1 -0.04 10.53 0.2 1.1
D2 -0.5 0.1 0.2 1.1
D3 -0.5 0 0.06 1.1
D4 1.14 0.643 0.015 1.1
D5 0.91 0 0.06 1.1
D6 0.91 0.72 0.04 1.1
D7 1.10−4 1.325 0.05 1.1
D8 0.05 0.75 0.04 1.1
D9 1.10−4 0 0.04 1.1
D10 0.13 3.02 0.06 0.86
D11 -1.4 0.72 0.04 0.86
D12 -1.15 0 0.04 0.86
D13 -0.9 0.97 0.04 0.86
D14 0.13 0.4 0.06 0.86
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6. Conclusions

This paper presents a new methodology that can be used
for the identification of the Key Characteristics by combining
the Sobol’ sensitivity analysis method with the APTA method.
Both methods are described in this paper. An application ex-
ample with the case of a linear functional requirement is also
presented. In this example, the effects of the variation of the
mean shifts and standard deviations of each dimension on the
NCR are measured. The results show that the variability of
the statistical parameters of some dimensions have an important
impact on the non conformity rates. It can be concluded that the
corresponding dimensions should be manufactured with special
attention.

Based on the FMECA method, the parts involved in a critical
dimensional chain are all set as KCs. The application of the
proposed methodology allows the reduction of the number of
parts considered as KCs and consequently the efforts dedicated
to checking them.

The sensitivity analysis is done on two levels of uncertainty,
the uncertainty in the production batches and on their statistical
parameters.

The proposed method could be developed in later steps for
the identification of the Key Characteristics for more complex
systems such as non linear and over-constrained systems. In
addition, the considered variables are assumed to have normal
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distributions. It could be interesting to see the behaviour of the
method when dealing with different types of distributions.
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