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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the 28th CIRP Design Conference 2018. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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Abstract 

The T-Map® (Tolerance-Map®) model for representing geometric variations of planar surfaces is extended to include probabilistic 
representations of variations of those surfaces. T-Maps are hypothetical volume of points, which can arise from tolerances on size, position, 
orientation, and form. The variations of a planar surface are decomposed into manufacturing and geometric bias. Statistical accumulation of 
variation in an assembly is computed using convolution of T-Maps. The dimension of interest is mapped to a surface Sc in the hypothetical 
Euclidean space. Probability distribution is then computed as weighted surface area of intersection of the surface Sc with the convolved 
accumulation T-Map. 
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1. Introduction and purpose  

The modern method of specifying tolerances is through 
geometric dimensioning and tolerancing (GD&T or GPS), as 
specified in the ASME Y14.5M Standard [1] and/or ISO 1101 
[2]. For automation of the tolerance analysis/ allocation, a 
math model representing the standard is required. Various 
mathematical models have been developed for automating the 
analysis and synthesis of geometric tolerances; detailed 
reviews of these models are available in [3–11].  

The objective of this paper is to explore further an 
alternative model when using probability to assign/analyze 
tolerances to the parts in an assembly. The method is based on 
using Tolerance-Maps ([12–17]) to produce probability 
density functions (PDFs) to classify the geometric 
possibilities of a feature in its tolerance-zone.  The initial 
work on this method appears in [18] and [16].  The effect of 
form on the PDFs for planar features on single part is 
presented in [19].  In these works, only the geometric 
variations of the feature are considered: we presume 

manufacturing bias to be uniformly distributed over all 
geometric possibilities.  The specific objectives of this paper 
are to demonstrate statistical accumulation of variation in an 
assembly with form variation and orientation tolerance to the 
development of PDFs (size and parallelism) for the target 
feature of assembly, and to illustrate how weightings from 
non-uniform manufacturing bias (for position, orientation and 
form) may influence the PDF that results. Of course, the 
model is robust enough to include more specific biases of 
specific machines and processes for manufacturing, a 
modeling that is helpful for concurrent design.  

2. Worst-Case Tolerance Analysis with T-Maps 

A Tolerance-Map® (T-Map®) is a hypothetical Euclidean 
point-space, the size and shape of which reflects all 
variational possibilities for a target feature. It is the range of 
points resulting from a one-to-one mapping from all the 
variational possibilities of a feature, within its tolerance-zone, 
to the Euclidean point-space. These variations are determined 
by the various tolerances that are specified on the feature.  1Contributed to this research while at Arizona State University. 
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2.1 The basis-tetrahedron 

The T-Map for any combination of tolerances on a feature is 
constructed from a basis-simplex in a space of dimension n, 
the value of n corresponding to the freedom of movement of 
the feature within the tolerance-zone; it is described with areal 
coordinates.  We choose to position the four basis-points  1, 
2,  3 and  4 as shown in Figure 1. At the four basis-points 
we place four masses 1, 2, 3, and 4 that may be positive or 
negative. So long as 1 + 2 + 3 + 4  0, the position of  , the 
centroid of these masses, is uniquely determined by the linear 
combination 

  443322114321    (1) 
and we can make  assume any position in the space of  1.. 

4 by varying 1, 2, 3, and 4.  For example, for 1..4 all 
positive,  identifies any point inside tetrahedron  1 2 3 4.  
Consequently, the four i's can be normalized by setting  

 1 +  2 +  3 +  4 = 1;  (2) 
then they are areal coordinates and  

44332211    .  (3) 
 

o

 

Figure 1. The basis tetrahedron with its basis points. 

The shape of the basis-tetrahedron was chosen to simplify 
interpretation of T-Maps, particularly to decouple rotational 
and translational displacements in the tolerance-zone [12]. 

2.2 The Tolerance-Map (T-Map) for a Face with size 
tolerance 
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(a)    (b) 

Figure 2. (a) The tolerance zone on size for a rectangular bar and a coordinate 
frame centered within it. (b) Corresponding T-Map for the tolerance zone in 
(a). 

In Figure 2(a) is shown the end of a rectangular bar of 
cross-sectional dimensions dx

 x dy ( dx < dy ). The length of the 
part shown is  with an exaggerated tolerance t. According to 
the ASME Standard Y14.5 and/or ISO 1101, all points of the 
end-face must lie between the limiting planes  1 and  2, and 
within the rectangular limit of the face. The region defined by 
the limiting planes and the rectangular limit of the face is the 
tolerance-zone for the planar face.  

A coordinate frame is located in the tolerance zone with 
its origin O at the geometrical center of the tolerance zone as 

shown in Figure 2(a). This coordinate frame has its axes 
parallel to the edges of the part. Presuming the face at first to 
be of perfect form, i.e. a rectangular segment of a plane, the 
possible placement of this face is against any one of a three-
dimensional set of planes. Utilizing the parameters of each 
plane in the tolerance zone and the respective basis-
tetrahedron, a mapping function is created between the planes 
in tolerance zone to points in the hypothetical space of the 
basis tetrahedron. Each of these planes in the tolerance zone is 
then mapped to a specific point in the T-Map, as shown in 
Figure 2(b).  

The construction of a T-Map ensures that each point 
inside it represents a single valid configuration of the feature 
within its tolerance-zone. The T-Map for a planar face 
faithfully represents the 3-D variations permitted by the 
tolerance-zone: translation perpendicular to the plane and 
rotations about the x- and y- axes (Figure 2(a)). Measures 
along the s-axis of the T-Map represent parallel variations of 
the plane negatively along the z-axis in the tolerance zone, 
while the p'- and q'- axes represent the orientational variations 
of the plane about the y- and x- axes, respectively. For further 
details about constructing the T-Map in Figure 2(b), the 
reader is advised to refer to [20]. 

2.3 Worst Case Tolerance Analysis 

Worst case tolerance analysis with T-Maps is conducted by 
following the steps listed below 

1. Identify the features in the stack up from datum to target 
feature of the assembly. 

2. Using the DRF’s of each feature in the stack-up, create T-
Maps for each. 

3. Utilizing homogeneous transformation matrices to 
modify (conform) the individual T-Maps to represent the 
variations at the target feature of the assembly. 

4. Accumulate the individual conformed T-Maps by 
utilizing Minkowski sum, thus creating an accumulation 
T-Map for the assembly. 

5. Based on the target feature and dimension of interest, 
create a variable size T-Map (called functional T-Map) of 
the target feature. 

6. Align the accumulation T-Map with the functional T-
Map. Resize the functional T-Map until it circumscribes 
the accumulation T-Map. The dimensions of 
accumulation and functional T-Map leading to the points 
of contact between them reveals the stack up 
equation/value. 

These steps have been demonstrated in detail with case 
studies in [12,15,20,21]. Next, we demonstrate the statistical 
model of tolerance zone for T-Map in order to conduct 
statistical tolerance analysis for assemblies.  

3. Statistical Model of Tolerance-Zones And Dimensions 
of Interest From T-Maps 

3.1 Mathematical Definition of Probabilistic Representation 
of Variations 

Let En be the n-dimensional Euclidean space in which the T-
Map for a tolerance feature is defined. The parameters of the 
feature, controlled by the tolerances (as represented in the 
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space En), are e1…en. Let A be the set of points representing a 
T-Map. Therefore, A is an n-dimensional subset of the space 
En, i.e., AEn. A can be chosen to depict an individual T-Map 
for part variations or an accumulation T-Map for assembly 
variations. The unit of the content of A will be (length)n. Let 
Bc be the n-1 dimensional set of points defining the variations 
of the target feature that give a particular value c, for the 
dimension of the interest (such as clearance or height) i.e., Bc 
En. The unit of the content of Bc will be (length)n-1. Let Sc be 
the set of points inside the T-Map that define the variations of 
the target feature for a particular value of c, for the dimension 
of the interest (such as clearance) i.e., ScA, ScBc. 
Therefore Sc can be obtained as an intersection of A and Bc 
i.e., S = A  Bc. The unit of the content of Sc will be 
(length)n-1. The content of the set Sc represents the frequency 
with which the value c for the dimension of interest is 
obtained. Since c is a continuous variable, the content of Sc 
can be obtained by integrating over the set Sc. The probability 
density function can be obtained by evaluating the content of 
the set Sc. The probability density function is shown in 
equation (4), where k is the reciprocal of the content of the set 
A and s1…sn-1 are the parameters of the set Sc. 

  1
1

1
1

......... dsdskcf
n
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

              (4) 

These are used to simplify the representation of the 
integration in equation (4). The unit of k is 1/(lengthn) and the 
unit of the content of Sc is (length)n-1. Therefore, the unit of 
f(c) is 1/(length). When the probability density function is 
integrated between two parameters c1 and c2 having length 
units, the result is the probability that the value of c will lie 
between c1 and c2; 
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For practical problems, such analytical integrations are 
complicated and cannot be automated. Therefore, numerical 
integration schemes will be used to demonstrate the 
application of the probability model proposed in this paper. 

Manufacturing bias can be included by using a joint 
probability density function g(e1,e2,…,en) for the space En. 
This function g(e1,e2,…,en) can be used to influence the 
probability density function f(c) as shown in equation (6). 
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where k' is the probabilistic content of the set A. The 
probability that the value of c will lie between c1 and c2 can be 
obtained as shown in equation (7). 
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3.2 Assemblies and Joint Probability Distributions 

The dimension of interest for Part 1 and Part 2 
individually that are to be assembled to form an assembly will 
have a particular distribution of the variation of the feature 
within the tolerance zones and the corresponding T-Maps. 
When a worst-case tolerance analysis is being conducted, we 

combine the two T-Maps through the Minkowski sum; to find 
the convex hull, i.e. the boundary of the accumulation T-Map. 
For statistical analysis we are also interested in the probability 
distribution within the accumulation T-Map as a result of 
combining the probability density functions associated with 
the two operand T-Maps. 

The Minkowski Sum is the convex hull (boundary points) 
of the vector addition of two convex hulls. Since in vector 
additions, each component (say x) is added to another 
component of the same type. For example, if V1(x1, y1, z1) and 
V2(x2, y2, z2), then V1+V2 = (x1+x2, y1+y2, z1+z2). We can 
obtain the probability density within the accumulation T-Map 
using the convolution. Convolution has been used to perform 
Minkowski Sums of concave polygons [22,23] and for 
combining multiple statistical distribution functions in the 
literature [24].   

Since the shape of most accumulation T-Maps contains 
discontinuities of order C1 (tangents) and/or C2 (curvature), 
it is not feasible, in general, to analytically obtain the 
probability density function for the accumulation T-Map. 
Also T-Maps are multidimensional. Therefore, from a 
computational point of view, in this paper the development of 
the distribution of the sum of joint probability distributions 
will be demonstrated using the numerical “FFTW” package 
developed at MIT [25]. 

3.3 Form and Orientation Tolerance 

Form variations are modeled as subset T-Maps within the 
size/position T-Maps. Each instance of form subset reduces 
the possible location and orientation variations. These subsets 
conform to the standard. Details of these subsets are provided 
in [12,19]. Equation (8) details this formulation with  
representing form bias and the limits of  defining the limits 
of S1….Sn based on the concept of subsets. 

 

 
(8) 

Orientation tolerances truncate the size/position T-Maps 
[12] based on the value and type of orientation tolerances. 
When parallelism is applied between two planar features, the 
lateral extent of a T-Map is truncated in all directions of the 
p'q' plane (Figure 2(b)) by planes or cylindrical segments that 
are parallel to the s-axis.  When perpendicularity is applied 
between two planar features, the T-Map is truncated along p’ 
or q’ axis depending on the relative orientation of the planar 
features. Form shape 

3.3 Properties of the Model 

3.3.1 Flexibility: The probability model developed in 
§3.1 can include any kind of manufacturing biases as shown 
in equation (6). These manufacturing biases can be included 
as a joint probability density function for the parameters of 
the space of the T-Map. Similarly, any kind of manufacturing 
biases for the distribution of the subset of form can be 
included using equation (8). Such manufacturing biases are 
dependent on various experimentally obtained factors, such as 
machine tool, material, machinist, environment etc. 

3.3.2 Extensibility: The probability model of T-Maps 
presented in §3.1 is not specific to a feature, tolerance or 
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dimension. Therefore, this probability model for T-Maps can 
easily be applied to any type of feature, tolerance and 
dimension as long as the T-Map model supports it. When 
applying the probability model of T-Map, the following 
characteristics need to be identified; Dimension of interest c 
and the Set Sc. 

These characteristics will appear in examples in §4, §5 
and §6. Since the developments for the accumulation T-Map 
and functional T-Map have already been discussed (§2.3), the 
identification of the Set Sc for each type of target feature and 
dimension of interest will be the most important step for 
applying the probability model of T-Map to different 
assembly examples.  

4. Assembly of Two parts with height as dimension of 
interest 

To demonstrate the application of the probability model, 
consider the assembly shown in Figure 3. Part 1 has a 
rectangular target face while part 2 has a circular target face. 
The assembly’s dimension of interest is the maximum height 
from datum A.  

 

Figure 3. Assembly of two parts with dimensions l 1 and l 2.  

4.1 Only Size Tolerance 

When only size tolerances are considered (t1 and t2 on 
dimensions l 1 and l 2), the T-Map for part 1 is shown in Figure 

2(b) while the T-Map for part 2 is a dicone with its axis along 
the s-axis. Manufacturing bias is considered uniform for this 
case and no form variations are considered. The T-Map for 
part 1 is conformed to the target circular face by scaling it 
along the dy-dimension with the ratio dx/dy. Then, convolution 
of the two T-Maps results in a convolved accumulation T-
Map, as shown in Figure 4(a,1). Distinct colors in Figure 
4(a,1) indicate change in density within the convolved 
accumulation T-Map by 25% due to convolution. The value 
of t1 and t2 for the case study is assumed to be 1. 

The surface Sc can be identified from the target face as the 
top conical surface of the dicone. Surface area of intersection 
of the Sc with the convolved accumulation T-Map provides 
the frequency distribution of a particular height value (based 
on the location of Sc) of the assembly. This intersection 
surface for three different height values is shown in Figure 
4(a,2). The resultant PDF is shown in Figure 5 with dashed 
gray lines. 

4.2 With Form Variations 

When form variations are considered within the tolerance-
zone for size, multiple subset T-Maps for form are generated 
representing different amount of form variations. In this case, 
manufacturing bias and form variations are considered to be 
uniform across the entire size-zone. This implies that form 
variation of 0 is equally likely as form variation of t1/2 or t1. 
Individual T-Map densities (weights) are computed based on 
sum of weights from all subsets for form variations. For 
details please refer to [19]. Then, the weighted T-Maps for 
two parts with form variations are convolved resulting in the 
convolved accumulation T-Map depicted in Figure 4(b,1). 

The surface Sc remains the same as in§ 4.1 but the 
intersections and the weights on intersection area change as 
depicted in Figure 4(b,2). The resulting PDF is shown in 

(1) 
 

 

(2) 

Figure 4:Convolved accumulation T-Map and intersection of Sc for different values of dimension of interest. Colors indicate relative weight values. Red - 0.1%, 
green -25%, blue-50% and black-75%. Row (1) displays different convolved accumulation T-Map while row (2) displays the corresponding intersection with 
surface Sc for particular values of dimension of interest. Each column represents four different cases in§ 4. (a) With size tolerance but not form variations (b) size 
tolerance and form variations (c) size and parallelism tolerance but no form variation and (d) size and parallelism tolerance with form variation. 

 (a)    (b)    (c)   (d) 

l2 
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Figure 5 with gray continuous line. As is evident, the impact 
of including form is to shift the mean towards larger heights. 

4.3 With Parallelism tolerance 

When parallelism tolerances for part 1 (t1/2) and part 2 
(t2/2) with respect to datum A and D, respectively, are 
included, the corresponding T-Maps get truncated all around 
the T-Map edge in the p'q' plane. The resultant convolved T-
Maps, without and with form variations, are shown in Figure 
4(c,1) and Figure 4(d,1) respectively. The surface Sc remains 
the same as in§ 4.1 but the intersections and weights change 
as shown in Figure 4(c,2) and Figure 4(d,2). The resultant 
PDF without and with form variations are shown in Figure 5 
with black dashed and continuous, lines respectively. 
Comparing back and gray lines, it is evident that the impact of 
parallelism tolerance is to shift the mean towards lower height 
while form variations push the mean towards higher height 
values. Furthermore, form variations also causes the 
distribution of the height to be narrower. 

 

Figure 5: PDF for different cases shown in Figure 4. The horizontal axis 
represents variation from nominal height value (l 1 + l 2) of the assembly. The 
vertical axis represents the relative frequency distribution. 

4.4 With Manufacturing Bias 

In this model manufacturing bias can be included as a 
distribution, as sets (with probability as weights), or 
combination of both. A truncated gaussian distribution as 
manufacturing bias for PDF of single part is already 
demonstrated in [19]. Here we will demonstrate 
manufacturing bias for (a) form variation as a set and (b) 
height variation below nominal as a function. Form variation 
below value t/2 will have zero likelihood while form variation 
from t/2 to t will be equally likely (weight 1.0). Similarly, 
height variation above nominal will be equally likely (weight 
1.0) while height variation below nominal will have weight = 
1+(10X|h0-hi|)3, where h0 is nominal height while hi is height  

 

Figure 6: PDF for manufacturing bias in form and height of the planar feature 
in a two-part assembly shown in Figure 3. 

value of a point within the T-Map of individual part. The 
resulting PDF following the analysis is shown in Figure 6. 
Compared to the PDFs of Figure 5, this particular 
manufacturing bias has shifted the mean of PDF towards the 
nominal value. 

5. Assembly of Two parts with evaluated parallelism zone 
size as dimension of interest  

In the assembly of Figure 3, if the functional dimension of 
interest was the size of evaluated parallelism zone of the 
target feature, then the shape of surface Sc will be changed. It 
will be a cylinder of varying radius based on the size of 
evaluated parallelism zone. All other steps for creating 
convoluted accumulation T-Maps will be the same as in §4. 
An intersection, and the weighted surface area of intersection, 
needs to be recomputed based on new Sc. Two sets of 
intersection surfaces are shown for new Sc in Figure 8, 
without and with parallelism tolerance specified. Four 
resultant PDFs are shown in Figure 7. When a parallelism 
tolerance is not specified, the worst case size of evaluated 
parallelism zone is t1+t2 (=2). When a parallelism tolerance t/2 
is specified, the worst case size of evaluated parallelism zone 
is 0.5 (t1+t2)=1. As in Figure 5, form variation causes the 
mean of PDF to shift towards the left. Parallelism tolerance 
specification also causes the mean of PDF to shift left, 
because of change in the worst case value. 

 

Figure 7: PDF for different cases from Figure 4 with size of evaluated 
parallelism zone being the dimension of interest. 

6. Linearly Stacked Assembly of multiple parts 

To understand the impact of an assembly of multiple parts, 
(i.e. convolution) we consider an assembly of n similar parts 
(rectangular) with same lateral dimensions stacked one on top 
of another. The tolerances of n parts add to 0.7. Therefore, the 
size tolerance on each part is 0.7/n. Now we vary n from 1 to 
seven and follow the statistical model discussed in §4 to 
understand the impact of number of parts in an assembly by 
developing PDFs. For the development of these PDFs’, form 
variation is ignored. These PDFs are shown in Figure 9. As 
the value of n increases, the mean shifts towards the nominal 
value and the variance reduces.  

7. Conclusion 

This paper demonstrated the flexibility and extensibility 
of the probability model of T-Maps. To represent assembly of 
parts statistically, convolution of weighted T-Maps, resulting 
in convoluted accumulation T-Map, was proposed followed 
by intersection with a surface Sc. Surface Sc is obtained by  
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Figure 8: Different instances of intersection of surface Sc for the dimension of interest being the size of evaluated parallelism zone. (a) with no parallelism 
tolerance specified and (b) with parallelism tolerance (t/2) specified.  

 

 

Figure 9: Effect of number of parts in stack up on the PDF of height of the 
assembly.  

identifying the dimension of interest for the assembly and its 
mapping in the T-Map space. The PDF of the dimension of 
interest was developed from the weighted area of the 
intersection of Sc and the convoluted accumulation T-Map for 
the assembly. The effect of form variations, orientation 
tolerances, manufacturing biases (on form and height 
variations) and two different dimensions of interest were 
demonstrated on the resultant PDF. The PDF can be utilized 
for statistical tolerance allocation thereby loosening tolerances 
(reducing costs) while scrapping only a small percentage of 
assemblies. 
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