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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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Abstract 

Geometric deviations arising from multiple variation sources in Additive Manufacturing (AM) process chain have been a major issue regarding 
product quality. Therefore, effective modeling of the geometric deviations is becoming critical for AM. In this paper, in-plane geometric 
deviations are investigated based on the assumption that typical deviation sources in AM can be mapped to different transformations (scaling, 
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1. Introduction 

As a manufacturing technology that builds three-
dimensional products by successively adding material layer by 
layer under computer control, Additive Manufacturing (AM) 
distinguishes from traditional manufacturing technologies for 
its ability to manufacture products with complex shapes, 
intricate internal structures and multiple materials. Therefore, 
AM has gained extensive research attention and continuous 
development in recent years. 

Geometric deviations remain a major issue that hinders the 
further development of AM.  These geometric deviations are 
induced by multiple sources underlying in different workflows 
of the AM process. In the digital workflow where the input data 
are prepared for the machine, chordal deviations are introduced 
during the translation from CAD model to the approximated 
STL facet model. In the physical workflow that transforms raw 
materials into end product [1], machine errors, material 
shrinkage and distortion as well as the staircase effect bring 
about different patterns of deviations. Support removal during 
post-processing of the product also affects the surface quality 
of the final product. Based on [2], Fig.1 provides a cause-and-
effect diagram of geometric deviations in AM. 

 

 

Fig. 1. Cause-and-effect diagram of geometric deviations in AM. 

Considerable research efforts have been devoted to the 
effective modeling of geometric deviations in each stage of the 
AM process and the derivation of compensation plans to 
control deviations. To decrease the approximation deviation 
introduced in translation from CAD model to STL file, STL 
modification algorithms [3,4]  are proposed to locally modify 
the STL facets based on criteria like chordal error, cusp height 
and form error. Adaptive slicing approaches are proposed to 
minimize the deviation induced by the staircase effect [5,6]. 
New file formats, such as Steiner patch [7] and Additive 
Manufacturing Format (AMF) [8], are proposed that use curved 
surface patches and result in a more accurate approximation of 
the CAD surface.  
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Based on Eq.4, we will discuss the shape deviation 
representation in PCS for two kinds of shapes: the circular 
shape and the polygonal shape, among which the latter can be 
easily extended to represent deviations for other polygonal 
shapes. 

For a circular shape, its polar representation is 

0( ) , [0,2 ]r r                                                                     (5) 

This representation is derived by substituting the Cartesian 
coordinates with cos( ), sin( )x r y r   in Eq.6.  

2 2 2
0x y r                                                                              (6) 

In order to calculate the deviations between the nominal shape 
and the transformed shape in PCS, their coordinates need to be 
calculated with respect to the same origin. Therefore, by 
substituting T T( , )x y with T T T Tcos( ), sin( )  x r y r in Eq.4 and 
combining Eq.4 with Eq.6, we get Eq.7, in which 

=( , , , , )x ys s x y   is the transformation parameter set. 
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(7)       

Resolving Tr with respect to , we can get the analytical polar 
representation of the transformed shape T ( ; ) r , which is a 
quite long equation and cannot be properly presented in this 
paper, so the details of this equation will be omitted.  Therefore, 
the shape deviation can be represented in the deviation space 
as Eq.8, in which ( )  is a random term to account for the 
aleatory variation in the shape profile and is assumed to have a 
normal distribution with mean 0 at each angle . 

T 0( ; ) ( ; ) + ( )      f r r                                                      (8)             

With this function, we can make different tests of the shape 
deviations under various transformations by setting the values 
of transformation parameters  . Fig.3 illustrates 3 deviation 
patterns resulted from different transformation effects on a 
circular shape with 0 10r  . The parameter values are set as 

0.98xs  (Fig.3(a)), 0.2 x (Fig.3(b)) and 0.98, / 9xs   

(Fig.3(c)). The shapes before and after transformation are 
shown on the right to illustrate the differences.  Random term 
in Eq.8 is not considered here to emphasize the main patterns. 

The study on deviation of polygonal shapes can be 
generalized to any convex shapes that can be approximated by 
a complex polygon through subdivision. A critical part in 
representing the shape deviations under transformations of a 
polygonal shape is to derive its polar representation. Unlike the 
circular shape that has uniform radius, the radius of the 
polygonal shape varies and has to be treated respectively for 
each edge. First of all, the vertices of a polygonal shape are 
ordered counter-clockwise, and the shape can be defined by a 
set of neighboring vertex pairs. For example, a polygonal shape 
with N vertices is defined as 1 2 2 3 N-1 N N 1{[ , ],[ , ],...,[ , ],[ , ]}P P P P P P P P , 
each vertex pair defines an edge of the shape. The polar 
coordinates of the end points of an edge are obtained through 

polar transformation, thus we get the angle range that the edge 
covers in the polar space. The problem now becomes how to 
derive the polar radius 0( )r  of the shape at an arbitrary polar 
angle  , which is the distance between the origin and the 
intersection point of one edge of the shape and a ray starting 
from the origin and pointing in the direction of . Since the 
angle range of each edge is known, it is easy to determine the 
edge that intersects with the ray of  by finding the range that 
 lies in. Suppose the intersected edge is [ ( , ), ( , )]m m m n n nP x y P x y  
covering the angle range [ , ]; , 1,2,...  m n m n N , the radius at
can be calculated following Eq.9. 
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Fig. 3. Deviation of circular shape under (a) Scaling effect; (b) Translation 
effect; (c) Combined scaling and rotation effect. 

The polar representation of the transformed shape can be 
derived in a similar manner, the difference lies in that the angle 
range of each edge should be changed due to the transformation 
effects. As can be seen in Fig.4, the radius of the transformed 
shape ( ; )Tr   at is calculated based on the new positions of 
the vertices ' ',m nP P , and the new positions are calculated 
following Eq.3 based on these transformation parameters  . 
Therefore, as shown in Eq.10, the shape deviation for a 
polygonal shape is parameterized as a discrete function of the 
nominal Cartesian coordinates of its vertices 0 0( , )x y as well as 
transformation parameters  . 

0 0 0 0 0 0 0( ; , , ) ( ; , , ) ( ; , )+ ( )       Tf r rx y x y x y                   (10)             

Fig.5 illustrates 3 deviation patterns resulting from different 
transformation effects on a regular hexagon shape with 
circumscribed radius of 20mm. The parameter values are 
respectively set as 0.98xs  (Fig.5(a)), 0.2x  (Fig.5(b)) and 

0.98, / 60xs    (Fig.5(c)). The shapes before and after 
transformation are shown on the right to illustrate the 
differences. Random term in Eq.10 is not considered here to 
emphasize the main patterns.  
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Another major branch of research is focused on the 
machine-related and process-related deviation modeling and 
compensation based on simulation or measurement data. The 
effect of Fused Deposition Modeling (FDM) and 
Stereolithography (SLA) machine errors on deviations are 
studied in [9] and [10]. Thermal behavior and influence of 
process parameters on thermal shrinkage of powder-bed AM 
processes are investigated by [11] and [12]. To address the 
effective modeling of shrinkage deviation, Huang et al. 
intuitively propose the classification of in-plane [13] and out-
of-plane [14] deviations, denoting the shrinkage inside each 
two-dimensional (2D) slice and along the build direction 
respectively. The focus of these in-plane deviation modeling 
methods has been the parametric modeling of the deviation 
profile. By observing the distribution of deviation, a basis 
function is prescribed and calibrated according to new 
observations and new shapes.  

Researchers from the tolerancing domain are also paying 
attention to AM. An enriched voxel-based volumetric 
representation is proposed by Moroni et al. [15] that overcomes 
the limitations of current tolerancing standards in the 
application of AM. A process-oriented deviation model has 
been proposed by Dantan et al. [16] to represent the overall 
deviation by a combination of deviation modes, with each 
mode corresponding to a deviation pattern caused by a specific 
source. Our previous works [17, 18] envision the application of 
Skin Model Shapes (SMS) [19] in AM, as well as proposing a 
Fourier-Series expansion (FSE) based method for in-plane 
deviation modeling and a shape transformation method for 
SMS generation. The idea of the FSE method is to represent the 
actual 2D product shape with a function of its polar radius with 
respect to its polar angle in the polar coordinate system (PCS). 
The function is approximated with a truncated FSE and the in-
plane deviation is evaluated as the difference between the 
function value and the nominal radius at each angle. However, 
in order to achieve a satisfactory accuracy, a high-order 
expansion is needed, yielding a large number of parameters and 
the number increases with the shape complexity. Therefore, in 
this paper, we propose a new transformation perspective to 
capture the in-plane systematic deviation patterns by 
investigating variations of the nominal shape during the AM 
process, thus significantly reducing the number of parameters.  

2. The shape transformation perspective for in-plane 
deviation modeling 

The layer-wise characteristic of AM has motivated research 
on the modeling of in-plane deviation. In order to facilitate the 
representation of in-plane deviation, the PCS has been adopted 
in many existing approaches to represent the deviation as the 
difference between the radii of the actual shape ( )r  and the 
nominal shape 0( )r    at different locations [0,2 ]  around the 
2D shape boundary. The actual shape denotes the shape of a 
layer of the fabricated product that can be reconstructed from 
the measurement data, as will be explained in detail in Section 
3.2.The nominal shape is the input shape of the corresponding 
layer that can be extracted from the CAD model, as illustrated 
in Fig.2. Thus, the deviation is represented as Eq.1. 

0( ) ( ) ( )r r r                                                                      (1) 

 

Fig. 2. In-plane deviation represented in PCS. 

Here we propose the definition of the deviation space – a 2D 
space established based on PCS and denoted as ( , )r  . The 
deviation patterns can be investigated in the deviation space by 
studying the distribution of deviation r with respect to  .   
Intricate deviation sources underlying in the AM process result 
in the variations of the nominal shape. Take the FDM process 
as an example, the extruder positioning error may cause the 
displacement of the final shape in either X- or Y-direction of 
the machine coordinate system and the heating and cooling 
process leads to thermal shrinkage and material distortion. 
Therefore, it is reasonable to make an assumption that such 
variations can be mapped to transformations of the nominal 
shape, in which three transformation effects can be defined by 
a set of parameters: the translation in X- and Y- direction ,x y 
to consider the extruder positioning error, the scaling ,Sx Sy
along X- and Y-direction to consider the shrinkage effect and 
the rotation  with respect to the origin  to account for the 
unexpected rotation due to machine axis and setup errors.  

3. In-plane deviation model formulation and estimation 

3.1. Model Formulation 

Based on these parameters, the transformation of the 
nominal shape in the Cartesian Coordinate System (CCS) can 
be defined with homogeneous transformation matrices. As 
shown in Eq.2, S R T, ,M M M represent transformation matrices 
of scaling, rotation and translation respectively. 
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Suppose that the coordinate of a point on the nominal shape 
is ( , )x y , multiplying the original coordinate vector with 
transformation matrices yields a new vector containing the 
transformed coordinates T T( , )x y .  
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Based on Eq.4, we will discuss the shape deviation 
representation in PCS for two kinds of shapes: the circular 
shape and the polygonal shape, among which the latter can be 
easily extended to represent deviations for other polygonal 
shapes. 

For a circular shape, its polar representation is 

0( ) , [0,2 ]r r                                                                     (5) 

This representation is derived by substituting the Cartesian 
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Resolving Tr with respect to , we can get the analytical polar 
representation of the transformed shape T ( ; ) r , which is a 
quite long equation and cannot be properly presented in this 
paper, so the details of this equation will be omitted.  Therefore, 
the shape deviation can be represented in the deviation space 
as Eq.8, in which ( )  is a random term to account for the 
aleatory variation in the shape profile and is assumed to have a 
normal distribution with mean 0 at each angle . 
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shown on the right to illustrate the differences.  Random term 
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angle range of each edge is known, it is easy to determine the 
edge that intersects with the ray of  by finding the range that 
 lies in. Suppose the intersected edge is [ ( , ), ( , )]m m m n n nP x y P x y  
covering the angle range [ , ]; , 1,2,...  m n m n N , the radius at
can be calculated following Eq.9. 

2 2
0

( ) ( )( ), ( ) ( )( )
tan ( )( ) [ , ]

tan ( )( )

( ) ( ) ( )

m m n m m n

m m
m n

n m m n

x x t x x y y t y y
y xt

x x y y

r x y

   
   



  

     


 

  

 

，                     (9)                                                               

 

Fig. 3. Deviation of circular shape under (a) Scaling effect; (b) Translation 
effect; (c) Combined scaling and rotation effect. 

The polar representation of the transformed shape can be 
derived in a similar manner, the difference lies in that the angle 
range of each edge should be changed due to the transformation 
effects. As can be seen in Fig.4, the radius of the transformed 
shape ( ; )Tr   at is calculated based on the new positions of 
the vertices ' ',m nP P , and the new positions are calculated 
following Eq.3 based on these transformation parameters  . 
Therefore, as shown in Eq.10, the shape deviation for a 
polygonal shape is parameterized as a discrete function of the 
nominal Cartesian coordinates of its vertices 0 0( , )x y as well as 
transformation parameters  . 

0 0 0 0 0 0 0( ; , , ) ( ; , , ) ( ; , )+ ( )       Tf r rx y x y x y                   (10)             

Fig.5 illustrates 3 deviation patterns resulting from different 
transformation effects on a regular hexagon shape with 
circumscribed radius of 20mm. The parameter values are 
respectively set as 0.98xs  (Fig.5(a)), 0.2x  (Fig.5(b)) and 

0.98, / 60xs    (Fig.5(c)). The shapes before and after 
transformation are shown on the right to illustrate the 
differences. Random term in Eq.10 is not considered here to 
emphasize the main patterns.  
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Another major branch of research is focused on the 
machine-related and process-related deviation modeling and 
compensation based on simulation or measurement data. The 
effect of Fused Deposition Modeling (FDM) and 
Stereolithography (SLA) machine errors on deviations are 
studied in [9] and [10]. Thermal behavior and influence of 
process parameters on thermal shrinkage of powder-bed AM 
processes are investigated by [11] and [12]. To address the 
effective modeling of shrinkage deviation, Huang et al. 
intuitively propose the classification of in-plane [13] and out-
of-plane [14] deviations, denoting the shrinkage inside each 
two-dimensional (2D) slice and along the build direction 
respectively. The focus of these in-plane deviation modeling 
methods has been the parametric modeling of the deviation 
profile. By observing the distribution of deviation, a basis 
function is prescribed and calibrated according to new 
observations and new shapes.  

Researchers from the tolerancing domain are also paying 
attention to AM. An enriched voxel-based volumetric 
representation is proposed by Moroni et al. [15] that overcomes 
the limitations of current tolerancing standards in the 
application of AM. A process-oriented deviation model has 
been proposed by Dantan et al. [16] to represent the overall 
deviation by a combination of deviation modes, with each 
mode corresponding to a deviation pattern caused by a specific 
source. Our previous works [17, 18] envision the application of 
Skin Model Shapes (SMS) [19] in AM, as well as proposing a 
Fourier-Series expansion (FSE) based method for in-plane 
deviation modeling and a shape transformation method for 
SMS generation. The idea of the FSE method is to represent the 
actual 2D product shape with a function of its polar radius with 
respect to its polar angle in the polar coordinate system (PCS). 
The function is approximated with a truncated FSE and the in-
plane deviation is evaluated as the difference between the 
function value and the nominal radius at each angle. However, 
in order to achieve a satisfactory accuracy, a high-order 
expansion is needed, yielding a large number of parameters and 
the number increases with the shape complexity. Therefore, in 
this paper, we propose a new transformation perspective to 
capture the in-plane systematic deviation patterns by 
investigating variations of the nominal shape during the AM 
process, thus significantly reducing the number of parameters.  

2. The shape transformation perspective for in-plane 
deviation modeling 

The layer-wise characteristic of AM has motivated research 
on the modeling of in-plane deviation. In order to facilitate the 
representation of in-plane deviation, the PCS has been adopted 
in many existing approaches to represent the deviation as the 
difference between the radii of the actual shape ( )r  and the 
nominal shape 0( )r    at different locations [0,2 ]  around the 
2D shape boundary. The actual shape denotes the shape of a 
layer of the fabricated product that can be reconstructed from 
the measurement data, as will be explained in detail in Section 
3.2.The nominal shape is the input shape of the corresponding 
layer that can be extracted from the CAD model, as illustrated 
in Fig.2. Thus, the deviation is represented as Eq.1. 

0( ) ( ) ( )r r r                                                                      (1) 

 

Fig. 2. In-plane deviation represented in PCS. 

Here we propose the definition of the deviation space – a 2D 
space established based on PCS and denoted as ( , )r  . The 
deviation patterns can be investigated in the deviation space by 
studying the distribution of deviation r with respect to  .   
Intricate deviation sources underlying in the AM process result 
in the variations of the nominal shape. Take the FDM process 
as an example, the extruder positioning error may cause the 
displacement of the final shape in either X- or Y-direction of 
the machine coordinate system and the heating and cooling 
process leads to thermal shrinkage and material distortion. 
Therefore, it is reasonable to make an assumption that such 
variations can be mapped to transformations of the nominal 
shape, in which three transformation effects can be defined by 
a set of parameters: the translation in X- and Y- direction ,x y 
to consider the extruder positioning error, the scaling ,Sx Sy
along X- and Y-direction to consider the shrinkage effect and 
the rotation  with respect to the origin  to account for the 
unexpected rotation due to machine axis and setup errors.  

3. In-plane deviation model formulation and estimation 

3.1. Model Formulation 

Based on these parameters, the transformation of the 
nominal shape in the Cartesian Coordinate System (CCS) can 
be defined with homogeneous transformation matrices. As 
shown in Eq.2, S R T, ,M M M represent transformation matrices 
of scaling, rotation and translation respectively. 
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Suppose that the coordinate of a point on the nominal shape 
is ( , )x y , multiplying the original coordinate vector with 
transformation matrices yields a new vector containing the 
transformed coordinates T T( , )x y .  

T
T T S R T( , ,1) ( , ,1)Tx y M M M x y                                                       (3) 

Solving ( , )x y with respect to T T( , )x y based on Eq.2 and Eq.3, 
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deviations are small compared to the product size, it is 
reasonable to limit them within a small range to facilitate the 
optimization process.  

Different optimization methods can be adopted, among 
which we chose the built-in function fmincon of MATLAB to 
implement the proposed method.  Starting from an initial point 
of the parameters 0 (1,1,0,0,0)  , the algorithm iteratively 
searches within the specified constraints of each parameter 
with trial steps to decrease the value of the objective function 
shown in Eq.(13). The convergence is met when the size of 
current step is less than a predefined step size tolerance and 
constraints are satisfied to within the predefined constraint 
tolerance. 

3.3. Model Application 

The proposed deviation model can be applied in tolerancing 
to generate SMS that are sample product shapes incorporating 
the geometric deviations. SMS are typically represented with 
discrete geometries, such as triangular meshes. In order to 
account for the 2D in-plane deviations in 3D SMS, we propose 
to apply the proposed deviation model in each slice to obtain 
deviated 2D shapes and then use a layer-connection method to 
connect pairs of neighboring slices to result in the 3D mesh 
model. Fig.7 illustrates the layer-connection method. The 
details of this method can be found in [18], and will not be 
discussed at length in this paper.  

 

Fig. 7. The layer-connection method. 

4. Case study 

To validate the proposed method, we conduct the case study 
by printing a polygonal shape and modeling with the measured 
deviations. The example shape is a regular hexagon with 
circumscribed radius 20 and height 5. A comparison between 
the proposed method and the FSE method will be made 
regarding the model complexity and accuracy.  

The Prusa i3 MK2 FDM printer is used to manufacture the 
part. The slice height is chosen as 0.2mm and the zigzag infill 
strategy is adopted. The part is measured by a 3D laser scanner 
Kreon Aquilon 50 mounted on a CMM. According to the 
calibration results, the measurement accuracy of the laser 
sensor is 0.002mm, which can be ignored compared to the 
geometric deviations. A total number of 795935 points are 
captured on the product surface, from which points of each 
slice are collected every 0.2mm with the threshold value 
(Eq.11) as 0.003 and converted into PCS. The deviations are 
evaluated at 360 uniformly distributed points on the slice 
boundary based on Eq.12. As an example, the deviation 
modeling result at the 6th slice is illustrated in Fig.8. Both the 
proposed method and the FSE method are used to model the 

observed deviations. For the latter, we chose different orders of 
expansion to test the modeling accuracy. The results given by 
5th, 15th and 35th order expansion can be visualized in Fig.8 as 
compared to the proposed method. From the comparison, we 
can see that the proposed method prevails due to its ability to 
capture the sharp transitions at the corners of shape boundary 
with a far smaller number of parameters. While the FSE 
method tends to approximate the sharp transitions by 
overlapping multiple high-frequency components, so even the 
35th order expansion fails to give a satisfactory approximation. 

 

Fig. 8. Comparison between the modeling results yielded by the proposed 
method and FSE method of (a) 5th order; (b) 15th order; (c)35th order. 

The modeling accuracy of the two methods is evaluated 
using the notation of Root Mean Square Error (RMSE) that 
measures the average deviation between the modeled deviation 
and the measured deviation. The RMSE of the proposed 
method and the 5th, 15th and 35th order FSE method as evaluated 
at each slice are calculated and shown in Fig.9, from which we 
can see that the proposed method reaches an accuracy that is 
comparable to the FSE method with more than 15 components, 
which contains a total number of 31 parameters. The significant 
reduction of parameters decreases the model complexity and 
improves model generalization. 

Using both deviation models, the deviated 2D shape is 
calculated for each slice, and the layer-connection method is 
used to connect pairs of neighboring slices, yielding a 3D 
triangular mesh model as shown in Fig.10. The amplitude of 
deviations are highlighted with a color map on the surface. The 
proposed method better captures the sharp changes of 
deviations at corners of the shape, as observed in the 
measurement data, which proves the effectiveness of the 
method.  
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Fig. 4. Illustration of polygonal shape deviation under transformations.       

 

Fig. 5. Deviation of hexagon shape under (a) Scaling effect; (b) Translation 
effect; (c) Combined scaling and rotation effect. 

3.2. Model estimation 

In order to apply the parametric deviation model to fit the 
observed deviations, an effective estimation of the model 
parameters is essential. In this paper, the estimation will be 
conducted based on analysis of measurement data obtained 
from manufactured instances of a given product. The 
measurement data are given as point clouds that are densely 
collected on the product surface using a Coordinate Measuring 
Machine (CMM). Fig.6 provides a flowchart of the overall 
model estimation process. 

To begin with, the 2D shape of a specific slice has to be 
reconstructed from the slice boundary points, which can be 
extracted from the point cloud according to the slice height 
calculated based on the input slice thickness. The extraction is 
done according to the following Eq.11.  
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In Eq.11, mP is a point among the all M  points in the cloud
P , iS is a collection of 2D points that belong to the ith slice 
among all sN slices with slice height ih , and  is a threshold 
value that controls the density of the collected points in a slice, 
which is small compared to the layer thickness. Since the 
extracted points are densely distributed on the 2D slice 
boundary, by sequentially connecting the points with straight 

lines in the counter-clockwise direction, the actual 2D shape 
can be approximately reconstructed. Then both the CAD input 
shape and the actual shape are transformed into PCS to obtain
( , ( ))r  and 0( , ( ))r  . The origin of the PCS is chosen to be 
the same as the origin of the machine coordinate system. Thus 
the measured deviations are obtained following Eq.1.  

 

Fig. 6. Flowchart of the model estimation process.      

 An issue arises here that the measured points are not always 
uniformly distributed along the boundary, which results in the 
varied densities of points between layers and adds difficulty to 
calculation and comparison of deviations. We tackle this 
problem through an alignment process in which we evaluate 
the deviations at K angles that are uniformly distributed 
between 0 and 2  and denoted as u u

1 K( ,..., )  . Suppose that 
there are ( )L L K measured deviations represented in the 
deviation space as v v
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1( ), ( )   j jr r can be identified, 

then the deviation at this sample point can be calculated 
following Eq.12. The high-density of measured points ensures 
the accuracy of deviations calculated at these uniformly 
distributed points. 
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Our objective is to estimate the transformation parameters
ˆ ˆˆ ˆ ˆ ˆ( , , , , )x ys s x y    of Eq.8 that best fits the measured deviations

u( )r . We propose to use a constrained optimization method 
based on a least-squares criterion that minimizes the squared 
difference between the model response u( )f and measured 
deviation u( )r . The rationale of this method is shown as  
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, in which s r t, ,   are used to define constraint on the scaling, 
rotation and translation parameters respectively. Since the 
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deviations are small compared to the product size, it is 
reasonable to limit them within a small range to facilitate the 
optimization process.  

Different optimization methods can be adopted, among 
which we chose the built-in function fmincon of MATLAB to 
implement the proposed method.  Starting from an initial point 
of the parameters 0 (1,1,0,0,0)  , the algorithm iteratively 
searches within the specified constraints of each parameter 
with trial steps to decrease the value of the objective function 
shown in Eq.(13). The convergence is met when the size of 
current step is less than a predefined step size tolerance and 
constraints are satisfied to within the predefined constraint 
tolerance. 

3.3. Model Application 

The proposed deviation model can be applied in tolerancing 
to generate SMS that are sample product shapes incorporating 
the geometric deviations. SMS are typically represented with 
discrete geometries, such as triangular meshes. In order to 
account for the 2D in-plane deviations in 3D SMS, we propose 
to apply the proposed deviation model in each slice to obtain 
deviated 2D shapes and then use a layer-connection method to 
connect pairs of neighboring slices to result in the 3D mesh 
model. Fig.7 illustrates the layer-connection method. The 
details of this method can be found in [18], and will not be 
discussed at length in this paper.  

 

Fig. 7. The layer-connection method. 

4. Case study 

To validate the proposed method, we conduct the case study 
by printing a polygonal shape and modeling with the measured 
deviations. The example shape is a regular hexagon with 
circumscribed radius 20 and height 5. A comparison between 
the proposed method and the FSE method will be made 
regarding the model complexity and accuracy.  

The Prusa i3 MK2 FDM printer is used to manufacture the 
part. The slice height is chosen as 0.2mm and the zigzag infill 
strategy is adopted. The part is measured by a 3D laser scanner 
Kreon Aquilon 50 mounted on a CMM. According to the 
calibration results, the measurement accuracy of the laser 
sensor is 0.002mm, which can be ignored compared to the 
geometric deviations. A total number of 795935 points are 
captured on the product surface, from which points of each 
slice are collected every 0.2mm with the threshold value 
(Eq.11) as 0.003 and converted into PCS. The deviations are 
evaluated at 360 uniformly distributed points on the slice 
boundary based on Eq.12. As an example, the deviation 
modeling result at the 6th slice is illustrated in Fig.8. Both the 
proposed method and the FSE method are used to model the 

observed deviations. For the latter, we chose different orders of 
expansion to test the modeling accuracy. The results given by 
5th, 15th and 35th order expansion can be visualized in Fig.8 as 
compared to the proposed method. From the comparison, we 
can see that the proposed method prevails due to its ability to 
capture the sharp transitions at the corners of shape boundary 
with a far smaller number of parameters. While the FSE 
method tends to approximate the sharp transitions by 
overlapping multiple high-frequency components, so even the 
35th order expansion fails to give a satisfactory approximation. 

 

Fig. 8. Comparison between the modeling results yielded by the proposed 
method and FSE method of (a) 5th order; (b) 15th order; (c)35th order. 

The modeling accuracy of the two methods is evaluated 
using the notation of Root Mean Square Error (RMSE) that 
measures the average deviation between the modeled deviation 
and the measured deviation. The RMSE of the proposed 
method and the 5th, 15th and 35th order FSE method as evaluated 
at each slice are calculated and shown in Fig.9, from which we 
can see that the proposed method reaches an accuracy that is 
comparable to the FSE method with more than 15 components, 
which contains a total number of 31 parameters. The significant 
reduction of parameters decreases the model complexity and 
improves model generalization. 

Using both deviation models, the deviated 2D shape is 
calculated for each slice, and the layer-connection method is 
used to connect pairs of neighboring slices, yielding a 3D 
triangular mesh model as shown in Fig.10. The amplitude of 
deviations are highlighted with a color map on the surface. The 
proposed method better captures the sharp changes of 
deviations at corners of the shape, as observed in the 
measurement data, which proves the effectiveness of the 
method.  
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Fig. 4. Illustration of polygonal shape deviation under transformations.       

 

Fig. 5. Deviation of hexagon shape under (a) Scaling effect; (b) Translation 
effect; (c) Combined scaling and rotation effect. 

3.2. Model estimation 

In order to apply the parametric deviation model to fit the 
observed deviations, an effective estimation of the model 
parameters is essential. In this paper, the estimation will be 
conducted based on analysis of measurement data obtained 
from manufactured instances of a given product. The 
measurement data are given as point clouds that are densely 
collected on the product surface using a Coordinate Measuring 
Machine (CMM). Fig.6 provides a flowchart of the overall 
model estimation process. 

To begin with, the 2D shape of a specific slice has to be 
reconstructed from the slice boundary points, which can be 
extracted from the point cloud according to the slice height 
calculated based on the input slice thickness. The extraction is 
done according to the following Eq.11.  
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In Eq.11, mP is a point among the all M  points in the cloud
P , iS is a collection of 2D points that belong to the ith slice 
among all sN slices with slice height ih , and  is a threshold 
value that controls the density of the collected points in a slice, 
which is small compared to the layer thickness. Since the 
extracted points are densely distributed on the 2D slice 
boundary, by sequentially connecting the points with straight 

lines in the counter-clockwise direction, the actual 2D shape 
can be approximately reconstructed. Then both the CAD input 
shape and the actual shape are transformed into PCS to obtain
( , ( ))r  and 0( , ( ))r  . The origin of the PCS is chosen to be 
the same as the origin of the machine coordinate system. Thus 
the measured deviations are obtained following Eq.1.  

 

Fig. 6. Flowchart of the model estimation process.      

 An issue arises here that the measured points are not always 
uniformly distributed along the boundary, which results in the 
varied densities of points between layers and adds difficulty to 
calculation and comparison of deviations. We tackle this 
problem through an alignment process in which we evaluate 
the deviations at K angles that are uniformly distributed 
between 0 and 2  and denoted as u u
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following Eq.12. The high-density of measured points ensures 
the accuracy of deviations calculated at these uniformly 
distributed points. 
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Our objective is to estimate the transformation parameters
ˆ ˆˆ ˆ ˆ ˆ( , , , , )x ys s x y    of Eq.8 that best fits the measured deviations

u( )r . We propose to use a constrained optimization method 
based on a least-squares criterion that minimizes the squared 
difference between the model response u( )f and measured 
deviation u( )r . The rationale of this method is shown as  
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, in which s r t, ,   are used to define constraint on the scaling, 
rotation and translation parameters respectively. Since the 
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Fig. 9. Comparison of RMSE of both methods for each slice. 

 

Fig. 10. SMS generated by (a) 35th order FSE method; (b) proposed method. 

5. Conclusion and outlook 

Modeling of geometric deviations is an important concern 
for AM. In this paper, in-plane geometric deviations are 
investigated based on a transformation perspective that maps 
effects of AM deviation sources to different transformation 
effects on the nominal shape. Parametric deviation models are 
formulated for circular and polygonal shapes based on the 
transformation parameters. This transformation perspective 
implies the consideration of deviation sources in AM and is 
based on the geometric information of the designed shape, 
therefore, compared to the FSE method that approximates the 
actual shape using high-order Fourier Series, the model 
generalizes well to different shapes and the model complexity 
is significantly reduced. Nevertheless, limitations of the 
method also exist. The transformation parameters are currently 
treated as constants and applied to the overall shape, thus the 
model doesn’t generalize well for deviations resulted from 
location-dependent deviation sources. The current model 
estimation procedure is lacking in a learning capability, so 
existing parameter settings cannot be effectively reused as 
knowledge to facilitate the generalization to new process 
conditions.  

Apart from overcoming these limitations, the future work 
will also be focused on improving the model based on 
geometric deviation data obtained from AM process 
simulations. Extension of the method to more complex 
freeform shapes will be studied and further applications of the 
method on SMS will be exploited. The derivation of geometric 
compensation on the designed geometry based on the proposed 
model is also worth investigating. 
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