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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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1. Introduction 

Surface deviation is inevitable on manufactured parts and it 
may influence the quality of assemblies. In this context, 
assembly problems with regard to surface deviations have been 
studied by numerous scholars and researchers. Zhang et al. [1,2] 
have studied the variation propagation control in mechanical 
assembly for direct-build, best-build and worst-build. The 
assembly of two-dimensional cylindrical parts was taken as an 
example in their work. Franciosa et al. [3] have proposed a 
numerical procedure to solve fully and over-constrained rigid 
assemblies with respect to variational features. Li et al. [4] have 
put forward a relative positioning scheme to determine the 
positions of variant polyhedral parts in 3D assemblies. Gao et 
al. [5] have presented the DLM method for tolerance analysis 
of three-dimensional mechanical assemblies in which assembly 
variation models can be generalized to include small kinematic 
adjustments between mating parts. 

Efforts on surface deviation representations have been put 
forward as well. Qiao et al. [6] have presented a surface 
deviation representation method in which a deviation 
coordinate system is constructed on the nominal surface by 

adding a deviation dimension on curvilinear coordinate system. 
The method can facilitate the explicit and convenient 
representation of non-ideal surfaces, and make it more 
convenient for assembly simulation. Schleich et al. [7,8] have 
established skin model shapes with systematic deviations and 
random deviations, and their approach for the assembly 
simulation of skin model shapes has simultaneously been 
studied. Samper et al. [9] have studied the assembly process 
through a method in which non-ideal surfaces are described by 
a geometrical model based on the modal shapes of the ideal 
surface. The method can compute the completely deterministic 
contact points between two mating surfaces. 

Moreover, the relative positioning between two assembly 
parts with surface deviations has been studied as well. 
Stockinger et al. [10] have presented a relative positioning 
method to perform a geometrically correct simulation of part 
assembly in which the realistic deviations of assembly parts can 
be generated by means of Finite Element Analysis (FEA). In 
order to determine the relative positioning influenced by the 
contact, an approach for the contact simulation of Skin Model 
Shapes employing constrained registration methods has been 
proposed in [11]. Li et al. [12] has proposed a method by which 
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3. Progressive contact method 

3.1. Principle of progressive contact method 

Based on the analysis of the mating process between two 
non-ideal planes, the process of generating tz, δx and δy can be 
considered as the process of relocating relative position and 
orientation between LCSs from ideal situation to actual 
situation with respect to surface deviation. 

During the mating process, when each contact point is 
determined successively, the position and orientation offsets 
will be obtained accordingly. At the end of the process, the 
deterministic contact state is achieved due to the ascertainment 
of the three non-collinear contact points. Consequently, the 
three position and orientation offsets are acquired. 

The method in which the mating non-ideal planes contact 
progressively, can be put forward for achieving the 
deterministic contact state, as well as the three non-collinear 
contact points in sequence. So that the three position and 
orientation offsets can be computed. The method is named as 
progressive contact method in this paper. 

3.2. The computing process of progressive contact method 

The computing process can be divided into 4 stages, as 
shown in Fig. 1. 

 

Fig. 1. The process of progressive contact method 

Stage 1 is about preprocessing of the given planes. The 
mating non-ideal planes should be provided by point clouds. 
The number of the point clouds n should be appropriately 
selected, because the more n is, the more reasonable the 
computing result will be. Whereas, the computing efficiency 
will become lower simultaneously. After the coordinate 
systems are built, La and Lb should be coincided with each 
other, as shown in Stage 1 in Fig. 1. 

Translational position and orientation offset tz will be 
obtained in Stage 2. La moves along the ZG-axis by a minimum 
distance to generate a contact state of the two planes: only one 
point is in contact. The distance might be either a positive value 
if the two mating planes are apart from each other without 
contact, or a negative value if the two planes have intersections 
when they mate as shown in Fig. 1. In calculating Stage 2 in 
Fig. 1, the first contact point pc1 can be found once the 
minimum actual value of the distance, which is the maximum 

absolute moving distance obtained when the two planes have 
negative distances, is found. This moving distance is tz. 

Let pPa and pPb be the corresponding points between Pa and 
Pb, and d as the distance between the two points in ZG direction. 
d can be expressed as: 

Pa Pb
Z Zd p p                                                                         (2) 

Compute the differences of the n pairs of corresponding 
points between Pa and Pb in ZG direction, and the difference 
set D will be obtained. Finding the minimum element dmin in 
set D. Thus, tz is computed as: 

minzt d                                                                                (3) 

Rotational position and orientation offset δx will be 
calculated in Stage 3. La takes pc1 as the rotation point, and 
rotates in any direction. Different contact points can be 
acquired if rotating angles are different. The second contact 
point pc2 can be constructed once the minimum rotating angle 

1
min
An is obtained as shown in Stage 3 in Fig. 1. 1

min
An can be 

computed by the minimum ratio of the distance of the two 
planes in corresponding point to the distance between point pc1 
and the current point. This rotated angle value is δx.  

The computing process is described as follows. 
Build vector with pc1 and other points on Pa, as well as on 

Pb. v1Pa and v1Pb should be computed as: 

11 1 1( ), ,Pa c Pa c Pa c
X X Y Y Z Z

Pa p p p p p pv                                     (4) 

11 1 1( ), ,Pb c Pb c Pb c
X X Y Y Z Z

Pb p p p p p pv                                     (5) 

There are n-1 vectors which can be built on Pa, as well as 
on Pb, so that the vector set V1Pa and vector set V1Pb will be 
obtained. Angle 1An  of the corresponding vectors between set 
V1Pa and set V1Pb should be computed as: 

1 1 1 1 1arccos( / )An Pa Pb Pa Pbv v v v                                       (6) 

Compute all the n-1 angles of the corresponding vectors 
between set V1Pa and set V1Pb. Thus, angle set An1 will be 
acquired. The minimum element 1

min
An  should be found in set 

An1. 
Furthermore, the magnitude of the position and orientation 

offset can be regard as a small amount relative to the mating 
surface geometry size, which satisfies the differential 
assumptions. Therefore, δx is computed as: 

1
minsin( )An

x                                                                        (7) 

Rotational position and orientation offset δy will be obtained 
in Stage 4. Rotate Pa around line AX1 of point pc1 and pc2 to 
find different contact points of the two planes. Calculate the 
rotating angle 2An by the ratio of the distance of the two 
planes in corresponding point to the distance between the point 
to line AX1 and find the third contact point pc3 when the 
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assembly clearance between two mating surfaces with regard 
to deviations can be expressed graphically. The method is 
capable of checking the relative positioning status between two 
assembly parts. 

This paper intends to research on computing the assembly 
deviations in position and orientation caused by mating two 
non-ideal planes, and provides a new idea for further research 
on assembly problems with respect to surface deviations. 

2. Representation of the position and orientation deviation 

2.1. Analysis of position and orientation deviation 

The position and orientation deviation is the difference 
between the relative position and orientation in actual situation 
with regard to the surface deviation and the relative position 
and orientation in ideal situation. The two relative position and 
orientation reflects the relation of two coordinate systems 
which are separately built on ideal surfaces corresponding to 
the two mating surfaces. The coordinate systems on the two 
ideal surfaces coincide with each other in ideal situation. In 
contrast, in actual situation, there exist position and orientation 
offsets between them because of the surface deviation. 
Consequently, position and orientation deviation comes into 
existence. 

Depending upon the six-point locating principle, three 
degrees of freedom between two mating non-ideal planes can 
be constrained with three non-collinear contact points. In other 
words, the deterministic contact state can be regarded as the 
state between two mating non-ideal planes with three non-
collinear contact points. Hence, three position and orientation 
offsets between two coordinate systems on two ideal planes 
corresponding to the two mating non-ideal planes come into 
existence in the directions of the three constrained degrees of 
freedom. As a result, when two assembly parts are assembled 
together by a couple of mating non-ideal planes, the position 
and orientation deviations of two assembly parts can be 
represented by means of defining coordinate system, as well as 
computing three position and orientation offsets between two 
coordinate systems on ideal planes. 

2.2. Definition of coordinate systems and deviations finding 
process 

Two types of Cartesian coordinate systems, global 
coordinate system (GCS) and local coordinate system (LCS), 
are established as the basis of the calculation method. The GCS 
is regarded as the reference coordinate system, while the LCS 
is set on a certain point of the ideal plane. The non-ideal plane 
will be described in the local coordinate system. The initial 
coordinate direction of LCS is the same as GCS. 

In this study, non-ideal plane Pa and non-ideal plane Pb are 
assumed to be mated with each other. Fig. 1 shows that GCS 
(denoted as G) is built and is marked as OGXGYGZG, the LCS of 
Pa (denoted as La) is built and is marked as OLaXLaYLaZLa, while 
the LCS of Pb (denoted as Lb) is built and is marked as 
OLbXLbYLbZLb. 

With the defined coordinate systems, the relationship of the 
two non-ideal planes as well as the corresponding process 

finding the deviations when the two mating planes are in 
contact can be described in the following. 

Set the two LCSs coincide with each other. There is no 
position and orientation deviation for the two planes. Under 
this circumstance, the two planes might be apart from each 
other or inserted into each other as they are non-ideal planes 
with real morphologies considered. In order to find a 
deterministic contact state, the distances of the corresponding 
points between the two planes should be computed and the one 
with the minimum actual value among them could be found. 
Subsequently, plane Pa should be moved relative to plane Pb 
along ZG-axis. By the computed distance, the two planes 
contact only at the obtained point. The distance is the position 
deviation of the mating planes in that direction.  

The two planes can rotate when there is only one contact 
point. Therefore, it is necessary to find a second contact point 
to limit the rotation. When the second point is obtained, the 
angle of plane Pa rotating relative to Pb around the first contact 
point to reach the second contact point is regard as one of the 
orientation deviations. When the two planes contact by two 
contact points, they can still rotate toward one direction. Thus 
a third contact point must be found to limit the rotation. When 
the third contact point is obtained, because of the first two 
contact points, the plane Pa will rotate an angle around the 
connection of the two points, and the angle is another 
orientation deviation for the two mating non-ideal planes. 

2.3. Representation of position and orientation deviation by 
position and orientation offsets 

The position and orientation deviations of two assembly 
parts should be described by six position and orientation offsets 
in the directions of six degrees of freedom. Based on the 
analysis of position and orientation deviation, when two parts 
are assembled by two mating non-ideal planes, only three 
position and orientation offsets in the directions of the three 
constrained degrees of freedom are required to represent the 
position and orientation deviations. One of the three position 
and orientation offsets is translational while the others are 
rotational position and orientation offsets. 

According to the direction of La, as well as Lb as shown in 
Fig.1, the translational position and orientation offset is 
denoted as tz which corresponds to the restricted degree of 
translational freedom in the direction of ZG-axis. One of the two 
rotational position and orientation offsets is denoted as δx 
which corresponds to the constrained degrees of rotational 
freedom in the direction of XG-axis. And the other one is 
simultaneously denoted as δy which corresponds to the 
restricted degrees of rotational freedom in the direction of YG-
axis. 

Consequently, the position and orientation deviations of two 
parts assembled together by Pa and Pb (denoted as PODab) can 
be represented as: 

( , , )ab z x yPOD t                                                             (1) 

The method for computing tz, δx and δy will be introduced in 
the next section.  
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is regarded as the reference coordinate system, while the LCS 
is set on a certain point of the ideal plane. The non-ideal plane 
will be described in the local coordinate system. The initial 
coordinate direction of LCS is the same as GCS. 

In this study, non-ideal plane Pa and non-ideal plane Pb are 
assumed to be mated with each other. Fig. 1 shows that GCS 
(denoted as G) is built and is marked as OGXGYGZG, the LCS of 
Pa (denoted as La) is built and is marked as OLaXLaYLaZLa, while 
the LCS of Pb (denoted as Lb) is built and is marked as 
OLbXLbYLbZLb. 

With the defined coordinate systems, the relationship of the 
two non-ideal planes as well as the corresponding process 

finding the deviations when the two mating planes are in 
contact can be described in the following. 

Set the two LCSs coincide with each other. There is no 
position and orientation deviation for the two planes. Under 
this circumstance, the two planes might be apart from each 
other or inserted into each other as they are non-ideal planes 
with real morphologies considered. In order to find a 
deterministic contact state, the distances of the corresponding 
points between the two planes should be computed and the one 
with the minimum actual value among them could be found. 
Subsequently, plane Pa should be moved relative to plane Pb 
along ZG-axis. By the computed distance, the two planes 
contact only at the obtained point. The distance is the position 
deviation of the mating planes in that direction.  

The two planes can rotate when there is only one contact 
point. Therefore, it is necessary to find a second contact point 
to limit the rotation. When the second point is obtained, the 
angle of plane Pa rotating relative to Pb around the first contact 
point to reach the second contact point is regard as one of the 
orientation deviations. When the two planes contact by two 
contact points, they can still rotate toward one direction. Thus 
a third contact point must be found to limit the rotation. When 
the third contact point is obtained, because of the first two 
contact points, the plane Pa will rotate an angle around the 
connection of the two points, and the angle is another 
orientation deviation for the two mating non-ideal planes. 

2.3. Representation of position and orientation deviation by 
position and orientation offsets 

The position and orientation deviations of two assembly 
parts should be described by six position and orientation offsets 
in the directions of six degrees of freedom. Based on the 
analysis of position and orientation deviation, when two parts 
are assembled by two mating non-ideal planes, only three 
position and orientation offsets in the directions of the three 
constrained degrees of freedom are required to represent the 
position and orientation deviations. One of the three position 
and orientation offsets is translational while the others are 
rotational position and orientation offsets. 

According to the direction of La, as well as Lb as shown in 
Fig.1, the translational position and orientation offset is 
denoted as tz which corresponds to the restricted degree of 
translational freedom in the direction of ZG-axis. One of the two 
rotational position and orientation offsets is denoted as δx 
which corresponds to the constrained degrees of rotational 
freedom in the direction of XG-axis. And the other one is 
simultaneously denoted as δy which corresponds to the 
restricted degrees of rotational freedom in the direction of YG-
axis. 

Consequently, the position and orientation deviations of two 
parts assembled together by Pa and Pb (denoted as PODab) can 
be represented as: 

( , , )ab z x yPOD t                                                             (1) 

The method for computing tz, δx and δy will be introduced in 
the next section.  
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Both the mating planes in this case are provided by 10201 
points which are in 101 order square point clouds. The mating 
plane of the blue flange part is denoted as Pb, and the mating 
plane of the grey flange part is denoted as Pg. 

The GCS (denoted as G) and two LCSs (denoted as Lb and 
Lg) are built, as shown in Stage 1 in Fig. 5. The origin of Lb 
and Lg can set at any point in G, and it is set at point (2.5, 2.5, 
0) in this case. 

 

Fig. 5. The process for obtaining the deterministic contact state between Pb 
and Pg by progressive contact method 

According to the progressive contact method in this paper, 
the three non-collinear contact points are determined separately 
through Stage 2, Stage 3 and Stage 4, as shown in Fig. 5. As a 
result, the three position and orientation offsets are obtained as, 
tz=−1.48, δx=−0.026 and δy=−0.1, respectively. Therefore, the 
position and orientation deviations of the two square flange 
parts (denoted as PODbg) are acquired by replacing tz, δx and δy 
with the formula (1), that is: 

( 1.48, 0.026, 0.1)bgPOD      

5. Conclusion 

In this paper, the position and orientation deviations of two 
parts assembled together by two mating non-ideal planes have 
been formulated by one translational position and orientation 
offset and two rotational position and orientation offsets.  

The proposed progressive contact method has been 
successfully validated for computing the three position and 
orientation offsets by finding the three non-collinear contact 
points separately. And it lays the foundation for future 
researches on assembly problems with respect to the surface 
deviations of mating non-ideal planes. 
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minimum rotating angle 2
min
An is obtained, see in Stage 4 in Fig. 

1. The value of the angle is δy. 
Relevant expressions are in the following. 
Build vector with pc2 and other points on Pa, as well as on 

Pb. v2Pa and v2Pb should be computed as: 

22 2 2( ), ,Pa c Pa c Pa c
X X Y Y Z Z

Pa p p p p p pv                                    (8) 

22 2 2( ), ,Pb c Pb c Pb c
X X Y Y Z Z

Pb p p p p p pv                                    (9) 

There are n-1 vectors which can be built on Pa, as well as 
on Pb, so that vector set V2Pa and vector set V2Pb will be 
obtained. Normal vector should be computed by the 
corresponding vectors between set V1Pa and set V2Pa, as well as 
set V1Pb and set V2Pb. vNPa and vNPb should be computed as: 

1 2NPa Pa Pav v v                                                                  (10) 

1 2NPb Pb Pbv v v                                                                  (11) 

Build all the n-1 normal vectors by the corresponding 
vectors between set V1Pa and set V2Pa, so that normal vector set 
VNPa and set VNPb will be obtained. Angle 2An  of 
corresponding vectors between set VNPa and set VNPb should be 
computed as: 

2 arccos( / )An NPa NPb NPa NPbv v v v                                  (12) 

Compute all the n-1 angles of the corresponding vectors 
between set VNPa and set VNPb, thus, angle set An2 will be 
obtained. The minimum element 2

min
An  should be found in An2.  

As the position and orientation offset satisfies the 
differential assumptions, δy is computed as: 

2
minsin( )An

y                                                                      (13) 

The procedure of the progressive contact method for the 
three position and orientation offsets is depicted in Fig. 2. 

 

Fig. 2. The procedure of the progressive contact method 

4. Case study 

Considering the application of flange connection in 
assembly structures, an assembly example of two square flange 
parts is presented to validate the method. The two square flange 
parts are assembled together by two mating planes, as shown 
in Fig. 3. The side of the square mating planes is 300 mm in 
length, as shown in Fig. 4. 

 

Fig. 3. The assembly of square flange parts      Fig. 4. The square flange part 

Find         in An2.

Build vector v1Pa and v1Pb & 
Obtain vector set V1Pa and V1Pb.

Build vector v2Pa and  v2Pb &
 Obtain vector set V2Pa and V2Pb.

Find dmin in D.

Obtain the translational position and orientation 
offset tz & Obtain the first contact point pc1.

Compute the angle         & Obtain angle set An1.

Find         in An1.

Obtain the rotational position and orientation 
offset δx & Obtain the second contact point pc2.

Compute the angle       & Obtain angle set An2.

Obtain the rotational position and orientation 
offset δy & Obtain the third contact point pc3.

Compute the difference d & Obtain set D.

Build normal vector vNPa and vNPb & Obtain 
normal vector set VNPa and VNPb.
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min
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2
min
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 by point clouds
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Both the mating planes in this case are provided by 10201 
points which are in 101 order square point clouds. The mating 
plane of the blue flange part is denoted as Pb, and the mating 
plane of the grey flange part is denoted as Pg. 

The GCS (denoted as G) and two LCSs (denoted as Lb and 
Lg) are built, as shown in Stage 1 in Fig. 5. The origin of Lb 
and Lg can set at any point in G, and it is set at point (2.5, 2.5, 
0) in this case. 

 

Fig. 5. The process for obtaining the deterministic contact state between Pb 
and Pg by progressive contact method 

According to the progressive contact method in this paper, 
the three non-collinear contact points are determined separately 
through Stage 2, Stage 3 and Stage 4, as shown in Fig. 5. As a 
result, the three position and orientation offsets are obtained as, 
tz=−1.48, δx=−0.026 and δy=−0.1, respectively. Therefore, the 
position and orientation deviations of the two square flange 
parts (denoted as PODbg) are acquired by replacing tz, δx and δy 
with the formula (1), that is: 

( 1.48, 0.026, 0.1)bgPOD      

5. Conclusion 

In this paper, the position and orientation deviations of two 
parts assembled together by two mating non-ideal planes have 
been formulated by one translational position and orientation 
offset and two rotational position and orientation offsets.  

The proposed progressive contact method has been 
successfully validated for computing the three position and 
orientation offsets by finding the three non-collinear contact 
points separately. And it lays the foundation for future 
researches on assembly problems with respect to the surface 
deviations of mating non-ideal planes. 

Acknowledgements 

This work is supported by the National Science Foundation 
of China (Grant 51575031). The authors would also like to 
thank Beijing Municipal Education Commission (Build a 
Project) for its support. 

References 

[1] Yang Z, Mcwilliam S, Popov A A, et al. A probabilistic approach to 
variation propagation control for straight build in mechanical assembly. 

International Journal of Advanced Manufacturing Technology, 2013, 64(5-
8):1029-1047. 

[2] Yang Z, Mcwilliam S, Popov A A, et al. Dimensional variation propagation 
analysis in straight-build mechanical assemblies using a probabilistic 
approach. Journal of Manufacturing Systems, 2013, 32(2):348-356. 

[3] Franciosa P, Gerbino S, Patalano S. Variational modeling and assembly 
constraints in tolerance analysis of rigid part assemblies: planar and 
cylindrical features. International Journal of Advanced Manufacturing 
Technology, 2010, 49(1-4):239–251. 

[4] Li B., Roy U. Relative positioning of toleranced polyhedral parts in an 
assembly. IIE Transactions, 2001, 33(4):323-336. 

[5] Gao J., Chase K. W., Magleby S. P. General 3-D tolerance analysis of 
mechanical assemblies with small kinematic adjustments. IIE Transactions, 
1998, 30(4):367-377. 

[6] Qiao L, Wu J, Zhu Z, et al. Approach to the deviation representation of non-
ideal cylindrical surfaces based on the curvilinear coordinate system. 
Procedia CIRP, 2016, 43:17-2. 

[7] Schleich B, Wartzack S. Approaches for the assembly simulation of skin 
model shapes. Computer-Aided Design, 2015, 65:18-33. 

[8] Schleich B, Anwer N, Mathieu L, et al. Skin Model Shapes: A new 
paradigm shift for geometric variations modelling in mechanical 
engineering. Computer-Aided Design, 2014, 50(3):1-15. 

[9] Samper S, Adragna P A, Favreliere H, et al. Modeling of 2D and 3D 
assemblies taking into account form errors of plane surfaces. Journal of 
Computing and Information Science in Engineering, 2009, 9(4):041005. 

[10] Stockinger A, Wittmann S, Martinek M, Meerkamm H, Wartzack S. 
Virtual assembly analysis: Standard tolerance analysis compared to 
manufacturing simulation and relative positioning. Vuibert, 2010, 
35(6):523-533. 

[11] Schleich B, Anwer N, Mathieu L, Wartzack S. Contact and mobility 
simulation for mechanical assemblies based on skin model shapes. Journal 
of Computing & Information Science in Engineering, 2015, 
15(2):021009-021009-7. 

[12] Li Y, Qiao L, Zaman U K U, et al. Calculation and analysis of assembly 
clearance based on non-ideal surface discrete data. International Journal 
of Modeling Simulation & Scientific Computing, 2017, 8(2):1-9. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

c1p
LgO LgX

LgY
LgZ
LbZ

LbX
LbO

LbY
LbZ

LbXLbY

LbO

c2p

c1p

GX

GY GZ

GO c3pc2p

c1p

Stage 1 Stage 2

Stage 3 Stage 4

Mating planer 
surface Pb

Mating planer 
surface Pg

4 Jian Zhang et al. / Procedia CIRP 00 (2018) 000–000 

minimum rotating angle 2
min
An is obtained, see in Stage 4 in Fig. 

1. The value of the angle is δy. 
Relevant expressions are in the following. 
Build vector with pc2 and other points on Pa, as well as on 

Pb. v2Pa and v2Pb should be computed as: 

22 2 2( ), ,Pa c Pa c Pa c
X X Y Y Z Z

Pa p p p p p pv                                    (8) 

22 2 2( ), ,Pb c Pb c Pb c
X X Y Y Z Z

Pb p p p p p pv                                    (9) 

There are n-1 vectors which can be built on Pa, as well as 
on Pb, so that vector set V2Pa and vector set V2Pb will be 
obtained. Normal vector should be computed by the 
corresponding vectors between set V1Pa and set V2Pa, as well as 
set V1Pb and set V2Pb. vNPa and vNPb should be computed as: 

1 2NPa Pa Pav v v                                                                  (10) 

1 2NPb Pb Pbv v v                                                                  (11) 

Build all the n-1 normal vectors by the corresponding 
vectors between set V1Pa and set V2Pa, so that normal vector set 
VNPa and set VNPb will be obtained. Angle 2An  of 
corresponding vectors between set VNPa and set VNPb should be 
computed as: 

2 arccos( / )An NPa NPb NPa NPbv v v v                                  (12) 

Compute all the n-1 angles of the corresponding vectors 
between set VNPa and set VNPb, thus, angle set An2 will be 
obtained. The minimum element 2

min
An  should be found in An2.  

As the position and orientation offset satisfies the 
differential assumptions, δy is computed as: 

2
minsin( )An

y                                                                      (13) 

The procedure of the progressive contact method for the 
three position and orientation offsets is depicted in Fig. 2. 

 

Fig. 2. The procedure of the progressive contact method 

4. Case study 

Considering the application of flange connection in 
assembly structures, an assembly example of two square flange 
parts is presented to validate the method. The two square flange 
parts are assembled together by two mating planes, as shown 
in Fig. 3. The side of the square mating planes is 300 mm in 
length, as shown in Fig. 4. 

 

Fig. 3. The assembly of square flange parts      Fig. 4. The square flange part 
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Find dmin in D.
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offset δx & Obtain the second contact point pc2.
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Obtain the rotational position and orientation 
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