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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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1. Introduction

As additive manufacturing (AM) becomes more accepted as
a viable manufacturing option for producing commercial prod-
ucts, there is a growing need to consider how to efficiently de-
sign and manufacture parts with acceptable geometric accuracy.
AM processes build parts layer by layer, creating stair-step de-
viations on part surfaces. The geometric deviation due to the
layers is a function of layer thickness and build direction [1].
Although process factors such as shrinkage can also impact ge-
ometric deviations, this work focuses on predicting geometric
deviations due to the layered approximation.

In this paper, we describe a design-for-manufacturing tool
that provides a designer with a real-time estimate of whether
specified geometric tolerances are mutually achievable for a
particular AM process, based on mathematical analysis of error
as a function of build direction. Build direction also influences
manufacturing time and total volume of material used, which
are important manufacturing cost considerations. The design
and tolerance allocation process can be improved when de-
signers leverage knowledge about the connections between AM
process parameters and resulting geometric deviations. Design-
ers and manufacturers can also use this knowledge to specify a
build direction that minimizes geometric error on key features
of their part. Our main contributions include:

• Analysis of how the layered approximation of the datum
feature affects datum plane orientation;
• Mathematical analysis of angularity, perpendicularity, and

parallelism error;
• Improved visualizations of the complex, multi-

dimensional design space.

Nomenclature

B build vector
h layer thickness
Ld length of datum
Lf length of feature
nd normal vector of datum feature
nf normal vector of toleranced feature
δ geometric deviation on a single layer
ε error associated with a particular tolerance
θ polar angle relative to feature
θd polar angle relative to datum
φ azimuthal angle relative to feature
φd azimuthal angle relative to datum

2. Related work

Geometric dimensioning and tolerancing (GD&T) is the uni-
versal language used by designers to limit geometric deviation.
Standards, such as ASME Y14.5 and ISO 1101, have been de-
veloped to establish universal definitions for different geomet-
ric tolerances [2,3]. This work will use definitions and concepts
defined by ASME Y14.5-2009 to quantify geometric deviations
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zone of finite thickness along the z- and xy- directions of each
layer. The value of this deviation zone, δxy (parallel to B) and
δz (perpendicular to B), can be experimentally determined for a
particular process and machine. Because we model layer-level
deviations as rectangular and because datum simulators used in
orientation error measurement only contact high points of the
datum feature faces, the layer-level deviation does not greatly
affect datum plane orientation. Thus, the layer-level deviations
are only modeled on the feature plane.

Support material, attached to downward facing faces, needs
to be removed after printing and can also cause geometric de-
viations on individual layers. We introduce a support material
geometric deviation, δs, which is added to δz if a feature face
needs support. Whether a feature face needs support is deter-
mined by the angle between the build vector and the face nor-
mal vector. This cut off angle is process dependent, as is the
value of the geometric deviation caused by support material re-
moval.

3.1. Parallelism

We divide the equations that capture parallelism’s error into
three regimes. The error is equal to zero when the build vector
is aligned or nearly aligned with nf and nd. Both surfaces are
approximated by one layer in this case, so the as-manufactured
surfaces would both be parallel flat planes. The error in this
regime, Regime 1, is equal to δz for parallelism, as shown in
Fig. 3a.

a b
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h
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Lf

Ld

h
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Fig. 3. Parallelism error, εPara. in (a) Regime 1 and (b) Regime 2 is shown as
the distance between two red planes, oriented by the datum plane (black line).
The outline of the theoretical perfect geometry is also shown, with the datum
face highlighted in pink and the feature face displayed in green. δz is shown in
dark gray.

The next regime, Regime 2, occurs when the datum face is
approximated by at least two layers and the feature face is ap-
proximated by one layer. As the angle between B and nf in-
creases, the projection of the datum face on B will become large
enough that the datum face is approximated by two layers. This
transition occurs when the projection, Ld sin θ, is equal to 2h
(where Ld is the length of the datum evaluated at a given φ).
The polar angle at this transition, θcr,1, can be calculated using
Eq. 1. The error in this regime depends on the length of the
feature, LF , evaluated at a given φ, as seen in Fig. 3b.

Table 1. Parallelism error in various ranges, evaluated at a given value of φ

Regime Range εPar (length)

1 0 ≤ θ < θcr,1 δz
π − θcr,1 ≤ θ < π

2 θcr,1 ≤ θ < θcr,2 L f sin θ + δz |cos θ|
π − θcr,2 ≤ θ < π − θcr,1

3 θcr,2 ≤ θ < π − θcr,2 (h + δz) |cos θ| + δxy sin θ

θcr,1|φ = arcsin
(

2h
Ld

)

θcr,2|φ = arcsin
(

h
Lf

) (1)

Equation 1 shows two distinct critical angles. This is due
to the different roles of the datum feature and toleranced fea-
ture. For the datum feature, two layers were needed to estab-
lish a datum plane parallel to the theoretically perfect feature.
For the approximated toleranced feature, the layered geometry
doesn’t define a plane. Rather, it must be contained by two
planes whose orientation is determined by the datum plane. As
long as the projection of the surface onto B is greater than h,
the surface will be approximated by at least one plane, and the
error follows the behavior of Regime 3. This regime switch oc-
curs when θ is greater than θcr,2, as defined in Eq. 1. If θcr,2 is
smaller than θcr,1, Regime 1 dominates and Regime 2 won’t be
present. After this critical angle, the Regime 3 error is equal to
(h+δz) |cos θ|+δxy sin θ. Regime 1 and 2 reoccur as θ approaches
π. The errors and their corresponding ranges are shown in Table
1.

3.2. Angularity and perpendicularity

Angularity and perpendicularity follow a similar pattern to
that of parallelism, but because of the offset between nd and
nf , there are now two separate coordinate systems to consider.
Regime 1 occurs when B is aligned or nearly aligned with nd.
The behavior in this regime is identical to that in Regime 1
for parallelism, where one layer is used to approximate the
slanted datum surface, resulting in an offset between the da-
tum plane and the perfect intended face. The offset between
nd and nf results in a different error than that for parallelism
in Regime 1. As shown in Fig. 4a, the angle misalignment
causes an error approximately equal to

∣∣∣Lf sin θd
∣∣∣, while the

layer approximation of the feature face results in an error equal
to (h + δz) |cos θ| + δxy sin θ.

Regime 2 will occur when θd is greater than θcr,1 but θ is less
than θcr,2. In this regime, nf is nearly parallel to B. The slanted
feature face will be approximated by only one layer and the
error is approximately equal to

∣∣∣Lf sin θ
∣∣∣ + δz |cos θ|, as shown

in Fig. 4b. Both Regime 1 and 2 reoccur as θ approaches π.
Regime 3 is the same as that for parallelism, where both fea-
tures are approximated by several layers. The angularity or par-
allelism error as a function of the polar angle of the feature face,
θ, and the polar angle of the datum face, θd, is summarized in
Table 2.
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on additively manufactured parts.
Many computer aided tolerancing systems have been devel-

oped to help designers assign design tolerances, based on func-
tional constraints. Researchers have also studied tolerance al-
location, optimizing the distribution of tolerances over several
parts to minimize manufacturing cost, but previous work has fo-
cused on subtractive manufacturing processes. As summarized
by Chase [4], a typical approach for allocating tolerances tries
to optimize manufacturing cost based on theoretical manufac-
turing cost equations. A better understanding of the relation-
ship between achievable geometric tolerances and manufactur-
ing cost for AM would improve tolerance allocation. The lay-
ered, stair-step approximation typical of AM can be predicted
mathematically from build direction and layer thickness, mak-
ing it possible to explore trade-offs between geometric error and
manufacturing cost, which are also a function of build direction.

The topic of analyzing geometric deviations for additively
manufactured parts has long been of interest to researchers. Ex-
perimental work has been conducted to quantify the range of
achievable tolerances for different AM processes [5,6]. Several
previous studies focused on predicting and minimizing some
geometric error metric, such as cusp height or volumetric de-
viation [7–10]. Some research has specifically analyzed the
connection between AM errors and GD&T [8,11–14], allowing
for integration with the tolerance allocation process. Arni and
Gupta [12] and Paul and Anand [14] have performed mathe-
matical analysis of geometric error associated with a particular
tolerance (flatness and cylindricity, respectively). Mathemati-
cal analysis of error allows for quick computation of the error
at many orientations, enabling real-time design feedback and
fast iteration during tolerance allocation. However, in order for
a design tool based on these approximations to be useful, it is
necessary to evaluate a more complete set of tolerances. In this
work, we do so for the three orientation tolerances, incorporat-
ing analysis of datums.

Visualization of build vector orientations that satisfy design
or manufacturing constraints has been included in some pre-
vious work. Arni and Gupta sketched feasible orientations as
regions on the surface of a unit sphere [12]. Rinaldi plotted fea-
sible orientations using color to indicate the number of satisfied
tolerances, plotting 2D contours of feasible regions with axes
as x- and y-direction rotations [15]. Das et al. also used color to
plot feasible regions on a unit sphere but only in increments of
10 degrees [13]. We expand on these approaches in the current
work.

3. Mathematical Analysis

This work analyzes planar surfaces and planar datum fea-
tures. Orientation tolerance zones for planar features are de-
fined by two parallel planes within which the toleranced feature
must be contained. The tolerance zone is oriented relative to
one or more datums. Orientation error is defined here as the
closest distance between two parallel planes, oriented by the
datum, that contain every point on the toleranced surface. This
error value can be compared to the tolerance value to determine
if the as-manufactured feature is within tolerance.

We use a spherical coordinate system for our analysis, ori-
ented to the toleranced feature face normal, nf . Following Arni
and Gupta [12], the polar axis is aligned with nf ; the polar an-

gle, θ and azimuthal angle, φ, describe the orientation of the
build vector, as seen in Fig. 1. The build vector, B, is the direc-
tion normal to the build platform of the AM machine, orthogo-
nal to the flat layers that are deposited.

An arbitrary face

n
f

Polar axis aligned

with face normal

B

Fig. 1. Spherical coordinate system, adapted from [12]

For parallelism, the error for each feature face can be de-
scribed using a single spherical coordinate system, oriented
based on nf , because nf is parallel to the datum face normal,
nd. For angularity and perpendicularity, nf and nd are offset
from each other by some angle; therefore, two local spherical
coordinate systems are used. A second spherical coordinate
system like that applied to the feature face (as shown in Fig.
1) is aligned to nd. The polar angle between B and nd, defined
as θd, is shown in Fig. 2. For parallelism, θd = θ because nd
and nf are parallel.

d

Local polar axis

aligned with feature

face normal

Local polar axis

aligned with datum

face normal

B

n
d

d

n
f

B

Fig. 2. Local coordinate systems for datum and some perpendicular feature

The orientation errors depend on the size of the part itself,
as discussed in the next subsections. The size of the datum face
and feature face, Ld and Lf respectively, can be calculated for
0 ≤ φ < 2π using the procedure that was described by Arni
and Gupta [12] in the context of flatness error. Note that the
datum face and feature face lengths are therefore functions of φ
even though, for notational convenience, we will refer to them
as Lf and Ld. This is done separately for both the toleranced
feature and the datum feature. Because of the need for two co-
ordinate systems for angularity and perpendicularity, we define
two sets of mathematical models: one for parallelism; and one
for angularity and perpendicularity.

In an effort to keep the model general for different AM pro-
cesses, each individual layer is assumed to have a rectangular
cross-section with a constant thickness. However, experimen-
tal studies have shown that individual layers are not perfect flat
[16–18]. To incorporate geometric deviations of individual lay-
ers, we adopt the method of Arni and Gupta [12], and model a
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zone of finite thickness along the z- and xy- directions of each
layer. The value of this deviation zone, δxy (parallel to B) and
δz (perpendicular to B), can be experimentally determined for a
particular process and machine. Because we model layer-level
deviations as rectangular and because datum simulators used in
orientation error measurement only contact high points of the
datum feature faces, the layer-level deviation does not greatly
affect datum plane orientation. Thus, the layer-level deviations
are only modeled on the feature plane.

Support material, attached to downward facing faces, needs
to be removed after printing and can also cause geometric de-
viations on individual layers. We introduce a support material
geometric deviation, δs, which is added to δz if a feature face
needs support. Whether a feature face needs support is deter-
mined by the angle between the build vector and the face nor-
mal vector. This cut off angle is process dependent, as is the
value of the geometric deviation caused by support material re-
moval.

3.1. Parallelism

We divide the equations that capture parallelism’s error into
three regimes. The error is equal to zero when the build vector
is aligned or nearly aligned with nf and nd. Both surfaces are
approximated by one layer in this case, so the as-manufactured
surfaces would both be parallel flat planes. The error in this
regime, Regime 1, is equal to δz for parallelism, as shown in
Fig. 3a.

a b
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Fig. 3. Parallelism error, εPara. in (a) Regime 1 and (b) Regime 2 is shown as
the distance between two red planes, oriented by the datum plane (black line).
The outline of the theoretical perfect geometry is also shown, with the datum
face highlighted in pink and the feature face displayed in green. δz is shown in
dark gray.

The next regime, Regime 2, occurs when the datum face is
approximated by at least two layers and the feature face is ap-
proximated by one layer. As the angle between B and nf in-
creases, the projection of the datum face on B will become large
enough that the datum face is approximated by two layers. This
transition occurs when the projection, Ld sin θ, is equal to 2h
(where Ld is the length of the datum evaluated at a given φ).
The polar angle at this transition, θcr,1, can be calculated using
Eq. 1. The error in this regime depends on the length of the
feature, LF , evaluated at a given φ, as seen in Fig. 3b.

Table 1. Parallelism error in various ranges, evaluated at a given value of φ

Regime Range εPar (length)

1 0 ≤ θ < θcr,1 δz
π − θcr,1 ≤ θ < π

2 θcr,1 ≤ θ < θcr,2 L f sin θ + δz |cos θ|
π − θcr,2 ≤ θ < π − θcr,1

3 θcr,2 ≤ θ < π − θcr,2 (h + δz) |cos θ| + δxy sin θ

θcr,1|φ = arcsin
(

2h
Ld

)

θcr,2|φ = arcsin
(

h
Lf

) (1)

Equation 1 shows two distinct critical angles. This is due
to the different roles of the datum feature and toleranced fea-
ture. For the datum feature, two layers were needed to estab-
lish a datum plane parallel to the theoretically perfect feature.
For the approximated toleranced feature, the layered geometry
doesn’t define a plane. Rather, it must be contained by two
planes whose orientation is determined by the datum plane. As
long as the projection of the surface onto B is greater than h,
the surface will be approximated by at least one plane, and the
error follows the behavior of Regime 3. This regime switch oc-
curs when θ is greater than θcr,2, as defined in Eq. 1. If θcr,2 is
smaller than θcr,1, Regime 1 dominates and Regime 2 won’t be
present. After this critical angle, the Regime 3 error is equal to
(h+δz) |cos θ|+δxy sin θ. Regime 1 and 2 reoccur as θ approaches
π. The errors and their corresponding ranges are shown in Table
1.

3.2. Angularity and perpendicularity

Angularity and perpendicularity follow a similar pattern to
that of parallelism, but because of the offset between nd and
nf , there are now two separate coordinate systems to consider.
Regime 1 occurs when B is aligned or nearly aligned with nd.
The behavior in this regime is identical to that in Regime 1
for parallelism, where one layer is used to approximate the
slanted datum surface, resulting in an offset between the da-
tum plane and the perfect intended face. The offset between
nd and nf results in a different error than that for parallelism
in Regime 1. As shown in Fig. 4a, the angle misalignment
causes an error approximately equal to

∣∣∣Lf sin θd
∣∣∣, while the

layer approximation of the feature face results in an error equal
to (h + δz) |cos θ| + δxy sin θ.

Regime 2 will occur when θd is greater than θcr,1 but θ is less
than θcr,2. In this regime, nf is nearly parallel to B. The slanted
feature face will be approximated by only one layer and the
error is approximately equal to

∣∣∣Lf sin θ
∣∣∣ + δz |cos θ|, as shown

in Fig. 4b. Both Regime 1 and 2 reoccur as θ approaches π.
Regime 3 is the same as that for parallelism, where both fea-
tures are approximated by several layers. The angularity or par-
allelism error as a function of the polar angle of the feature face,
θ, and the polar angle of the datum face, θd, is summarized in
Table 2.
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on additively manufactured parts.
Many computer aided tolerancing systems have been devel-

oped to help designers assign design tolerances, based on func-
tional constraints. Researchers have also studied tolerance al-
location, optimizing the distribution of tolerances over several
parts to minimize manufacturing cost, but previous work has fo-
cused on subtractive manufacturing processes. As summarized
by Chase [4], a typical approach for allocating tolerances tries
to optimize manufacturing cost based on theoretical manufac-
turing cost equations. A better understanding of the relation-
ship between achievable geometric tolerances and manufactur-
ing cost for AM would improve tolerance allocation. The lay-
ered, stair-step approximation typical of AM can be predicted
mathematically from build direction and layer thickness, mak-
ing it possible to explore trade-offs between geometric error and
manufacturing cost, which are also a function of build direction.

The topic of analyzing geometric deviations for additively
manufactured parts has long been of interest to researchers. Ex-
perimental work has been conducted to quantify the range of
achievable tolerances for different AM processes [5,6]. Several
previous studies focused on predicting and minimizing some
geometric error metric, such as cusp height or volumetric de-
viation [7–10]. Some research has specifically analyzed the
connection between AM errors and GD&T [8,11–14], allowing
for integration with the tolerance allocation process. Arni and
Gupta [12] and Paul and Anand [14] have performed mathe-
matical analysis of geometric error associated with a particular
tolerance (flatness and cylindricity, respectively). Mathemati-
cal analysis of error allows for quick computation of the error
at many orientations, enabling real-time design feedback and
fast iteration during tolerance allocation. However, in order for
a design tool based on these approximations to be useful, it is
necessary to evaluate a more complete set of tolerances. In this
work, we do so for the three orientation tolerances, incorporat-
ing analysis of datums.

Visualization of build vector orientations that satisfy design
or manufacturing constraints has been included in some pre-
vious work. Arni and Gupta sketched feasible orientations as
regions on the surface of a unit sphere [12]. Rinaldi plotted fea-
sible orientations using color to indicate the number of satisfied
tolerances, plotting 2D contours of feasible regions with axes
as x- and y-direction rotations [15]. Das et al. also used color to
plot feasible regions on a unit sphere but only in increments of
10 degrees [13]. We expand on these approaches in the current
work.

3. Mathematical Analysis

This work analyzes planar surfaces and planar datum fea-
tures. Orientation tolerance zones for planar features are de-
fined by two parallel planes within which the toleranced feature
must be contained. The tolerance zone is oriented relative to
one or more datums. Orientation error is defined here as the
closest distance between two parallel planes, oriented by the
datum, that contain every point on the toleranced surface. This
error value can be compared to the tolerance value to determine
if the as-manufactured feature is within tolerance.

We use a spherical coordinate system for our analysis, ori-
ented to the toleranced feature face normal, nf . Following Arni
and Gupta [12], the polar axis is aligned with nf ; the polar an-

gle, θ and azimuthal angle, φ, describe the orientation of the
build vector, as seen in Fig. 1. The build vector, B, is the direc-
tion normal to the build platform of the AM machine, orthogo-
nal to the flat layers that are deposited.

An arbitrary face

n
f

Polar axis aligned

with face normal

B

Fig. 1. Spherical coordinate system, adapted from [12]

For parallelism, the error for each feature face can be de-
scribed using a single spherical coordinate system, oriented
based on nf , because nf is parallel to the datum face normal,
nd. For angularity and perpendicularity, nf and nd are offset
from each other by some angle; therefore, two local spherical
coordinate systems are used. A second spherical coordinate
system like that applied to the feature face (as shown in Fig.
1) is aligned to nd. The polar angle between B and nd, defined
as θd, is shown in Fig. 2. For parallelism, θd = θ because nd
and nf are parallel.

d

Local polar axis

aligned with feature

face normal

Local polar axis

aligned with datum

face normal

B

n
d

d

n
f

B

Fig. 2. Local coordinate systems for datum and some perpendicular feature

The orientation errors depend on the size of the part itself,
as discussed in the next subsections. The size of the datum face
and feature face, Ld and Lf respectively, can be calculated for
0 ≤ φ < 2π using the procedure that was described by Arni
and Gupta [12] in the context of flatness error. Note that the
datum face and feature face lengths are therefore functions of φ
even though, for notational convenience, we will refer to them
as Lf and Ld. This is done separately for both the toleranced
feature and the datum feature. Because of the need for two co-
ordinate systems for angularity and perpendicularity, we define
two sets of mathematical models: one for parallelism; and one
for angularity and perpendicularity.

In an effort to keep the model general for different AM pro-
cesses, each individual layer is assumed to have a rectangular
cross-section with a constant thickness. However, experimen-
tal studies have shown that individual layers are not perfect flat
[16–18]. To incorporate geometric deviations of individual lay-
ers, we adopt the method of Arni and Gupta [12], and model a
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Fig. 6. GE redesign bracket [19] with tolerances added

To make the color scaling easy to understand and universally
readable, we choose the Viridis colormap for its perceptually
uniformity, its readability in grayscale, and interpretability by
people with various forms of colorblindness [21].

Fig. 7. Estimated error as a function of build vector orientation for example
part

Angularity error is minimized if the build vector is exactly
aligned with the feature normal, or if the build vector is orthog-
onal to the feature normal. This is also true for the perpendicu-
larity error. The flatness error is oriented about the base plane.
Flatness error is minimized if the build vector resides in the xy
plane or if it is parallel to the z-axis. The increased error due
to support material removal on the feature face is visible at the
bottom of the angularity error plot and the top of the flatness
error plot.

Because the critical angles are small, the regions associated
with Regime 1 and 2 are small. An enlarged view of the +x
face of the error sphere is shown in Fig. 8a. If the build vector
is perfectly aligned with the x-axis, B =< 1, 0, 0 >, the perpen-
dicularity error is equal to δz, and the face is approximated by
one flat plane. If there is more than a slight misalignment, the
error is larger in magnitude because the error regime switches to
Regime 3. If the ratio of layer height to face length was larger,
the critical angles would be larger and the influence of Regime
1 and 2 would be more apparent, as shown in Fig. 8b, which
shows the same result but with a layer height of 1.0mm.

Fig. 9 shows a unit sphere containing all possible orienta-
tions of the build vector. Green regions denote orientations of
the build vector that result in all specified tolerances on the ex-
ample part being satisfied. If B was aligned with the positive
x- or y-axis of the example part (see coordinate system shown
in Fig. 6), then all three specified tolerances would be satisfied,
which would not be the case with the original build orientation
(positive z-axis).

Region A contains only a small range of orientations, which
is why it is displayed as a small dot rather than a large area.

a b

Fig. 8. Perpendicularity error when build vector is nearly aligned with x-axis
for (a) h = 0.15mm; (b) h = 1mm

Fig. 9. Feasibility regions for example part

Region B is much larger, giving a wide range of feasible orien-
tations.

B

a b

Fig. 10. Orientation of object at (a) B =< 1, 0, 0 > (b) B =< 0, 1, 0 >

6. Discussion

The feasible regions help to identify orientations where all
tolerances are met but do not convey information about the spe-
cific magnitude of the errors in the region. Considering the es-
timated errors for all three tolerances shown in Fig. 7, it can be
seen that if the build vector is aligned with the y-axis, the errors
for all three tolerances are equal to 0.12mm. Within the range
of feasible orientations, this specific orientation results in low
geometric error for all three tolerances, and should be chosen as
the final build orientation if that is the only objective. This level
of error is of the same order of magnitude as geometric devia-
tions reported in other work [6]. In future work, we intend to
validate our model by manufacturing and inspecting parts and
comparing these measurements to the model predictions.

The example part illustrates how dominant Regime 3 is for
all orientations. The orientations corresponding to Regime 1
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Fig. 4. εAng in (a) Regime 1 and (b) Regime 2. δxy and δz are shown in dark
gray.

Table 2. Angularity or perpendicularity error, evaluated at a given value of φ

Reg. θd Range θ Range εPar or εAng

1 0 ≤ θd < θcr,1 0 ≤ θ ≤ π L f sin θd + (h + δz) |cos θ|
θd ≥ π − θcr,1 +δxy sin θ

2 θd ≥ θcr,1 0 ≤ θ < θcr,2 L f sin θ + δz |cos θ|
θ ≥ π − θcr,2

3 θd ≥ θcr,1 θcr,2 ≤ θ < π − θcr,2 (h + δz) |cos θ| + δxy sin θ

3.3. Effect of slicing plane placement

Slicing of an STL file and processing of the sliced geometry
into toolpaths is typically done through a software package (e.g.
Cura or Slic3r). For a given orientation, the slicing process al-
gorithm identifies the STL vertices closest to the build platform
and takes a 2D slice of the geometry at some offset from this
point (the offset is equal to 0.5h in Cura and Slic3r). The STL
file is repeatedly sliced at 1.5h, 2.5h, and so on.

Because the transition between error regimes, discussed in
Section 3.1 and 3.2, is defined by the θ at which the feature
of interest begins to be approximated by one or two layers, the
exact placement of slicing planes relative to the face can affect
these transitions. This can be seen graphically in Fig. 5.

Fig. 5. Layered approximation of a rectangular shape with datum face shown in
pink and feature face shown in green. Orange lines show slicing plane locations.

In Fig. 5, the datum and feature face have the same length,
and are rotated by the same θ, so based on their projected length
alone, it would be expected that both faces would be approxi-
mated by the same number of layers. However, the location of
the slicing planes affects the number of layers approximating
a face, so the feature face is approximated by three layers and
the datum face is approximated by two layers. An exact calcu-

lation of the critical angles would need to consider the precise
placement of the slicing planes relative the feature in question.
The critical angles could occur at slightly lower values of θ than
that predicted in Eq. 1. However, in practice, the difference be-
tween the theoretical critical angles and the actual angles for a
particular slicing program is negligible because Regime 1 and
2 are very small for small layer thickness and large features.

4. Implementation

The system requires as input points on the edges of the fea-
ture face and datum face, normal vectors of the face and datum,
the type of tolerance on each face, and the associated tolerance
value. This geometry information can be manually found from
the STL file or exported from a CAD system from the CAD
model itself. The calculations performed for the example in this
paper use geometry information directly from the CAD model
and do not account for errors introduced by course STL resolu-
tion. For future work which will analyze non-planar geometry,
the STL resolution will need to be considered for accurate error
prediction.

The error for each tolerance is calculated separately. The
build vector orientation is varied by 1 degree increments, from
0 ≤ φ ≤ 2π and 0 ≤ θ ≤ π, and the error for each tolerance is
calculated based on the equations summarized in Table 1 and 2.
The computation time of this error is small as the only simple
trigonometry functions are evaluated. The feasible regions are
found by identifying build vector orientations where all spec-
ified tolerances are met. To provide additional information to
the designer, the number of tolerances satisfied at all infeasible
orientations is also given. The feasible orientations are plotted
on a unit sphere, whose axes are aligned with the part axes.

5. Example application

To illustrate the system, the AM manufacturability of a jet
engine bracket, using the geometry provided by GE for the
GrabCAD additive manufacturing redesign challenge [19], was
evaluated. We used the original geometry provided by GE (Fig.
6) but since the original design geometric tolerances were un-
specified, all tolerances were inferred. The bottom face was
chosen as a datum feature. Geometric tolerances were applied
to three features, as shown in Fig. 6. We analyzed the achiev-
able tolerances with layer thickness set to 0.15 mm, typical of a
laser sintering process. The value of δxy was set to 0.12mm and
δz was set to 0.05mm, based on experimental information [17].
δs was set to 0.05mm and was added to error calculations for
build directions where the angle between nf and B was greater
than 135 degrees.

The error associated with each tolerance was calculated at 1
degree increments for all orientations of the build vector. Be-
cause the layer height is much smaller than the relevant part fea-
tures, the critical angles are small; thus the error is dominated
by the Regime 3 error for all three tolerances, as shown in Fig.
7. The error for each orientation is plotted on the unit sphere,
similar to [12], but we use color to indicate the magnitude of
error. The coordinate axes for the unit sphere are aligned with
the coordinate axes of the part itself, shown in Fig. 6. This error
map is similar to a visibility map [20], where the surface of the
sphere is related to orientations of a vector, relative to a part.
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To make the color scaling easy to understand and universally
readable, we choose the Viridis colormap for its perceptually
uniformity, its readability in grayscale, and interpretability by
people with various forms of colorblindness [21].

Fig. 7. Estimated error as a function of build vector orientation for example
part

Angularity error is minimized if the build vector is exactly
aligned with the feature normal, or if the build vector is orthog-
onal to the feature normal. This is also true for the perpendicu-
larity error. The flatness error is oriented about the base plane.
Flatness error is minimized if the build vector resides in the xy
plane or if it is parallel to the z-axis. The increased error due
to support material removal on the feature face is visible at the
bottom of the angularity error plot and the top of the flatness
error plot.

Because the critical angles are small, the regions associated
with Regime 1 and 2 are small. An enlarged view of the +x
face of the error sphere is shown in Fig. 8a. If the build vector
is perfectly aligned with the x-axis, B =< 1, 0, 0 >, the perpen-
dicularity error is equal to δz, and the face is approximated by
one flat plane. If there is more than a slight misalignment, the
error is larger in magnitude because the error regime switches to
Regime 3. If the ratio of layer height to face length was larger,
the critical angles would be larger and the influence of Regime
1 and 2 would be more apparent, as shown in Fig. 8b, which
shows the same result but with a layer height of 1.0mm.

Fig. 9 shows a unit sphere containing all possible orienta-
tions of the build vector. Green regions denote orientations of
the build vector that result in all specified tolerances on the ex-
ample part being satisfied. If B was aligned with the positive
x- or y-axis of the example part (see coordinate system shown
in Fig. 6), then all three specified tolerances would be satisfied,
which would not be the case with the original build orientation
(positive z-axis).

Region A contains only a small range of orientations, which
is why it is displayed as a small dot rather than a large area.
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Fig. 8. Perpendicularity error when build vector is nearly aligned with x-axis
for (a) h = 0.15mm; (b) h = 1mm

Fig. 9. Feasibility regions for example part

Region B is much larger, giving a wide range of feasible orien-
tations.

B
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Fig. 10. Orientation of object at (a) B =< 1, 0, 0 > (b) B =< 0, 1, 0 >

6. Discussion

The feasible regions help to identify orientations where all
tolerances are met but do not convey information about the spe-
cific magnitude of the errors in the region. Considering the es-
timated errors for all three tolerances shown in Fig. 7, it can be
seen that if the build vector is aligned with the y-axis, the errors
for all three tolerances are equal to 0.12mm. Within the range
of feasible orientations, this specific orientation results in low
geometric error for all three tolerances, and should be chosen as
the final build orientation if that is the only objective. This level
of error is of the same order of magnitude as geometric devia-
tions reported in other work [6]. In future work, we intend to
validate our model by manufacturing and inspecting parts and
comparing these measurements to the model predictions.

The example part illustrates how dominant Regime 3 is for
all orientations. The orientations corresponding to Regime 1
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Table 2. Angularity or perpendicularity error, evaluated at a given value of φ

Reg. θd Range θ Range εPar or εAng

1 0 ≤ θd < θcr,1 0 ≤ θ ≤ π L f sin θd + (h + δz) |cos θ|
θd ≥ π − θcr,1 +δxy sin θ

2 θd ≥ θcr,1 0 ≤ θ < θcr,2 L f sin θ + δz |cos θ|
θ ≥ π − θcr,2

3 θd ≥ θcr,1 θcr,2 ≤ θ < π − θcr,2 (h + δz) |cos θ| + δxy sin θ

3.3. Effect of slicing plane placement

Slicing of an STL file and processing of the sliced geometry
into toolpaths is typically done through a software package (e.g.
Cura or Slic3r). For a given orientation, the slicing process al-
gorithm identifies the STL vertices closest to the build platform
and takes a 2D slice of the geometry at some offset from this
point (the offset is equal to 0.5h in Cura and Slic3r). The STL
file is repeatedly sliced at 1.5h, 2.5h, and so on.

Because the transition between error regimes, discussed in
Section 3.1 and 3.2, is defined by the θ at which the feature
of interest begins to be approximated by one or two layers, the
exact placement of slicing planes relative to the face can affect
these transitions. This can be seen graphically in Fig. 5.

Fig. 5. Layered approximation of a rectangular shape with datum face shown in
pink and feature face shown in green. Orange lines show slicing plane locations.

In Fig. 5, the datum and feature face have the same length,
and are rotated by the same θ, so based on their projected length
alone, it would be expected that both faces would be approxi-
mated by the same number of layers. However, the location of
the slicing planes affects the number of layers approximating
a face, so the feature face is approximated by three layers and
the datum face is approximated by two layers. An exact calcu-

lation of the critical angles would need to consider the precise
placement of the slicing planes relative the feature in question.
The critical angles could occur at slightly lower values of θ than
that predicted in Eq. 1. However, in practice, the difference be-
tween the theoretical critical angles and the actual angles for a
particular slicing program is negligible because Regime 1 and
2 are very small for small layer thickness and large features.

4. Implementation

The system requires as input points on the edges of the fea-
ture face and datum face, normal vectors of the face and datum,
the type of tolerance on each face, and the associated tolerance
value. This geometry information can be manually found from
the STL file or exported from a CAD system from the CAD
model itself. The calculations performed for the example in this
paper use geometry information directly from the CAD model
and do not account for errors introduced by course STL resolu-
tion. For future work which will analyze non-planar geometry,
the STL resolution will need to be considered for accurate error
prediction.

The error for each tolerance is calculated separately. The
build vector orientation is varied by 1 degree increments, from
0 ≤ φ ≤ 2π and 0 ≤ θ ≤ π, and the error for each tolerance is
calculated based on the equations summarized in Table 1 and 2.
The computation time of this error is small as the only simple
trigonometry functions are evaluated. The feasible regions are
found by identifying build vector orientations where all spec-
ified tolerances are met. To provide additional information to
the designer, the number of tolerances satisfied at all infeasible
orientations is also given. The feasible orientations are plotted
on a unit sphere, whose axes are aligned with the part axes.

5. Example application

To illustrate the system, the AM manufacturability of a jet
engine bracket, using the geometry provided by GE for the
GrabCAD additive manufacturing redesign challenge [19], was
evaluated. We used the original geometry provided by GE (Fig.
6) but since the original design geometric tolerances were un-
specified, all tolerances were inferred. The bottom face was
chosen as a datum feature. Geometric tolerances were applied
to three features, as shown in Fig. 6. We analyzed the achiev-
able tolerances with layer thickness set to 0.15 mm, typical of a
laser sintering process. The value of δxy was set to 0.12mm and
δz was set to 0.05mm, based on experimental information [17].
δs was set to 0.05mm and was added to error calculations for
build directions where the angle between nf and B was greater
than 135 degrees.

The error associated with each tolerance was calculated at 1
degree increments for all orientations of the build vector. Be-
cause the layer height is much smaller than the relevant part fea-
tures, the critical angles are small; thus the error is dominated
by the Regime 3 error for all three tolerances, as shown in Fig.
7. The error for each orientation is plotted on the unit sphere,
similar to [12], but we use color to indicate the magnitude of
error. The coordinate axes for the unit sphere are aligned with
the coordinate axes of the part itself, shown in Fig. 6. This error
map is similar to a visibility map [20], where the surface of the
sphere is related to orientations of a vector, relative to a part.
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and 2 correspond to a range of approximately 1 degree and are
only visible upon close inspection of the error plots and fea-
sible region plots. This is due to the large size of the bracket,
compared to the layer thickness of 0.15mm. As h decreases, the
range of Regime 1 and Regime 2 become smaller; the effect of
the slicing plane placement influences a smaller portion of the
overall error function. Regime 1 and 2 error is most important
for large ratios of h to Lf and Ld, which correspond to larger
values of θcr,1 and θcr,2. The effect of slicing plane placement
will also become increasingly important for small features and
datums with large ratios of h to Lf and Ld.

The mathematical formulas of error allow for real-time com-
putation of the feasible regions. The calculation of the error for
64,800 orientations, identification of orientations that needed
support, and identification of feasible regions for the example
problem shown here took 0.933 seconds to run in a MATLAB
implementation. An advantage of the mathematical basis of our
approach is speed but it is difficult to model the effect of ma-
chine inaccuracy or thermal deviations. In future work, we hope
to develop more probabilistic estimates which include some of
these effects, similar to the work of Moroni et al. [8].

The visualizations shown here use color to represent mag-
nitude of error or varying shades of red and green to indicate
number of achieved tolerances. It is hoped that this visualiza-
tion, especially due to the perceptual uniformity of the error
colormap, will enable designers to quickly evaluate potential
build vector orientations.

7. Conclusion

This system is able to quickly calculate orientation and flat-
ness errors for multiple features and can identify build direc-
tions that result in the satisfaction of all tolerances. Mathe-
matical analysis of the angularity, perpendicularity, and par-
allelism error enables efficient prediction of error due to the
stair-stepped approximation characteristic of AM. The system
is material-general and can be utilized for any layer-based pro-
cess with fixed layer thickness.

This type of design tool can help bridge the gap between
designers and manufacturers, allowing designers to understand
and optimize for manufacturing constraints before their parts
are actually manufactured. A tool that predicts tolerances are
mutually achievable for a part can improve the tolerance al-
location process. Further, this tool can elucidate relationships
between layer thickness, orientation, and geometric deviation
errors.

This error prediction approach could be used as the basis of a
manufacturing trade-off system that could improve tolerance al-
location and other design decisions influence by manufacturing
cost. Other process parameters that are affected by build ori-
entation, such as print time and material usage, could be added
to this system to help estimate manufacturing cost. Such a sys-
tem could be helpful for designers to directly explore the in-
creased cost of tight tolerances. Further analysis of different
types of visualizations is needed to help designers efficiently
explore the complicated design space. The authors also plan to
add the evaluation of other types of geometric tolerances to the
system’s capabilities.
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[7] G. Moroni, S. Petrò, W. Polini, Geometrical product specification and ver-
ification in additive manufacturing, CIRP Ann. - Manuf. Technol. 66 (1)
(2017) 157–160. doi:10.1016/j.cirp.2017.04.043.
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