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Abstract

Mechanical deviations induced by working conditions are always ignored in assembly analysis due to the rigid body hypothesis of parts. This
paper presents a study of the deviations resulting from the actual working conditions. Finite element analysis (FEA) is conducted to simulate the
deviations occurring in assemblies, in which the point-cloud geometry representation of deformed parts is adopted to enable the calculation of
small displacements by means of relative positioning. The simulated deviations are incorporated in manufacturing deviations to determine the
functional requirements based on Jacobian-torsor model. The approach is finally illustrated by a practical example.
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1. Introduction

Tolerance analysis is performed in manufacturing to predict
the quality of an assembly when the tolerances have been
assigned to its components. A proper analysis result can be the
guidance for industries to optimize parameters in design. The
dimensional and geometric variations of each part in assembly
have to be limited by tolerances to ensure not only a
standardized production but also a conformation to the
functional requirements assigned on the whole assembly. To
calculate the accumulated error resulting from a stack-up of
dimensions and tolerances, two aspects have to be paid
attention to, namely tolerance representation which determines
the meaning of the applied tolerance specifications, and
tolerance propagation which is the process for determining the
cumulative variation possibilities among two or more features.
In the literature, a variety of models are proposed to carry out
a tolerance analysis of an assembly, i.e., Variation model [1],
TTRS model [2], Matrix model [3], Vector loop [4], Jacobian
model [5], Torsor model [6], Jacobian-tosor model [7],
GapSpace [8], T-Map model [9], Deviation domain [10],
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Polytopes [11] and Skin model shapes [12], among which
Jacobian model is well-known for tolerance propagation from
part to part in assembly, and the Torsor model is an easy-to-
use model to represent the constraints of tolerances by screw
parameters. In order to overcome the disadvantages of the
Torsor model in representing the deviation propagation, the
Jacobian model has been integrated into it, making the Unified
Jacobian-torsor, which is quite suitable for complex assemblies
containing a large number of joints and geometric tolerances.
A hypothesis is normally made on these models that the
different parts are modelled as infinitely rigid solids. However,
in actual working conditions, many factors such as temperature,
force, gravity, wear and friction may result in a difference in
dimension, angle and shape. Taking the turbine as an example
[13], when the turbine is operating, a flux of hot gases (about
1000°C) is sprayed from the combustion chamber. Under the
high temperature, clearances and dimensions of geometric
features are obviously different from their static condition, thus
reducing the system reliability. S. Benichou et al. [ 14] integrate
thermal dilatation in function tolerancing. Stuppy adds
deformation deviation in a crank mechanism [15]. G.
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Jayaprakash et al. [16] consider the effect of thermal and inertia
on optimal tolerance value of components in design. Walter et
al. account for deviations from manufacturing discrepancies or
operation-dependent deviations into the simulation analysis
[17]. Junkang Guo proposes a model to equivalently represent
the elastic mating surfaces with geometric variation and
deformation [18]. Moreover, Corrado presents a
comprehensive study of tolerance analysis for rigid part with
manufacturing signature and operating conditions [19].

FEA simulation, as a virtual tool, is commonly used to
obtain the actual deformations in a designed mechanical part
caused by all of its operational loads. Typical FEA software
includes ANSYS Mechanical, ABAQUS, Romax, [-DEAS,
CAST3M, and SIMULIA. The deformed shapes represented
with a set of points are associated by the least squares method
and the variation error is evaluated as the transform matrix
between the associated surface and the nominal surface [20,
21]. Alternatively, analogous analysis is conducted on the
inputs and outputs to derive the mathematical relation between
variations and loads [22]. In this paper, an approach is proposed
to conduct deviation propagation and accumulated error
calculation with consideration of both manufacturing error and
deformation error in assembly based on the Jacobian—torsor
model. Finite element analysis is performed on nominal model
and displacement of every point of parts under the effect of
working condition is obtained. The relative positioning of this
deformed geometry and its corresponding nominal model gives
the small variation torsor which is then integrated into the
Jacobian—torsor model to obtain the functional requirement.

The reminder of this paper is organized as follows. Section
2 provides a review of the Jacobian—torsor model, and the
solutions of obtaining deformation variation as well as
integrating it into the unified Jacobian—torsor model are
presented. Section 3 demonstrates this method by a case study.
Section 4 draws the conclusion.

2. Tolerance analysis based on Jacobian-torsor
2.1. Jacobian-torsor model

In the assembly process, the accumulated error of functional
requirement is determined by propagation and stack-up of all
deviations. The unified Jacobian-torsor model introduced by
Desrochers et al [7] is a method that combines two models, i.e.,
the Jacobian model and the Torsor model which are effective
for tolerance propagation and tolerance representation
respectively.

The small displacement torsor (SDT) model uses screw
parameters including three translational vectors and three
rotational vectors to represent small displacements of a feature
within its tolerance zone. Jacobian matrix is used to map all
SDT from their local origin to the point of interest. Once the
constraints of typical features are established to transform
different forms of tolerances into variable domain of SDT, the
final error can be achieved through error propagation process
by the Jacobian matrix. Therefore, Jacobian—torsor model can
be expressed as follows:

[FR]=[J][FE] M

where the functional requirement (play, gap, clearance)
represented by [FR] is the translational and rotational vectors
of general assembly. [FE] is the small displacement torsor
related to each function element. [J] is a Jacobian matrix
expressing a geometrical relation between a [FR] vector and
corresponding [FE] vector which can be expressed by:

(Rl L&n ], ][R R D) 2)
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where [RS] = [C;;C5;C5;] represents the local orientation of ith
frame with respect to Oth frame that is the global reference
system; [Rpri] = [C1C5C5lpri , C€C1C,C5 represents the
directional change of tolerance with respect to the three
coordinate axes of frame i (W]l =
0 —dz'  dyl

dz{ 0 —dx*| is a

—dyl* dx} 0
indicating the positional changes for frame » with respect to
frame i In w! , dxf'=dx,—dx;,dyl'=dy, —
dy;, and dz]' = dz,, — dz;.
The functional requirement [FR] at assembly level can be
derived from above equations.

skew-symmetric matrix,

2.2. Integration of deformation

During a practical working situation, the multiple fields that
are applied to single parts or assembly, such as temperature
filed and force field, result in geometric errors and dimensional
changes in size, direction and magnitude in spatial six degrees
of freedom. Taking the bourdon tube in Fig.1 as an example, a
bending load is imposed on it during its working condition. As
a consequence, the whole bourdon tube tilts to the side of the
load. The larger the bending load, the bigger the bending
deflection. The point clouds of the deformed tube shape can be
obtained through FEA simulation that takes all the effects of
working conditions into consideration.

The small displacement variations induced from
deformations can be regarded as a relative positioning problem
between deformed surfaces and their corresponding nominal
surfaces (see Fig.2). The relative positioning of two surfaces is
solved based on an optimization problem with “best-fit”
requirement. The implemented algorithm aims at minimizing
the distances between any point on one surface and the
corresponding closest point of the other surface by iteratively
adjusting the transformation matrix. The variational torsor (A)
due to the deformation can be defined by six components,
including three translational components represented as Au, Av
and Aw and three rotational components represented as Aa, AB
and Ay, as seen in Eq.(3).

A=[Au; Av; Aw; Aa; AB; Ay | 3)
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Fig.1. (a) Bourdon tube model; (b) Load diagram; (c) Total deformation of part.
(d) Internal deformed surface

Nominal surface

E “'Deformed surface

Fig.2. Deformed and nominal surface of Fig.1(d).
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Fig.3 The relative positioning framework

The deformed surface in Fig.1d is taken as an example to

illustrate the process of obtaining variational torsor for
deformed part in Fig.1c based on relative positioning method.
The framework of the method is shown in Fig.3. The whole
process can be divided into three steps:
Step1: Search for the corresponding point pairs of two surfaces.
Based on Delaunay triangulation, for every point of the
deformed shape A, the corresponding point on its nominal
feature B is determined as the point that has the minimal
Euclidean distance:

B, :Bj;j:argmin"Ai—Bj" 4)

where By, means the corresponding point in feature B for 4,
as depicted in Fig.4.

Fig.4. Determination of point correspondences

Step2: Define objective functions. The objective function is
defined as the minimization of the squared sum of Euclidean
distances between all points of deformed surface and their
correspondences in the nominal surface, as shown in Eq.(5):

min =S| 4+7 -8, )
i=1

where N represents the number of points on the deformed
surface. T, =[Aa; AB; Ay] is the variational rotation vector and
T, = [Au; Av; Aw] is the variational translation vector.
Step3: “Best-fit” solution. An adequate algorithm has to be
chosen in this step to return the optimal variational torsor. This
can be performed by minimizing the objective function in Step
2 employing an active set, sequential quadratic programming
(SQP) or iHLRF algorithms [23].

The obtained deformation torsor brings about small changes
to the local coordinate system associated with the part. As a
consequence, functional element FE in Eq. (1) varies as well.
Then we have parameters in Eq. (2) as:

Rév = R(,) [Cxi][cyi:ucz[] (6)

where [C,;] is a transition matrix that rotates Aat around the x
axis on frame i. It can be computed as follows.

1 0 0
[c.)=|0 | ?
W= cosAa —sinAa
0 sinAa cosAa

In the same way, we can get [Cyi] and [C,;] that separately
represent transition matrices around the y and z axis on frame
i with angles AP and Ay.

cosAB 0 sinAS]
[c.]=| o 1 0

sinAf 0 cosAp | ®)
cosAy —sinAy 0]
[C.]=|sinAy cosAy 0
0 0 1

Due to the fact that Rpp;,describes the directional change
of tolerance with respect to the frame i’ in working condition,
it can be deduced as:

[RPT[']il = [RPTi ]7l .[Cxi].[cvi].[cz[] (9)
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Considering the translational
dx[',dy]* and dz]* can be deduced as:

variations, the

dx) =dx,, —dx, = dx! +(Au, - Au,)
dy;’ =dy, ~dy, =dy +(&v, - Av))
dz =dz, —dz, =dz! +(Aw, - Aw,)

(10)

Substituting the above three parameters in w;*, we obtain
w}}'. Then combining Egs. (6-10), the Jacobian matrix can be
defined as:

(&L (&), - DFL (k][R0

[y =], = ~ g ~ (1
[O]m [R‘l’ ]m '[R;’T» ]3x3 6
Besides, [FE] can be rewritten as:
R | T
(FE], — (R, ]_1 i (12)
[RPTi' 'RFEi

where Trp; and Rgg; are the translational and rotational torsor
components originated from applied tolerances.

Once we have [[lpg; and [FE]gg,, the functional
requirement [FR]' can be derived. The framework proposed to
analyse the accumulated error for functional requirement with
consideration of manufacturing error and deformation error in
working condition is shown in Fig.5. For the first step, we
consider the functional requirement due to manufacturing error,
i.e., dimensional and geometric deviations. Since the key point
is to obtain the variation torsor resulting from deformation,
therefore, in the second step, the simulation is conducted and
the deformations are retrived from the simulation result. This
procedure includes the import of CAD models into FEA
software, the definition of property, mesh and constrains, and
the export of deformed point clouds and nominal point clouds
for features. Then relative positioning approach is applied to
yield the variational torsor. Finally, the components in rotation
and translation will be used to modify the parameters in the first
step.

1 2

Manufacturing error Deformation error

Imported in
CAD Models ANSYS
- - Definition of Property
Dimensions Mesh and Load
and tolerances
Deformed Nominal
points points
FE 5 T
1 Relative positioning
FR Correspondences
o Objective functions
asiation torsor Optimization algirithm
3 s Ry
J [Aa afp A}/] [AM av AW]
FR — |
FE I

Manufacturing error + deformation error

Fig. 5. Procedures to calculate accumulated error for assembly

3. Case study

We shall now apply the proposed method for accumulated
error calculation based on a simple mechanism, as illustrated in
Fig.6. This assembly is made up of two parts: Support and
Probe. The tolerances and dimensions are specified in Fig.7.
The reference frames are in the middle of the tolerance or
contact uncertainty zone. Then a connection graph is
constructed to establish the dimensional chains, as depicted in
Fig.8.The kinematic chain contains two internal pair (FEO,FE1)
and (FE2,FE3), as well as one contact pair (FE1,FE2). The
functional condition FR implies the control of the relative
position between the end of Probe, which is accumulated by all
tolerances of two parts and one joint, and the surface of the
datum A.

Support | Probe

> L Suport | pp |
, | e
| Lo —3) |
IP1 i PooTm
X \/ 1 E ; 2 ) i
N Nl

---+ Internal pair(IP)

— Contact pair(CP)
" Function

requirement(FR)

Fig.6. Example mechanism Fig.8. Connection graph
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Fig.7. Detailed drawing of assembly

Table 1 summarizes the Jacobian matrices and torsors
associated to the respective function element pairs identified in
Fig. 8, and according to the procedures described in Section 2.1.
The FR, taking only manufacturing error into account can be
expressed in Eq. (13).

Table 1. Jacobian and torsor details.

Pair Jacobian Torsor
1 0 0 0 —40 0 (0,0) 1
0 1040 0 0| [[-01/2+01/2] |
IP1 0010 0 0 [~0.1/2,+0.1/2]
000100 ‘ [0.0]
% g 8 8 (1) (1’ [=0.1/20,+0.1/20]
L[-0.1/20,+0.1/20]]
100 0 —40 0 (0,0)
0 1040 0 0 [[—0.33/2,+0.33/2]}
CcP 0 01 0 0 0| |[-033/2+033/2]
% g 8 8 (1) (1’ [[~0.33/20,+0.33/20]|
[[-0.33/20,+0.33/20]]
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[0 0000 [-0.1/2,+0.1/2]

P [0.1/2,+0.1/2]
P2 I0 010 0 OI [00]

|g g 8 (1J (1) 8I [-0.1/30,+0.1/30]

lo 0o 0 00 [—0-1/3[(()),(;0.1/30]

[[-0.8100,+0.8100] |
[-0.2650,+0.2650]
[-0.2150,+0.2150] (13)
[-0.0005, +0.0005]
[-0.0265,+0.0265]

| [-0.0215,+0.0215] |

FR, = [[J]FEI [']]ng [J]FE3:|

An FEA simulation of the assembly is carried out on the
nominal part model. The material properties are defined,
together with a load that specifies a 100N force at the end of
the Probe in —y direction and a fixed constraint on Support. The
geometry and displacement of surfaces that are deformed by
the force are simulated in ANSYS software (see Fig.9). The
actual position and nominal position for each point of surfaces
can be exported as their Cartesian coordinates respectively.

a

0012672 Max b 0097153 Max

0.012065 - 0087516 [o——ce—
0011458 0077678 ———
0.010851 i R 0.068241 R
0010245 | T 0.058603 | S
0.0096378 | 0.048966 y
0.009031 0.039328

00084243 0.029691

0.0078175 0.020054

0.0072108 Min 0010416 Min

Fig.9. (a) FEA for Support; (b) FEA for Probe. Note that the deformations in
figures are expressed in millimeter (mm).

Taking the cylindrical surface in Fig.9b as an example, the
point clouds for deformed and nominal surfaces can be derived
in Fig.10. Assuming that A= {A; €R3,i =12 ...... ,N} and
B={B,;€R%i=12.... ,N} are these two point clouds,
where N represents the number of meshed nodes generated in
ANSYS, the variation from 4 to B can be expressed as:

B=T -A+T (14)

where T, is the rotational components and T, is the
translational components.

Scale X 20

Fig.10. Correspondence for Probe.

Following the three steps of relative positioning,
corresponding points in nominal surface are identified (see
Fig.10), and the objective function is defined (see Eq. (15)) and
minimized to give an optimal variational torsor.

1;_1,iTr/1f(T,A-A+T,,B) 15)

r

Subjectto b < T,, T, <ub

In Eq.(15), [b and ub are vectors of the lower and higher limit
defining the variations in six degrees of freedom and can be
represented by lb = [—1,—1,—1, —inf, —inf, —inf]; ub =
[1,1,1, inf, inf, inf].

Several algorithms can be used to solve this optimization
problem. In this paper, sequential quadratic programming (SQP)
is adopted and the obtained solutions of deformation variations
in Fig. 9(a-b) are listed in Table 2.

Table2 Torsor variations result from deformation

Pair IP1 P2
—0.0016 [ —0.0015
-0.0163 | -02886 |
Variations(A) | —3.7425E — 04 0.0377
—2.4997E — 04 —0.0030
[—1.3584E - 07| ~7.1821E — 07
1.8849E — 04 1.9409E — 04

It should be noted that the translational variations of IP1 and
IP3 have influence on parameters w;* and then affect the
Jacobian matrices. According to Eq. (12), functional element
vectors should be modified due to the effect of rotational
variations on reference frames. The functional requirement
FR;considering manufacturing error and deformation error can
be therefore computed using Eq. (1), the result is compared
with FR, that ignores the deformation in working condition.
The comparison result shows that the limit of x-translation
increases from +0.8100 mm to +£0.8169 mm while the limits of
v and z-translation drop from +£0.2650 mm and +0.2150mm to
+0.2649mm and +£0.2148mm, respectively. It is obvious that
the variations in y and z are small compared to changes in x-
axis. The deformation makes no difference in accumulated
rotation error. For better illustration of the method, we make
another experiment by imposing a 200 N force on Probe in —y
direction. The result of functional requirement is shown in Eq.
(17), the tendency of variation is consistent with that of FR;in
Eq. (16), and the deviation of FR, from FR, is nearly twice as
that of FR, from FR,. The benefit of this solution for tolerance
analysis is that actual working condition is considered and
integrated into the Unified Jacobian-Torsor model to increase
the accuracy and reliability of the results.

0.8169,+0.8169] |
0.2649, +0.2649]
0.2148,+0.2148]
0.0050, +0.0050]
0.0265, +0.0265]
0.0215,+0.0215]

T
- (16)
FR = -
[_
[_
[-

[[-0.8239,+0.8239] |
[0.2648,+0.2648]
[-0.2146,+0.2146]
[-0.0050,+0.0050]
[-0.0265,+0.0265]

| [-0.0215,+0.0215] |

(17)
FR, =
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4. Conclusion

Induced by manufacturing variations and deformation
variations, errors can be accumulated from part to part
throughout the assembly. However, the deformation in working
condition is normally neglected in most models in calculation
of variation propagation and tolerance analysis based on the
rigid body assumption. In this paper, a solution has been
proposed integrating working condition into the Jacbian-torsor
model for tolerance analysis. Using the FEA, deformation of
parts can be simulated. The relative positioning of deformed
shapes and nominal shapes enable the calculation of variation
torsors. An industrial application of an example mechanism
with operational force is provided as a demonstration. By
taking the force-induced deformation into consideration, the
final calculated deviation, especially x-translation of this
assembly is more than that calculated by the traditional
Jacobian-torsor model. In addition, the larger the imposed
force, the bigger the final deviation is. A comparison of the
results proves that the proposed method gives a more effective
and reliable solution as well as optimized product performance.

The relative positioning method enables the convenient
calculation of the variational torsor parameters resulting from
actual loads in working condition. Based on this method, the
Jacobian-torsor model can be quite suitable for tolerance
analysis of mechanisms in special working environments, such
as high temperature and high pressure, i.e., combustion engine.
It is a supplement of this model that the accuracy and reliability
can be largely improved.

This article aims at simulating deformations on nominal
CAD model by FEA. It can be possibly extended to operate on
toleranced surfaces with manufacturing deviations, such as
skin model shapes [12]. Besides, due to the fact that the
Jacobian-torsor model currently still has difficulty in the
application of over-constrained system, this method mainly
focuses on isostatic architecture at present. These work will be
further studied and addressed in future research.
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