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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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Abstract 

A manufactured over-constrained mechanism can’t be assembled and can’t be mobile without clearance in its joints. During the conceptual design 
phase, designers must specify the degree precision for the parts without proper quantitative decision-making tools. Those decisions have a great 
impact on the product’s quality and cost. In this paper, clearance and deviation are defined for an assembly of rigid parts. A geometric model is 
presented to measure those values in a given mechanism using the TTRS model. Optimum values are computed by minimizing a weighted 
function of both clearance and deviation. 
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1. Introduction 

An over-constrained assembly can only be assembled or 
mobile under strict geometrical conditions on its dimensions. 
Once manufactured, due to the imperfection on parts 
dimensions, those conditions can’t be respected, as shown by 
Meng et al. [1]. To deal with this problem, clearances are 
generally added in the system’s joints. These clearances impact 
the quality of the assembly thus creating deviation from the 
nominally designed assembly. 

However, the effect of clearances on linkages have been 
studied widely. Frisoli et al. have studied the impact of 
clearances on the position of parallel manipulators [2]. 
Kumaraswamy et al. developed a generic method to study the 
impact of clearance using screw theory [3] and Cammarata 
developed a method to study clearance affected 
overconstrained mechanisms [4]. Most studies model joints 
using the actual surfaces of the parts. However, during the 
conceptual phase the mechanism only exists as minimal 
geometric elements and contacts in joints can’t be represented. 
Currently, no efficient tools are available to help designers 
select correct values for those clearances during the conceptual 
design phase. 

 In this paper, clearances in imperfect joints and deviation 
of a manufactured assembly are defined. Clearance is a distance  
measured between two manufactured parts while deviation is a 
distance measured between a manufactured assembly and its 
nominal, virtual and unique equivalent. The deviation 
measured here is between two mechanism as opposed to a 
geometric deviation between a manufactured part and its 
nominal definition resulting from  the manufacturing process. 
A geometrical model is presented to give formal expressions of 
those two measures using the TTRS (Technologically and 
Topologically Related Surfaces) [5] model. Then, a weighted 
function is minimized to find the relative position of the 
manufactured links with respect to the nominal ones. Values 
for clearances and deviations are also computed. Thanks to 
these results the minimum clearance needed in the assembly’s 
joints is computed and the quality of the manufactured 
assembly is given. A simulation is then conducted to compute 
the maximum and average values for clearance and deviation. 
By sampling a high number of possible manufactured 
mechanisms, designers can choose clearances and tolerances 
that allow mobility or assemblability. 

This paper will describe the model and representations for a 
generic closed loop linkage in section 2 and 3, gives definitions 
for clearance and deviation in section 4 and computes the 
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developed a method to study clearance affected 
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using the actual surfaces of the parts. However, during the 
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geometric elements and contacts in joints can’t be represented. 
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manufactured links with respect to the nominal ones. Values 
for clearances and deviations are also computed. Thanks to 
these results the minimum clearance needed in the assembly’s 
joints is computed and the quality of the manufactured 
assembly is given. A simulation is then conducted to compute 
the maximum and average values for clearance and deviation. 
By sampling a high number of possible manufactured 
mechanisms, designers can choose clearances and tolerances 
that allow mobility or assemblability. 

This paper will describe the model and representations for a 
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values for clearance and deviation on an example in section 6 
using the optimization described in section 5. 

2. Geometrical model for a link 

To represent a manufactured linkage, a model is first given 
for a nominal part in order to build a nominal assembly. Then, 
manufactured parts are represented as a variation around those 
nominal parts using a soft-gage specified by the designer. 

2.1. Nominal link 

2.1.1. Conceptual model of a link 
 
In an assembly, parts are connected two by two by joints. In 

a joint, two functional surfaces are involved, each belonging to 
one of different part. Functional surfaces are represented by a 
TTRS and its characteristic MGRE (Minimum Geometric 
Reference Elements). Finally, each part of an assembly is 
modeled by an association of several TTRS. 

For instance, a link between two revolute joints is given by 
four points defining the height and the axis of both physical 
revolute joints as shown in Fig. 1. Association of those 
geometrical elements defines a TTRS. The conceptual model 
of a point-axis/point-axis TTRS is given in Fig. 2. 

 

 

Fig. 1. A nominal link i between two revolute joints 

 

 

Fig. 2. TTRS model for a nominal link i between two revolute joints 

A TTRS for a nominal link i between two revolute joints is 
defined by 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑁𝑁

𝑖𝑖  given by the association of two TTRS 
involved in each joint: 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑁𝑁1

𝑖𝑖   and 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑁𝑁2
𝑖𝑖  .   

 

 (1) 

 
𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑁𝑁

𝑖𝑖  is called a part-level TTRS while 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑁𝑁1
𝑖𝑖   and 

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑁𝑁2
𝑖𝑖  are called joint-level TTRS. 

2.1.2. Geometric construction of a link’s MGRE 
 
The four points of  𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑁𝑁

𝑖𝑖  named 𝐴𝐴1
𝑖𝑖 , 𝐵𝐵1

𝑖𝑖 , 𝐴𝐴2
𝑖𝑖  and 𝐵𝐵2

𝑖𝑖  define 
the two axes ∆1

𝑖𝑖 , ∆2
𝑖𝑖  of the two revolute joints as in Fig.3. Two 

points 𝑂𝑂1
𝑖𝑖  and 𝑂𝑂2

𝑖𝑖  are chosen as the respective center of the 
segments [𝐴𝐴1

𝑖𝑖 , 𝐵𝐵1
𝑖𝑖 ] and [𝐴𝐴2

𝑖𝑖 , 𝐵𝐵2
𝑖𝑖 ]. The coordinates of each points 

are given in a local reference axes system 𝑆𝑆𝑁𝑁
𝑖𝑖 = [𝑂𝑂1

𝑖𝑖 , 𝑥𝑥𝑖𝑖⃗⃗  ⃗, 𝑦𝑦𝑖𝑖⃗⃗  ⃗, 𝑧𝑧𝑖𝑖⃗⃗  ⃗] 
with 𝑥𝑥𝑖𝑖⃗⃗  ⃗ parallel to the common perpendicular between the two 
axes, 𝑦𝑦𝑖𝑖⃗⃗  ⃗defined by the cross product of 𝑧𝑧𝑖𝑖⃗⃗  ⃗ ,  𝑥𝑥𝑖𝑖⃗⃗  ⃗ and 𝑧𝑧𝑖𝑖⃗⃗  ⃗ collinear 
to 𝐴𝐴1

𝑖𝑖 𝐵𝐵1
𝑖𝑖⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗. 

 

 

Fig. 3. Parametrization of a nominal link i between two revolute joints 

A nominal link i is parametrized by the set of parameter 
𝑑𝑑𝑁𝑁

𝑖𝑖 = [𝐿𝐿1
𝑖𝑖 , 𝐿𝐿2

𝑖𝑖 , 𝐿𝐿3
𝑖𝑖 ,𝑖𝑖, ℎ1

𝑖𝑖 , ℎ2
𝑖𝑖 ] expressing the coordinates of 

points  𝐴𝐴1
𝑖𝑖 , 𝐵𝐵1

𝑖𝑖 , 𝐴𝐴2
𝑖𝑖  and 𝐵𝐵2

𝑖𝑖  in the reference frame 𝑆𝑆𝑁𝑁
𝑖𝑖 . 

Coordinates 𝐿𝐿1
𝑖𝑖 , 𝐿𝐿2

𝑖𝑖 , 𝐿𝐿3
𝑖𝑖 ,𝑖𝑖 are the Sheth-Uicker [6] [7] 

coordinates for a point-axis/point-axis TTRS. 
 

 
 
 
 
 
 (2) 
 
 
 
 
 
 

2.2. Manufactured link 

In this section, a model of a manufactured part is presented. 
The manufactured part is generated from the nominal part-level 
TTRS defined previously and a soft-gage specified by the 
designer. 

For this study, the chosen soft-gages are defined as a 
cylindrical tolerance zone measured relatively to a reference 
point-axis. The manufactured part i is represented by a part-
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TTRS for every joint-level TTRS of the nominal part. The 
manufactured point-axis 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀1

𝑖𝑖  is coincident to the 
reference point-axis of the soft-gage and the manufactured 
point-axis 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀2

𝑖𝑖  is chosen in the tolerance zone of the soft-
gage. The acceptable manufactured axis for a part i is defined 
by two points 𝐶𝐶2

𝑖𝑖  and 𝐷𝐷2
𝑖𝑖  expressed by four 

parameters (𝑟𝑟1𝑖𝑖, 𝑟𝑟2𝑖𝑖, 𝜃𝜃1
𝑖𝑖 , 𝜃𝜃2

𝑖𝑖 ) defining two vectors perpendicular 
to ∆2

𝑖𝑖 . Those points are given by the following cylindrical 
coordinates around the soft-gage axis expressed in the 
reference frame 𝑆𝑆𝑀𝑀

𝑖𝑖 : 
 

 
 
 
 
 
 (3) 
 
 
 
 
 

With : 

 
Ri being the radius of the chosen tolerance zone for the part i. 

 

 

Fig. 4. Soft-gage and manufactured link i 

For each nominal part, a manufactured link is generated 
using this model thus creating one manufactured part for each 
nominal one. The position of the manufactured MGRE in the 
soft-gage is defined by the set of parameters 𝑔𝑔𝑀𝑀

𝑖𝑖 . 
 
  
 (4) 

 
A manufactured link is then parametrized by a set of 
parameters 𝑑𝑑𝑀𝑀

𝑖𝑖 : 
 

 (5) 

3. Geometrical model for a linkage 

A nominal linkage is created by defining a list of joints 
between the parts. 

3.1. Nominal linkage 

3.1.1. Nominal joint 
 
A nominal joint i/j is created by connection of two joint-

level TTRS from two different parts. For instance, a joint 
between two point-axis MGRE from parts i and j using the 
model given in Fig. 5 is expressed as: 

 
 (6) 
 

 Then, a list of positional parameters sets the relative 
positions pi/j between each part. For a revolute joint, the relative 
position between the two links is given by only one parameter 
𝛽𝛽𝑖𝑖/𝑗𝑗 defined by the angle between 𝑥𝑥 𝑖𝑖 and 𝑥𝑥 𝑗𝑗. 

 

 

Fig. 5. Nominal joint between two TTRS 

The relative position of the part j in regard of part i is then 
given by the joint i/j and the position pi/j. This relative position 
is expressed by a spatial transformation 𝑇𝑇𝑁𝑁

𝑖𝑖/𝑗𝑗 such that: 
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nominal dimensions 𝑑𝑑𝑁𝑁
𝑖𝑖 , 𝑑𝑑𝑁𝑁

𝑗𝑗 , nominal positions 𝑇𝑇𝑁𝑁
𝑖𝑖/𝑗𝑗 and 

transformations 𝑇𝑇𝑀𝑀
𝑖𝑖 ,  𝑇𝑇𝑀𝑀

𝑗𝑗 . Figure 6 shows an imperfect joint 
between two manufactured TTRS positioned relatively to their 
nominal equivalent. 

 

 

Fig. 6. Imperfect joint between two manufactured TTRS 

A closed-loop linkage is then created by positioning a 
manufactured part-level TTRS for each corresponding nominal 
part of the nominal linkage. 

4. Definition of clearance and deviation 

To complete the conceptual model, two measures are 
defined to evaluate the functionality and the quality of the 
studied manufactured assembly. Minimization of those 
measures enables to compute the position of the manufactured 
linkage relatively to the nominal one. 

4.1. Clearance 

Local clearance is defined as a measure of a distance 
between two manufactured MGRE in a joint. In a revolute joint, 
this measure gives the designer the needed clearance between 
the axis of a hole and a pin in a joint. Clearance is measured 
between two reference geometries from two different joint-
level TTRS sharing the same joint. Figure 6 shows a clearance 
measure between two MGRE from parts i and j. 

 

 

Fig. 7. Clearance between two manufactured axes 

Local clearance is expressed by the function Lj/i which 
characterizes an imperfect revolute joint between parts i and j 
as shown in Fig. 8. 

 
 
 (10) 
 

 
M being a sliding point along the (A1, B1) axis. Similar 

function can be expressed for other types of joint. 
 
 

 

Fig. 8. Local clearance and local deviation in an imperfect joint 

Local clearance is measured for each joint and a global 
clearance (CLE) is expressed as the norm of all local clearances 
of the linkage. 

 
  (11) 
 

4.2. Deviation 

Local deviation is defined as a measure of a distance 
between a joint-level TTRS from a nominal part and its 
manufactured equivalent. This measure expresses the global 
deviation from a manufactured assembly relatively to a virtual 
nominal assembly. Fig. 8. shows the two deviations defined 
around a joint i/j. 

Deviation uses the same function as clearance but between 
a nominal MGRE and a manufactured MGRE. The local 
deviation between 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑁𝑁2

𝑖𝑖  and 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀2
𝑖𝑖  is given by: 

 
 
 (12) 
 
 

A similar local deviation 𝐿𝐿1
𝑖𝑖  is also expressed between 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑁𝑁1
𝑖𝑖  and 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀1

𝑖𝑖  and gives the expressions of 𝑑𝑑𝑑𝑑𝑑𝑑11
𝑖𝑖⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   

and 𝑑𝑑𝑑𝑑𝑑𝑑21
𝑖𝑖⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  . 

A deviation can be measured for every manufactured axis in 
the linkage (2 axes per links). The global deviation (DEV) can 
be expressed as the norm of the local deviations. 

 
  
(13) 

5. Optimization and simulation 

5.1. Optimization 

An optimization method is used to compute the values of the 
transformation parameters 𝑇𝑇𝑀𝑀

𝑖𝑖 of every manufactured part 
relatively to the nominal linkage. The objective function is 
chosen as a combination of clearance and deviation and the 
resulting values for both measures are obtained after the 
computation. The objective function is defined by: 
 



242	 Alrik Mabire  et al. / Procedia CIRP 75 (2018) 238–243
 Alrik Mabire, Philippe Serré, Mireille Moinet, Jean-Francois Rameau, André Clément / Procedia CIRP 00 (2018) 000–000  5 

 (14) 
 

X and Y are chosen by the designer as parameters as well as 
the nominal dimension 𝑑𝑑𝑁𝑁𝑖𝑖  and the dimensions of the tolerance 
zones. The objective function can then be expressed as a 
function of the transformation variables 𝑇𝑇𝑀𝑀𝑖𝑖  , the variables 
(𝑟𝑟1𝑖𝑖, 𝑟𝑟2𝑖𝑖, 𝜃𝜃1𝑖𝑖 , 𝜃𝜃2𝑖𝑖 ) defining the position of the manufactured axes 
in the tolerance zones, and the current position of the nominal 
mechanism pi/j. The optimization is then defined as: 

 
  
 (15) 
 

Where 𝑇𝑇𝑀𝑀𝑖̂𝑖  are the values for each  𝑇𝑇𝑀𝑀𝑖𝑖  minimizing the 
objective function. 

5.2. Simulation 

A high number of acceptable manufactured assemblies is 
generated to compute the minimum clearance values to 
guarantee the assemblability and/or mobility of the nominal 
linkage. The problem is optimized for each instance of 
manufactured assembly in order to determine the clearance and 
deviation values. For a mobile mechanism, the manufactured 
dimensions and the position of the nominal linkage can vary 
for each sample to compute the maximum values for clearance 
and deviation of any possible manufactured assembly. The 
resulting optimization is defined as: 

 

 
 

For each instance k, a different manufactured assembly is 
positioned around another nominal position pi/j(k) as shown in 
Fig. 9. 

 

Fig. 9. Computation of maximum clearance and deviation 

Global maximum values are then obtained for clearance and 
deviation. 

6. Case study 

6.1. 6R linkage – Industrial powder mixer 

The studied mechanism is a mobile 6R linkage similar to a 
powder mixer shown in Fig. 10 and studied in [8] with nominal 

dimensions given in Table 1. Those dimensions are measured 
from a 3D CAD model shown in Fig. 10 using the Sheth-Uicker 
parametrization. The mechanism is built with 6 parts linked by 
revolute joints, the total number of variable for the 
optimizations is 36 (6 parameters positioning each 
manufactured parts).  

Table 1. Nominal parameters for the studied linkage 

Part L1 (mm) L2 (mm) L3 (mm) (rad) 

1 0 200 0 0 

2 45 0 0 /2 

3 0 115.5 0 /2 

4 0 115.5 0 /2 

5 0 115.5 0 /2 

6 0 0 -45 /2 

 
 

The radius of the tolerance zones is specified as 0.1mm. The 
software used is Maple 2017 with the Optimization package. 
The studied mechanism is mobile. Being in the conceptual 
design phase, no statistical model is known for the parts 
geometrical variations. The manufactured parts are generated 
using harmonic functions describing a uniform distribution for 
the parameters 𝑔𝑔𝑀𝑀𝑖𝑖  similarly to Rameau et al. in [9] in order to 
cover all possible configurations. 

 
 
 
 
 (16) 
 
 
 
 

 
With: 

 

    
 

 
 

 

Fig. 10. Powder mixer and its CAD model 
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6.2. Results for the 6R linkage 

Simulations are performed on N=1000 samples. X and Y 
values are set on 1 to give the same weight to clearance and 
deviation. The following figures show the different values for 
clearance and deviation for each instance k. Fig. 11 shows the 
6 different values for local clearances in the linkage for each k, 
Fig. 12 shows the values for deviations for each sample and 
table 2 gives the maximum, average and standard deviation for 
both measures. 

 

 

Fig. 11. Values of local clearances for the 6R powder mixer 

 

Fig.12. Values of local deviations for the powder mixer 

 

Table 2. Numerical results for the powder mixer 

 Max (mm) Average (mm) Standard deviation 
(mm) 

Clearance 0.104 0.025 0.090 

Deviation 0.106 0.033 0.096 

 
The computed values for maximum local clearances give the 

minimum clearances to apply in each joint to guarantee the 
existence of every possible positions for any possible 

acceptable manufactured linkage. Optimization time is 3464s. 
This computation time is obtained on a 2015 MacBook Pro 
equipped with a 2.8GHz processor and 16Gb of RAM. 

7. Conclusion 

A geometrical and conceptual model has been developed to 
model a nominal linkage and its manufactured equivalent. The 
proposed model uses the TTRS theory. It allows the designer 
to study clearances and deviations during the conceptual design 
phase. From this model, clearance and deviation are defined 
and computed through a simulation to compute the maximum 
possible values. Results can then be used to determine the 
minimum clearance to apply to joint clearance to allow 
mobility or assemblability. Different objectives can be chosen 
by the designer; a weight can be assigned to both objectives 
depending of the application and a weight could also be applied 
to each independent joint. 

This model will be applicable to any closed-loop over-
constrained linkage by extending the definitions of clearance 
and deviation to other types of joints. The method developed to 
compute the values of clearance and deviation is also 
applicable to non-overconstrained linkage. 
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