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Abstract

In this work, we introduce a novel abstract framework for the stability and convergence analysis of fully
coupled discretisations of the poroelasticity problem and apply it to the analysis of Hybrid High-Order (HHO)
schemes. A relevant feature of the proposed framework is that it rests on mild time regularity assumptions
that can be derived from an appropriate weak formulation of the continuous problem. To the best of our
knowledge, these regularity results for the Biot problem are new. A novel family of HHO discretisation
schemes is proposed and analysed, and their performance numerically evaluated.
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1 Introduction

The numerical modeling of poroelastic media is relevant in several applications in geosciences, including
subsidence due to fluid withdrawal, reservoir impoundment, tensile failure induced by pressurization of a
borehole, waste disposal, earthquake triggering due to pressure-induced faults slip, injection-production cycles
in geothermal fields, and carbon dioxide storage in saline aquifers. The interest in the coupled diffusion-
deformation mechanisms was initially motivated by the problem of consolidation, namely the progressive
settlement of a soil due to fluid extraction. The earliest theory modeling the effects of the pore fluid on the
deformation of the soil was developed in the pioneering work of Terzaghi [32], who proposed a model for
consolidation accounting for the fluid-to-solid interaction only. In this case, the problem can be decoupled
and solved in two stages. This kind of theory can successfully model some of the poroelastic processes in
the case of highly compressible fluids such as air. However, when dealing with slightly compressible (or
incompressible) fluids, the solid-to-fluid interaction cannot be neglected, since the changes in the stress can
significantly influence the pore pressure. The first detailed mathematical theory of poroelasticity incorporating
two way interactions was formulated by Biot [2]. The model proposed by Biot was subsequently re-derived
via homogenization [1, 11] and mixture theory [9, 10], which placed it on a rigorous basis.

Several space discretisation methods for the Biot problem have been considered in the literature. Finite
element discretisations are discussed, e.g., in the monograph [24]; cf. also references therein. A finite volume
discretisation for the three-dimensional Biot problem with discontinuous physical coefficients is considered in
[25]. In [27, 28], an algorithm that models displacements with continuous elements and the flow with a mixed
method is proposed. In [29], the same authors study a different method, where displacements are approximated
using discontinuous Galerkin (DG) methods. The coupling of a multipoint flux discretisation of the flow with
a DG discretisation of the mechanical term is studied in [34]. More recently, stable cell centered finite volume
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discretisations have been considered in [26]. Concerning the Hybrid High-Order (HHO) literature, we can cite
the original method of [3], relying on a discretisation of the displacements in the HHO space of degree k > 1
and of the pore pressure in the space of broken polynomials of total degree < k, as well as its extension to
nonlinear strain—stress laws considered in [8] (based in turn on the method of [7] for nonlinear elasticity). We
also cite here the recent work [6] on the extension to random coefficients.

The contribution of the present work is threefold: first, we prove novel regularity estimates for the solution
of a weak formulation of the continuous Biot problem; second, in the spirit of [15], we introduce a novel abstract
framework for the stability and convergence analysis of fully coupled discretisation schemes that enables one to
exploit the aforementioned regularity; third, we apply the abstract framework to the analysis of both existing and
novel schemes based on HHO discretisations of the mechanical term. Specifically, we introduce a novel family
of schemes where HHO methods are used to discretise both the mechanical and flow terms. These HHO-HHO
discretisations display some relevant advantages in addition to the properties of the original HHO-DG scheme
of [3]: they enable the use of piecewise constant approximations of the displacements and the pore pressure,
leading to schemes that lend themselves to large three-dimensional industrial simulations; when polynomials of
total degree < k are used as discrete unknowns, convergence in RE* (with A denoting, as usual, the meshsize)
can be proved for the energy norm of the error without requiring elliptic regularity (that is, for non convex
domains and/or heterogeneous permeabilities); the implementation can benefit from static condensation in the
spirit of [19, Section 6] to locally eliminate a large subset of both displacement and pressure unknowns. We
notice, in passing, that the error estimates derived here for the HHO-DG method are different from the ones
originally proved in [3] and hold under milder time regularity requirements.

The rest of this paper is organised as follows. In Section 2 we establish the continuous setting, state a
weak formulation of the Biot problem, and derive novel regularity results for its solution. Section 3 contains
the abstract analysis framework, including the assumptions on the abstract scheme as well as its stability and
convergence analysis. In Section 4 we introduce the discrete setting, while in Section 5 we formulate the HHO
schemes. Their convergence analysis based on the abstract framework of Section 3 is carried out in Section 6.
Finally, some numerical examples are presented in Section 7 to corroborate the theoretical results.

2 Continuous setting
In this section we state the Biot problem and its weak formulation, and discuss the regularity of the solution.
2.1 Continuous problem

Let Q c R4, 4 € {2, 3}, denote a bounded connected polyhedral domain with boundary dQ and outward
normal n. For a given observation time frz > 0, volumetric load f : Q X (0,7p) — R4, and fluid source
g : Qx(0,tr) — R, we consider the poroelasticity problem that consists in finding a vector-valued displacement
field u : Q x [0, fr) — R and a scalar-valued pore pressure field p : Q x [0, 7g) — R such that

~V-o(Viu) + Cow Vp=f  inQx(0,15), (1a)
Codsp + Cowdi(V-u) —V-(KVp) =g in Q X (0, tp). (1b)
The quantities appearing in the above equations are defined as follows. Let R%*? denote the set of symmetric

d X d real-valued matrices. In (l1a), Vg denotes the symmetric part of the gradient operator acting on vector-
valued fields, o : R4 — R4 s the linear strain-stress law such that, for a given uniformly elliptic

fourth-order tensor-valued function C : Q — RdA,
o(t)=Ct V1 e R, (1¢c)

and Gy, > 0is the Biot—Willis coefficient. For homogeneous isotropic materials, the tensor C can be expressed
in terms of the Lamé coefficients ¢ > 0 and A such that 2u + dA > 0: For all T € RZ*9,

2u+dAa

Ct=2ut+Ate(t)l 4 =2u dev(t) + tr(1)1 4, (1d)

where I; denotes the identity matrix of R¥?, tr(7) == 3¢ 7, and dev(r) := 7 — d~'te(r)l 4. Tn (1b), d,
denotes the time derivative, Cy > 0 is the constrained specific storage coefficient, while K : Q — B;’Xd is the
uniformly elliptic hydraulic mobility tensor field which, for strictly positive real numbers 0 < K < K, satisfies

K|é)? < K(x)€ - € < K|€|? for almost every (a.e.) x € Qand all € € RY. (le)



In the poroelasticity theory [12], the medium is modeled as a continuous superposition of solid and fluid phases.
Following [33], the mechanical equilibrium equation (la) is based on the decomposition of the total stress
tensor into a mechanical contribution and a pore pressure contribution. The mass conservation equation (1b) is
derived for fully saturated porous media assuming Darcean flow. The first two terms of this equation quantify
the variation of fluid content in the pores. The dimensionless coupling coefficient Cyy, expresses the amount of
fluid that can be forced into the medium by a variation of the pore volume at a constant fluid pressure, while Cy
measures the amount of fluid that can be forced into the medium by pressure increments due to compressibility
of the structure. The case of a solid matrix with incompressible grains corresponds to the limit value Cy = 0.

To close the problem, we enforce homogeneous boundary conditions corresponding to a clamped, imper-
meable boundary:

u=90 on 9Q X (0, tg), (1f)
(KVp)-n=0 on dQ X (0, 1g), (1g)

as well as the following initial condition which prescribes the initial fluid content:
Cop(,0) + CowV-u (- 0) = ¢°(). (1h)

In the case Cyp = 0, we also need the following compatibility conditions on g and ¢° and zero mean value
constraint on p:

/ #°(x)dx = 0, / g(x,1)dx =0 Vr e (0,1p), / p(x,t)dx =0 Vr € [0, ). (1)
Q Q Q
For the sake of simplicity, throughout the rest of the paper we make the usual assumption

Cow = 1.

2.2 Weak formulation

We next discuss a weak formulation of problem (1). For any measured set X, integer m € Z, and vector space
V, we denote by H™(X; V) the usual Sobolev space of V-valued functions that have weak partial derivatives
of order up to m in L?*(X;V), with the convention that H(X;V) := L*(X;V). C™(X;V) and CZ(X;V)
denote, respectively, the usual spaces of m-times continuously differentiable V-valued functions and infinitely
continuously differentiable V-valued functions with compact support on X. For the sake of conciseness, we
adopt the convention that the codomain is omitted when V = R, and we simply write H"(X), L*(X), C"™(X),
and C’(X). Denoting by (-, -)y and ||-||y the inner product and induced norm of V, the space C"*([0, z]; V) is
a Banach space when equipped with the norm

. (i)
m vy = max max ||d Hllv,
llellc ([0,2:];V) 0% o 1l ] I t o(®)llv

where d;i) denotes the ith time derivative. The Hilbert space H™ (0, tg; V) is equipped with the norm ||-[| gm0, 1;v)
induced by the scalar product

n Fo )
(@) = ) /0 (@ e(0), d’w)yv dt  Veu e H™(V).
j=0

At a given time ¢, the natural functional spaces for the displacement u() and pore pressure p(¢) taking into
account the boundary condition (1f) and, if Cy = 0, the zero-mean value constraint (1i) are, respectively,

H'(Q if Co > 0,
U = H}(Q)* and P::{ ) o>

H Q)N L3Q) ifCy=0,

where H& (Q) is spanned by functions in H'(Q) that vanish on dQ in the sense of traces and LS(Q) by functions
in L2(Q) with zero mean value over Q.



Assume f € L%(0,tp; L>(Q)?) and g € L*(0, tp; L*(Q)) verifying (1i) if Cy = 0, and ¢° € L*(Q). We
consider the following weak formulation of problem (1): Find u € L2 (0,tg;U) and p € LZ(O, tg; P) such that,
forally € U,all g € P, all r € L*(Q), and all ¢,y € CZ((0, 1)),

/0 La(u(t).v) + b, p(O)] 1) dt = 0 O e 0O dr, ()

/O [ (~(Copt01 )13y + lu0). ) d o) + c(pla). )] r = /O e around, @b
(Cop(0) + V-u(0). 1) 20y = (% P20 (20)

with bilinear forms a : U XU - R,b: U X P — R, and ¢ : P X P — R such that
aw,v) = (CVow, Vv papana,  b0q) = =V, @y, criq) = (K V). ()

2.3 Regularity

In this section, we investigate the regularity of the solution to problem (2). Specifically, under mild assumptions
on the problem data and initial pressure, we prove thatu € H'(0, t; U) and p € C°([0, tg]; P)NH' (0, tg; L*(Q)).
For the sake of brevity, in this section we will often use the notation a < b for the inequality a < Cb with
generic constant C > 0 independent of y, A, Cp, and K, but possibly depending on d and Q.

2.3.1 Preliminary results

We start by recalling two fundamental results that will be needed in the discussion. The following generalised
Korn inequality is proved in [30, Theorem 2] and [31, Theorem 2.3]: There exists a positive constant Ck,
depending on Q and d, such that

||V||H1(Q)d < CK”deV(VSV)”LZ(Q)dxd Vv elU. (4)
As a consequence of (4) and of the definition of C given in (1d), one has

Z/JHV”?{l(Q)d S Clz(a(v’ V) S (zlu + d/l+)C]2(||v||iIl(Q)da (5)

with A* denoting the positive part of 1. The second, classical result is the surjectivity of V- : U — LS(Q) (see,
e.g., [23] and [21, Corollary 2.4]): There exists 8 > 0 only depending on Q and d such that

Bligllr2q) < sup b(r.q) Vg€ Lj(Q). (6)

vel,|v ”H ld =1

2.3.2 Regularity estimate

Assume f € H'(0,1p; L2(Q)4) and ¢° € H'(Q). This additional regularity of the loading term f allows to
prescribe the mechanical equilibrium at the initial time # = 0. Specifically, observing that, for all v € U, the
function 1 — (f(t),v)12(q) belongs to H'(0,7r) c C°([0, 7¢]), we consider the initial solution ((0), p(0)) €
U x P solving the weak problem given by (2c) along with the mechanical equilibrium equation

a(u(0),v) + b(v, p(0)) = (£ (0, ¥) - ™
We will additionally need the following assumption on the initial pressure:
1VpO) 2 < € (IF Ol + 16 ®)

where the constant C possibly depends on the problem coefficients u, 4, and Cy. In Section 2.3.3, we will
discuss some sufficient assumptions on the problem data under which (8) holds.

Theorem 1 (Regularity estimate). Let (u, p) € L*(0,1x; U X P) solve problem (2) with f € H'(0, tg; L2(Q)%)
and ¢° € H'(Q). Assume, additionally, that (8) holds. Then,

u € H'(0,tp;U) and p € C°([0, 15]; P) N H'(0, tg; L*(Q)).



Proof. Owing to f € H'(0, tp; L*(Q)¢), we can take ¢ = —d;iy € C((0,r)) in (2a), then use an integration
by parts in time in both (2a) and (2b) to infer

a(dyu,v) + b(v,dip) = (di f.v)2pe Vv € U in L*(0, 1), (9a)
Co(dip. Q)12 ) — bldru, q) + c(p, q) = (8 D20 Vg € P in L*(0, tg). (9b)

Let now s € (0,7¢]. Taking v = d;u in (9a) and ¢ = d;p in (9b), summing the resulting equations, and
integrating over (0, s), yields

/0 et du@) + ColldipO g, + cp), dip(e))| ar =

/O [(def (2), dru(0)) 2y + (8(0), dip(1)) 12y ] .

Using the coercivity of the bilinear form a expressed by the leftmost inequality in (5), the identity c(¢, d;p) =
%dtc(qv, ¢), and recalling the uniform ellipticity assumption (le) on the hydraulic mobility tensor, it follows
from the previous relation that

[

K
Ity + ColldepOgy | 1+ S ITDONE: gy~ SITPOI 0

CZ

< /0 [(d: f (), du(0)) 120y + (8(0), di(p = TQP)(E)) 12102y + (TQG (L), dip(t)) 12y | At (10)

where the spatial mean-value operator 7 : L'(€) — R is defined such that, for all ¢ € L!(Q),

1
0 .
o = @‘/an(x)dx.

(Notice that ﬂggo is identified with a constant function over Q2 when needed.)
Using the continuous inf-sup condition (6), equation (9a), the continuity of the bilinear form a expressed
by rightmost inequality in (5), and the Cauchy—Schwarz inequality, we obtain, for a.e. ¢ € (0, s),

Blldi(p = 7p) D)l 120 < sup la(diu(),v) = (di f (1), ¥) 12y |
veU, vl gya=1 (11)
< QuA+d)ldu®)lg e + ldef Ol

Thus, using the Cauchy—Schwarz inequality, the previous estimate, and the Young inequality to bound the
right-hand side of (10), leads to

I

C ”dlu(t)”Hl(Q)d + COHdtp(t)”LZ(Q) dr + _”VP(S)HLZ(Q)d - ”VP(O)HLZ(Q)(I

gDl 2@llde f Ol 2 )a
B
+ ld Pl 20 17 (D]l 2y

2u+dat
/Ildzu(t)llm(g)d (Ildtf(t)IILz(g>d+ ﬂ; IIg()Ile(m)

N
</
0

2 +\2 4
O P sl i Sl
u L*(Q) S#CIZ(BZ

1
QI Z—Conngg(r)lliz@l dr

s 0 2
[ 4 SO gy + SIPO s

where we have adopted the convention that Cy ! ||7rgg(t)|| 12 = 0if Co = 0. Rearranging, multiplying by
2, and hiding, in the right-hand side, a multiplicative costant that depends only on Q and d for the sake of
legibility, we get

S
/0 |26l w11 g0 + Colld PO gy | dt + KIVP(5) s = RIVPO) gy

s ,u_l “f”ill(o,t]:;Lz(Q)‘l) + (2# + d/l+)2/*l_1 ”g”iz(o,tF;Lz(Q)) + CO_I ||ngg||1%2(0’tF;L2(Q))- (12)



Owing to (8) along with the fact that || f(0)|l;2q)ye < 1 |z 0, 4:22(02)34)> We obtain

1PN gpa < C* (IF B0 ez * 19"y -

Hence, plugging the previous bound into (12), it is inferred that

/ |20l w111 o + ColldpO) gy | dt + KIVP(6)IEsiga < RC NG00+
0
(/J_] + KCZ)”f”i]I(OJF;LZ(Q)d) + (2'/1 + d/l+)2/'t_1 ||g||iz(0,tp;L2(Q)) + C(;] ||”gg||iz(0’tF;L2(Q))- (13)
Taking s = #r and denoting by R(f, g, ¢°) the quantity in the right-hand side of the previous bound, yields
Z#Hdtu”iZ(o’tF;Hl(Q)d) + ”dt(c()p)”[ZAZ(OJF;LZ(Q)) < R(f’ 8> ¢O)s (14’)

Therefore, recalling the definition of the H'(0, tg; V)-norm and the assumption (u, p) € L*(0,1g; U X P), we
obtain u € H'(0,z; U) and Cop € H'(0, tp; L*(Q)). According to (1i), in the case Cy = 0 we have ngp =0,
whereas, if Cy > 0, we infer from the Morrey inequality and the boundedness of the mean-value operator that

0 12 0 2 2
CO||7TQP||CO([0JF];L2(Q)) < ||7TQ(C0p)||H1(O’tF;LZ(Q)) < ||C0p||H1(O,tF;L2(Q))' (15)

As a result, we obtain 79 p € H'(0,; P) ¢ C°([0, #¢]; P). Moreover, from the Poincaré—Wirtinger inequality
and (13) it follows that

0 2 2 0
K”p - ﬂQp”Co([O’IF];Hl(Q)) < Sg%&i;]&”vp(s)“l}(g)d < R(f’ 8¢ ) (16)
We conclude by observing that the bounds (15) and (16) yield p € C°([0, r]; P), while (11) together with (14)
and (15) yield p € H'(0, tg; LX(Q)). O

Remark 2 (Regularity of the flux). Under the assumptions of Theorem 1, one can also prove that —V-(KVp) €
L*(0, tr; L*(Q)). Indeed, from u € H'(0,tz;U) and p € H'Y(0,1p; L*(Q)), we infer d;(Cop + V-u) €
L?(0, tg; L*(Q)) and, as a result of (1b),

V-(KVp) = g — di(Cop + V-u) € L*(0, tg; L*(Q)).
This result will be needed to define the pressure interpolate in (38).

2.3.3 Initial pore pressure

The bound (8) on the gradient of the initial pore pressure is instrumental to proving the regularity results of
Theorem 1. Under some additional assumptions on problem data, we are able to prove that p(0) solving (7)
and (2c) satisfies (8). We distinguish three cases:

1. Assume Q convex and Cy = 0. Then, u(0) and p(0) solve the well-posed Stokes problem
(2uVsu(0), Viv) 2 qyaxa + b(v, p(0)) = (f(0) - AV, V) 2@)d Vv e U,
—b(u(0).r) = (¢°.7)120) Vr e L*(Q).
It is proved in [13] for convex polygonal or polyhedral domains that

2pl|lu(0)|g2qye + IVPO)l 2y < 11F(0) — /lv¢0||L2(Q)d + ||¢0||HI(Q)
I1f Ol 2y + (1 + 1ADNB° 1 0-

A

As a result, estimate (8) holds.

2. Assume Q convex and Cy > 0. We can add the quantity C; Y(V-u(0),V-») 12() to both sides of (7) and
rearrange, thus obtaining

a((0),v) + C5 1 (V-u(0), V-v) 121y = (£(0), %) 2y + (P(0) + C5 ' V-u(0), Vov) 2
= (f(0) - Cy'V¢".v) 12



where, to pass to the second line, we have used (2c) and Green’s formula. Therefore, we infer that the
initial displacement u(0) is the solution of the well-posed linear elasticity problem

QuVu(0) + (A + CyHV-u(O) 4, Viv) 2 gpaxa = (f(0) = C3' V', ) 2qpa V¥ € U.

Once u(0) is found, the initial pressure p(0) is given by (1h). It is proved in [22, Theorem 3.2.1.2] for
convex Lipschitz domains that there is C, depending on g, 4 and Cy, such that

14Ol < CIFO) = G5 V¢l < C (IF Ol + G5 18 i) -

Hence, it is inferred that p(0) = C;' (¢° — V-u(0)) € H'() and (8) holds.

3. Assume K = kI 4, with k : Q — R. Owing to this assumption, and recalling the boundary condition
(1g), we consider an initial pressure p(0) such that

Vp(0)-n=0  ondQ. (17)
Since f € H'(0, tg; L2(Q)%), it is inferred from (1a) that in H~'(Q) it holds
V-(Vp(0) = V- (f(0) + V- (Vsu(0)))
= V-£(0) + V- (2u+ DV(V-u(0)) = 1V x (V x u(0)
= V-£(0)+ V- (Cu+ V(" - Cop(0)),

where we have used Au(0) = V(V-u(0))—Vx(Vxu(0)) to pass to the second line and V-(VxVxu(0)) = 0
together with (1h) to conclude. Rearranging the previous terms in the equality, we have

V-(Vp(0)) = (1 + 2uCo + 1Co)~'V- ( F(0) + u+ /l)V¢O) e H'(Q). (18)

Multiplying (18) by p(0), integrating both sides by parts, recalling condition (17), using the Cauchy—
Schwarz inequality, simplifying the result, and using the triangle inequality, leads to

19Ol < (1+24Co + ACo)1F(O) + 2ut + )V 2y
< C (I Ol + 16"l

which is (8) with C depending on p, A and Cy.

3 Abstract framework

We consider an abstract analysis framework for the discretisation of the Biot problem (1) that enables one to
exploit the regularity results of Theorem 1. For the sake of simplicity, the focus is on fully couples schemes.
3.1 Discrete problem

In the spirit of [15], we consider a scheme for the approximation of the Biot problem in fully discrete formulation.
Assumption I (Discrete spaces and forms). We assume the following objects given:

1. Temporal subdivision. A regular subdivision of [0, g] into N > 0 time intervals of length 7 = tg/N.
Forall 0 < n < N, we let " := nt. Given a vector space V we define, for all 1 < n < N, the backward
discrete time derivative operator 6" : VN*! — V such that, for any family ¢, := (¢")o<n<n € VN,

()Dn _ QDn_l
8t = ———
.

2. Velocity and pore pressure unknowns. Two finite-dimensional vector spaces U, and Pj, containing,

respectively, the discrete unknowns for the displacement and the pore pressure.



3. Pore pressure reconstruction in L*(Q). A linear operator rj, : P, — L?(Q) enabling the reconstruction
of a function in L%(Q) from a set of pore pressure unknowns. We will denote by Ly, the range of ry,.

4. Bilinear forms. Three bilinear forms a;, : U, x U, —» R, by, : U, XxP, —» R,andc, : P, xP;, - R
discretising, respectively, the mechanical term in (1a), the displacement—pore pressure coupling terms,
and the Darcy term in (1b). The bilinear form by, depends on its second argument only through the
reconstruction operator ry, that is, there is a bilinear form by, : U, X L, — R such that

ba(h: Gn) = br (Vi thgn) YV qn) € Up X P
The bilinear form ¢y, is further assumed to be symmetric.

5. Source terms and initial condition. One family of linear forms (f}! : U, — R)1<,<n and one of functions
(@) 1<n<n € L2(Q)VN, as well as a function ¢° € L*(Q). If Cy = 0, we assume that the following
compatibility conditions are verified:

/ @ (x)dx =0, /g"(x)dx =0 VI<n<N. (19)
Q Q

A few remarks are of order before proceeding.

Remark 3 (Symmetry of ¢;). The symmetry of the bilinear form c;, is used in the proof of Lemma 8; see, in
particular, (32).

Remark 4 (Discrete divergence operator). Denote, for any v, € Uy, by Dyvy € Ly, the Riesz representation of
the linear form by, (v, -) in Ly, equipped with the usual L?-product, that is,

(On¥h an)r2@) = —onn.qn)  Van € L. (20)

The resulting operator Dy, : U, — L, can be interpreted as a discrete counterpart of the continuous divergence
operator.

Remark 5 (Time discretisation). Since the emphasis of this work is on space discretisations, we have decided to
focus on time discretisations based on a first-order backward difference approximation of the time derivative.
Higher-order approximations will be considered numerically in Section 7. The analysis of more elaborate time
stepping strategies is postponed to future works.

Problem I (Abstract discrete problem). The families of discrete displacements upz = (u})o<n<n € Uy ™' and

pore pressures ppr = (P} )osn<N € PhN+1 are such that, forn=1,...,N,
an(up, vi) +bp(vp, pp) = f,(vh) Vv, € Up, (21a)
Co(rndy Pres than) 12 = Pn(07 Une, n) + Ch(Plys qn) = (9" thaqn)r2)  Yqn € Phs (21b)

and the initial values of the discrete displacement and pore pressure satisfy
Co(tnpyn than)r2) — Pu(uy. an) = (€ thgn)i2@)  Van € P (2lec)
If Cy = 0, we additionally require
/thp;l’ =0 Vi<n<N. (21d)
Remark 6 (Discrete porosity). Define the family of discrete porosities ¢nr = (¢} )o<n<n € Lilv *1 such that
¢, = Cornp), + Dpu;, YO<n<N.
Recalling (20), equation (21b) can be reformulated as follows:
(67 B> than) 12(@) + Ch(Py» Gn) = (G Thn)r2)  Yqn € P,

thereby emphasising the fact that the discrete porosity is the quantity under the discrete time derivative. Hence,
to enforce an initial condition, we do not need to prescribe separately an initial discrete displacement ug e Uy



and pore pressure p2 € Py, but rather the combination of these quantities corresponding to ¢2. The requirement
on the discrete initial condition (21c) translates into

(4], qan)rq) = (¥, qn)r2@) Yan € L,

meaning that ¢ is the L?-orthogonal projection of the continuous initial porosity ¢° on Ly,.

With the developments of the next section in mind, we reformulate the abstract discrete problem by
integrating (21b) in time. At the discrete level, this is done by summing, for all 1 <i < n, (21b) multiplied by
the timestep 7. Introducing, forall 1 < n < N, the families sy = (s))o<n<n € PY* and (G")1<n<n € LAV
such that

sg =0,s), = er;l and G" = Z‘rgi foralll <n <N,
i=1 i=1
it is inferred that, for all n = 1, ..., N, the solution of (21) satisfies, for all (gh, qn) € Uy X Py,

an(uy, vi) +op(vu, p) = f,(va),
Co(rnP}l, than) 12 — ba(ully qn) + Ten (]l qn) = (G + ¢°, than) 12y — cn(s) ™' an)-

n

Summing the two equations above we infer that, forn = 1,..., N, (u A

,P) € Up X Pp, solves

An (), p2), Vhoqn)) = Fahogn)  Y(Vhsqn) € Up X Py, (22)

where we have defined the total bilinear form Ay, : (Uy, XPp,)x(Uy, XPy,) — Rsuch that, for all (up, pp), (vi, qn) €
U, X Py,

An((@n, ) Vi qn)) = an(un, vi) + bu (v, pi) = b (@, ) + Co(thpns than) 12y + 7Ch(Ph- qn)-

and the linear form

Frivn qn) = 1i0n) + (G + ©°, tnan) 12y — cn(s) ™" an)-
Notice that )’ depends only on the problem data and on the (available) values of the discrete pressure at times
t',0 <i < n -1, and it therefore appears legitimately in the right-hand side of the equation defining (uy, pp)-

3.2 A priori estimate

We next introduce a set of assumptions that enable us to derive an a priori estimate for problem (21). Such an
estimate has two purposes: on the one hand, when the families of forms (fZ)l <n<n and functions (g;’)l <n<N in
Assumption I are discrete counterparts of the source terms f and g in (1a) and (1b), respectively, and ¢° = ¢°, it
establishes the well-posedness of the discrete problem (21); on the other hand, when these quantities represent,
respectively, the residuals of the mechanics and flow equations at each discrete time and the residual of the
initial condition, it gives a basic error estimate.

Assumption II (Stability). With the same notations as in Assumption I, we assume the following:

1. Discrete norms. We furnish U, with the norm ||-||y 5, and P, with the seminorm ||-||p,,, which is assumed
to be a norm on Py = {qh ePy, : /Q rqn = O}. The norm dual to ||-||u.x, is the mapping ||-||u.n,+ such
that, for any linear form ¢, : U, — R,

Cn(vi)
lnlluns = sup ——. (23)

vieu\(0} Vallun

2. Coercivity and boundedness of aj, and cj,. There exist two real numbers 0 < @ < @ such that
Q||Vh||12,,h < ap(vp,vh) Vv, € Uy, (24)
an(wn,vi) < @llwpllunllvillun  YWnvi € Up, (25)
and there exists vy > 0 such that

Ylanliz ), < cnlangn) — Yqn € P, (26)



3. Inf-sup stability of by. There exists § > 0 such that
Blirnan — ngtadnllz2@) < 11b(, gn)llun,« for all g, € Pp. (27)

Remark 7 (Uniform stability). In practice, deriving optimal error estimates requires that the real numbers ¢,
@, 3, and y are independent of discretisation parameters such as the (temporal and) spatial meshsize.

Lemma 8 (Abstract a priori estimate). Let Assumptions I and II hold true, and let (pe, prr) € U ! x PV*!
solve (21). Then, it holds

N N
2
o lluplly, + >
n=1 n=1
N

N
+ CZ (Z T”Gn”iZ(Q) + tF“‘pO”iZ(Q)) + C3 (Z T”ﬂ-an”iZ(Q) + tF”ﬂg()DO”iZ(Q) P (28)

n=1 n=1

N

2
2 Ba 0 2 N2 2
Collrn} 2y + S Py = ngrhpzum)) +YlIsN B, < €1 Y TlfIG,,
a n=1

where

4a° + 20> 16a* 4
1= —= 2= — 3= = (29)

aa af Co
Remark 9 (A priori estimate for Cy = 0). When Cy = 0, the a priori bound (28) remains valid with the
convention that ;! ¥/, 7|7 G 12, @ =0and Cj i e°ll7, (@ = 0- These conventions are justified by the

compatibility conditions (19).

Proof of Lemma 8. We start by obtaining an estimate for the pore pressure reconstruction. Using the inf-sup
condition (27), recalling the definition (23) of the dual norm, and expressing b, (v, p}) according to (21a), we
have, forall1 <n <N,

Blnp - il < sup e Ph) fu(0n) = 20t )
h Q h =

T < ||t llupx + @llu] llu,ns
vneup\(0} Vrllur v, eu, (o) 1vhllun

where we have used again the definition (23) of the dual norm and the boundedness (25) of the bilinear form
ay, to conclude. Squaring the above expression and recalling that (a + b)*> < 2(a® + b*) for any a, b € R, we get

By = 7Py < 2 (IG5, + @ NflE,)  VIsn<A. (30)

Next, for any 1 < n < N, taking (vp, qp) = (uz, pZ) in (22), expanding s;l"l according to its definition,

rearranging, and using the coercivity (24) of a;, we obtain

n
w15, + Collrupy 22y + D T0n (Pl ) = Filwp) + (G" + @, ap) 2 31
i=1

im
Using the linearity of ¢y, the definition of s;l’, and observing that pZ = 0} Shr, we infer
& 1
D TP PR = Casj 87 sne) = 5= (Gn(s5 57 + T20u(@ sur S sn) —u(sf 7). (32)
i=1

where the conclusion follows from the symmetry of ¢;. Plugging (32) into (31), and further observing that
cn(0} sne, 07 snr) = 0 by the coercivity (26) of ¢, we get, forany 1 <n < N,

1 1 n-
a3, + Colltnp I ) + 5= (cn(shsi) = en(si™s77)) < i) + (@ + ¢"srupp) 2o

We now multiply by 7, sum over 1 < n < N, telescope out the appropriate terms, recall that s2 = 0 by
definition, and use the coercivity (26) of ¢, to infer

N N N N
Y
a ) wlluplig, +Co ) Tllnphlag + SlIsh IR, < D Tl + ) 7@ + e np)ie.  (33)
n=1 n=1 = =

n=1 n=1

10



We next proceed to bound the terms in the right-hand side, denoted for short T; and T,. For the first term,
using the definition (23) of dual norm followed by a generalized Young inequality, we can write, for any 4; > 0,

P 1 ¥
I <= 2 — 712, .. 34
| 2;r||uh||u,h 2&l;rnhnuh,* (34)

The second term requires a careful treatment in order to achieve robustness for Cyp = 0. The starting point is
the following splitting:

N N
I = Z T(G" + ¢°, tap) — mathP) 2 () + Z T(G" + ¢, P ) = Taa + Tno.
n=1 n=1

For the first contribution, using the Cauchy—Schwarz, generalized Young, and triangle inequalities and contin-
uing with (30), we have, for any 1, > 0,

N N
c 1 2 0112 -2 2 —2 2
T sﬂ—z(Zrne"an(Q)npnso Py | + 428 ;r(ufznu,h,*w (AR (35)

n=1

For the second contribution, noticing that, for any &, 77 € L*(Q), (tQ€, 1) 12(q) = (€, 731 12(q)» We can write

N N N
1 A3
Tz = ), TG +age P < - (Zr||nge"||i2(m+ rF||ngw°||i2(Q))+3 D sl gy (36)

n=1 n=1 n=1

where we have used again the Cauchy—Schwarz, generalized Young, and triangle inequalities, the second with
weight A3 > 0.

Plug, into (33), (34) with 4; = /2, (35) with A, = (ﬁzg)/(452), and (36) with A3 = Cj to obtain, after
multiplying by 2 the resulting inequality,

N N 4% +a*
2 2 N2 = 2
@ 3Tl lG, + Co ) Tlnplizay + Y os < ——— D 7.
n=1 n=1 aw n=1
— N N
8’ n2 012 2 0 nn 2 0 02
+ @ ;T”G ||L2(Q) + tF||(p ||L2(Q) + C_() ;THTFQG ”L2(Q) + tF||7TQ‘p ||L2(Q) . (37)

Multiplying (30) by 7o/ (252), summing over 1 < n < N, using (37) to further bound the second term in the
right-hand side, and adding the resulting inequality to (37) concludes the proof. O

3.3 Error estimates

We next derive a basic error estimate, obtained comparing the solution of the discrete problem (21) with an
interpolate of the exact solution, whose features are summarised in the following assumption.

Assumption III (Interpolate of the exact solution). With the same notations as in Assumption I, we assume
given the following objects:

1. Displacement interpolate. @, = (@) )o<n<N € UQ’ *1'is a family of elements of the discrete displacement
space such that, forall0 < n < N, ﬁ;‘l encodes meaningful information on the exact displacement field
at time 1.

2. Pore pressure interpolate. py, € L?(0, tg; Py,) solves, for a.e. t € (0, tg), the problem

ch(Pn(t), qn) = —(V-(KVp(, ). thgn)r2)  VYqn € P
/(rhvh)(x, t)dx = /p(x, t)dx.
Q Q

Forall 1 < n < N, we assume given a linear time interpolator I : Lz(t"‘l, t";V) — V, with V a generic
vector space, and we set

(38)

An

Py = "

11



We also take ﬁ?l € Py, such that (rhﬁg, an)r2@) = (P(0), gn) 2 q) for all g, € Ly, and define

Phe = (P}Do<n<n € Py .

The errors ejr = (€})o<n<n € U;l\’” on the displacement and €, = (€ )Jo<n<n € P}Il\“’1 on the pore
pressure are such that, forall0 <n < N,
e, =u, — i, € = Py — Dp- (39)

Lemma 10 (Abstract error estimate). Under Assumptions I, I1, and III, we have the following estimate for the
errors defined by (39):

Ba
a2r||eh||u,,+2 Collrae)'| LZ(Q)+F||rheh 7€ 172 | + Y1ZR 13,
a

N N
<C Y TIEG G p. +Co (Z 7185 1 1720 + anao,hniz(m)

n=1 n=1
N

D TrAES e 2oy + tElITAE A2 |

n=1

+G (40)

where Cy, Cy, and C3 are defined by (29), Zg =0, ZZ = Z?:l Te;’;for all 1 < n < N, and the residuals 8(’)’h el

on the initial condition, (&(j, : Up — R)1<n<n on the mechanical equilibrium, and (EJ , )1<n<N € L;:’ on
the flow equation are such that

(Eon ') 12() = (% thqn) 12 = ColthPi thqn)r2) + bu(@), qn)  Yqn € Py
and, forall1 <n < N,

Eunn) = 1,(v) — an(@ty, va) —bn(va, pj,) Vv € Up, 41)

n

(Ep pes ThAR) 1202) = Z T[(gi + V-(KVI'p). thn) 20

i=1
= Co(r 0} Pres thdn) 1202y + Pr (S} Bne, qn) Vgn € Py. (42)

Proof. The errors (e, €7) € UN +x PN +1 golve problem (21) with 900 replaced by &g, and, forall1 < n < N,

f, replaced by 86‘ and g" replaced by sP n € Li such that

(&p s ThGR) 1202 = (9" + V-(KVI" D), thqn) 122) — Co(rndy Pres 'ngn) 12(Q) + br (07 enes qn)  Van € Ph.

The conclusion follows applying the abstract a priori estimate (28) to this error equation and observing that,
with the above choice, &5 ,  plays the role of G". O

Remark 11 (Displacement interpolate and discretisation of the loading and source terms). Having introduced,
for any 1 < n < N, the time interpolator I", a natural (but not mandatory) choice for the displacement
interpolate, the discrete loading term, and the discrete source term consists in setting & Z =1"(lypu), ' =1"f,
and g" = I"g, with Iy denoting a spatial interpolator on U;,. With this choice, the expression (42) of the
residual on the flow equation can be simplified observing that g’ + V-(KVI'p) = Coli(d;p) + I (d;(V-u)).

4 Discrete setting

In this section, we describe the discrete setting for HHO space discretisations of problem (1).

12



4.1 Space mesh

We consider spatial meshes corresponding to couples M, = (7, 1), where 7, is a finite collection of
polyhedral elements such that # := maxreg;, A > 0 with A7 denoting the diameter of 7', while 7 is a finite
collection of planar faces. It is assumed henceforth that the mesh M, matches the geometrical requirements
detailed in [17, Chapters 1 and 7]. This covers, essentially, any reasonable partition of Q into polyhedral sets,
not necessarily convex. For every mesh element T’ € 7j,, we denote by #r the subset of ¥}, containing the faces
that lie on the boundary 0T of T. For any mesh element T € 7}, and each face F' € F7, nyF is the unit vector
normal to F pointing out of 7. Boundary faces lying on dQ and internal faces contained in Q are collected
in the sets ﬁb and Thi, respectively. For any F € ¥, we denote by T; and 7> the elements of 7, such that
F c 0Ty N 0T,. The numbering of 7} and T is assumed arbitrary but fixed, and we set nr = n7,F. Since
we focus on h-convergence, it is assumed that the mesh belongs to a regular sequence in the sense of [17,
Definition 1.9].

4.2 Assumptions on the data and mesh compliance

For the sake of simplicity, throughout the rest of the paper we assume homogeneous and isotropic mechanical
properties, so that (1c) holds. We additionally assume that the permeability coefficient K is piecewise constant
on a fixed partition Po = {Q;}1<i<n, of the domain into polyhedra. It is assumed that the mesh M, is
compliant with the partition Pq, that is, for every mesh element T € 7}, there exists a unique index 1 <i < Ng
such that T c ;. This implies, in particular, that

Kr =Kgp eR™  vTeq,.

We respectively denote by K7 and K, the largest and smallest eigenvalue of K, and define, for all T € 7y, the
local anisotropy ratio

= K,

The global anisotropy ratio is defined as follows (notice that this value is independent of the mesh):

PT -

= max pr.
P Teﬁp

4.3 Local and broken spaces and projectors

Let a polynomial degree I > 0 be fixed. For all X € 7, U 77, denote by P/(X) the space spanned by the
restriction to X of d-variate polynomials of total degree < [, and let ﬂé( : L'(X) — P!(X) be the corresponding
L?-orthogonal projector such that, for any v € L!(X),

(ﬂgv —V,W)ax) =0 Yw € PY(X).

The vector version n; . L'(X)? — P!(X)?, is obtained applying ﬂé( component-wise. For any T € 7), we
will also need, in what follows, the space ]Pé (T) of d X d symmetric matrix-valued fields on 7" with polynomial
components.

At the global level, we introduce the broken polynomial space

Pl(T) = {ve L'Q) : vy e PA(T) VT € T}

along with the corresponding vector version P!(7;,)¢ and the space ]Pé(‘i;,) of d X d symmetric matrix-valued
broken polynomial fields. The L?-orthogonal projector on P!(7;) is 7t : L'(Q) — P!(7;) such that, for all
v e L(Q),

(n;lv)|T = anv|T VT € 7y,.

The vector version ﬂ'il of the global L?-orthogonal projector is obtained applying n;l component-wise.
Broken polynomial spaces constitute special instances of the broken Sobolev spaces

H™(Tp) = {v e LXQ) : vy € H™(T) VT € T},

which will be used to express the regularity requirements on the exact solution in the error estimates. Hereafter,
we denote by Vj, : H'(7,) — L*(Q)“ the broken gradient operator such that, for any v € H' (), (Viv)r =

13



Vv|r for all T € 7;,. Functions in H !(7;;) may exhibit jumps across interfaces. To account for this fact, for all
F e 7‘2 with neighbouring elements 77 and 7> (remember that the ordering is fixed so that nr points out of

T1), we introduce the jump operator such that, for all ¢ € H 1(77,),

lelr = (oim) | — () -
When applied to vector-valued functions, the jump operator acts element-wise.

5 Hybrid High-Order discretisations

Throughout the rest of this section, k > 0 denotes the polynomial degree for the space approximation and the
inequality a < b stands for a < Cb with C > 0 generic constant whose dependencies will be specified at each
occurrence.

5.1 Mechanical term
The discretisation of the mechanical term hinges on the methods of [17, Chapter 7] and [5].
5.1.1 Discrete displacement unknowns

The space of discrete displacement unknowns is
Uy =1y, = (v)res, VF)Fes,) @ vr €PXT)? VT € T andvp e PK(F)Y VF € 7}
Forally, e U ﬁ, we let v, € PX(7;)¢ be the function obtained patching element unknowns, that is,
Vwir =vr VT € Tj. (43)

For any mesh element T € 7,, we denote by U. '} and v the restrictions to T’ of U fl andy, € U] ’;l, respectively.
We also introduce the following subspace of U’ ];l that strongly accounts for the boundary condition (1f):

Uso={v, €U} : ve=0 VFeF}. 44
The global displacement interpolator I¥ : H'(Q)? — U is such that, for all v € H'(Q)?,
Iy = (x5 v)ren, (Wv)Fes,)-

5.1.2 Local reconstructions

For any mesh element T € 7j,, we define the strain reconstruction EX : U — PX(T) such that it holds, for all
k
vy €Uy,

(EI;KT, T)LZ(T)dxd = —(VT, V'T)LZ(T)d + Z (VF,T"TF)LZ(F)d V1 € IPS(T) (45)
Fe¥r

We will also need the displacement reconstruction r&*! : U% — PK*1(T)9 such that, for all v, € U%,
(Ve vy —Efv ., Vow) 2gpyaxa =0 Yw € PEYI(T)Y,

1

K+l K+l

/I'T+ KT=/VT, and /VssrT+ Yr=5 E /(VF®"TF—11TF®VF),
T T T Ferr “F

where Vg denotes the skew-symmetric part of the gradient. The global strain and displacement reconstructions
Ef . UX — PE(7,) and rf+! 2 UK — PA*1(7;)¢ are obtained setting, for all v, € U¥,

k+1

(E’;,Kh)\T =Eky,, @, v )= ity VT € Ty.
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5.1.3 Discrete bilinear form and strain norm

The bilinear form discretising the mechanical term is a;, : U’ ﬁ x U ’;l — Rsuch that, forallw,,v, € U ﬁ,

(T (Epw, ) Epv,)r2qyaxd + Sun (W, v,) ifk > 1,
an(w ) =g o (46)
(c(Epw, ), Ep v )2 qyaxa + Sun(Wy, vy) + jun(®,w,,r,v,) if k= 0.
In the above expression, letting, for all T € 7y, all v, € Q; and all F € ¥r, AI;"FKT = 71'];, (r?“gT -VF) -

ﬂ]; (r’}”gT — vr), and denoting by /i the diameter of F, the stabilisation bilinear form s, : U ﬁ x U ﬁ - R

; k
is such that, forall w,,v, € U,

S (W, vp,) =2 Z Z h;"l(AIY(’FKT’ AI%FKT)L%F)"’
TeT, Fefr

while the jump penalisation bilinear form j,,, : H YT x H' (7)? — R is such that, for all w,v € H'(7;)4,

Gonv) =20 > hE (Wl V1R 2 yas
FeFy,

where we have extended the definition of the jump operator to boundary faces setting [¢]F = ¢ forall F € 7—;}’.
This jump penalisation bilinear form is required to ensure stability when k = 0, cf. the discussion in [5, Section
4.4].

Define on U z the strain seminorm such that, for ally, € U i’

2 .
||Kh||g,h =

2 -1 2 .

”VS,hvh”LZ(Q)dxd + Z Z he llve _VT”Lz(F)d ifk > 1,
TeT, FeFr (47)

-1 0 2 -1 1 2 .

IVt s qpaa + D0 Dy HE IAYev e + D NG, LE N e i K =0,
TeT, Fefr Fefy

The map ||-|l¢.» is a norm on U fl o- For future use, we note the following boundedness property (see [17,
Lemmas 7.12] for a detailed proof in the case k > 1): Forall v € H'(Q)4,
vl S (191l @pe (48)

where the hidden constant depends only on d, k, and the mesh regularity parameter.
The stability and boundedness of a;, are expressed by the existence of a real number C, > 0 independent of
h, p, and A such that, for ally, € Q,’i,

G 2ullv, 12 < an (v, v,) < Ca (2 +d27) NIy, |12, (49)

£,

The proof is a straightforward adaptation of [17, Lemmas 7.27] for the case k > 1 and to [5, Lemma 8] for
the case kK = O (in these lemmas, A* is replaced by |1] in the right-hand side). Moreover it holds, for all
w e H(;(Q)d such that w € H™*2(7;,)¢ for some m € {0,...,k} and V-or(V,w) € L>(Q)?,

1Ean(w: Mons < B! (|a(vsw)|Hm+lm)dxd + 2u|w|Hm+2(W), (50)

where ||-||g.n,« denotes the norm dual to ||-||¢,» such that, for any linear form £, : U’ ,;; o~ R,

5h@h)

I€nlle,n« == sup olon
v, Uk \(oy 1Znllen

and the mechanical consistency error linear form is such that, for ally, € U’ ];l 0

Sﬂ,h(WQKh) =—(V-o(Vw), vh)L2(Q)‘1 - ah(lﬁws Kh)' (5D
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5.2 Hybrid High-Order discretisation of the Darcy term

We next describe the HHO discretisation of the Darcy term based on the method of [18, Section 3]; see also
[17, Section 3.1] for a detailed analysis.

5.2.1 Discrete pore pressure unknowns

We define the space of discrete pore pressure unknowns
Ph=la, = (r)rens (@r)rer) © ar <PAT) VT € Tandgp e PA(F) VFeFif  (52)
and, for all q, € P¥, we let g, € PX(7;,) be the broken polynomial function such that

(@i = qr VT € . (53)
For any mesh element 7 € 7}, we denote by Bl; and a4, the restrictions to 7' of Efl and 4, € PX, respectively.
We also define the global pressure interpolator [z cH(Q) — Bl’; such that, for all ¢ € H'(Q),
L = (e Tk @rer,)-
5.2.2 Local reconstruction
For any mesh element T € 7, we reconstruct a high-order pore pressure through the operator p"Jr1 E} —

P**1(T) such that, for all q, € Pk,

(KTVP]}HQT, Vr)aqya = —(qr, V(K1 V7)) 27)a + Z (gr. K7 Vr-nrp)gy  Yr e PAYU(T)
Fe¥r

/P?rl_ _/QT-
Q

A global pore pressure reconstruction karl Bﬁ — P**1(75,) is obtained patching the local reconstructions:
For all q, € Pk,

Ph'g )i =pr"q, VT €T (54)
5.2.3 Bilinear form
The bilinear form for the HHO discretisation of the Darcy term is c Pk X Pk — R such that, for all
k
'y 4, € Py
O q,) = KVapy 'y Vipi ' a )o@ + sk q,), (55)

where the stabilisation bilinear form sk 5 is such that

KTF
SK, h(rh,q )= Z Z (ATFrT’ TFQT)Lz(F>

TeTn FeFr
with k7 = Krnpp - npp and, for all T € 73, all 4, € £k ,and all F € Fr, A;FZ = 77F(pk+l —qF) -
JTT(pk+l — gr). It can be checked that the bilinear form cj, is coercive on

Pﬁo—{q eP :/qh=0},
Q

hence, being symmetric, it defines an inner-product and an induced norm on this space. Set, for any q, € Bz’

1
g, llaho.n = c3'°(q, . 4, ) (56)

and denote by ||*|lhno, . the corresponding dual norm such that, for any linear form &, : E]i 0 R,

tn(g,)
1€nllbho.pn == sup ~ ————.
ﬂheﬂﬁ,o\{o} ”gh”hho,h
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Consider now the HHO pore pressure projection problem: Given r € H'(Q) such that V-(KVr) € L*(Q),
findr, € Bz such that

Czho(fh’gh) =—(V-(KVr), qh)LZ(Q) Vgh € Bk’

(57)
Ar;,(x)dxz/gr(x)dx.

Proposition 12 (Error estimate for the pore pressure projection problem). Let r € H'(Q) N H™*?(T;,) for some
m € {0,...,k} be such that V-(KVr) € L*(Q), and denote by r, € Efl the unique solution to problem (57).
Then, it holds that

1

2

2m+1)y2 2m+1) (12

lrn = rllc2@) + AIVR(rn = Pl S p (Tzr prh™ )IrlH,M(T) + B2 Dy H'””(?L)) . (58)
€/n

with hidden constant independent of h, K, and r.

Proof. Let, for any q, € Bﬁ, |gh|12’h = XreT, LFeFr h;l llgr — qr ||22(F). A straightforward adaptation of the
estimate of [17, Theorem 3.18] to the case of homogeneous Neumann boundary conditions combined with the
seminorm equivalence of [17, Lemma 3.15, Point (i)] gives

2
2 1
VA = w2y + Iy, = Lirlin < p (TZ; prig™ )Irlf{mﬂm) .
€7n

By the discrete Poincaré—Wirtinger inequality of [17, Theorem 6.5] with p = ¢ = 2 (which can be applied
here since the function rj, — n’;r has zero-mean value over Q), ||r, — n’;rll 12 is bounded by the left-hand side
of the above expression with constant independent of both 4 and K, hence the same bound holds also for this
quantity. Inserting 7TZ}” into the norms in the left-hand side of (58) and using the triangle inequality, we next
infer
7 = llzz@) + BIVa(rn = P2 < i = 75 rll2@) + 2IVAGR = 7o)l 2@y
+ llmr = rllz2g) + AIVA(r = r)llp2ya-

To conclude, apply the estimates discussed above to the terms in the first line, use the approximation properties
of the L2-orthogonal projector (see [14]) for the terms in the second line, and observe that, denoting by q the
diameter of Q, h < hg < 1. m]

Remark 13 (Improved error estimates). When elliptic regularity holds, an improved error estimate in 4"*?
can be proved for the L>-norm of the difference between the pressure and its global reconstruction obtained
through pﬁ*l (see (54)); see [17, Remark 3.21]. The dependence on the global anisotropy ratio can also be
avoided when estimating the error in the natural energy norm; see [17, Theorems 3.18 and 3.19]. The estimate
(58) is, however, the one required for the following analysis.

5.3 Discontinuous Galerkin discretisation of the Darcy term

Assume k > 1 and define the weighted average operator such that, for all ¢ € H'(7;) and all F € 7—2 shared by
the mesh elements 77 and 75,

{o}o.F = wr, (<P|T1)‘F T WF,2 (QO\TZ)|F,
where, letting k1, r = (K1, nF - nF)%, i € {1,2}, the weights are such that
12 1/2
K K
w] LF and wy = 1- w] = hF

= 1/2 ]/2 1/2 1/2 °
Krr T KnF knr 1 KpF

When applied to vector-valued functions, the average operator acts component-wise. Let a polynomial degree
k > 1 be fixed. The Discontinous Galerkin discretisation of the Darcy term hinges on the bilinear form
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c‘;lg : PK(75,) x PX(75,) — R such that, for all ry,, g, € PX(75,),
d NKfp
¢, (rhs qn) = (KVurn, Viegn) r2(qya + Z E([Fh]ﬂ [gnlF)r2cr)
FeF,

- Z (([’"h]Fa {KVugntor nr)rapy+ {KVirnterF - nF, [Qh]F)LZ(F))’
Fe7F}

(39)

where, for any interface F € ?;l‘ shared by the elements 71,7T> € Ty, kr = min(kr,r, k,r), and n > 0 is a
stabilisation parameter. Furnish P*(75,) N Lg(Q) with the norm such that, for all ¢, € P¥(7,),

1

2

KF
lanlloen = 1901 2y + > *=lianle sy | - (60)
Fe7F} F

dg
h
constant y%¢ depending only on 7, a discrete trace constant, and an upper bound on number of faces of one

mesh element.
Let r € H'(Q) be such that V-(K'Vr) € L*(Q), and consider the problem that consists in finding r;, € PX(7},)
such that

Provided that 7 is large enough, the bilinear form c,* is coercive with respect to this norm with coercivity

¥ (rh, qn) = ~(V-(KVr).an) 2 Van € BX(Th),

61)
/th(x)dxzfgr(x)dx. (

Then, assuming elliptic regularity (that is, Q convex and K constant over Q) and r € H™*!(7;,) for some
m € {0,...,k},itholds

1 1

K2\l = rllpay + Bllrn = rllagn < H" K Flgme (g5, (62)

with hidden constant independent of 4, K, and r. The proof of this result, that requires the assumption k > 1, is
a straightforward adaptation of [16, Appendix A] to the case of homogeneous Neumann boundary conditions.

Remark 14 (Role of elliptic regularity). Without elliptic regularity, the first term in the left-hand side of (62)
is only O(h"™), and one order of convergence is lost in estimate (81) for the Biot problem. Notice that this
restriction is not present when using the HHO discretisation of the Darcy term.

5.4 Displacement—pore pressure coupling term

Define the global discrete divergence operator Dﬁ U ﬁ — P*(7;,) such that, for all v L €U ’h‘,
D]lizh = tI'(Elhczh)’

where tr denotes the trace operator. By definition, we have the following commutation property: For all
vy e H(Q)4,
DEIkv) = mf (Vov). (63)

The displacement-pore pressure coupling is realised by the bilinear form by, : U 2 x PK(7,) — R such that, for
any (v,,, qn) € Uj X PX(75),

ba (¥ qn) = =D}, n)12(c)- (64)
Expanding Dﬁ according to its definition and invoking, inside each element T € 7, (45) with T = grI ; where
qr = qp|r, we obtain the following equivalent expression:

bn(v,,. qn) = - Z (Vvr,qr)aay + Z (VE = VT, qrNTF)[2(F)d | - (65)
TeT, Fefr
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For use in the following lemma, we notice that, by [17, Lemmas 7.24 and 7.42], we have the following discrete
Korn inequality:

. 2 -1 2
v lln = (IVvnlagana + Y D B e =7 lhapa| S W2yllen Vo, €U, (©66)
TeT, FeFr

where the hidden constant depends only on €, d, k, and the mesh regularity parameter.
Lemma 15 (Properties of the bilinear form by,). The bilinear form by, has the following properties:

1. Consistency/1. For all v € H'(Q)? it holds, with bilinear form b defined by (3),
bu(Lyv. qn) = b(v.qn)  Van € PX(Tp). (67)

2. Inf-sup stability. There is a real number 3 > 0 independent of h, but possibly depending on Q, d, k, and
the mesh regularity parameter such that

Van € PX(Th), Bllan = 7anllz2) < I1baC, qn)lle.n,s- (68)

3. Consistency/2. Let r € H'(Q) N H™2(T;) for some m € {0, . . ., k} be such that V-(KVr) € L>(Q). Let
f;lh" € E;l be the solution to problem (57). Then, it holds that

1

2

2 1
HERR s Mo S | D rhe " Iy + 2 s | (69)
TeTh

where the consistency error linear form Shh"(r Uy K — R is such that, for all v v, € U
ENO(rivy) = (v Vr)paya — (v, ri™). (70)

4. Consistency/3. Assume k > 1. Let r € H'(Q) n H™\(Ty,) for some m € {0,...,k} be such that

V-(KVr) € L*(Q). Let rfllg € PK(75,) be the solution to problem (61). Then, assuming elliptic regularity,
it holds that

d; 1
1EE (s Mewn < PR 1Pl mer 7 (71)

where the consistency error linear form SSgh(r; ):U ’;l — Ris such that, for ally, € U ’Z,
EE (rivy) = (v V1) p2apa = b2 7). (72)
5. Boundedness. It holds, for all (v,,, qn) € Uk x PX(7y),

b (Vs> )l < vy lle.nllgnllL2 )
where the hidden constant depends only on d, k, and the mesh regularity parameter.

Proof. 1. Consistency/I. Recalling the definition (64) of b, and the commutation property (63) of the discrete
divergence we infer, for all g, € PX(7;,), ba (L} v, gn) = —(f (V-v), qn) 120y = —(V-¥, @) 12() = b(¥. 1), where
we have removed n’; in the second passage by invoking its definition.

2. Inf-sup stability. Combine the boundedness (48) of the interpolator with (67) and use Fortin’s argument (see,

e.g., [20] and also [4, Section 5.4]) after observing that by (v, ngqh) =0forally, € Qfl o

3. Consistency/2. Lety, € U} k o be such that ||y, [ler, = 1. Integrating by parts element by element the first
term in the right-hand side of (70) and using the continuity of r across interfaces together with the fact that
displacement unknowns vanish on boundary faces to insert v into the second term, we obtain

Vi, Vr)p2qpe = = Z (Vvr,r)pay + Z (VE = VT, TRTF)2(F)d
TeT, Fefr
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Subtracting from this quantity (65) written for g;, = rhh0 we obtain
Er(r;vy)
Z (Vovr, rT - r)L2(T) + Z (vr —vr, (rp pho r)nTF)LZ(F)dl
TeT;, Fe¥r
_1 1

< SV IVvrlliza I = rllizay + D byt e = vellagea bl - r||Lz<F>] )

TeTn Fefr
%
< Hyylln It = rl2sg) + > hrllrfie - r||§z((m)
TeTh

( hho

< 2yl (157 = rllzaqy + BIVAGE™ = )ll2ye).

where we have used a Cauchy—Schwarz inequality for the first term and a generalised Holder inequality with
exponents (2,2, o) along with ||[n7F|| «@« = 1 for the second term in the first bound, Cauchy—Schwarz
inequalities on the sums along with i < hr for all F € F7 and the definition of the ||-||;,-norm in the second
bound, and the discrete Korn inequality (66) along with a local continuous trace inequality (cf. [17, Lemma
1.31]) to conclude. The estimate (69) follows combining (73) with (58).

4. Consistency/3. Apply (62) in lieu of (58) to (73) with ™ replaced by rgg
5. Boundedness. Starting from (65) and proceeding similarly to (73), we can write

1

2
b (v )l N2yl (nqrniz(m £y hT||¢]T||iz(aT)) < Ml llenllgnll
TeT,

where the conclusion follows from the local discrete trace inequality of [17, Lemma 1.32]. O

5.5 Discrete problems

We consider in this section two HHO schemes using, respectively, a DG and an HHO discretisation of the
Darcy term. For all 1 < n < N and V vector space, define the time interpolator 77 : L2(t"~!,#"; V) — V such
that, for all ¢ € L>(:"~1, 1™, V),

1 [
Il'o = —/ (1) dr. (74)
T Ji

In both cases, we consider the following approximations of the source terms, corresponding to a lowest-order
DG method in time: Forall 1 <n < N,

F=mf gh=Iy. (75)
Problem II (HHO-HHO scheme). Let k > 0. The families u,, = (4 )o<n<n € (QZO)N+l and P, =

(pZ)OSnSN € (B;‘l)NJr1 are such that, forn=1,...,N,

—n
ah(ﬂZ’ Kh) + bh(Kh’pZ) =, vh)LZ(Q)d Vy, € Uh 0

Co(6f P> Gn) 12() — br(07 Uy,ps Gn) + Czho(gz, q,) = &" an) @) Vg, € Pf,

[ e =o

where v, is defined from v, according to (43), while p; and gy are respectively defined from p and q,
according to (53). The initial values of the discrete displacement and pore pressure are chosen such that

and, if Cy =0, forall1 <n <N,

Co(Py» an)r2) — bu(up qn) = % an)r2) VY € Py
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Table 1: Interpretation of the HHO-HHO method within the abstract framework of Section 3

Abstract object Instance Definition
Up, [l UK |l (44), (47)
Pus I-llp. P 1 llho, (52), (56)

I Py 3gq, = qp €PNT) — LAQ) (53)
Ly PK(Tp) (53)

aj. by, aj. by, €3 (46), (65), (59)
@ Cy'2u, Cau + dat) (49)
B B (68)
Y 1 —
(.91 <n<n " 1<nen (75)

Problem III (HHO-DG scheme). Let k > 1. The families u,;, = (u)o<n<n € (Qfl O)N+1 and ppr =
(Pposn<n € (P'];)NJrl with PZ := PX(7,) are such that, forn =1,...,N,

—n
ah(ﬂz’ Kh) + bh(Kh,PZ) = (f s vh)LZ(Q)d Vzh € gi,O’
d _
Co(87 Phes Gn)r2() — Dr(0]' Wy qn) + 5 (P an) = (", an)12() Van € Py,
and, if Cy =0, forall1 <n <N,

/pZ(x)dx =0.
Q

The initial values of the discrete displacement and pore pressure are chosen such that

Co(p), qn)r2@) — br(uf, gn) = (8% an) 20 Vg € Pf.

Table 2: Interpretation of the HHO-DG method within the abstract framework of Section 3

Abstract object Instance Definition
Up, [Illu,n UF, N-llen (44), (47)
Puo llles Pf =PK(Tp), II-llag.n  Problem IIL, (60)

' Pf— LX(Q) —
Ln PK(T) —
an, by, ¢ ay, by, (46), (65), (55)
o Cy'2u, Ca2p + dA™) (49)
B B (68)
y y4e cf. Section 5.3
o
(fh 91 <n<N (f .8 1<nsN (75)

6 Error analysis
The family @, = (&} )o<n<n of displacement interpolates is defined setting
@) = Ifu(0)and &) := [*(I}u)forall 1 <n < N. (76)

For the HHO-HHO method, denoting, for a.e. ¢ € [0, tg], by Bzho(t) € Bz the solution of the HHO projection
problem (57) with r = p(t), the family 132};0 = (i)zho’n)()gng N of pore pressure interpolates is given by

phho0 . gk

P, I};p(0) and ,3‘;10’" = I:Eflh‘) forall 1 <n < N. (77)
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We remind the reader that p Ahho = (P, phho.n Mo<n<n € PK(7;)N*!is the family of broken polynomial fields obtained
from p};;o by patching the element based pore pressure unknowns according to (53). Similarly, denoting, for
a.e. t € [0,f5], by pgg(t) € P}’j the solution of the DG projection problem (61) with r = p(¢) we define the
family ﬁi‘i = (P Jo<n<n of pore pressure interpolates for the HHO-DG method setting

p2" = 7k p(0) and p®" = [MpjE forall 1 < n < N. (78)

Theorem 16 (Error estimates). Denote by (u, p) € L*(0, tg; U) x L*(0, tg; P) the unique solution to (2). The
Jollowing error estimates hold:

1. HHO-HHO scheme. Let k > 0 and assume u € L*(0,tg; H™2(7;)%) 0 H'(0, tg; HY(Q)Y) and p €
L%(0, tg; H™ (7)) N HY(0, tg; L2(Q)) for some m € {0, ..., k}. Let (ghT,EhT) € (Q’;’O X BI;,)NH solve
Problem Il and define the discrete errors

n
- _ - _ ahho 0 ._ no._ i
€, =u, —a,., € =D, phT z, =0and z, = E 7€, forall1 <n < N.
i=1

Then, it holds

2
uB
zﬂZTHEhH h +Z (C()”eh”LZ(Q) m” n ”QEhHLz(Q)) + ”Zh ”hhoh

< B0 (1 + (Cr + CoCG +4CRE™) + 7M. (79)

2. HHO-DG scheme. Let k > 1 and assume u € L*(0,tg; H™2(T;)%) N H'(0, t; H{(Q)4) and p €
L%(0, tg; H™ N (T)) N HY(0, te; L*(Q)) for some m € {0, ..., k}. Further assume elliptic regularity (that
is, Q convex and K € PY(Q)%*4), let (@), Pne) € (QZ,O X P,’j)N” solve Problem III, and define the
discrete errors

n
. ~ . ~d 0. . j
e, =u, —i,, €t = Phr —phf, 7, =0and z; = E 7€, forall1 <n < N. (80)
i=1

Then, it holds

2
Hp
2#27”0;,” h +Z (C0||6h||Lz(Q) m” " ﬂ(g)zf;r,lHLz(Q)) + ||Zh ||dgh

< hHmHh (Cl‘ﬁu +(C1 + GG + 4C0)m2g) +T0 81

In (79) and (81), the hidden constants are independent of h, T, u, A, Co, K, u, and p, the constants Cy, C> are
defined by (29) according to Table 1 for the HHO-HHO scheme and according to Table 2 for the HHO-DG
scheme, and we have introduced the following bounded norms of the continuous solution:

gtll = ||0-(v u)”LZ(O tF; Hm+1(t7;l)d><d) + :u”uHLZ(O tE; Hm+2(77,)d)’ (82)
2 i —
m. - ,0 2'12"6‘7;, pT||p”L2(0’IF;Hm+2(T)) + p ”p||L2(O’tF;Hm+1(7;!)) l..f. - hhoy (83)
p”p||L2(0 1F; Hm+](7l“1)) l.f. = dg7

M = (C2:C +4C)pll; +Col|V-ull}

H'(0,1r;L%(Q)) H'(0,1r:L2(Q))°

Remark 17 (Time regularity assumption). The requirements u € H'(0, tp; H'(Q)¢) and p € H'(0, tr; L*(Q))
in Theorem 16 are consistent with the regularity results established by Theorem 1. Moreover, we remark that
the error estimates also hold under the weaker assumption that the maps ¢ +— p(t) and t — V-u(t) are only
piecewise H'-regular on the time mesh.
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Proof of Theorem 16. The proof proceeds in several steps: first, we estimate the residual on the mechanical
equilibrium equation; then, we split the residual of the flow equation into components that yield purely spatial
and temporal errors; finally, we invoke Lemma 10 to obtain a basic estimate of the error in terms of these
residuals. In what follows, the superscript e € {hho, dg} is used for method-specific quantities when needed.
Hidden constants in the inequalities have the same dependencies as in the theorem statement.

1. Estimate of the residual on the mechanical equilibrium equation. For any 1 < n < N, the residual :Sl']r;l :

U ﬁ — R on the mechanical equilibrium equation is defined as follows (cf. (41)) Forally, € U U, o

Eynv,) = f Vi)rod — an(@y, v,) = ba(v,, ).

We next prove that

irns W2 < B0 (0 + ). (84)

n=1

We have, for all v, € g’;lo such that ||y, [le,, = 1andall 1 <n < N,

Einon =7 [ (0 - atu.s,) -, 50) @

T n-1

= [ (o))~ L8, + (T 0y = O, 3500

T n-1

_1 /tf"l (g@h(u(t);zh) +8g’h(p(t);zh)) dr,

T Jn-

where we have used the definition (74) of the time interpolator in the first equality, the fact that (1a) holds for
a.e. t € (0,tp) and x € Q to substitute f with the left-hand side of this equation (recall that we have assumed
Cow = 1), and the definitions (51) of &, , and (70) (if @ = hho) or (72) (if ¢ = dg) of &7, to conclude. We
continue taking the absolute value, using the consistency estimate (50), the definition of the dual norm |||lg,n«»
and (69) (if @ = hho) or (71) (if e = dg) to obtain

m+1

[

Ny (1) di (85)

tn-l

with, for a.e. t € (0, tg),

Nl?,}};)(t)z = |0-(V5u(t))|§{m+l(f]l'l)d><d + 2#|u(t)|i1m+2(7;")d + p2 ( Z pT|p(t)|i]m+2(T) + |p(t)|§_]m+l(7;l)
TeTn

and
d
Nu,g[?(t)z = |0-(V5u(t))|i[m+l(7]‘l)d><d + Q'lulu(t)ﬁ]mﬂ(rﬁl)d +p|p(t)|i1m+l(7;l)
Squaring (85), multiplying by 7, summing over | < n < N, and using a Cauchy—Schwarz inequality, we obtain
ZT”S ”8}[* < hZ(m+l)Z

i
/ Ny (t)dt < pAm+l) / INg (DI dt,
n=1 0

from which (84) follows recalling the definitions (82) of 9,, and (83) of ‘R;,

2. Estimate of the residual on the flow equation. For any 1 < n < N, we split the residual (42) of the flow
equation as follows:

N

en _ oen on
8P’h =&, +8PT,

where, for all g, € PX(7),

n

D ~e.0 i n®
(8};31, 6]h)LZ(Q) = Co(lfp, qh)LZ(Q) - C()(ph’ s Qh)LZ(Q) - Z TCO((S;phT, Qh)LZ(Q)v (86)
i=1
n

(3 an) ) = Z T [(?i + LL(V-(KVD)), )12y + bu(S} i1y, C]h)] —-CoItp =P an) ). (8T)
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We next proceed to estimate each component of the residual separately.

2a. Estimate of 8 e We start by proving that

N
DTl 2y s COR NS, (88)

n=1

showing that the error associated with &3}

gives, for all g, € PX(7,),

is purely spatial. A discrete integration by parts in time in (86)

(8;;1, qh)LZ(Q) = C()(I;lp, qh)LZ(Q) - C()(ﬁ;lv”’ CIh)LZ(Q) = C()(I;l(p — p;l)’ Qh)LZ(Q)~

Making g, = &%) p.jp USing a Cauchy—Schwarz inequality in the right-hand side, simplifying, and squaring the
resulting inequality, we obtain

183 1250 < CRIEE (D = 092
tn 2

_ 1 .
_CO/Q(T /,M (p(x, 1) = pj (x, 1)) dt) dx

t" tn (89)
L[ [ n-scor) o

Cg t 5 C2
=2 [ e = w0 s = = 551y
where we have used the definition (74) of I}’ in the second line and a Cauchy—Schwarz inequality in the third

line. The rest of the proof proceeds using estimates that are method-specific. For the HHO-HHO scheme,
using (58) with r = p(t), we have

C? p 2(m+1
”6hhon“L2(Q) < (;_ / (Z or h (m+ )|P(t)|Hm+2(T) hz(m+])|p(t)|Hm+l(7~) dr.

TeTh
Multiplying this inequality by T and summing over n = 1, ..., N, we arrive at
N
2A>m+1
D TIER 2 ) < Cop° Z / ( D pr i lp(O) iy + h2<m+‘>|p<r>|,,m+l(,r)) dr
n=1 TeT,

< Cgh2(m+ l)mgho .

For the HHO-DG scheme, recalling (62), we can continue from (89) writing

adgn <C2 p2m+1) ) q
185y < G [ 1O

Squaring this inequality, multiplying by the time step 7, and summing overn = 1,..., N, we obtain
N o,
d d
2 TIEE ) < Cook? Y Z ( / |p<r>|§,m+1m)dr) < GRS,
n=1

This concludes the proof of (88).
2b. Estimate of Ep,. We proceed by proving that

N
2
ZTHS ||Lz(9) 7 (CO||P”H1(0,tF;L2(Q)) + ||V'u“H1(0,t1:;L2(Q))) , (90)

n=1
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showmg that the error associated with 8 . is purely temporal. First, we remark that, owing to definitions (76) of
2! a,, (77) (for the HHO-HHO scheme) or (78) (for the HHO-DG scheme) of ﬁ;, , using the consistency property
(67) of by, and recalling the definition (3) of b and the initial condition (2c), it holds, for all g;, € P* (Tn),

Copy", an) 12y — (@Y, gn) = (Cop(0) + V-u(0), gn) 2y = (8°, an)r2()- on

Invoking the definitions (87) of 3", (75) of g, and (74) of the time interpolator, telescoping out the appropriate
quantities, and using (91), it is 1nferred that

t".
(E3an) i) = /0 ((g(t) + V-(KVp(t)), Qh)LZ(Q)) dt + by, qn) — CoI2p. an) 2 + (8%, an) 12

tn
= ./o (di(Cop(t) + V-u(®)), qn) 12y 4t = (17 (Cop + V-1), qn) 12y + (8% an)12()

= (C()p(tn) + V'u(tn)’ qh)LZ(Q) - (I:'l(cop + Vu)7 qh)LZ(Q) s
92)
where we have substituted g(¢) and QZ according to (1b) and (76), respectively, and used (67) to pass to the
second line, then we have applied the fundamental theorem of calculus to the integral and used (2¢) to conclude.

Hence, making ¢, = &3" in (92), using a Cauchy—Schwarz inequality in the right-hand side, simplifying, and
squaring, we infer

1E3 1122y < 1Cop(™) + V(") = I2(Cop + V-t0)| 2y = 16" = L2011 - 93)

with ¢ := Cyp + V-u. We next observe that
[rl

o -1 =9 -~ [ gar

-l

=01 [ (o= [Cavwas) a
/ /d,¢(s)dsdt</n |d;op(2)| dt.

Combining this result with the Jensen inequality, we infer

2 m

tn
1667 = 126130, < [ ( /. |d,¢<x,r)|dr) de <t [ 10O gy < 1610y O

Plugging (94) into (93), multiplying by 7, and summing over 1 < n < N, we can write

N N
R Ly o N 1P o 1 A
n=1

n=1
which yields (90) after observing that [[¢[|1(0, 1.2 < CollPllE0,4:020) + V-l 0,10:2.2(02))-

3. Proof of the error estimates. Since the discretisations introduced in Section 5 satisfy Assumptions I and II
and the interpolates defined by (76), (77) (for the HHO-HHO scheme), and (78) (for the HHO-DG scheme)
satlsfy Assumption III, estimate (40) holds with [|E] , llun,« and [IEF | 2 replaced by |EF llsn,« and

&S P, "h|lL2()» respectively. Moreover, owing to (91), we have for both schemes

(& a2 = 0% an) ) — CoB)° an) ) + bu(@h an) =0 Vg € PX(Ty). 95)

Hence, it only remains to bound the fourth term in the right-hand side of (40), namely

0
1= cazrnng el = CZrung + 108 720y
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in such a way that T = 0 when Cy = 0. Proceeding as in (92) and using n&(Vu(t)) = 0 for all ¢ € (0, ]
(combine the Stokes theorem with the clamped boundary condition (1f)), it is inferred that, forall 1 <n < N
and g, € P*(Th),

(TQE, an) o) = (€3l mpan)12) = Cop(t™) = I p, mydn) 120y -
Therefore, following the arguments used in Point 3. above, we obtain

N
D tlImQER ey < TCOIPI 0 sz (96)

n=1

Using the triangle inequality, the boundedness of 72'?2, and estimates (88) and (96), leads to

N N
<! (it + 2 b ) < 6 0 Pl ) D
n=1 n=1

It follows from the previous bound that T = 0 in the case Cy = 0. Plugging (84), (88), (90), (95), and (97) into
(40) yields, respectively, (79) for the HHO-HHO scheme and (81) for the HHO-DG scheme. m|

7 Numerical examples

In order to confirm the convergence rates predicted in Theorem 16, we rely on a manufactured regular solution
of a two-dimensional incompressible Biot problem (Cy = 0) with physical parameters ¢ = 1, 4 = 1, and
K = «I 4 with k € {1,107%}. The exact displacement u and exact pressure p are given by, respectively,

— sin(zrt) cos(mrxy) cos(mxy)
sin(7rt) sin(mrx;) sin(7rx;)

u(x,t) = (

) , p(x,t) = —cos(nt) sin(zrxy) cos(mxy).

The corresponding volumetric load and source terms are

—cos(mxy) cos(mxy)

f(x,1) = (67 sin(nt) + 7 cos(nt)) ( sin(x; ) sin(rxy)

) . g(x, 1) =2(1 — k)7 cos(nt) sin(mrx; ) cos(mxz).

We consider HHO-HHO and HHO-DG dicretisations of degree k € {1, 2,3} over a trapezoidal elements mesh
sequence of the unit square Q = (0, 1)2. The time discretisation is based on Backward Differentiation Formulas
(BDF) of order (k + 1) and time integration is carried out over the interval [0,z = 1) with a fixed time step
7 = 1073, The domain boundary d<Q is split into two halves where Dirichlet-Neumann and Neumann—Dirichlet
boundary conditions for the displacement-pressure couple are imposed, respectively, according to the exact
solution. Initial conditions are specified by means of L2-projections over mesh elements and mesh faces.
Initialization is performed at several time points (f; = —71i, i = 1, ..., k + 1), in agreement with the BDF order.

The convergence rates for k = 1 and k = 107 are reported in Tables 3 and 4, respectively. Various norms
of the errors are reported in Tables 3 and 4 with the convention that, for a family xxr = (x;)1<n<n € X;:’ with
X, generic vector space, we let

1
N

2
(B (Zrux;zni) ,

n=1

where ||-||» denotes a norm on Xj,. Each error measure is accompanied by the corresponding estimated order
of convergence (EOC). For the sake of completeness, in the first two columns of the tables, we report the size
of the linear system (denoted by #dofs) and the number of non-zero entries in the matrix (denoted by #nz).
The numerical results confirm asymptotic convergence rates that are in agreement with theoretical predictions.
It is interesting to remark that HHO-HHO discretisations provide convergence rates of (k + 2) and (k + 1)
for the pressure error when k=1 and x=107°, respectively, whereas HHO-DG formulations does not surpass
(k + 1) in case of unit permeabilities. Similarly, the L>(0, #r; L>(Q)¢)-norm of the displacement error shows
asymptotic convergence rates of (k + 2) for all but the unit permeability k = 1 HHO-DG formulation, where
the convergence rate tops at (k + 1). This behaviour will be investigated in future works.
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discr k #dofs #nz ||gh7- ”2,8,/1 EOC ||8h1- ||2,L2(Q)d EOC ||€h7- ||2,L2(Q) EOC

208 5824 6.69¢-03 - 6.82e-04 - 1.13e-03 -
768 23328 1.71e-03 1.97 7.39e-05 3.21 3.23e-04 1.80
HHO-DG 1 2944 93376 4.03e-04 2.08 9.97e-06 2.89 7.49e-05 2.11
11520 373632 9.82e-05 2.04 1.81e-06 2.46 1.90e-05 1.98
45568 1494784  2.45e-05 2.01 3.95e-07 2.19 4.68e-06 2.02

240 8352 6.69¢-03 - 6.81e-04 - 4.50e-04 -
864 32832 1.70e-03 1.97 7.06e-05 3.27 5.68e-05 2.99
HHO-HHO 1 3264 130176 4.03e-04 2.08 8.22e-06 3.10 6.66e-06 3.09
12672 518400 9.80e-05 2.04 1.02e-06 3.01 8.04e-07 3.05
49920 2068992  2.44e-05 2.01 1.29e-07 2.98 6.54e-08 3.62

336 15264 8.98e-04 - 4.90e-05 - 1.20e-04 -
1248 61632 1.11e-04 3.02 2.59e-06 4.24 1.40e-05 3.11
HHO-DG 2 4800 247680 1.44e-05 2.94 1.75e-07 3.89 1.82e-06 2.94

18816 993024 1.81e-06 2.99 1.11e-08 3.98 2.31e-07 2.98
74496 3976704  2.25e-07 3.01 7.55e-10 3.87 2.88e-08 3.00
360 18792 8.98e-04 - 4.89e-05 - 2.71e-05 -

1296 73872 1.11e-04 3.02 2.59¢-06 4.24 1.14e-06 4.57

HHO-HHO 2 4896 292896 1.44e-05 2.94 1.74e-07 3.89 6.37e-08 4.16
19008 1166400  1.81e-06 2.99 1.10e-08 3.98 4.15e-09 3.94

74880 4655232  2.25e-07 3.01 7.52e-10 3.87 2.95e-10 3.82

480 31488 9.69e-05 - 6.00e-06 - 1.09e-05 -
1792 128128 6.63e-06 3.87 1.27e-07 5.57 8.30e-07 3.72
HHO-DG 3 6912 516864 3.77e-07 4.14 3.48e-09 5.19 4.86e-08 4.09
27136 2076160  2.42e-08 3.96 1.12e-10 4.96 3.15e-09 3.95
107520 8322048 1.49¢e-09 4.02 3.44e-12 5.02 1.96e-10 4.01

480 33408 9.69e-05 - 5.99¢-06 - 2.08e-06 -
1728 131328 6.63e-06 3.87 1.26e-07 5.57 6.60e-08 4.98
HHO-HHO 3 6528 520704 3.77e-07 4.14 3.48e-09 5.19 2.41e-09 4.78
25344 2073600  2.42e-08 3.96 1.12e-10 4.96 8.15e-11 4.88
99840 8275968 1.49¢e-09 4.02 3.44e-12 5.02 2.43e-12 5.07

Table 3: Convergence rates for HHO-HHO and HHO-DG discretisations based on manufactured solutions of
the Biot problem, see text for details. Relevant parameters are u = A = 1 and K = «I 4, with « = 1.
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discr k #dofs #nz ||gh7- ”2,8,/1 EOC ||8h1- ||2,L2(Q)d EOC ||€h7- ||2,L2(Q) EOC

208 5824 6.83e-03 - 5.11e-04 - 7.52e-03 -
768 23328 1.70e-03 2.00 5.05e-05 3.34 1.49e-03 2.33
HHO-DG 1 2944 93376 4.02e-04 2.08 6.00e-06 3.07 2.75e-04 2.44
11520 373632 9.74e-05 2.05 7.02e-07 3.10 5.70e-05 2.27
45568 1494784  2.42e-05 2.01 1.07e-07 2.72 1.24e-05 2.19

240 8352 6.83e-03 - 5.11e-04 - 5.25e-03 -
864 32832 1.70e-03 2.00 5.05e-05 3.34 9.26e-04 2.50
HHO-HHO 1 3264 130176 4.02e-04 2.08 6.01e-06 3.07 1.70e-04 2.44
12672 518400 9.74e-05 2.05 7.02e-07 3.10 3.69e-05 2.21
49920 2068992  2.42e-05 2.01 1.07e-07 2.71 8.38e-06 2.14

336 15264 9.60e-04 - 4.76e-05 - 1.24e-03 -
1248 61632 1.13e-04 3.09 2.37e-06 4.33 1.12e-04 3.47
HHO-DG 2 4800 247680 1.46e-05 2.95 1.54e-07 3.94 1.18e-05 3.24
18816 993024 1.81e-06 3.01 9.91e-09 3.96 1.23e-06 3.27
74496 3976704  2.26e-07 3.00 7.49-10 3.73 1.21e-07 3.34

360 18792 9.60e-04 - 4.76e-05 - 7.92e-04 -
1296 73872 1.13e-04 3.09 2.37e-06 4.33 6.89¢-05 3.52
HHO-HHO 2 4896 292896 1.46e-05 2.95 1.54e-07 3.95 6.92e-06 3.32
19008 1166400  1.81e-06 3.01 9.87e-09 3.96 6.94e-07 3.32
74880 4655232  2.25e-07 3.01 7.43e-10 3.73 7.12e-08 3.29

480 31488 1.07e-04 - 4.34e-06 - 1.62e-04 -
1792 128128 6.81e-06 3.97 1.03e-07 5.40 7.27e-06 4.48
HHO-DG 3 6912 516864 3.84e-07 4.15 2.90e-09 5.15 3.46e-07 4.39
27136 2076160  2.42e-08 3.99 8.87e-11 5.03 1.84e-08 4.23
107520 8322048 1.49¢e-09 4.02 2.69e-12 5.04 8.68e-10 4.40

480 33408 1.07e-04 - 4.34e-06 - 1.22e-04 -
1728 131328 6.82e-06 3.97 1.03e-07 5.40 4.51e-06 4.75
HHO-HHO 3 6528 520704 3.84e-07 4.15 2.90e-09 5.15 2.05e-07 4.46
25344 2073600  2.43e-08 3.98 8.83e-11 5.04 1.08e-08 4.25
99840 8275968 1.50e-09 4.02 2.68e-12 5.04 5.21e-10 4.38

Table 4: Convergence rates for HHO-HHO and HHO-DG discretisations based on manufactured solutions of
the Biot problem, see text for details. Relevant parameters are u = A = 1 and K = «I 4, with « = 107°.
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