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Abstract We prove existence and uniqueness of strong solutions, as well as con-
tinuous dependence on the initial datum, for a class of fully nonlinear second-order
stochastic PDEs with drift in divergence form. Due to rather general assumptions on
the growth of the nonlinearity in the drift, which, in particular, is allowed to grow faster
than polynomially, existing techniques are not applicable. A well-posedness result is
obtained through a combination of a priori estimates on regularized equations, inter-
preted both as stochastic equations as well as deterministic equations with random
coefficients, and weak compactness arguments. The result is essentially sharp, in the
sense that no extra hypotheses are needed, bar continuity of the nonlinear function in
the drift, with respect to the deterministic theory.
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1 Introduction
Let us consider the nonlinear stochastic partial differential equation

du(t) — div y (Vu()) dt = B, u(t)) dW ), u(0) = ug, (1.1)
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on L%(D), where D C R" is a bounded domain with smooth boundary. Here y is the
gradient of a continuously differentiable convex function on R” growing faster than
linearly at infinity, the divergence is interpreted in the usual variational sense, W is a
cylindrical Wiener process, and B is a map with values in the space of Hilbert—Schmidt
operators satisfying suitable Lipschitz continuity hypotheses. Precise assumptions on
the data of the problem are given in Sect. 2 below.

Our main result is the well-posedness of (1.1), in the strong probabilistic sense,
without any polynomial growth condition on y nor any boundedness assumption on
the noise (see Theorem 2.2 below). The lack of growth and coercivity assumptions
on y makes it impossible to apply the variational approach by Pardoux and Krylov—
Rozovskii (see [7,12]), which is the only known general technique to solve nonlinear
stochastic PDEs without linear terms in the drift such as (1.1), with the possible
exception of viscosity solutions, a theory of which, however, does not seem to be
available for such equations. On the other hand, we recall that, if y is coercive and has
polynomial growth, the results in op. cit. provide a fully satisfactory well-posedness
result for (1.1).

The available literature dealing with stochastic equations in divergence form such
as (1.1) is very limited and, to the best of our knowledge, entirely focused on the case
where y satisfies the above-mentioned coercivity and growth assumptions: see, e.g.,
[8] and the bibliography of [9] for results on the p-Laplace equation, which corre-
sponds to the case y (x) = |x|P~1x, and [13] on stochastic equations in divergence
form with doubly nonlinear drift. The main novelty of this paper is thus to provide a
satisfactory well-posedness result in the strong sense for such divergence-form equa-
tions under neither coercivity nor growth assumptions on y. On the other hand, it is
worth recalling that well-posedness results are available for other classes of mono-
tone SPDEs with nonlinearities satisfying no coercivity and growth conditions, most
notably the stochastic porous media equation: see, e.g., [3]. However, the structure
of divergence-form equations such as (1.1) is radically different. Indeed, as is well-
known, the porous media operator is quasilinear, while the divergence-type operator
in (1.1) is fully nonlinear. Moreover, the monotonicity properties (hence the dynamics
associated to the the solutions) are different: the porous media operator is monotone
in H~!, whereas the divergence-form operator is monotone in L2.

Asis often the case in the treatment of evolution equations of monotone type, the first
step consists in the regularization of (1.1), replacing y with its Yosida approximation
(a monotone Lipschitz-continuous function), thus obtaining a family of equations for
which well-posedness is known to hold (in our case, we also need to add a “small”
elliptic term in the drift as well as to smooth the diffusion coefficient B). In a second
step, one proves that the solutions to the regularized equations are compact in suitable
topologies, so that, by passage to the limit in the regularization parameters (roughly
speaking), a process can be constructed that, in a final step, is shown to actually be
the unique solution to (1.1) and to depend continuously on the initial datum. It is well
known that the last two steps are the more challenging ones, and our problem is no
exception.

The approach we follow combines elements of the variational method and ad hoc
arguments, most notably a priori estimates on the solutions to regularized equations,
weak compactness techniques, and a generalized version of [t&’s formula for the square
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of the norm under minimal integrability assumptions. A crucial role is played by a
mix of pathwise and “averaged”! a priori estimates. Even though the approach is
reminiscent of that in [11], the problem we consider here is of a completely different
nature, and, correspondingly, new ideas are needed. In particular, the absence of a linear
term in the drift precludes the possibility of applying a wealth of techniques available
for semi-linear problems. For instance, the strong pathwise compactness criteria used
in op. cit. are no longer available, so that we have to rely on weak compactness
arguments only. This way one can construct a limit process, but its identification as a
solution expectedly presents major new issues with respect to the case where stronger
compactness is available. Moreover, a rather subtle measurability problem arises from
the fact that the divergence is not injective, which is the reason for assuming y to be
a continuous monotone map, and not just a maximal monotone graph on R” x R”".
A (less regular) solution to the more general problem when y satisfies only the latter
condition will appear elsewhere. We remark that the results obtained here hold under
hypotheses that are as general as those of the deterministic theory, except for the
continuity assumption on y (see, e.g., [2, pp. 207—f.]).

2 Main result

Given a positive real number T, let (2, .7, (Z;)icf0,17. P) be a filtered probability
space, fixed throughout, satisfying the so-called “usual conditions”. We shall denote
a cylindrical Wiener process on a separable Hilbert space H by W.

For any two Hilbert spaces U and V, the space of Hilbert—Schmidt operators from
U to V will be denoted by .Z 2(U, V). Let D be a smooth bounded domain of R”, and
assume that a map

B:Q x[0,T] x L>*(D) — %*(H, L*(D))
is given such that, for a constant C > 0,
||B(CO, tv -x) - B(a)v ts )’)”gz(H’Lz(D)) S CH)C - y”LZ(D)

forallw € Q,¢t € [0,T],x,y € LZ(D). To avoid trivial situations, we also assume
that, for an xq € LZ(D), B(w, t, x9) < C for all w and ¢. This implies that B grows at
most linearly in x, uniformly over w and 7. Furthermore, the map (, t) +— B(w, t, x)h
is assumed to be measurable and adapted for all x € L>(D) and h € H.

We assume that y is the subdifferential of a continuously differentiable convex
function k : R" — R such that k(0) =0,

lim @ = 400
|x]—00 |x|

I That is, in expectation.
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(i.e. k is superlinear at infinity), and

. k(—x)
lim sup <
|x]—o0 k(x)

Then y : R" — R” is a continuous maximal monotone map, i.e.

@)=y -(x—y)=0 Vx,yeR"

(the centered dot stands for the Euclidean scalar product in R"), and (the graph of)
y is maximal with respect to the order by inclusion. Moreover, the convex conjugate
function k* : R" — R, of k, defined as

k*(y) = sup (y - r —k(r)),

reR”

is itself convex and superlinear at infinity. For these facts of convex analysis, as well
as those used in the sequel, we refer to, e.g., [6].

All assumptions on B and y (hence also on k) are assumed to be in force from now
on.

Definition 2.1 Let uo be an L?-valued .%y-measurable random variable. A strong
solution to Eq. (1.1) is a process u : Q x [0, T] — L*(D) satisfying the following
properties:

(i) u is measurable, adapted and
ue L0, T; Wy (D))
(ii) B(-, u)h is measurable and adapted for all 7 € H and
B(-,u) € L*(0, T; £*(H, L*(D))) P-as.;
(iii) ¥ (Vu)is an L' (D)"-valued measurable adapted process with
y(Vu) € L0, T; L"(D)") P-as.;

(iv) one has, as an equality in L?(D),

t t
u(t) — / divy (Vu(s))ds = ug + / B(s,u(s))dW(s) P-as. 2.1)
0 0

forallt € [0, T].

Since y (Vu) is only assumed to take values in LY(D)", the second term on the
left-hand side of (2.1) does not belong, a priori, to L%(D). The identity (2.1) has to
be interpreted to hold in the sense of distributions, so that the term containing y (Vu)
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takes values in L>(D) by difference. In fact, the conditions on B in (i) imply that the
stochastic integral in (2.1) is an L?(D)-valued local martingale.

Let 2 be the set of measurable adapted processes ¢ : 2 x [0, T] — L2(D) such
that

T
2
Bsup6 0325, +E [ 100)] 105yt < 0,
T
IE/ /|y(V¢(t,x))|dxdt<oo,
0 JD

T
IE/ / (k(Vo (1, x) + k*(y(Vé(t, x)))) dxdt < oco.
0 JD

Our main result is the following.

Theorem 2.2 Letug € L*(2; L2(D)) be Fy-measurable. Then (1.1) admits a strong
solution u, which is unique within J¢ . Moreover, u has weakly continuous paths in
L2(D) and the solution map uo — u is Lipschitz-continuous from L*(S2; L*>(D)) to
L2(Q; L>®(0, T; L*(D))).

We do not know whether well-posedness continues to hold also without the condi-
tion that the solution belongs to .”#". This assumption, in fact, plays a crucial role in
the proof of uniqueness.

Abbreviated notation for function spaces will be used from now on: Lebesgue and
Sobolev spaces on D will be denoted without explicit mention of D itself; for any
p € [1, 0], LP(2) will be denoted by IL”, L?(0, T) by L”, and L? (D) sometimes
by L%. Mixed-norm spaces will be denoted just by juxtaposition, e.g. IL” L?L; to
mean LP(2; L9(0, T; L"(D))) and Ltl,x to mean L1([0, T] x D).

3 An It6 formula for the square of the norm

We prove an It6 formula for the square of the L?-norm of a class of processes with
minimal integrability conditions. This is an essential tool to prove uniqueness of strong
solutions and their continuous dependence on the initial datum in Sects. 5 and 6 below,
and it is interesting in its own right.

Proposition 3.1 Assume that

t

t t
y(t)+oz/ y(s)ds—/ div¢(s)ds =y0+/ C(s)dW (s)
0 0 0

holds in L2f0r allt € [0, T] P-a.s., where a > 0 is a constant,
y:Qx[0,T]—> L% ¢:Qx[0,T]— L', C:Qx[0,T]—> Z£*(H, L%
are measurable adapted processes such that
ye LPLXLInL'Liwy!, ¢ eL'L!,, CeI?L22%H, L%,

x>
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and yo is an Fo-measurable L*-valued random variable with IEHy()H2 < oo. If there
exists a constant ¢ > 0 such that

T
E/ / (k(ch) —}—k*(c{)) < 00,
0JD

then

1 t t
5||y(z>||2+a/ ||y<s>||2ds+f/ ¢(s,x) - Vy(s,x)dx ds
0 0JD
1 1 t t
= 310+ 5 [ €O ey ds + [ 010 @)

forallt € [0, T] P-almost surely.

Proof Note that div¢ € (WOI’OO)’, hence, by Sobolev embedding theorems and dual-
ity, there exists a positive integer r such that div¢ € H~". Therefore, denoting the
Dirichlet Laplacian on L?(D) by A, there also exists a positive integer m such that
(I —8A)""",8 > 0, maps H~" and (a fortiori) L?to HO1 N W%, Using the notation
h® = (I —8A)™™h, itis readily seen that

t t t
ya(t)—i—a/ y‘s(s)ds—/ div;é(s)ds=y3+f T (s) dW(s)
0 0 0

for all t € [0, T'] P-a.s. as an identity in L2, for which It6’s formula yields

1 12 t
PO va [IvePass [ [ vy
0 0JD
1 1 t t
=318+ 5 [ 1€ ey ds+ [ YO0 awe

for all ¢ € [0, T'] P-almost surely. We are going to pass to the limit as § — 0 in this
identity. The dominated convergence theorem immediately implies that, P-a.s.,

1Y 0| — [yo |,

t t
[1yolas— [ o) as
0 0

! 2 ! 2
/0||C6(S)||$2(H,L2)ds_)/(;||C(s)||$2(H,L2)dS

forallt € [0, T], and ||y3 12 — ||y0||2, as § — 0. Defining the real local martingales
8 . (1,06 N
M° = (°C%-W, M:=uC)-W,
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we are going to show that

E sup|M°(t) — M(t)| — 0

t<T

as 6 — 0. In fact, Davis’ inequality for local martingales (see, e.g., [10]) yields

Esup|M°(t) — M(t)| SE[M® — M, M° — M]

172
T
(<T

T 1/2
=E< /0 Hysmc‘s(r)—y(r)C(nH}z(H,R)dr) :

and one has, identifying . 2(H, R) with H and recalling that (/ —§ A) ™™ is contractive
in L2,

|y°c® —yc|, < 1Y’ =y |, + |y'c—yc|,

< <su;;||y<r)||) €% = €|l gagy 12y + 1Y C = ¥Cl
=<

so that

T 172
E ( fo YO —yorcm|3, dr)
T 172
SEsuply O ([ 1620 = €O 12 1)

T 1/2
+E </O |0 @) = yencm |y, dz) .

It follows by the Cauchy—Schwarz inequality that the first term on the right-hand side
is dominated by

172

12 T
(]ESUIT7||)’(1)||2> (E /O ||C‘3<r>—C(t)H;z(H,Lz)dr) :
1=

which converges to zero by properties of Hilbert—Schmidt operators and the dominated
convergence theorem. Moreover,

[6° 0 = yancoly < oPlc® e
andy € L®L2, C € L>.Z(H, L?) P-a.s. imply, by dominated convergence, that

T
/0 |62 @) = y@enCcw|, dt — 0
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P-a.s. as § — 0. Since

1/2

T 1/2 T
(/O ||(y5<r)—y(r)>ca>||§,dr) < suply o)l (/0 ||C<t>||fgz(H,L2)dt)

and, by the Cauchy—Schwarz inequality,

T 5 1/2
E sup|ly @)l </ c| dt)

o 0 H ||f2(H,L2)
1/2

1/2 -
2
s(Esupuy(tnP) (IE /0 ||C(r>||$2(H,L2)dr> < o0,

t<T

again by dominated convergence it follows that

T 1/2
E(/O ||<y“(t>—y(t))C(t)|l§,dt> 0

as § — 0. We have thus shown that ]EsuptST|M‘3 (1) — M(t)| — as 6 — 0, hence, in
particular, that

t t
/0 Y ()C(s) dW (s) —> /O y($)C(s)dW (s)

in probability as § — O forall ¢ € [0, T'].
To complete the proof, we are going to show that VY?® . ¢4 — VY . ¢ in L'L
which readily implies that

1
t,x°

' t
// Vy‘s(s,x) . ;“s(s,x) dxds — // Vy(s,x)-¢(s,x)dxds
0JD 0JD

in probability for all € [0, T]. Since Vy? — Vy and ¢® — ¢ in measure in
Q x (0, T) x D, in view of Vitali’s theorem, it suffices to prove that the sequence
(Vy® - £%) is uniformly integrable in  x (0, T) x D. One has

(cha) + k* (c{‘s) ,
(c(—Vy’S)) + k* (c{‘s)

*(Vy°-¢%)

5 <k
—Cz(Vy5~{5)§k

hence

c2|Vy‘S . §5| <k (ch’S) +k (c(—Vy‘S)) + k* (c§5)
S 1+k (VYY) + k% (cc?),
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where the second inequality follows by the hypothesis lim sup,,|_, o k(—x)/k(x) <
oo. By Jensen’s inequality for sub-Markovian operators (see [5, Theorem 3.4]) we
also have

k (ch’S)
K (eg?)

(I =8A)™cVy) < (I —8A) "k (¢Vy),

=k
= K" ((T = 88)"ct) < (I = 88)"k* (c0) .

hence
AlVy 8| ST+ —8A) ™ (k(cVy) +k*(c0)),
where the right-hand side is uniformly integrable because it converges in lLlL}’x as

8 — 0. This yields that (Vy® - ¢%) is uniformly integrable as well, thus concluding
the proof. O

4 Well-posedness for an auxiliary SPDE
Let V; be a separable Hilbert space, densely and continuously embedded? in H&, and
continuously embedded in W!->°. The Sobolev embedding theorem easily implies that

such a space exists indeed.
We are going to prove that the auxiliary equation

du(t) —divy(Vu()dt = G@)dW(t), u(0) = uo, 4.1)

where G is an . 2(U , Vo)-valued process, is well posed.

Proposition 4.1 Assume that uy € L*(L?) is Fy-measurable and that G : Q x
[0,T] > & 2(U , Vo) is measurable and adapted, with

T
E/O 1G22 vyt < o0.

Then Eq. (4.1) admits a unique strong solution u such that
T
E supl|u(t)||* + IE/ Ju@)| 11 dt < oo,
t<T 0 0

T
E/O ly (Vu@) |, dr < oo,
T
/ (”k(Vu(t))HL] + Hk*(y(Vu(t)))”Ll dt) < 0o [P — almost surely.
0

Moreover; the paths of u are P-a.s. weakly continuous with values in L.

2 Continuous embedding of a Banach space E in a Banach space F will be denoted by E < F'.
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The assumptions of Proposition 4.1 are (tacitly) assumed to hold throughout the
section.
Let y, : R" — R", A > 0, be the Yosida regularization of y, i.e.

1
yii= s (1 - (1+/\y)*1), A>0,
and consider the regularized equation
duy (t) —divya(Vua () dt — AAuy (1) dt = G(@)dW (), u;(0) = uop.

Since y, is monotone and Lipschitz-continuous, it is not difficult to check that the
operator

v > — (div y3 (Vv) + LAv)

satisfies the conditions of the classical variational approach by Pardoux, Krylov and
Rozovskii [7,12] on the Gelfand triple H(} <> L2 < H~! hence there exists a
unique adapted process u) with values in HO1 such that

T
Bl +E [ il dr < oo

and

t t

t
uk(t)—/ divyA(Vu,\(s))ds—)»/ Aux(s)ds=uo+f G(s)dW(s) (4.2)
0 0 0

in H ! forallz € [0, T].

4.1 A priori estimates

We are now going to establish several a priori estimates for u; and related processes,
both pathwise and in expectation.

We begin with a simple maximal estimate for stochastic integrals that will be used
several times in the sequel.

Lemma 4.2 Let U, H, K be separable Hilbert spaces. If
F:Qx[0,T]— Z(H,K), G:Qx[0,T]— Z*U, H)

are measurable and adapted processes such that

T
Esup| FO 0+ E [ 1601, 4 < o0
=
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then, for any ¢ > 0,

E sup

t<T

1
/ F(s)G(s)dW(s)
0

K

T
< eEsug”F(t) Voo i) + N(s)lEfO IGO0y 1
t<

Proof By the ideal property of Hilbert—Schmidt operators (see, e.g., [4, p. V.52]), one
has

||F(S)G(S)“$2(U,K) = ||F(s)||$(H,K) ||G(S)||$2(U,H)

= SuPHF(S)Hf(H,K)”G(s)’|$2(u,ﬂ)
s<T

A

for all s € [0, T'], hence

r 2 2 r 2
| IF©GO @5 < sl O iy [ 166 oy s

where the right-hand side is finite P-a.s. thanks to the assumptions on F' and G. Then
(FG) - W is a K-valued local martingale, for which Davis’ inequality yields

SEWFG)- W, (FG)- W1y

K
T 5 1/2
=E (/0 ||F(s)G(s)||$2(U’K) ds)

T ) 172
< g5l L ([ 166 mas)

E sup

t<T

t
/ F(s)G(s)dW(s)

0

The proof is finished invoking the elementary inequality
1 2, Lo
abfz ea”+ -b Va,beR, ¢ >0,
€

and choosing ¢ properly. O

The estimate in the previous lemma will be used only in the case K = R. The more
general proof we have given is not more complicated than in the simpler case actually
needed.

Lemma 4.3 There exists a constant N such that

1/2

|2 ”LZC,L; +2 ”V”AHJLZL,%X + |y (Vi) - Vu, ”LIL}_X

<N (”“0 ||1L2L§ + ”GHUL?_%Z(H,L@) :
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Proof 1t6’s formula yields

t t
||ux(z)||2+2f0ny(vuk(s)).Wk(s)dxds+2x/0 ||Vux(s)||2ds
t 1 t
= “”0||2+2/o ;. ()G (s) dW (s) + 5/0 ||G(s)||;2(H,L2) ds,

where u,, in the stochastic integral on the right-hand side has to be interpreted as taking
values in .% (L%, R) ~ L?. Taking supremum in time and expectation we get

T
Bluslé,z B [ [ n ) Vi) dxds + B[V |,

2 2
SE[uo” + E”G”L?,%Z(H,LZ)) + ]E[ESIISPTI

)

t
/ u; (s)G(s)dW(s)
0

where, by Lemma 4.2,

E sup

2 r 2
- < eE|u|c, 2 + N(s)IE/O |G 212, 4

t
/ u ()G (s)dW (s)
0

for any ¢ > 0. The proof is completed choosing ¢ small enough and recalling that y,
is monotone. O

Lemma 4.4 The families (Vu,) and (y, (Vu,)) are relatively weakly compact in
'L} ..

Proof Recall that, for any y, r € R", ones has k(y) + k*(r) = r - y if and only if
r € 0k(y) = y (). Therefore, since

v € ok (1 +2)7x) =y (0 +2)7'x) VxR,
we deduce, by the definition of y,, that

k ((1 n Ay)‘lx) F I ((0)) = ya ) - (I +ap) " 'x

=py@x)-x— )»|)/A(X)|2 <pyx)-x VxeR"
4.3)

By Lemma 4.3 we infer that there exists a constant N, independent of A, such that

T T
E / / K* (3. (Vu)) < E / / v, (Vits) - Vit < N.
0 JD 0 JD

Since k* is superlinear at infinity, the family (y;(Vu,)) is uniformly integrable on
Q2 x (0, T) x D by the de la Vallée Poussin criterion (see the “Appendix’), hence
relatively weakly compact in IL! L}, . by a well-known theorem of Dunford and Pettis.
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Similarly, Lemma 4.3 and (4.3) imply that there exists a constant N, independent
of A, such that

T T
E/ / k((1+xy)*‘vm) 5153/ / v (Viy) - Vi, < N.
0 JD 0 JD

Since k is superlinear at infinity, the criteria by de la Vallée Poussin and Dunford-Pettis
imply that the sequence (I + Ay)~!Vu;, is uniformly integrable on Q x (0, T) x D,
hence relatively weakly compact in ! Lll,x. Moreover, since

Vuy, = (I +Ay) "' Vuy + 2y (Vuy),

the relative weak compactness of (Vu; ) immediately follows by the same property of
(v, (Vu,)) proved above. O

We shall need below the following classical absolute continuity result, whose proof
can be found, for instance, in [2, p. 25].

Lemma 4.5 Let V and H be Hilbert spaces with V. < H <> V'. Assume that
ue L*a,b;V)andu' € L*(a, b; V'), where u' is the derivative of u in the sense of
V' -valued distributions. Then there exists i € C([a, b]; H) such that u(t) = iu(t) for
almost all t € [a, b]. Moreover, for any v satisfying the same hypotheses of u, (u, v)
is absolutely continuous on [a, b] and

d
E(u(t), v(@®)) = (' (1), v(@®)) + (u (@), V'(1)).

As customary, both the duality pairing between V and V’ as well as the scalar product
of H have been denoted by the same symbol.
From now on we shall assume, without loss of generality, that A € ]0, 1].

Lemma 4.6 There exists Q' € QwithP(Q") = 1and M : Q' — R such that
@) oz + VA Vi@ 12 + [ (Vir@D ]y < M (@)

Jorallw e Q.

Proof Setting vy, := u) — G - W, Eq. (4.2) can be written as

t
v () — / div (ya (Vu;.(s)) + AVu,(s)) ds = uy,
0

or, equivalently, as

v, — div (1 (Vup) + AVuy) =0, ,(0) = ug. (4.4)
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By Itd’s isometry and Doob’s inequality, one has

2
E sup

t<T

T
< E/O ||G(s)||ip(H,V0) ds < oo,

t
/ G(s)dW(s)

0

Vo

hence G - W € LZL;’OH(}, because V) — Hol. In particular, since u; € ]LszoHol,
it follows that v, € ILZL;X’Hol. Moreover, since div y; (Vu;) and Au;, belong to
L2L?H~!, by the previous identity we also deduce that v} (w) € L?H~! for P-a.a.
o € Q. In particular, taking into account the hypotheses on uo and G, there exists
Q' c Q, with P(Q') = 1, such that

up(w) € L2, G-W(w,-) e L®V,,
vi(w) € L?H), v, (w) € L2H™!
for all € €. Let us consider from now on a fixed but arbitrary w € Q. Taking the

duality pairing of (4.4) by v, and integrating (more precisely, applying Lemma 4.5)
implies that, for all ¢ € [0, T'],

1 t
SO + f / Vi (Vi (5)) - Vs (5) dix ds
0JD
¢ 1
+A// Vir(s) - Vor(s) dx ds = ~uo,
0JD 2
where lu; | < [lval + G - W1, hence [lux [ < 2 (v ]2 + G - W|2). as well as

2 2 2
[oall® = S lluall” = I1G - W~

1
2
Moreover, Young’s inequality yields

/vm-vmz vauz—/ Vuy, - V(G- W)
D D

2

v

1 1
19l = 31V - w)

hence also, taking into account the previous estimate,

1 t t
§||u;\(t)”2+2// yx(VuA(s))'va(s)dxds+A/ |‘Vux(s)|‘2ds

13
< [uo|? + ||G-W(z)H2+,\/O V(G - W) ds.

Let k) be the Moreau—Yosida regularization of k, i.e.

. lx — yI?
ky(x) = ylenﬂgn (k(y) + 7 , A>0.
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As is well known, k; is a proper convex function that converges pointwise to k from
below, and dk; = y,. Therefore, it follows from

ya(x) - (x = y) = k(x) —ka(y) = ka(x) —k(y) Vx,y e R
that
t
// Ya(Vuy(s)) - Vou(s)dx ds
0JD
t
:// Y (Vup (s, ) (Vuy (s, x) — V(G - W(s, x)))dx ds
0JD
t t
2// kA(VuA(s,x))dxds—// k(V(G-W(s,x)))dxds,
0JD 0JD
hence also
1 5 t t 5
—[lur(®| +2// kk(Vu,\(s,x))dxds+)»/ [Vur(s)|~ ds
2 oJD 0
13
< |luo|* + HG.W(z)HzH/O V(G- W) ds
t
+2// k(V(G-W(s,x)))dxds.
0JD
Taking the supremum with respect to ¢ yields

luslle, iz + M (Vg +2Vus ]z,

< uol7 +16 - Wiy +1G - Wiy + 1KV - WD

As already observed above, the first three terms on the right-hand side are clearly
finite. Moreover, since Vy <> W1, one has

[k(V(G - W) Srp [K(VG - W) < 00

by the continuity of k. Since @ was chosen arbitrarily in €', the proof is completed. O

Lemma 4.7 There exists a set Q', with P(Q') = 1, such that, for all o € €/, the
families (y,(Vu,)) and (Vu,) are relatively weakly compact in L,lyx.

Proof Let Q' be defined as in the proof of Lemma 4.6, and fix an arbitrary o € Q'
By (4.5), since v, = u; — G - W, it follows that
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t
// Ya(Vuy(s)) - Vuy (s) dx ds
0JD
< Lluol? + 216G - WO + 2 /tnG W7, d
= ol Ty 2 ) Sy 48
t
[ [ o096 wepdxds
0JD
for all ¥ < T'. Thanks to Young’s inequality, convexity of £*, and £*(0) = 0, one has
1
v(Vu;) - V(G- W) = EVA(VMA) “2V(G - W)
1
< Ek* (va(Vu,)) +k@2V(G - W)).

Recalling that k* (5 (x)) < ya(x) - x for all x € R", rearranging terms one gets

T T
[ [ k@ dsds < ol + 16w+ [ 16wk, ds
D
T
+/ / k 2V(G - W(s))) dx ds,
0 JD

where all terms on the right-hand side are finite, as already established in the proof of
Lemma4.6. Appealing again to the criteria by de la Vallée Poussin and Dunford-Pettis,
we immediately infer that (y; (Vu, (w, -))) is relatively weakly compact in Lt],x.

Denoting by M (a constant depending on w) the right-hand side of the previous
inequality, the above estimates also yield

[y (Vu) - Vs |y S M,
hence also, recalling that k((/ + 1y)~'x) < yu(x) - x,
[k (1 + )7V )|y S M.

This implies, in complete analogy to the previous case, that ((I + )»y)’IVu,x) is
relatively weakly compact in L ,1 - Since

Vuy, = 1y, (V) + (I + 1)~ Vuy,

the relative weak compactness of (Vu; (w, -)) in L ,1 . follows immediately. O

4.2 Proof of Proposition 4.1

Let @ € Q' be arbitrary but fixed, where Q' is a subset of Q2 with probability one,
chosen as in the proof of Lemma 4.6. The relative weak compactness of (y; (Vu,)) in
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Ltl‘ > proved in Lemma 4.7, implies that there exists 1 € Ltls . suchthat y,,(Vu,) — n
weakly in L!

1.x» Where p is a subsequence of A. This in turn implies that

t t
/ div v, (Vu,(s)) ds — / divn(s)ds weakly in V;
0 0

for all ¢ € [0, T']. In fact, for any ¢ € Vp, setting ¢ := s — 1jo,;1(s)po € LV,
recalling that Vy — W1 we have

t T
/O(— div yﬂ(vMH(s)),¢0)Vo ds:/o <—diV7/M(VuM(S)),¢)(S)>VO ds

T
=//)’;L(VM;L(S))'V¢(S)dS
0 JD

t
0

T
—>f0 /Dn(s)-ws(s)ds:/(—divn(s),¢o)ds

as u — 0. Moreover, Vu 1 1s bounded in LtzHO1 thanks to Lemma 4.6, hence, recalling
that A is an isomorphism of HO1 and H™!, AAu; — 0in L,ZH_1 as A — 0, in
particular

t
A/ Auy(s)ds — 0 in H™!
0

forall t € [0, T] as . — 0. Therefore, considering the regularized equation

t

t
u,(t) — /0 div y, (Vu,(s)) ds — M/o Auy(s)ds =ug+ G- W(t)

and passing to the limit as 1 — 0, we infer that u, (t) — u(r) weakly in V for all
t € [0, T], hence one can write

t
u(t) — / divn(s)ds =uo+ G- W(t) inV (4.6)
0

forall¢ € [0, T]. Sincedivn € L,1 V(; and G - W € L{°Vj, it immediately follows that
u e C Vé. Moreover, since, thanks to Lemma 4.6, (u,,(t)) is bounded in L2, we also
have u, (t) — u(t) weakly in L?.Infact, lete > 0 and y € L? be arbitrary. Since V;
is dense in L2, there exists ¢ € Vo with || — ¢ H < &, and one can write

’

() — o (), )| < () — un @), ¥ — )| + |(up () — un (1), §)

where the second term on the right-hand side converges to zero as i, v — 0, and
() = s (1), ¥ = ¢)] < Jup@®) —us @] | — ¢ < Ne,
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so that, recalling that Hilbert spaces are weakly sequentially complete, u, (t) converges
weakly in L?, necessarily to u(¢), for all # € [0, T']. This also immediately implies
that u € LX°L2. From this, together with u € C, Vg it follows in turn that u €
Cy([0,TT; L2) by a criterion due to Strauss (see [14, Theorem 2.1]—here and below
Cy ([0, T]; E) stands for the space of space of weakly continuous functions from
[0, T'] to a Banach space E). Furthermore, since all terms in (4.6) except the second
one on the left-hand side take values in L2, it follows that (4.6) is satisfied also as an
identity in L.

Let us show that u € L} WO1 ‘1. the relative weak compactness of (Vu;) in L}

t,x°
proved in Lemma 4.7, implies that there exists v € L,I,X such that, along a subsequence

of A which can be assumed to coincide with u, Vi, — v weakly in L,l’ - Taking into
account that u,, € Hy for all y and that u, — u weakly* in L®L2, it easily follows

that v = Vu a.e.in [0, T] x D and that u € Lt1 Wol’l.
As a next step, we are going to show that n = y(Vu) a.e. in (0, T) x D. For this
we shall need the “energy” identity proved in the following lemma.

Lemma 4.8 Assume that
t
y(t) —f dive(s)ds = yo+ f(t) in L* vt e[0,T),
0

where yo € L% y € LPLEN LWy, ¢ € L], and f € L2Vy with f(0) = 0.

,x’
Furthermore, assume that there exists ¢ > 0 such that

k(cVy) +k*(ct) e L} ,.
Then

t
||y(z)—f(t)||2+2/0/D;(s,x)-V(y(s,x)—f(s,x)) dxds=||y0||2 vt € [0, T1.

Proof The proof if analogous to that of Proposition 3.1, of which we borrow the
notation and the setup. In particular, let m € N be such that

Y@ —/Otdivgs(s)ds =Y+ fo(t) inL* Vi e[0,T],
hence, by Lemma 4.5,
[ 0) —f5<r>|}2+2/0t/D V() = |y viero.7,
where, as 8 — 0, |y* () — f2()|> — |y() — £ )| forall 1 €10, T] and | y§]* —

Hyo ’2. Moreover, since y° — f — y — fin L}W(}’l and % — ¢ in Ltlyx,
that, up to selecting a subsequence,

we have
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V=)= Vo-0
almost everywhere in [0, T'] x D. Therefore, taking Vitali’s theorem into account, the

lemma is proved if we show that £% - V(y® — f?) is uniformly integrable: one has, by
Young’s inequality and convexity,

2
%;3 . V(y5 _ f&) < k(c/z(vy5 _ Vf(s)) +k* (C;B)

k (cVy®) + %k (c(=V f2)) +k* (cc?),

=

| =

as well as

2
—%c“ VOGP = ) <k (e/2(=Vy + V) + & (ct®)

1 1
< zk (c(—Vy‘S)) + zk (ch‘S) +k* (c{‘s) ,
hence

At VG = ] <k (eVy’) +k (c(=Vy)
+k (V) +k (c(=Vf%)) +4k* (c£?).

It follows by Jensen’s inequality for sub-Markovian operators, recalling that (I —
8A)™™ and V commute, that

et Vet = ] = (=68 (KeVy) +k (c(=Vy)
+k(eV f) +k(c(=Vf)) +4k*(ct)),
where k(cVy) and k*(c¢) belong to L}’X by assumption, and the same holds for

k(cVf) 4+ k(c(—V[f)) because f € W1 Moreover, the hypothesis
lim supj|_, oo K(—x)/k(x) < oo implies that

T T
/ / K(e(=Vy) S 1+ f / K(Vy) < oo,
0 JD 0 JD

therefore, taking into account that (/ — §A)™" is a contraction in L!, we obtain
that ¢2|¢% - V(y® — £?)| is dominated by a sequence that converges in Ltl’ +» which

immediately implies that ¢% - V(y® — £?) is uniformly integrable in [0, T] x D. O

@ Springer



Stoch PDE: Anal Comp (2018) 6:364-396 383

As in the proof of Lemma 4.6, it follows from (4.4) and Lemma 4.5 that

1 t
EIIUA(I)IIZ-F / / Ya (Vi (s)) - Vo (s) dx ds
0JD

t
1
+A// Vir(s) - Vor(s) dx ds = ~Juo|?
0Jp 2

for all t € [0, T], where v; = up — G - W. This immediately implies

1||m<z)||2 = f l / Y (Vs (5)) - Vi (s) dx ds
%Iluoll + / / Y (Vus () - V(G - W(s)) dx ds @7
k/f Vu,(s) - V(G - W(s))dxds,
0JD
where

limil(}f”vu(t)” > |u@t) = G-W@)| Vtel0,T]
nw—

by the weak lower semicontinuity of the norm and the weak convergence of u, (¢) to
u(r) in L2. Moreover, recalling that v, (Vu,) — n weakly in Ltl’x and V(G - W) €

L?‘}, as Vo <> W we have

t t
// Yu(Vu,(s)) - V(G- W(s))dxds — // n(s) - V(G- W(s))dxds.
0JD 0JD

The last term on the right hand side of (4.7) converges to zero as & — 0 because
(Vu,,) is bounded in L rand V(G - W) € L. We have thus obtained

T
limsup/ / Yu(Vuy (s)) - Vu,(s)dx ds
n—0 JO JD

1 1 2 !
< = uo| —§||u(T)—G~W(T)|| +f0/Dn(s)-V(G-W(s))dxds.

By Lemma 4.8 we have

1 1 2 T
z||u0|| —§||u(T)—G~W(T)|| +/ f n(s) - V(G - W(s)) dx ds
0 JD

T
=/ / n(s) - Vu(s)dxds,
0 JD
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which implies that

T T
lim sup/ f Yu(Vuy) - Vu, dxds < / / n-Vudxds.
n—0 0 JD 0 JD

Moreover, since

Yu(x) - (I + ny) 'y = Yu(X) - x — /VLI)/,L(X)I2 < yux)-x

for all x € R", we obtain

T T
limsup/ / Yu(Vuy) - (I + ,uy)_IVuM dxds < / / n-Vudxds,
0 JD 0 JD

n—0

where (I 4+ puy)™'Vu, — Vu and y,(Vu,) — 5 weakly in L/ . In particular, the
weak lower semicontinuity of convex integrals yields

T
/()/(k(Vu)+k*(n))

< 11m1nf/ / k(I + py) ™' Vuy) +k*(y,L(Vu,L))) dx dr

_hmlnf/ / Yu(Vuy) - (I + py)™ Vuudxdt<N

where N = N (w) is a constant. Recalling that y,, € y ((I + y,y)_l) and y = dk, we
have

k(T + 1y) ' Vuy) + v (Vuyp) - (2 — (I +py) ' Vuy) <k(z) Yz eR

From this it follows, again by the weak lower semicontinuity of convex integrals, that

T T T
//k(Vu)+//n~(c—Vu)§//k(§) V¢ e LS.
0 JD 0 JD 0 JD

Let A be an arbitrary Borel subset of (0, T') x D, zo € R", R > 0 a constant, and
Cr = z0la + Tr(Vu)lge,
where T : R" — R”, is the truncation operator

X, |x] < R,

TR : x —>
Rx/|x|, x| > R.
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Then ¢g € L2, and

t,x°

fk(W)+/ 0 (20— Vi) S/k(ZO)
A A A

+ [ )~ kv + [ 0 (T =,

where TR (Vu) — Vu and k(Tr(Vu)) — k(Vu) a.e.in (0, 7) x D as R — o0, as
well as

|TR(Vu) — Vu| < 2|Vu

o k(TR(VU) = k(Vi)| S 1+ k(Vu)

(the latter inequality follows by the assumptions on the behavior of k at infinity). Since

k(Vu), k*(n) € L,l’x, the dominated convergence theorem implies that

/k(Vu)—i-/ n-(Zo—VM)S/k(Zo)
A A A

for arbitrary zo and A, hence also that
k(Vu) +n - (zo — Vu) < k(zo)
a.e.in (0, T)x D forall zp € R". By definition of subdifferential it follows immediately
that n = y(Vu) a.e.in (0, T) x D.
Let us now show, still keeping w fixed, that the limit # constructed above is unique.

In particular, since n = y (Vu), it is also unique. Assume that there exist u1, u such
that

t
u; (1) —/ divy(Vui(s))ds =ug+G-W(), i=1,2,
0

in L2 forall 7 € [0, T]. Setting v = u1 —up and { = y(Vuy) — y(Vuy), it is enough
to show that

t
v(t)—/ dive(s)ds =0
0

in L2 forall¢ € [0, T] implies v = 0. To this aim, it suffices to note that, by Lemma

4.8,
1 2 !
EHU(I)H +//§~Vv=0
0JD

for all # € [0, T]. The monotonicity of y immediately implies v = 0, i.e. u; = ua, so
that uniqueness of u is proved.
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The process u has been constructed for each w in a set of probability one via limiting
procedures along sequences that depend on w itself. Of course such a construction, in
general, does not produce a measurable process. In our situation, however, uniqueness
of u allows us to even prove that u is predictable. The following simple observation
is crucial: we have proved that from any subsequence of A one can extract a further
subsequence u, depending on w, such that u,, converges to u as u — 0, in several
topologies, and that the limit u is unique. This implies, by a classical criterion, that the
same convergences hold along the original sequence A, which does not depend on w.
In particular, u) (w, t) — u(w, t) weakly in L% forallt € [0, T'] and for P-a.s. w. Let
us show that u; — u weakly in L' L!L2: for an arbitrary ¢ € L°LX®L2, we have

(ur(w. 1), p(@, 1)) — (u(w, 1), (0, 1))

a.e.in Q x [0, T], as well as

T T
E/O <u;\(a),t),¢(a),t)>2dt§E/0 |wrtw, )| |6, 0| di

T
< 1@l B [ ool Par <

for a constant N independent of A, because (i, ) is bounded in ILQL?’ . by Lemma 4.3.
Then (u;, ¢) is uniformly integrable in 2 x [0, T'] by the criterion of de la Vallée
Poussin, hence (u;, ¢) — (u, ¢) in ]LIL,1 by Vitali’s theorem. Since ¢ € ZLOOLfoLﬁ
is arbitrary, it follows that u; — u weakly in L' L!L2. Mazur’s lemma (see, e.g., [4,
p. 360]) implies that there exists a sequence (&,) of convex combinations of u; such
that £, (w, 1) — u(w, t) in L? in P ® dt-measure, hence a.e. in Q x [0, T'] along a
subsequence. Since (i) is a collection of L?-valued predictable processes, the same
holds for (&), so that the P ® dr-a.e. pointwise limit u of (a subsequence of) ¢, is an
L?-valued predictable process as well. We also have that u € L2LX®L2, as it follows
by u; — uin L'L!L? and the boundedness of (u;) in L?L®L2.

Moreover, recalling that Vu; — Vu and y;(Vu,) — n weakly in Ltl’x P-a.s.,
and that, by Lemma 4.4, (Vu,) and (y, (Vu,)) are bounded in JLlLtl’ > an entirely
analogous argument shows that Vu; — Vu and y, (Vu,) — n = y(Vu) weakly in
L! L,l,x. This implies that 7 is a measurable adapted process, as well as, by weak lower
semicontinuity of the norm,

E|Vul,, = lim j{}fE” Vuy | L, <%

Eln],;, = liminf ]y, (Vun|,; < oo.

|
Lt,x

We can hence conclude that

weLPLXLE N L'Llw, ",
n=y(Vu)eL'L],.
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Finally, Lemma 4.3 and (4.3) yield

T
B[ (k43071 Vi0) + 8 Vi)
0 JD
T
<N (Bl +E [ 166 0 d5)

where, by the weak lower semicontinuity of convex integrals and (I +Ay)~'Vu, —
Vu, y(Vup) — n weakly in L}  P-a.s., one has

T T
f / (k(Vu) + k() < liminf/ / (k((I—i—)»y)"VuA)—i—k*(yA(Vux)))
o Jp r=0 Jo Jp

P-a.s., hence, by Fatou’s lemma,

T T
B[ (ke ) <timintE [ [ (k45007 Vi) + £ (V)
0 Jp A—0 0o Jp

T
N (]EHuo +E /0 166 .02 ds) .
(4.8)

Remark 4.9 The proof of uniqueness of u does not depend on y being single-valued.
In particular, all results on u obtained thus far, including the predictability of u#, can be
obtained under the more general assumption that y is an everywhere defined maximal
monotone graph on R” x R”, with y = dk. However, in this more general framework,
the uniqueness of 1 does not follow, because the divergence is not injective. This
implies that we would not be able even to prove that 7 is a measurable process (with
respect to the product o -algebra of .% and the Borel o -algebra of [0, T']).

5 Well-posedness with additive noise
We are now going to prove well-posedness for the equation
du(t) —divy(Vu(t))dt = G(t)dW(t), u(0) = uy, (5.1

where G is no longer supposed to take values in 2> (H, Vo), as in the previous section,
but justin £2(H, L?).In other words, we are considering Eq. (1.1) with additive noise.

Proposition 5.1 Assume that uy € ILZL% is Fo-measurable and that G : Q x
[0, T] — L%(H, L?) is measurable and adapted. Then Eq. (4.1) is well posed in
. Moreover, its solution is pathwise weakly continuous with values in L.

Proof Since one has (I — eA)™ : L?> — H>" N HOl for any m € N, choosing
m > 1/2 4+ n/4, the Sobolev embedding theorem yields H 2m oy W1 hence
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Vo := H™ N HOl satisfies all hypotheses stated at the beginning of the previous
section. In particular, setting

G :=( —eN)"G,

the ideal property of Hilbert—Schmidt operators implies that G® is an .Z2(H, Vo)-
valued measurable and adapted process such that

T 2 T 2
E./o ”GS(S)“,ZZ(H,VO) ds S E/o ”G(S)”zZ(H,H) ds < oo.

It follows by Proposition 4.1 that, for any ¢ > 0, there exists a unique predictable
process

2 2 171y/101
u® € IPLL? N L'Llw,

such that
nf=yw)el'L,,
k(Vu) +k*(n°) e L}, P-as.,
u® € Cy([0, T1: L?) P-as.,
satisfying

t t
uf(t) — / divn®(s)ds = ug + / G(s)dW (s) (5.2)
0 0

in L2 forallz € [0, T].
In complete analogy to the previous section, the equation in H !

t t
us (1) —/O div y,. (Vus () ds — k/oAui(s) ds = ug +/0 Gé(s)dW (s)

admits a unique (variational) strong solution S for any ¢ > 0 and A > 0. Taking into
account the monotonicity of y;, It6’s formula yields, for any § > 0,

t
|ug @) —u )| + A/O | V@i (s) — ud (s))|| ds
t t
< /0 (S () — ul (5)) (G (5) — G3(s)) dW (s) + /0 1G*(5) = G* )] 2y 12, -
Taking supremum in time and expectation, it easily follows from Lemma 4.2 that

T
Esupu; 1) = 1) I’ <E /0 160 = G2 12,
1<

@ Springer



Stoch PDE: Anal Comp (2018) 6:364-396 389

For arbitrary fixed ¢, § > 0, the proof of Proposition 4.1 shows that

ui — u’ weakly* in L°L2,
Vui — Vu® weakly in L}’x,
va(Vu3) — n° weakly in L},x

P-a.s. as A — 0, and the same holds replacing ¢ with §. In particular, on a set of

probability one, u§ — ui — u® — u® weakly* in L®L?2 as » — 0, hence the weak*

lower semicontinuity of the norm and Fatou’s lemma imply
Elu — s < timint Bt — [
T
< E/O |Ge(s) — G‘S(s)||‘22,2(H’L2)) ds.

It follows by the ideal property of Hilbert—Schmidt operators, the contractivity of
(I — eA)™™, and the dominated convergence theorem, that

T
E/O 1G(s) — G(S)”iﬂZ(H,Lz)) ds — 0

as ¢ — 0. This implies that (#°) is a Cauchy sequence in JLZL‘,’OLﬁ, hence there exists
a predictable L?-valued process u such that u® converges (strongly) to u in JLZL?OL)ZC
as ¢ — 0. Moreover, by (4.8) there exists a constant N, independent of ¢, such that

T
]E/ / (k(Vu®) + k*(n%)) dx ds
0 JD
2 T e 2
<N(E|uo|”+E 5 1G* ) 'y 12, ds (5.3)

T
<N (2ol + [ 166 g0 d5)

where we have used again the ideal property of Hilbert—Schmidt operators and the
contractivity of (I — ¢A)™" in the last step. The sequences (Vu®) and (y (Vu?®))
are hence uniformly integrable on € x [0, T] x D by the criterion of de la Vallée
Poussin, hence relatively weakly compact in I.! (L},X) by the Dunford-Pettis theorem.
Therefore, passing to a subsequence of ¢, denoted by the same symbol, there exist v
and 7 such that Vu® — v and y(Vu®) — n weakly in lLlLtl’x as ¢ — 0. Itis then
straightforward to check that v = Vu and

ueL'LIw,".

An argument based on Mazur’s lemma, entirely analogous to the one used in the proof
of Proposition 4.1, shows that 7 is an L'-valued adapted process.
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We can now pass to the limit as ¢ — 0 in (5.2). The strong convergence of u® to u
in L2L>° L2 implies that

esssupu®(t) —u(®)| — 0
1€[0,T]

in probability as ¢ — 0. Let ¢ € Vj be arbitrary. Since Vp < L°°, one has

(u (@), o) = (u(®), ¢o)

in probability for almost all € [0, T]. Let us set, for an arbitrary but fixed ¢ € [0, T'],
@ s = 1p0.q(s)po € L Vp. Recalling that n° = y(Vu®) — n weakly in JLIL,I’X, it
follows immediately that

t T
—/ <divn€,¢o>ds=/ / 0 (s) - (s)ds
0 0 JD

T t
—>/ / 77(S)~V¢>(S)dS=—f (divn(s), do) ds
0 JD 0

weakly in IL' as ¢ — 0. Doob’s maximal inequality and the convergence

T
IE/O |G () — G(t)ng(H,Lz) —0

as ¢ — 0 readily yield also that G* - W(t) — G - W(¢) in L? in probability for all
t € [0, T']. In particular, since ¢g € Vp and ¢ € [0, T'] are arbitrary, we infer that

t

t
u(t)—/ divn(s)ds:uo—i—/ B(s)dW (s)
0 0

1

1.x» Which implies in turn that div €

holds in V{j for almost all 7. Recalling that n € L
L} V{, it follows that all terms except the first on the left-hand side have trajectories
in C; Vé , hence that the identity holds for all ¢ € [0, T']. Moreover, thanks to Strauss’
weak continuity criterion, u € C; Vé and u € LfoLi imply u € Cy ([0, T]; L2). Note
also that all terms bar the second one on the left-hand side are L2-valued, hence the
identity holds also in L2 for all 7 € [0, T'].

The weak convergences Vu® — Vu and n° — nin lLlLtlgx and the weak lower
semicontinuity of convex integrals yield, taking (5.3) into account,

T T
]E/O /D(k(w) +k*(m) <N (EHuO”2 +E/0 HG(S)H‘;Z(H,LZ) ds),
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To complete the proof of existence, we only need to show that n = y(Vu) a.e. in
Q x (0, T) x D. Note that, by Proposition 3.1, we have

1 2 T
—|lut (D) +/ / n° - Vu®
2 o Jp

1 1 T T
= §||M0||2+§f0 1G* ) g2 12 ds+/0 u® ()G () dW (s)

1 2 (7
EHM(T)” +/ / - Vu
0 JD
1 1 T T
- §||”°||2+§f0 ||G(s)||;2(H’Lz)ds+fo u()G(s) dW(s),

where, as ¢ — 0, |u®(T)|| — ||u(T)| in L2, thanks to the strong convergence of u®
to u in ZLthooLi;

and

T T
2 2
[ 16 0 i ds — [ 160 i ds
in I? by an (already seen) argument involving the ideal property of Hilbert—Schmidt
operators;

T T
/ ut(s)G(s) dW(s) — f u(s)G(s)dWi(s)
0 0

in IL! as it follows by Lemma 4.2. In particular, we infer

T
limsup/ / y(Vu®) - Vu®
e—0 0 JD

> 1 > 1! 2 !
5§||u0|| — =~ Ju(m| +§/O ||G(s)||$2(H,L2)ds+/0 u(s)G(s) dW (s)

hence also, by Fatou’s lemma,

T t
limsupEf / y(Vus)-VugiE// n-Vu.
£—0 0 Jp 0Jp

Since Vu® — Vu and y(Vu®) — n weakly in L'L!

1.x» recalling that y is maximal
monotone, it follows thatn € y(Vu) a.e.in 2 x (0, T) x D (see, e.g., [2, Lemma 2.3,
p- 38]).
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Let ug1, ugp € L>L2 be Fp-measurable, and Gy, Gy : Q x [0, T] — Z*(H, L?)
be measurable adapted processes such that

T
2 .
]E/O 1Gi$) | g2y, 2yds <00, i=1,2.
Ifu; € #,i =1, 2, are solutions to
duij —divy(Vu;)dt = Gi dW, u;(0) = ugp;,
we are going to show that
2 2 r 2
E sup|ui(t) — uz(0) |~ < Eluor — uoz| +E/ |G 1) = G2(9)] 2 gy 12, 45,
t<T 0 5
54

from which uniqueness and Lipschitz-continuous dependence on the initial datum
follow immediately. We shall actually obtain this estimate as a special case of a more
general one that will be useful in the next section: setting

y@) =u1(t) —uz(t), yo:=uor —ue2, F):=G1()— Ga?),

one has

t

1
y(t) — / dive(s)ds = yo —l—/ F(s)dW(s),
0 0
where ¢ = y(Vuy) — y(Vuy). Setting, for any o > 0,
YHO) =M y(@), L) =eme(r), FY(1)=e MF (),
the integration by parts formula yields
t t
0+ [ (ar o —divere) ds =+ [ Foawe).
0 0
from which, by Proposition 3.1, we deduce
1 t
||y°‘(t)||2 + 201/ ||y°‘(s)||2ds + 2// % (s) - Vy%(s)ds
0 0JD
t t
2
< |yo|* +2 /O Y ()F(s) dW(s) + fo IF ) 21,12 ds:
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where, by monotonicity of y, £%-Vy* = e 2% (y(Vuy) — y(Vuz))- (Vui —Vus) >
0. Therefore, taking the supremum in ¢ and expectation on both sides, one has

2 T 2
Esup||y* (1) +ozIE/ Iy )| ds
t<T 0

t T
§EHyoH2+Esu¥/0 YH()F(s) dW (s) —HE/O ”F“(S)Hfg,z(HyLz)ds
=

T
SElol* +E [ 1Pl 12y ds. 55

where the second inequality follows by an application of Lemma 4.2. Estimate (5.4)
is just the special case « = 0. O

6 Proof of the main result

Thanks to the results established thus far, we are now in the position to prove Theo-
rem2.2. Let v :  x [0, T] — L? be a measurable adapted process such that

T
]E/ [v)|? ds < oo,
0

and consider the equation
du(t) —divy (Vu(t))dt = B(t, v(t))dW (), u(0) = uy,

where u( is an .%y-measurable L?-valued random variable with finite second moment.
The assumptions on B imply that B(-, v) is measurable, adapted, and such that

T
E/O “B(S, v(s))||‘2fz(H’L2) ds < o0,

hence the above equation is well-posed in Z" by Proposition 5.1, which allows one to
defineamap I" : (ug, v) — u. Letu; = I'(ug;, vi), i = 1, 2, where ug; and v; satisfy
the same measurability and integrability assumptions on u and v, respectively. For
any « > 0, (5.5) and the Lipschitz continuity of B yield
T
E sup (efzo‘t ||u1(t) —us (1) ||2) + E/ e “ul(s) - ug(s)”2 ds
t<T 0

1 1 T
S ~Eluor - uoa I” + —E fo 72 B(s, v1(s)) — BGs, 12| 2y 12, d

1

1 T
< - EHum —up ”2 + — IE/ e Hvl(s) — vz(s)szs.
o o 0
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Choosing « large enough, it follows that, for any u( as above, the map v — I'(ug, v)
is strictly contractive in the Banach space E, of measurable adapted processes v such

that
T 1/2
lvllg, == <E[ e_z‘”||v(s)||2ds) .
0

By the Banach fixed point theorem, the map v — I'(ug, v) admits a unique fixed point
u in E,. Since all E,-norms are equivalent for different values of «, u belongs to Eg
and, by definition of ", u also belongs to .#" and solves (1.1). Taking into account
that any solution to (1.1) is necessarily a fixed point of v — I' (g, v), it immediately
follows that u is the unique solution to (1.1) in .#". Lipschitz continuity of the solution
map follows from the above estimate, which manifestly implies

! 2 — ’ —2as 2 2
E 5 |ui(s) —uz(s)|“ds = E e [ui(s) —uz(s)| " ds S E|uor — uozl”.
and

E sup | u1 (t) — ua(t) ||2 ~ Esup (3_2‘” ui(t) — uz(t) ||2>
t<T t<T

T
< E/O 25 |uy(s) — ua(s)|* ds,

thus completing the proof.
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Appendix A: A remark on uniform integrability

The classical characterization of uniform integrability by de la Vallée Poussin states
that, in the setting of a measure space (X, .4) endowed with a finite measure pu,
a bounded subset ¢ of L'(X, u;R") is uniformly integrable if and only if there

exists a continuous increasing convex function ¢ : Ry — R, with ¢(0) = 0 and
limy— 00 @ (x)/x = 00, such that

/ plghdn <1 Vge¥
A
(see, e.g., [1, p. 12]).
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The following criterion for uniform integrability can be proved in the same way
(the proof is included for completeness).

Lemma A.1 Let F : R" — Ry be a continuous convex function such that F(0) = 0
and

F(x)

|x]—00 |x|

Let 4 be a subset of L°(X, u; R") such that F(9) is bounded in L' (X, ). Then 4
is uniformly integrable.

Proof We have to prove that ¢ is bounded in L' (X, ) and that for any ¢ > 0 there
exists § > 0 such that, for any A € A with (A) < 6,

/|g|du<8 Vged.
A

By definition of limit, for any M > 0 there exists R (depending on M) such that
x| < F(x)/M for all x € R" such that |x| > R. Then

/Igldu=f Igldu+/ lgldu
A AN{|gI<R} AN{lg|>R}

1
< Ryu(A) + - fX F(g)dp

forall g € 4. Choosing A = X, this proves that ¢ is bounded in L' (X, ). Lete > 0
be arbitrary, and choose M such that the second-term on the right-hand side of the last
inequality is smaller than /2. Then 6 := ¢/(2R) satisfies the required condition. O
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