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I. Introduction

VER the past few decades, space debris has become a persistent and a growing issue for space operations around
Othe Earth. As emphasized in [1]], an average of four to five break-ups per year occur in orbit, increasing debris
and the probability of collisions. Consequently, active debris removal missions are of recent interest. Unmanned
on-orbit servicing missions are currently being investigated for their commercial attractiveness: expensive satellites in
constellations may benefit from the presence of autonomous on-orbit inspectors capable of monitoring the presence of
external damages or solar panel degradation. The collected information could be exploited to plan a servicing mission.
For the envisioned scenarios, a chaser has to operate autonomously in the vicinity of a non-cooperative target, whose
characteristics might not be well known. This in turn involves the need of spacecraft guidance planning algorithms
that can be efficiently executed on board, and that can meet stringent safety and observation constraints, which render
classical direct and indirect trajectory optimization approaches hard to solve without proper tuning of the algorithms
and appropriate selection of initial guesses.

Guidance approaches have historically exploited linear dynamics [2]] and natural motion trajectories obtained via
impulsive maneuvers [3H5] to plan relative navigation trajectories. Linear models have also been exploited in recent
studies of Motion Planning algorithms [6 [7]]. These algorithms were developed in the field of autonomous driving and
they represent an active research domain in the robotics industry. Their attractiveness is owed to their low computational
burden, which is useful on limited-resource systems. Since proximity operations require small orbital separations, and
due to the need of computing and ranking a large number of trajectories efficiently, linear dynamics and impulsive
AV maneuvers are often the preferred assumptions in motion planning algorithms [8H14]. Despite being used also in
state-of-the-art experiments [[15], impulsive maneuvers are a limiting assumption especially for low-thrust systems,

which can lead to suboptimality. Therefore, there is the need to convert these impulsive maneuvers to finite burns.
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In the past, many studies were dedicated to the solution of this problem, which were motivated by the desire of using
readily available impulsive solutions as a basis for an optimization with finite thrust control to aid convergence. Initial
approaches [16,|17] used constants of motion to estimate an initial guess of the problem’s costate variables, which were
fed to an iterative procedure to retrieve acceptable acceleration values. Works [18 [19] employed a series expansion in
the inverse thrust acceleration and exhaust velocity in terms of the costates of the optimal impulsive trajectory. The state
of the art work presented in [20] builds upon [21]], which is similar in purpose to past studies but differs in the conversion
methodology from the impulsive solution. In fact, despite being introduced for multiple maneuver conversion and
optimization, the key step of the method in [21]] is the conversion of a single impulsive maneuver to a linearly steered
burn with constant thrust. This conversion requires an optimization process to guarantee time and state continuity at the
maneuver point. An iteration-free polynomial alternative to the linearly steered thrust vector is presented in this paper to
convert a AV into a continuous thrust solution. The proposed control analytically guarantees final constraint satisfaction
in the linearized dynamics. A solution for the envisioned problem can be retrieved in analytical closed-form for an
energy optimal problem [22| 23]]. However, the obtained control functions are complicated, and require a numerical
iterative procedure to obtain the upper bound of the required thrust and to impose that its maximum value is not exceeded.
On the contrary, the control law proposed in this work has a mathematical analytic bound used to reliably estimate the
required transfer time to guarantee that the maximum thrust constraint is not violated.

Favored by its analytic and iteration-free nature, the transformation can be embedded into on-board guidance
planning algorithms without affecting numerical efficiency and enabling an on-line assessment of the consequences
of a bounded, continuous thrust. The resulting control law is compared against the solution of minimum-energy,
minimum-time, and minimum-fuel optimal control problems in terms of propellant consumption and transfer time.

The paper is organized as follows. After deriving the analytic control law in Section[[I} the energy-optimal linear
quadratic control and the setup for the fuel and time optimal problems are addressed in Sections [l and [[V] respectively.

The assessment of the results on numerical test cases is presented in Section[V] Section [VI]concludes the paper.

I1. Analytical Impulsive to Continuous Thrust Conversion
This section is devoted to derive the analytical conversion from an impulsive AV to a continuous thrust maneuver.
The conversion is derived in the dynamical framework governed by the linear Clohessy-Wiltshire (CW) equations [2],

which assume a circular target trajectory about a central body with standard gravitational parameter u:

X¥=3x+2y
5= 24 (1)
i=-z



where x, y, and z are components of the chaser position relative to the target along unit vectors 1, j, and k respectively,
as illustrated in[Figure 1] In Eqs. (T), distances are scaled to the target orbital radius R, which provides the length unit
LU = R,, whereas time is scaled with the inverse of the mean orbital motion of the target n = \/,LTRf , which provides
the time unit TU = 1/n. The reference frame used is often referred to as Local-Vertical-Local-Horizontal (LVLH). The i
unit vector represents the Local-Vertical, and it is directed along the orbital position of the target spacecraft, whereas the
k unit vector is normal to the orbital plane and parallel to the orbital angular momentum of the target. The j vector

represents the Local-Horizontal direction and completes the right-handed triad.

Fig. 1 Reference frame of the CW equations (7 and C refer to the target and the chaser, respectively).

Given the velocity change vector AV with magnitude AV applied to an initial state xo = [xo, Y0, 0, X0, Y0, Z0] " at
time 7o, Eq. (I) can be solved in closed-form for the resulting trajectory. More specifically, assuming the components of
AV = [6u,6v,5w]" expressed in the LVLH reference frame, the solution at any time ¢ can be found by adding this

impulsive maneuver to the initial velocity [2]]:

x(1) = =(Bxg + 2y + 26v) cos (t) + (%o + Su) sin (¢) + dxg + 2y + 26v

y(t) = (2x0 + 26u) cos (1) + (6xg + 4yo + 46v) sin (1) — (6xg + 3yg + 36v)t + yo — 2%9 — 20u

z(t) = zgcos () + (29 + ow) sin (1) ®
X(1) = (Bxg + 2y + 26v) sin (t) + (&g + du) cos ()

(1) = (=2x9 — 26u) sin (t) + (6xg + 4yo + 46v) cos (t) — 6x9 — 3yg — 36V

2(t) = —zg sin () + (20 + 6w) cos (1)

If a continuous thrust with acceleration components that implicitly depends on time U(¢), V(¢) and W (¢) is assumed



for the chaser, the CW equations become:

X=3x+2y+U(t)
Jj=-2t+V(r) 3)
I=—-z+W()

Two alternative impulsive-to-continuous thrust conversion approaches are derived, which will be referred to as
"forward" and "backward" conversions, respectively. In the forward conversion, the continuous thrust starts at ¢y and the
aim of the conversion is to build analytical closed-form solutions for U(¢), V(z), and W(t), such that the controlled
trajectory generated by Eq. (E[) reaches the same position and velocity of Eq. @) at a final time ¢ = ¢y. Conversely, in
the backward conversion, the continuous thrust starts earlier than the maneuver epoch on the original trajectory and
the analytical closed-form solutions for U(t), V(¢), and W(t) are built to reach the desired final trajectory at maneuver
time, matching both position and velocity with included impulsive maneuver. By properly combining the forward and
backward conversions, the proposed approach can map two consecutive maneuvers separated by a coasting arc, which is
a typical application example in proximity operations. In this scenario, the first impulsive maneuver is converted with
the forward approach and the end state will be located on the transfer manifold between the initial and final impulsive
maneuvers. On the other hand, the second impulsive maneuver is converted backward, i.e. the continuous thrust starts
from the transfer manifold and ends at the location of the second impulsive maneuver, matching the final position and
velocity with the final AV applied. A schematized representation of the forward and backward approaches is given in
Figure
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Fig. 2 TIllustration of the forward conversion (top) and backward conversion (bottom).

The z component and the corresponding solution for W() are addressed first, as they are decoupled from the other
two equations. In their derivation, the forward conversion is presented first; then, the key passages to retrieve the
backward solution are presented. The x and y components are then treated together to obtain U(¢) and V(¢) due to the
coupled nature of the motion in the ij plane. For these components, the forward conversion is presented, whereas the

backward conversion is only reported in terms of its results for the sake of conciseness.



A. Solution for W(¢)
The general solution of Eq. for z is given by a homogeneous term (i.e. z;(#)) and a particular solution (i.e.

2z, (1)) associated to W (¢):

z2(t) = zp(t) + zp(t) = azcos (t) + by sin (1) + 2, (1)

“4)
2(t) = zn(t) + 2 (1) = —a, sin (1) + by cos (1) + 2 (1)

where a, and b, represent the constant coefficients of the homogeneous solution of the second-order differential equation.

The evaluation of Eq. (@) at 7o = 0 and the use of the initial condition Xy provide the following relations:

Zp=az+2Zpo

(%)
20 = bz + Z'p,O
where z,,0 = z,(0) and 2, 0 = 2, (0). Solving Eq. (5) for a_ and b, and substituting in Eq. (4) yields
Z(t) = (ZO - Zp,o) Ccos (t) + (Z'() - Zp,o) Sin ([) + Zp(t) (6)

2(t) = —(20 — zp,0) sin (1) + (20 — Zp,0) cos (1) + 2, (1)

To map the impulsive maneuver with the forward conversion, it is necessary to express z and z with Eq. (@) at an
arbitrary final time.

z2(ty) =zocos (ty) + (Zo +ow)sin(tf) -

2(ty) =—zosin(ty) + (2o + dw)cos (t5)
Conversely, in the backward conversion, z and Z at 7y must be obtained by setting the initial impulsive maneuver to
zero as ou = 0v = 0w = 0 in Eq. @ Then, the final impulsive maneuver will be applied at final time 7. With this

method, z and Z at 1y become
z(ty) =zocos (tg) + Zosin (ty)
3

2(tf) =—zosin(tf) +2pcos (ty) + 6w

To obtain the forward boundary conditions for z,,(¢), a system of conditions is created by equating the coefficients



of the sine, cosine, and constant terms at ¢ in Eq. and Eq.@.

() =2, =0
p\lf) =2p.f ©)

Instead, to obtain the backward boundary conditions for z,, (), a system of conditions is created by equating the

coeflicients of the sine, cosine, and constant terms at ¢ in Eq. (@) and Eq.@.

ZP(O) =2Zp,0 = 0

Zp(o) = Zp,O =0

The conditions in Eq. @I) and Eq. can be satisfied by selecting z,, () as a third order polynomial, which is the
lowest degree polynomial necessary to impose all four boundary conditions. It appears evident that the proposed solution
is here recast as a shape based trajectory design. The first instance of this method was the study of the logarithmic
spiral as a low-thrust, absolute trajectory [24]. Several other shape functions followed, such as exponential sinusoid
[25]], high order inverse polynomials [26]], and cosine inverse polynomials [27]. More recent methods investigated
the use of finite Fourier series [28]], Bezier functions [29]], and linear exponential shapes to model pseudo-equinoctial
elements [30]. The common drawback of these approaches is that some parameters need to be calculated by either by
numerical solution of a system of nonlinear equations or via optimization methods. Optimization free (not iteration
free) algorithms were developed in the state of the art work by Novak and Vasile [31] which uses ad hoc functions to
shape spherical coordinates and was extended in [32] via the use of high order polynomials to model orbital elements.
The approach proposed in this manuscript makes use of third order polynomials to shape the trajectory without iterative

procedures. Based on this choice, the forward set of boundary conditions in Eq. (9) generates a particular shape for

Zp ().

0 0
() = — 2P 4275 w1 (11)
s Iy
Substituting Eq. (TT) into Eq. (6), we obtain the full homogeneous and particular solution for z(¢) and z(¢). By further

substitution of these expressions into Eq. , the forward input © W (z) is retrieved, where the left superscript F indicates



that the equation refers to the forward conversion.

0 0 6 o
Fw(r)=-2203 42222 _sw|— +1|r+42% (12)
t% t tfc ty

If the same steps are followed for the backward boundary conditions in Eq. (I0), the following control law is

obtained, where the left superscript B indicates that the current equation refers to the backward conversion.

0 0 6 o
Bw (1) = th3 ALY +Ow—1 - Pl (13)
tf t tf Iy

B. Solution for U(¢) and V(1)

In order to find a closed-form solution for U(¢) and V(t), Eq. is manipulated to derive two decoupled equations
for x and y. The following procedure is valid for the forward conversion approach, and can be slightly modified to
accommodate also the derivation of the backward conversion. The second order differential equations describing ¥ and

¥ are differentiated once and twice respectively, and the result is rearranged to obtain:

X+x=f1(@) 14

¥4 5 = g(0)
where f(t) =2V(t) + U(t) and g(t) = V(¢t) — 3V(t) — 2U(t). The general solution to Eq. requires a homogeneous
solution (i.e. x5 (¢) and y, (¢)) and a particular solution (i.e. x,(¢) and y,(1)):

x(t) =xp(t) +xp(t) = ax cos (t) + by sin (1) + cx +x, () as)

y() =yn(t) +yp(t) =aycos(t) + bysin(t) + cyt +dy +y,(t)

the coefficients ay, by, cx, ay, by, ¢y, and dy, in Eq. (IE]) are the constant coefficients for the homogeneous solution to

the third-order and fourth-order differential equations shown in Eq. (I4). They can be obtained by substituting # = 0 in



Egs. (I3) and in their derivatives:
X0 =dax+Cx+Xpo
Yo=ay+dy+ypo
Xo=bx+ipp
Yo=by+cy+Ip0 (16)
Xo=—ax+Xpp
Yo=—ay+5¥po
Yo==by+¥po
where the subscript 0 is applied to a quantity to identify its value at 7o = 0. Eq. (I6) must be coupled with the following

relations that can be inferred from Eq. and the third order derivative of y(#) taken during the decoupling process:

Xo = 3)(0 +2y0 + U()
Vo =—-2%+ Wy A7)

Vo = —6xg —4yo — 2Up + VO

where Uy = U(0), Vo = V(0), and Vy = V(0). The coeflicients obtained from the solution of the system of equations

provided by Eq. (T6) and (T7) are substituted into Eq. (I3)) to retrieve

x(t) = (=3x0-2y9 - Uy +)'5p,()) cos (1) + (xo —)'Cp,o) sin (1) + xo — Xpo—Xpo+t 3x0 + 2y + Uy +xp(t)
y(l‘) = (2560 - VO + )'5,,,0) CcoS (t) + (6X0 + 4).10 + 2U0 - Vo + -).’.p,O) sin (l‘)+ (18)

+ (Vo = Yp.o — 6x0 =390 — 2Up = ¥p.0) + Y0 — ¥p,0 — 2%0 + Vo = Fp.0 + yp (1)

Similarly to the procedure followed for W(¢), a system of equations corresponding to Eq. is set up also for x and
y. The position resulting from Eq. (T8) and the velocity obtained by taking its derivative, must be the same as the ones
obtained with Eq. @) at an arbitrary final time #5. Consequently, the following conditions for the particular solutions

xp (1), yp(t) and for the control accelerations U () and V () must apply:

Xp,() =0 yp() =0
)'Cp’o = —-0u )-711,0 = -0V
(19)
Xpf =0 ypr =0
Xpf =0 ypr =0



Up =26v+3p0
Vo = ~26u + o (20)
Vo =2Uy—46v+¥,,0

The conditions in Eq. can be satisfied by selecting the third order polynomial shape for x,,(¢) and y,(¢), as it

was done in Eq. (TI):

_ _du,3 Su 2
xp(t)_—ét +2t_—f“t —dut

2D
yp(t) = —f—%"ﬁ + Zf—f"tz —ovt
By substituting Eq. (21)) into Eq. (I4), f and g can be retrieved.
o 0 o
fy =354+ 4t—“t —6u-6% (22)
tf f tf
0 0
g() = 62 1+47% (23)
t Iy

f

To finally obtain the control accelerations U(¢) and V (¢), the following set of differential equations must be solved,

with the initial conditions provided by Eq. (20):

U(t) = f(1) =2V (1) 24)

V() + V(1) =2f (1) +g(1)

This system of differential equations is a consequence of the decoupling process used for Eq. (T4) and it is solved
analytically to obtain a particular solution for U(¢) and V (), where the left superscript F indicates that the equation

refers to the forward conversion approach.

6 v 6 su 6 6
FUM) =358 +72 |65 6 | (6% +82 —36u| +4°~ +26v (25)
tf tf 153 tf 143 153
6 su _ov) 6
FV(t) = —6 %1% +1 (822 — 62 | +4%% —26u (26)
tf ty tf tr

The procedure can be duplicated for the backward solution by changing the boundary conditions in Eq. (I9) in a similar
fashion as it was done to retrieve ZW(¢) in Section The outcome of this procedure are the backward control laws

By(t) and BW(t), where the left superscript B indicates that the equation refers to the backward conversion approach.



5 sv .6 su s s
BU®t) = 358 + 12 (—6—V+3—”)+t(6—” +4—V) s 27)
t

5 su & s
By() =652 +1 (42 16| 22 (28)
1y T ly

The controls in Egs. (23)), (26), and (I2)), as well as their backward counterparts Eqs. (27), (28), and (13) show a
singularity for 1 = 0. However, this is acceptable as it would imply that the transfer between initial conditions and final

manifold is instantaneous, which is never the case unless AV = 0.

C. Control bounds

Following a conservative approach, analytic upper bounds for ¥ U(t), ¥ V() and ¥ W(t) are derived in this section
and used hereafter to obtain the conditions that guarantee that the analytic control profile given by Egs. (25), (26), and
(T2) does not exceed the maximum available thrust. The following procedure can be replicated for the backward controls
given in Eqs. (27), (28), and (T3), however this is not reported, as the same final bound is obtained. Hence, to simplify
the notation, the left superscript is removed in the remainder of this section, and only the forward components of the

control thrust are used. The component W(¢) has two possible expressions for its maximum value depending on ¢ .

4%? for tp <+/6(3+2V3)
26w (1} +(17-18)') \/7
— for tp > +/6(3+2V3)

The value of the maximum is located at #/ty = 0, and its amplitude decreases for increasing final times until

W(t) < Whax = (29)

tr =463+ 2v/3); then, it starts to grow again with ¢  and moves away from ¢/t; = 0. This trend is induced by
the specific selection of a third order polynomial to approximate the shape of the particular solution. The particular
choice of shape function influences the shape of the controls. An in depth investigation on different functions may yield
controls that allow to obtain less conservative bounds. In particular, higher order polynomials with favourable extremal
properties may provide additional degrees of freedom to exploit to improve the current solution. However, it is not
guaranteed that such solutions will still be analytically available as for the functions selected in this work. In fact, the
selection of third order polynomials allowed us to achieve the desired outcome of obtaining analytical closed-form
controls and their bounds, hence the above consideration constitutes an interesting basis for further studies.

The maximum W () for any impulsive maneuver is reached if the impulse is entirely provided along z, i.e. w = AV.
Hence, a conservative upper bound W (¢),which is represented in can be obtained using ¢,, = AV in Eq. .

Thanks to Eq. (29), we can formulate an upper bounding value for the W (z) control as:

10



4% for 15 < /6(3+2V3)
2AV (83 +(12-18) 1)
# for ty >4/6(3 +2V3)

W(t) < W(t) < Woax = (30
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Fig. 3 Illustration of the amplitude of W(r) obtained for a unit AV as a function of final time 7  and maneuver
completion ratio ¢ /7.

Since U(t) and V(¢) are linear in both §u and dv, their bounds can be obtained by treating them as planar surfaces,
ie. U(t) = a,(t)ou + b, (t)6v (or V(¢) = a, (t)6u + b, (¢t)6v) with time varying coefficients a,(t), b,(t), a, (t), and
b, (t) obtained by collecting those terms which multiply 6u and §v in Egs. and . The maximum value of these
linear functions lies on the boundary of the region of admissible values of (du; 6v). A conservative enclosure of this
region is obtained by setting the whole AV in the ij plane as 6u® + §v?> = AV?, similarly to what was done for W (z).
Such approximation consists in selecting the direction of AV which provides the maximum amplitude for the controls
at any time 7. This approach gives two conservative bounding functions U(¢) for U(r) and V() for V(¢), which are

described by:

U(t) < U(1) = Vau (1)? + b, (1)2AV (31)

V(1) < V(1) = Va, (1)? + by, (1)2AV (32)

By maximizing Eq. (31) and Eq. (32) with respect to ¢, it is possible to obtain the maximum values in Egs. (33) and

11



@), which are once again located at 7/1 = 0.

— — [ 4
U(t) SU(t) S Upax =24V [1+ = for 1; <Y (33)
Ty
- - [ 4
V() V(t) £ Viax =2AV_[1 + ) vV oty (34)
f

In particular, the bound for U(z) has been obtained by maximizing Eq. with a symbolic solver, and the
maximum reported in Eq. is valid until ¥ ~ 3.7 TU. Notice that this particular threshold of ¢ r 1is independent
from the system parameters, and is determined by the choice of the third order polynomial for the particular solution of
the problem. This allowed us to formulate the analytic bound for Eq. only up until 7y = tY, after this threshold,
only a numerical solution for this bound could be retrieved. An illustration of the functions V(¢) and U(¢) is reported in

where an arbitrary maximum final time is selected, as any ¢ € (0, o0) TU is admissible.

12— -5 12 grrmmrmmmemmrrrr e 5

10+ 4
8t 0
— 3=
z al
E 6 =
= 2=
4t >~

9 1

0

0 0.5 1 0 0.5 1
t/tf [-] t/tf [-]
Fig. 4 TIllustration of the amplitude of U(r) (left) and V(¢) (right) obtained for a unit AV as a function of final

time 7y and maneuver completion ratio 7/t . The maximum location is always at ¢/¢; = 0 for V(t), whereas it is

atz/ty =Ountil 1y = tY for U(t). The selection of the maximum ¢ r used is arbitrary as any 1y € (0,0) TU is
admissible.

By selecting the worst maneuver conditions for the three thrust directions, it is possible to obtain a conservative

bound on the input acceleration amax by summing up the worst case contributions given by Eq. (30), Eq. (33), and Eq.

(34 as:
[ 48
Amax = \/Ur%ax + Vr%lax + Wr%lax =AV_[8+ l‘T (35
f

12




The maximum acceleration is obtained in LU/ TU?, if we want to retrieve the equivalent thrust in Newton we can

multiply it by the scaling constants used in this section. The maximum thrust deriving from the analytic control profile

/ 48
Tonax = mon”> R, AV _ |8 + — (36)
t
f

where my is the spacecraft mass at the beginning of the thrusting phase, and provides the mass unit MU. Eq. (36) can

is:

be inverted to obtain an analytic expression for the minimum final time ¢ required to convert the impulsive AV into a

continuously propelled trajectory that is guaranteed to never exceed the maximum available thrust 7,4

48
tp= | ———— <37 (37)

2
Tmax _ 8
mon?R,;AV

Overall, Eqs. (23)), (26), and (I2)) analytically map any impulsive maneuver into a continuous control acceleration,
whereas Eq. provides the ¢ that guarantees that the maximum available thrust is not exceeded (if the resulting
1y < tY). It can be shown that the exact same control bound and requirement on ¢ are retrieved for the backward
controls of Eqs. (27), 28), and (T3) if the procedure proposed in this section is applied. This fast analytic approach is

particularly appealing for usage on limited resources systems.

I1I. Energy Optimal Linear-Quadratic Control

The direct counterpart of the proposed method is to solve the energy optimal control problem characterized by a

ty 1 ty
J =/ Ldt= —/ u'uds (38)
1o 2 1o

where u(z) = [U(2), V(¢), W(¢)]", and subject to the linear dynamics given by Eq. , expressed conventionally as

quadratic cost function

00 0 1 00O X 0 00

00 0 0 1 0ffy 0 00
U(r)

00 0 0 01 Z 0 00

X=Ax+Bu= + V(1) (39)

30 0 0 20 X 1 00
W(1)

00 0 -2 0 0ffy 010

00 -1 0 00O Z 0 0 1

i ]

A B

13



where x = [x,y,z,%,¥,2]" is the state composed of positions and velocities. Introducing the co-state A, the Hamiltonian
of the problem is given by

1
H=/L+AT(Ax+Bu) = EuTu +ATAx+ A1 Bu (40)

Consequently, the optimality conditions of this optimal control problem yield [22]:

0H

E=U+BT/I=0 (41)
. 0H

/l = —& = —AT/I (42)

The optimal control problem is then solved by the following system of equations.

u=-B"2 (43)

X A -BBT X X
= =Q (44)
A 0 -AT ({2 2
The matrix Q is constant, therefore we can find a closed-form solution to the system of ordinary differential

equations.

x(1) X0 St o X0
= = * (45)
A(t) Ao efl); efg Ao

Where x¢ and A are the initial state and co-state vectors. Given a desired final state X ¢ to be reached at an assigned

final time ¢, the initial co-state vector can be obtained via inversion of Eq. @
-1
Qt Qt
Ay = (ex/lf) (xf - exxfxo) 46)

By combining Eq. (@6) with Eq. {@3), it is possible to obtain the optimal evolution of the state and co-state vectors:

-1
X(t) = ef}; Xo + ei]/tl [(e?;f) (Xf - e?;f XO) (47)
Qrp\7! Q
A1) = 2 xp + &2 (ex ;f) (xf _ M xo)] (48)

Eq. (@8) can then be substituted in Eq. (#3)) to obtain the optimal control law in closed-form. Similarly to Section [[]

within the transfer problem addressed in this paper, X ¢ is obtained by evaluating Eq. @) at the desired ¢ . The control

14



action thus obtained is energy optimal, which provides an appealing solution for problems with unbounded control
thrust. However, unlike the approach proposed in Section[[l] the resulting expressions cannot be easily manipulated to

obtain an explicit analytic equation to compute ¢ such that the constraint on the maximum thrust is not violated.

IV. Nonlinear Optimal Control Problem Statement
The analytic control law introduced in Section [[I] is assessed against the results of a fuel-optimal (FO) and a
time-optimal (TO) control problem. Both optimal control problems involve the Nonlinear Equations of Relative Motion
(NERM) [33]] around a target on a circular orbit of radius R, about a body with standard gravitational parameter u. In
this setting, the mean motion is computed as n = m . The control variables selected are two thrusting angles (i.e. 8

and ¢) and a throttle u = T /T4

i = 2n)'1+n2x— 1 (R +x) _— % +uTmax0(;flecos¢
[(Re+x)2+y2+z2]2 1
j}:_znx+n2y_ MY +uTmaxcost9$1n¢ (49)

3
[(R+x)24+y2+22]2 "

Z —_— HZ +uTmax sin 6

3
[(Re+x)24y2+22]2 "

By defining the control acceleration vector as a. = uT,x/m[cos@cos ¢, cos@sing, sind] T, it is possible to express

the mass m variational equation as Eq. (50).

C Tm X
__mllacll _ _ Tna 50
c c

where ¢ = gyl is the exhaust velocity, with g the standard gravity and I, the specific impulse of the thruster. The
control variables u (throttle), 8 (inclination), and ¢ (azimuth) are illustrated in[Figure 5] and they are subject to the
following constraints:

ue0,1]

oel-%, 1] 51)

The optimization requires the final state to lie on the manifold ¢ (¢ ) describing the analytical solutions of the linear

CW equations as described in Eq. (Z). The objective function has the general form:

Ir
J=/ Ldt (52)
0

where £ =1 for the TO problem and £ = u for the FO problem. The optimization is solved with a direct transcription

and collocation method as implemented in [34], where it is shown how an optimal control problem can be transformed
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Fig.5 Coordinates describing the control thrust direction in its LVLH components, in terms of amplitude and

direction.

into an nonlinear programming (NLP) problem via direct transcription method. An NLP problem is a decisional

problem concerning a scalar objective function, linear constraints and no dynamics involved, which can be solved with

standard approaches [35].

All simulations are performed on a quad-core Intel processor i7-6700HQ, with an available RAM of 16GB and

written in Matlab.

Table 1 Parameters of the problem taken from [13].

Physical Constant Value
u 3.986- 10" &
Tinax 0.05N
R; 7.0-10°m
Isp 1000 s
£0 9.81 3
Length Unit (LU) 1000 m
Time Unit (TU) \/’ﬂj ~ 927.64s
Mass Unit (MU) 100 kg

V. Numerical Simulation

This section is focused on the assessment of the performance of the proposed analytic solution (AS) developed in

Section[II} The presented results are obtained via the forward analytic approach, as the backward counterpart will retrieve

analogous results. The AS is compared to the energy optimal (EO) linear-quadratic control to provide its advantages and
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disadvantages with respect to this control law. Additionally, AS is compared to the solution of the FO and TO control
problems to quantify the suboptimality of the proposed approach in a nonlinear environment. To conclude, an example

of the conversion of a two-impulse transfer is shown, which exploits both backward and forward conversion approaches.

A. Linear dynamics

First of all, the proposed analytic solution and the EO linear-quadratic control are compared in the linear dynamics
of Eq. (I) using the parameters reported in [Table T|and taken from [13]. A set of 1000 random initial conditions of
the chaser are sampled. Each component of the position is drawn from a uniform distribution with 0 m mean and
100 m interval amplitude. Whereas, each component of the velocity is drawn from a uniform distribution with 0 m/s
mean and 0.11 m/s interval amplitude. The imparted AV has random direction and the amplitude fixed to 0.09 m/s, in
accordance to the maximum value allowed in [13]]. The solutions of the Monte Carlo simulation are compared in terms
of the integral of the throttle over the firing time foff u dr. Notice that in this particular definition of consumption 7 s
represents time expressed in seconds. Using the input optimal acceleration u from Eq. (43) and the mass computed
with Eq. @), the equivalent throttle for the EO problem can be computed as a thrust ratio m||u||/T;,qx. To compute
the equivalent throttle for the AS, we used the norm of the control acceleration with components ¥ U(z), FV(z), and
FW(t) from Egs. , @, and . The mean consumption obtained for the EO problem is 300.85 s with a standard
deviation of 13.58 s, whereas the mean consumption of the AS yields 375.88 s with a standard deviation of 40.35s.
The time ¢ to complete the maneuver is selected according to Eq. (]31[) with the parameters values in which
gives 1y ~ 1.6082TU. The throttle (i.e. thrust ratio T'/7},,,) obtained by the EO and AS is illustrated in
Notice that, for the particular choice of parameters, the EO solution satisfies the control bound, even though there is no

mathematical guarantee as formulated for AS in[subsection II.C} The maximum thrust of AS is never violated thanks to
the choice of 7 according to Eq. (37)), which meets the control bounds derived in

0.6 o 0.8
_ A\ —0.6
2 0.4 I 2
+~ +
4§ 4§ 0.4
<= 0.2 -~
= = 0.2

0 ' ' 0 ' '
0 500 1000 1500 0 500 1000 1500

time [s] time [s]

Fig. 6 Throttle obtained for the AS (left) and the EO (right) cases as resulting from 1000 random trials with
different initial conditions and AV imparted.
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B. Nonlinear dynamics

Having observed a limited performance degradation against the EO problem in the linear dynamics, the AS control
is analyzed here when applied to the NERM dynamics. The accuracy is tested on the same samples of the Monte Carlo
simulation carried out for the previous section. The forward analytic control law is applied to the NERM dynamics and
propagated until the final time ¢y computed with Eq. . The accuracy is assessed as the maximum norm of the
state error at fy between the NERM and the CW propagations. A sample solution trajectory is reported in
where the error with respect to the target manifold obtained from [Equation 2] by applying the same initial conditions and
impulsive AV is reported for each component of the position and velocity vectors. The error in position and velocity is
driven to approximately zero at the final time. The resulting control profile is illustrated in[Figure 8] The results of the
Monte Carlo simulation are summarized in[Figure 9 where the mean error is ~ 7 mm for the position and ~ 0.02 mm/s

for the velocity.

£ 0.02| ]
—Ag/ 5 -0.04} — |

0 500 1000 1500 0 500 1000 1500

0 500 1000 1500 0 500 1000 1500

0 500 1000 1500 0 500 1000 1500
t [s] t [s]

Fig. 7 Evolution of the position (left) and velocity (right) error obtained for a trial sample of initial conditions
via the AS control conversion of a random AV.

The AS is then used as a feasible first guess for the numerical solution of the FO and TO problems in the NERM
dynamics, and it guaranteed 100% convergence rate for both problems. The comparison between TO, FO, and AS
is reported for one sample of the Monte Carlo analysis. The position and velocity errors with respect to the target
trajectory are plotted in whereas shows the comparison in terms of control inputs. Even though AS
is suboptimal, it is compared to the TO solution and to the FO solution to observe how they approach the same target

manifold, starting from the same initial conditions. The solutions of the Monte Carlo simulation are also compared

in[Table 2[in terms of seconds required to complete the maneuver 7 s, and the integral of the throttle fotf u dr. This
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Fig. 8

Fig. 9 Position and velocity error with respect to the target trajectory at 7y obtained by applying the analytic
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control law in the NERM dynamics.

analysis is meant to quantify the suboptimality of AS with respect to the TO and the FO problem. The time to complete
the maneuver in the analytic case is selected according to Eq. (37) for the fixed AV amplitude of 0.09 m/s, therefore

it shows no variation among the samples. Moreover, the throttle integral for the TO problem is equal to the time to

complete the maneuver as the time optimal solution requires the throttle to be always on at 1.

The solver for the Monte Carlo simulation needed an average of approximately 50 iterations for the TO problem and
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Table 2 Comparison of the solutions of the Monte Carlo simulation for the FO, TO, and AS cases in terms of
dimensional consumption and resulting time to complete the maneuver.

Performance Parameter Time Optimal Fuel Optimal Analytic

Throttle integral
rottle integral [s] 439.63 (13.35)  130.89 (11.78)  375.88 (40.35)

mean (standard deviation)

Ti
ime [s] o 439.63 (13.35) 3332.55 (1258.90)  1491.83 (0.00)
mean (standard deviation)

400 iterations to solve the FO problem, with N = 200 discretization time instants. Even exploiting the sparsity and
symmetry properties of the Jacobian and Hessian matrices involved in the solution of the optimization problem with the
nonlinear programming approach, their size keeps growing quadratically with N, whereas the effort for computing the
analytic control is given by the evaluation of three handle functions. On average, the FO problem required a 30 seconds
run-time for convergence, whereas the TO problem required an average of 10 seconds. On the contrary the solution of

the AS was obtained in the order of milliseconds.

0.03
= 0.02 - '58
g 0.01} —
S00LFN S e L AS
8 0
< 0.01 ‘
0 500 1000 1500
. 0.05
wn
~
£
=N
3 | | |
0 500 1000 1500
"
S~
.i .....
g5
-15 ey ‘ ‘ | <006 ‘ ‘ :
0 500 1000 1500 0 500 1000 1500
t [s] t [s]

Fig.10 Evolution of the position (left) and velocity (right) error with respect to the target manifold: comparison
between the TO, FO and AS solutions.

The previous results are presented for the forward conversion, however they can be generalized to the backward
control as well. In addition, an example application of a transfer with two impulsive maneuvers separated by a coasting
arc is presented hereafter. The two AVs are selected in the same fashion as in the previous Monte Carlo simulation.
shows the evolution of the error between the trajectory obtained via AS and the trajectory described by
the transfer arc between the two impulsive maneuvers. The initial and final velocity errors match the initial and final

impulsive maneuvers, allowing to retrieve exactly the desired initial and final states. The first part of the error trajectory
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Fig. 11 Control history for a sample trajectory: comparison between the TO, FO and AS solutions.

is retrieved using the forward control laws to map the first impulsive maneuver. The required time to complete this
conversion is obtained exploiting Eq. (37). After the maneuver is completed, a coasting arc can be observed, where no
controls are executed and the trajectory follows natural unforced motion. The length of this coasting arc is selected
randomly and can be reduced to zero. Finally, the third part of the trajectory exploits the backward controls. Also in this
case the final time can be selected according to Eq. (37). The outcome of this simulation shows that it is possible to

map any two-impulse transfer if the transfer time of the ideal impulsive approach is greater or equal to 2¢¢.

VI. Conclusions

This work presented an analytic control law to map an impulsive maneuver into a continuous thrust profile that
achieves the same final trajectory in terms of positions and velocities to a good accuracy in case the nonlinearities of
the problem are not dominant (i.e. circular target orbit, small relative distances), which is typical for close proximity
operations. It also showed the possibility to map a two-impulse transfer exploiting the same control approach. In doing
S0, an analytic conservative bound for the thrust was also retrieved, which grants control laws that comply with the
maximum thrust constraint. The selected third order polynomial shape functions for the controls may be a suboptimal
selection, however they allow to achieve the desired outcome. Additional investigation of possible shape functions may
yield better performance and constitute an interesting starting point for further research on the topic. In addition, the
analytic solution was applied and compared against minimum time and minimum fuel controls. Due to its nature, the
analytic control law outperforms the iterative optimal control solutions in terms of computational effort and memory

required. Moreover, the lack of any iterative process makes it free of convergence issues, which is a desirable feature for
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Fig. 12 Evolution of the position (left) and velocity (right) error obtained via the AS control conversion of a
two-impulse transfer.

on-line implementation. To conclude, the analytic control law provided also a feasible good initial guess for all the

iterative optimization algorithms, which eased convergence in all simulations.
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