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Abstract—Electrical power generation, transmission and dis-
tribution systems are often simulated through the single-phase
equivalent model by assuming the presence of only the positive
sequence in the real system. The well known power flow (PF)
analysis is typically used to determine the steady state solution of
these single-phase models. After the PF solution was determined,
other elements, such as for example synchronous generators and
controllers, are initialised. This provides the initial conditions to
subsequent transient stability analyses. Nowadays, this simulation
approach may be no longer feasible due to the large penetration
of unbalanced and/or electronic elements in the power systems.
In this paper we present a novel numerical method that allows to
freely compute the steady state solution of complex power systems
made up of a “mixing” of conventional single-phase models and
more complex, detailed three-phase models, for example of some
portions of the transmission system and of the distribution ones.
This steady state solution can be viewed as a generalization
and/or an extension of the conventional PF.

Index Terms—power flow analysis, electromechanical dynam-
ics, electromagnetic dynamics, shooting method.

I. INTRODUCTION

EELECTRONIC equipments and in particular convert-

ers have been more and more used in electric power

productions, transmission and distributions systems. Among

others, two well known applications are high voltage direct

current (HVDC) links where voltage source converters (VSCs)

are used to manage the bidirectional power flow from the

AC power grid to the DC link and vice versa, and wind

farms based on doubly fed induction generators. In both

these applications, the converters have complex topologies,

may implement sophisticate control algorithms and work at

high switching frequencies with respect to the synchronous

frequency of the electrical power grid.

In the literature those systems are referred to as hybrid

power systems (HPSs) [1]–[5], since they mix what till a

few years ago we may had defined as “conventional” and

“unconventional” power systems. During the design of these

HPSs their numerical analysis is a valid tool to improve

reliability, reduce the design cycle, lower the design cost and

time. A clear picture of the need of numerical tools able

to simulate HPSs is given in [6], [7]. One of the first and

largely performed numerical analyses is power flow (PF). The
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conventional PF is based on a deep exploitation of the single-

phase equivalent model of the power system. It assumes that

the power system operates in a steady state condition and that

only the positive sequence is present. This leads to a solution

computed by PF composed of constant power levels, voltages

and currents in the DQ reference frame.

In the recent past, when designers were dealing with HPSs

and there was the need to compute the PF, the fast elec-

tromagnetic sub-systems (ESSs) were simplified for example

by applying averaging techniques and transformations in the

equivalent DQ frame. This was justified since the portion

of the power system involving electromagnetic-transients was

relatively small and “fast” and it involved a relatively small

power level. This paradigm may be no longer acceptable since

the electromagnetic dynamic may govern the stability of the

entire power system. For example, a very complex control

digital algorithm, implemented to enhance the performances

on a wind generator in a very large wind farm, can not be

conveniently modeled by an equivalent proportional/integral

controller as a compromise of the application of some reduc-

tion techniques.

All this has triggered the need to develop new simulation

tools that should be able to deal with ESSs. For example in

[8], the authors propose an approach to enhance the largely

used EMTP simulation program to simulate also modular multi-

level converters in HVDC links. In [9] power lines can be

modeled and simulated as dynamic elements together with

the conventional models of the single-phase representation.

In [10] a hybrid simulator is proposed that links once more

the two different modeling paradigms. In [2], [3] the trans-

mission system is modeled with a three-sequence formulation

and the distribution system is modeled with the three-phase

formulation. These two representation coexist to perform time

domain stability analyses. In [4] an extended three-sequence

formulation of the PF problem is provided through the rein-

troduction of the well known modified nodal analysis [11],

[12]. These methods focus on the time domain simulation of

hybrid systems and allow the analysis of fault and post-fault

phenomena. However these time domain simulations need an

initial condition from which to start the analyses. The dynamic

parts of the power system such as for example the synchronous

generators, automatic voltage regulators, turbine governors,

can be initialised only after the PF solution was determined.

To the author knowledge those methods implement simpli-

fied algorithms to try to compute the initial condition or even

completely neglect the problem of accurately computing the
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PF of an HPS, where loads in the distribution system may be

unbalanced and/or voltages and currents may be polluted by

a high harmonic content (which makes the use of the three-

sequence representation inadequate).

In this paper we propose a new approach to perform a

generalized PF analysis of HPSs that allows the user to freely

build up a complex electrical power system, by mixing conven-

tional single-phase electromechanical models with advanced

three-phase electromagnetic ones. We introduce and describe

a new simulation paradigm based on a virtual element used

to interconnect the power electromechanical sub-system (PSS)

and the ESS. In the paper this element is referred to as virtual

connector (VC). We use the word “virtual” since as shown

it is not a real element but something that suitably handles

electrical quantities at the interface between the PSS and the

ESS. We discuss a global index that suggests whether the

choice of insertion of these interfacing VCs is reliable or not.

Another important aspect considered in this paper is the

stability analysis of HPSs. The stability analysis of the solution

found by conventional PF through the computation of the

generalised eigenvalues is a usual numerical practice. We

present an innovative and relevant result, i.e., the proposed

approach allows us to perform the stability analysis of HPSs

through Floquet theory [13]. Two case studies that show the

potentiality and effectiveness of the proposed method are

presented following a bottom-up approach with respect to

complexity. The first case is a simple system that can be solved

by “pen and paper” and the second one is the well known IEEE

9-bus 3-generator test system with the addition of a distribution

sub-system and a three-phase photovoltaic plant.

II. MODELING THE OVERALL ELECTRICAL SYSTEM

In Fig. 1 a high-level block schematic of an electrical power

system is shown. It represents an electrical network split into

two distinct parts, the power electromechanical sub-system

(PSS) model and the electromagnetic sub-system (ESS) model.

The former is described by resorting to the classical power

system model (PSM) [14], i.e., to the single-phase equivalent

model and the latter through the three-phase dynamic repre-

sentation. The entire power system exploits the modified nodal

analysis (MNA) representation to implement the constitutive

equations of elements [11], [12]. To enable the communication

between these two sub-systems a VC block is introduced. More

than a single VC can be considered if the PSS and the ESS are

linked at multiple connection points.

A basic example is presented in Fig. 2. The PSS is composed

of a generator, a line and two buses modeled with the single-

phase representation in the DQ frame. The bus2 plays an

important role since it is at the interface between the PSS and

the VC and the interaction takes place by way of the v̂d,q
voltages and the ı̂d,q currents. The former can be viewed as

the real and imaginary components of the complex voltage

at bus2. The latter are the real and imaginary components of

the complex currents flowing into the ESS that, thanks to the

VC block, can be seen as an equivalent PSM component by

the PSS; this is a key aspect. In this case, the ESS is a simple

three-phase linear load with the ıa,b,c currents flowing through

Figure 1. The classical PSM of the PSS and the MNA three-phase model of the
ESS communicate through a virtual connector (VC) which is not an element

of the original electrical network to be analysed.

Figure 2. The schematic of the basic mixed electrical system used to
exemplify the operating principle of the proposed numerical and model-
ing approach. Only one VC is used hence V = 1, for compactness the
VC1 superscript is dropped. The power generator is the two-axis type 2:
vrating = 100 kV, pgrating = 100MW, vg = 1pu, ra = 10−3 pu,
m = 1pu, d = 2pu, fo = 50Hz. Power line: r = 0, x = 0.2 pu. Three-
phase balanced load: R0a,0b,0c = 1MΩ, Ra,b,c = 100Ω, La,b,c = 10mH.

it. It is thus modeled as an electric circuit fed by the voltages

va,b,c that are intrinsic variables of the VC. This triplet is the

translation of the v̂d,q voltages available thanks to the VC.

We see also the presence of the filter block that we describe

in the sequel.

A. The power electromechanical sub-system (PSS) model

The PSS model is described through the single-phase equiv-

alent representation. In a formal way the PSM is generically

formulated in the DQ-frame by the differential algebraic equa-

tion (DAE)
dû

dt
+ r (û, ẑ) = 0

h (û, ẑ) = 0 ,
(1)

where r : RSu+Sz → R
Su , h : RSu+Sz → R

Sz , û ∈ R
Su are

the state variables (introduced for example by generators,

regulator, controllers) spanning the PSS phase space1, ẑ ∈
R

Sz are the algebraic variables (e.g, bus voltages, currents).

Equation (1) could explicitly depend on time and involve

also discrete variables modeling events, e.g., line outages and

faults, switching operation of tap-changers, making it a hybrid

dynamical system [15]. Without loss of generality we focus

only on autonomous and continuous DAEs. By assuming V

1The phase space is the space in which all possible states of a dynamical
system are represented. For a DAE the dimension of the phase space is given
by the number of differential variables. In this case such a dimension is Su.
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linking points, between the PSS and the ESS, the V subset of

the B buses of the PSS plays a special role in the network

since each of those is connected (also) to a VC. From a

modeling point of view, the equivalent effect of the VCs

on these buses is to make them slack. The VC forces the

voltage of the bus at which it is connected and the current

through it is a free variable. The VCs set V pairs of voltages

v̂
VC

d,q =
[
v̂ VC1

d,q , . . . , v̂ VCV

d,q

]
at the corresponding connection

buses. The V pairs of ı̂
VC

d,q =
[
ı̂ VC1

d,q , . . . , ı̂ VCV

d,q

]
currents

flowing through the VCs from the PSS side appear in the

enlarged algebraic-variable vector. Formally, (1) becomes2

dû

dt
+ r(û,

ζ̂∈R
Sz+2V

︷ ︸︸ ︷[
ẑ, ı̂ VC

d,q

]
) = 0

h(û, ζ̂) = 0 .

(2)

Note that, whenever the j-th VC is disconnected from the PSS

the corresponding pair of currents ı̂
VCj

d,q does no longer exist

and if the ESS were not a part of the overall power network,

(2) would reduce to (1).

B. The electromagnetic sub-system (ESS) model

The ESS block is implemented by a three-phase model that is

generically formulated through the DAE

dq(x)

dt
+ f(x,y, t) = 0

g(x,y, t) = 0 ,
(3)

where y ∈ R
Sy is the vector of the algebraic

variables, q : RSx → R
Sx , f : RSx+Sy+1 → R

Sx ,

g : RSx+Sy+1 → R
Sy . The entries of q are capacitive

charges and inductive fluxes and those of x and y are ground-

referenced node voltages and branch currents. Whenever the

ESS is an analog mixed signal circuit it can be modeled as a

hybrid dynamical system [16]. Here for the sake of simplicity

(3) is presented as a continuous DAE only, but numerical

results refer to mixed analog/digital three-phase systems.

The ESS is fed by V VCs through V triplets of volt-

ages vVC

a,b,c =
[
vVC1

a,b,c, . . . , v
VCV

a,b,c,
]

set by V three-phase

controlled voltage sources. An expanded representation of a

VC that shows these controlled voltage sources is reported

in Fig. 2. These components do not admit voltage basis

and consequently, as in the PSS case, the algebraic-variable

vector is enlarged with the V triplets of currents ıVC

a,b,c =[
ıVC1

a,b,c, . . . , ı
VCV

a,b,c,
]

flowing through them. The vVC

a,b,c voltages

are interpreted as inputs incoming from the PSS through the

VCs. As a consequence such voltages do not appear in the

2It is worth noticing that (i) the V pairs of v̂
VCj

d,q
voltages do not

explicitly appear in (2) since they are interpreted as parameters (voltages
are forced to the value of these parameters) and (ii) new symbols should
be introduced replacing r( · ) and h( · ), since their definition domain was
originally contained in R

Su+Sz (see (1)) and not in R
Su+Sz+2V , but this

is not done to keep notation terse.

following generalized formulation of (3)3

dq(x)

dt
+ f(x,

λ∈R
Sy+3V

︷ ︸︸ ︷[
y, ıVC

a,b,c

]
, t) = 0

g(x,λ, t) = 0 .

(4)

As stated above, from a circuit point of view, vVC

a,b,c can be

represented as voltage controlled voltage sources. The driving

signal of the generic v
VCj

a,b,c voltage source is a function of

v̂
VCj

d,q , i.e., the voltage of the power bus to which the j-th VC

is connected. This dependence is formalized by Property 3 in

Section II-C. Whenever the j-th VC is disconnected from the

ESS the corresponding triplet of currents ı
VCj

a,b,c vanishes and

if the PSS were not a part of the overall power network, (4)

would reduce to the classical MNA of the ESS.

C. The virtual connector (VC) block

The j-th VC block (for j = 1, ..., V ) links v
VCj

a,b,c and v̂
VCj

d,q ,

ı
VCj

a,b,c and ı̂
VCj

d,q . The peculiar properties of VCs are discussed.

Property 1: Being ı
VCj

a,b,c the currents of the j-th VC cor-

responding to ı
VCj

d,q in the DQ-frame, their zero component is

null.

This is dictated by the fact that the PSM of the PSS is

typically developed by assuming that zero components are

null. Such property is guaranteed by imposing



ı

VCj

d

ı
VCj
q

0


 =

Ξ︷ ︸︸ ︷

cos (ω t) cos

(
ω t− 2π

3

)
cos

(
ω t+ 2π

3

)

sin (ω t) sin
(
ω t− 2π

3

)
sin

(
ω t+ 2π

3

)

1 1 1


 sTj λ

(5)

where the Ξ matrix represents the Park transformation that

computes the direct, quadrature, and zero axis quantities in a

two-axis rotating DQ0 reference frame starting from a three-

phase signal in the ABC reference frame [14]. The sub-matrix

obtained by removing the last row of Ξ is referred to as Ξ̂.

The ω angular frequency is the fundamental frequency of the

overall power system network. The sj ∈ N
3×(Sy+3V ) vector

is a selector that has only one entry equal to
√

2/3 per row.

These entries select the ı
VCj

a,b,c currents of the j-th VC; the

corresponding currents in the DQ-frame are ı
VCj

d,q . Note how

the last row of Ξ implements a constraint that forces the

zero component of the ı
VCj

a,b,c currents to be null. This impacts

on how the three-phase (controlled) generators of the VC are

connected, they must be star connected.

Property 2: Being ı
VCj

d,q the currents of the j-th VC in the

DQ-frame, the PSS model is fed by

ı̂
VCj

d =
1

T

∫ t0+T

t0

ı
VCj

d (τ)dτ

ı̂ VCj
q =

1

T

∫ t0+T

t0

ıVCj
q (τ)dτ ,

(6)

where T = 2π/ω.

3New symbols should be introduced replacing f( · ) and g( · ), since their
definition domain was originally contained in R

Sx+Sy (see (3)) and not in
R
Sx+Sy+3V , but this is not done to keep notation terse.
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The ı̂
VCj

d,q currents are the DC components of ı
VCj

d,q computed

by applying a Shannon filter to them (this filter is highlighted

in Fig. 1, more details are in Appendix A) This operation is

mandatory since ı
VCj

d,q may be not the constant envelope of a

three-phase sinusoidal positive sequence, as it is assumed in

the PSM and in some approaches mentioned in the Introduc-

tion. In fact, since the ESS block typically contains nonlinear

elements and/or imbalances, the frequency spectra of ı
VCj

d,q are

richer than a simple tone at ω/2π. This filtering completely

removes all the components of the spectrum of the ı
VCj

d,q but

that contributing only the positive sequence to the bus to which

the VC is connected. By using the ı̂
VCj

d,q filtered component,

it is thus guaranteed that, in computing the periodic steady

state solution of the overall electrical network, bus voltages

and powers at the PSS side are constant. We underline that

this filtering action makes the VC a dissipative element, thus

it potentially alters the PF solution of the mixed PSS/ESS

power system. The very definition of VC suggests that such a

component does not necessarily exhibit a “physical meaning”;

as a first step it can be simply viewed as a signal-processing

block. In fact, its physical meaning is actually hidden in the

Phd power harmonic distortion index (see Section V-A), which

represents the amount of power that cannot be transferred

by the VC between the ESS and PSS sides. In other words,

when the proposed shooting power flow (SHPF) method has

computed the PF solution an index referred to as Phd is given

that shows the fraction of power dissipated by each VC with

respect to the transferred one. It is thus left to the user to

improve the overall model of the HPS so that the insertion

of each VC at suitable interface points does not alter power

transfer, i.e., the VC behaves like a passive element.

As stated in the manuscript, Phd implicitly reveals whether

or not the ESS and the PSS are suitably connected. This means

that some parts of the PSS must be moved to the ESS in order

to have only harmonic-free currents transferred by each VC

from the ESS to the PSS.

Property 3: Being v̂
VCj

d,q the constant voltages at the bus

in the PSS connected to the j-th VC, the v
VCj

a,b,c voltages are

derived as
[
v

VCj
a , v

VCj

b , v
VCj
c

]T
=

√
2
3 Ξ̂

T [
v̂

VCj

d , v̂
VCj
q

]T

Property 4: Assuming vVC

a,b,c known and thus deriving λ

by solving (4), the ı̂
VC

d,q currents that flow in the PSS injected

by the VC are computed through (5) and (6).

III. PROBLEM FORMULATION AND NUMERICAL SOLUTION

The models introduced in Sec. II are used to formulate the

problem we are interested in. The solution is made up of

two distinct but interacting contributions: the (conventional) PF

solution of the PSS, which is a constant vector, and the solution

of ESS which are periodic functions in the time domain. On

one side, having chosen the classical PSM to describe the

PSS, its periodic steady state solution is a PF solution, i.e.,

an equilibrium point in an Su-dimensional subspace. It is

worth noticing that this constant PF solution, in the classical

PSM aims at representing the envelope of the actual system

dynamics. In other words, the periodic steady-state solution at

the fundamental frequency with a constant envelope is actually

represented as a constant PF solution playing the role of a

stationary solution. From the viewpoint of dynamical systems

theory, the consideration above means that the stationary PSM

solution is not an isolated equilibrium but it is embedded in a

continuum of equilibria [17]. This is confirmed by an always

null eigenvalue of the Jacobian matrix of the PSM linearized at

any PF solution [18]. All together, the admissible PF solutions

represent a one-dimensional manifold in the phase space.

The PF solution of the PSS is derived by imposing the
dû

dt
= 0 condition. This corresponds to compute the solution4

of the fully algebraic system

r(û, ζ̂ ) = 0

h(û, ζ̂ ) = 0 .
(7)

As far as the ESS is concerned, its periodic steady state

solution is formally expressed as a periodic solution, i.e.,

a limit cycle in an Sx-dimensional subspace. It can be de-

rived by adopting a time-domain shooting method [19], [20],

possibly extended to hybrid dynamical systems if the ESS

is an analog/digital circuit [16], [21]. Equations (4)–(7) are

thus gathered and augmented by the periodicity condition

x(T + t0)− x(t0) = 0. The proposed SHPF method grounds

on the following strategy: the PSS and the ESS are decoupled

by fixing v̂
VC

d,q and consequently vVC

a,b,c, as briefly introduced

before. The PF solution of the PSS and the periodic steady

state solution of the ESS are thus derived independently and

in parallel. The residue nonlinear function of the j-th VC

ρ
VCj

d,q

(
v̂

VC

d,q

)
= ı̂

VCj

d,q − 1

T

∫ t0+T

t0

ı
VCj

d,q (τ)dτ (8)

is computed for j = 1, ..., V . A PF solution of the HPS is found

when ρ
VCj

d,q

(
v̂

VC

d,q

)
= 0, that is, when the current flowing from

the bus to the VC equals the filtered current through the VC

(see (6)), that in turn depends on ıVC

a,b,c. We use the iterative

Newton method to compute the zeros of (8) that leads to the

recursion expression

v̂
VC

k+1

d,q = v̂ VC
k

d,q −
∂ρVC

k

d,q

∂v̂ VCk

d,q

ρVC
k

d,q (v̂
VC

k

d,q ) (9)

where k is the iteration of the Newton method. The Jacobian

matrix is derived by tailoring the method used to perform

the stability analysis of the solution that is described in the

following section. At each iteration of the Newton method a

conventional PF solution of the PSS and a periodic steady state

solution of the ESS are computed with the VC buses voltages

set at v̂
VC

k

d,q .

For the sake of comparison, it is worth mentioning that the

method described in [2], which as explicitly stated in [2] is an

expansion of the approach firstly described in [22], computes

the HPS solution through an iterative map. The iterative map is

defined as xk+1 = Φ
(
xk

)
, for k = 0, 1, . . . , where xk is the

solution at iteration k. Locally the iteration converges only if

the eigenvalues of the Jacobian matrix of Φ
(
xk

)
with respect

to xk are inside the unit circle in the complex plane. This

4Actually (7) is nonlinear and possibly it admits more than a single stable
solution.
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means that even if the solution of the HPS exists, the map may

diverge and find no solution. The approach presented in [23]

is based on a relaxation iteration that once more can be seen

as a map and thus suffers of the same drawback. The paper

[24] by the same authors of [23] analyses the convergence

issues. We do not use any iterative map to solve (8) but the

Newton method that thus does not suffer of this drawback.

Furthermore, note that the derivation of the Jacobian matrix

in (9) is a key aspect in computing the stability properties of

the HPS as better detailed in the next section.

IV. STABILITY ANALYSIS

The solution of the variational model of a DAE system provides

the sensitivity of the state variables and algebraic variables,

with respect to the initial conditions and (possibly) a set of

parameters [13]. The variational model of the ESS is

∂q

∂x

dψxx

dt
+

∂f

∂x
ψxx +

∂f

∂y
ψyx +

∂f

∂ıVC

a,b,c

ψpx = 0

∂g

∂x
ψxx +

∂g

∂y
ψyx +

∂g

∂ıVC

a,b,c

ψpx+

+
√

2
3

∂g

∂vVC

a,b,c

(1V ⊗ Ξ̂T)ψpu = 0

ψxx(t0) = 1Sx
,

(10)

where ψxx =
∂x(t)

∂x0
, ψyx =

∂y(t)

∂x0
, ψpx =

dıVC

a,b,c

∂x0
are the

unknown matrices that are computed by solving (10), and

ψpu =
dv̂VC

d,q

∂û0
is the matrix that represents the coupling term,

1V is the identity matrix of size V , ⊗ is Kronecker’s tensor

product that creates a square block diagonal matrix by repli-

cating V times the Ξ̂T matrix. The Ξ̂T matrix appears only in

the second equation of (10) since for simplicity sake we have

assumed that the vVC

a,b,c parameters act only on the algebraic

equations. Ξ̂T accounts for the sensitivity of the vVC

a,b,c ESS

voltages with respect to the v̂
VC

d,q ones, i.e., the bus voltages

of the PSS. The term that contributes to the Jacobian matrix

in (9) can be derived as a by-product of the sensitivity of the

ıVC

a,b,c with respect to the v̂
VC

d,q voltages. The ψpu term suitably

forces the ESS according to the variations of the û0 initial

conditions of the state variables of the PSS.

The system (10) has time varying coefficients. For example

the
∂q

∂x
and

∂f

∂y
matrices have entries that are functions of

time. These function are computed along the orbit of the steady

state solution obtained at convergence of the SHPF, i.e., along

one T working period.

To have an insight, even though not complete, to the stability

of the system we briefly introduce the Floquet analysis through

an example [13]. Assume that there is not any variation of the

voltages of the buses at which the VCs are connected. This

means that any δx(t0) perturbation to the x0 initial condition

does not change these bus voltages and that ψpu = 0. The bus

voltages are thus fixed parameters of (10).

Assume that these δx(t0) small perturbations to x0 can

be considered as additive, i.e., do not modify the periodic

orbit of the ESS, that is the matrix of time varying func-

tions in (10) does not vary when we apply the δx(t0) per-

turbations. We can thus adopt for example the variational

model solution ψxx(T ) to compute if δx(t0) vanishes or is

amplified. We have δx(T ) = ψxx(T )δx(t0) and δx(2T ) =
∂x(2T )

∂x(T )
ψxx(T )δx(t0). Since

∂x((k + 1)T )

∂x(kT )
= ψxx(T ) with

k > 0 and integer and since the solution of the ESS does

not change when the additive perturbation is applied, we have

δx(kT ) = ψk
xx(T )δx(0). It is immediate to conclude that,

if the eigenvalues of ψxx(T ), are inside the unit circle in

the complex plane, the system is stable since the δx(kT )
perturbation vanishes, otherwise it is not since δx(kT ) grows.

In the literature, these eigenvalues are referred to as Floquet

multipliers [13]. Note that this conclusion on stability is

useless since we completely and deliberately ignored the PSM,

i.e., we assumed ψpu = 0. In the sequel we describe how the

complete stability analysis can be performed.

The main aspect is that the solution of the PSM computed

by the SHPF is an operating point and not a periodic orbit. A T
periodic solution of the PSM can be obtained by considering

that it is driven by a constant ı̂
VC

d,q current vector and that

its solution along the T period can be interpreted as a very

simple extension of the constant solution that is obviously also

T periodic. Having a constant T periodic orbit we derive the

variational model of the PSM in a way similar to what we did

for the ESS, obtaining

dχuu

dt
+

∂r

∂û
χuu +

∂r

∂ẑ
χzu +

∂r

∂ ı̂ VC

d,q

χpu = 0

∂h

∂û
χuu+

∂h

∂ẑ
χzu+

∂h

∂ ı̂ VC

d,q

χpu+
√

2
3

∂h

∂v̂ VC

d,q

(1V ⊗ Ξ̂)χpx=0

χuu(t0) = 1Su
,

(11)

where χuu =
dû(t)

dû0
, χzu =

dẑ(t)

dû0
, χpu =

d ı̂ VC

d,q

dû0
are the

unknown matrices that are computed by solving (11), and

χpx =
dıVC

a,b,c

∂û0
is the matrix that represents the coupling term.

The structure of (11) is very similar to (10), but there are some

differences. The system is forced by a possibly time varying

χpx term. The system has constant coefficient matrices. We

underline that in writing (11) we have not low pass filtered

the ıVC

q,d currents (Property 2). This choice was made since in

the ideal case the insertion of the VCs in the circuit to link the

PSS and ESS sub-systems has to be done in sections that lead

only to positive sequences in the PSS, as previously detailed.

The harmonics at higher frequencies must give a very limited

contribution to preserve the accuracy of the PSS model.

By solving the joined (10) and (11) variational systems and

eliminating the ψpu and χpx sensitivities, we can finally have

Ψ(T ) =

[
ψxx(T ) ψxu(T )

χpx(T ) χpp(T )

]
, (12)

where Ψ(T ) ∈ R
(Su+2V )×(Su+2V ) is the sensitivity matrix

that shows how the state variables in the PSS and ESS sub-

systems vary after one T working period if their values at

the beginning of the period are varied by δx(t0) and δu(t0)
respectively. The δu ∈ R

Su is the perturbation vector that
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acts on the u(t0) initial conditions of the state variables of

the PSS sub-system. The eigenvalues of Ψ(T ) are the Floquet

multipliers of the full HPS and if they are inside the unit circle

in the complex plane the system is stable.

Note that we expect to have a Floquet multiplier (say for

example λ1) equal to 1, thus exactly on the edge between

the stability and instability regions. This means that any

perturbation directed as its corresponding eigenvector does not

attenuate. This is perfectly coherent with the null eigenvalue

that one always finds in the conventional stability analysis

performed on the conventional PF solution. This means that

the power system does not have any phase reference, the

introduction of the slack generator gives a “virtual” phase

reference. The null eigenvalue by the stability analysis of the

conventional PF analysis corresponds to λ1 = 1 [25].

V. NUMERICAL RESULTS

In this section we present two applications of the proposed

SHPF method that was implemented in our simulator PAN

[26], [27]. Our target is to clearly show the potentiality and

effectiveness of SHPF.

The simulations run on a 3.2GHz–16GByte INTEL-I7

computer running LINUX-MINT-17. In the considered case

studies, the SHPF algorithm found a solution in no more than

3 iterations of the Newton method (9). Both the solver that

computes the partial solution of the PSS at each iteration of

SHPF and the shooting method used to compute the partial

solution of the ESS converged in no more that 3 iterations.

We start by considering the very simple linear circuit shown

in Fig. 2, which in principle can be solved by “pen and paper”.

In this case, the dynamics of the load, modelled as a constant

impedance in the single-phase equivalent representation, is

modeled by the inductors in the three-phase representation.

We thus propose something similar to what is done in [9].

The second example is much more complex and is com-

posed of the modified version of the IEEE 9-bus 3-generator

power test system shown in Fig. 3.

A. How much power is dissipated by the VCs

For both the test circuits we compute the Pj
hd power harmonic

distortion of each j-th VC. We compute the complex Fast-

Fourier transform of the voltages of all the VCs organised in

the ṽj =
(
vVC

d,j , v
VC
q,j I

)
∈ C vector, I =

√
−1 and j = 1, . . . , V ,

(currents are organised in the same way) and defined

Pj
hd =

∑K
k=1 Ṽj Ĩ

∗

j∑K
k=0 Ṽj Ĩ∗j

,

where the upper case symbols refer to the components of the

spectra, k = 0 indexes the DC component and K/2 is the

maximum harmonic in the spectrum (bilateral). The j-th 0 ≤
Pj
hd ≤ 1 gives an idea on how much power lays at the other

components of the spectrum excluding the DC, that gives the

magnitude of the positive sequence.

B. The very simple example

By referring to the power system in Fig. 2, the models of the

power generator and line used in the PSS are those from the

user manual of the PSAT simulator [28]; the parameters are

reported in the caption of Fig. 2.

The SHPF method computes the P = 8.227MW active and

Q = 27.465MVAR reactive power of the synchronous ma-

chine. In this example we have that the unique VC is charac-

terised by Phd = 0.000, showing that the conversion of the

electrical quantities from the ESS sub-system to the PSS one

generates only the positive sequence, as expected.

The power generator model contributes three state vari-

ables5. The three inductors “almost” introduce a degeneration

that is avoided with the connection in parallel of the corre-

sponding R0a,0b,0c resistors. This leads to a Floquet multi-

plier with almost null magnitude. Stability analysis correctly

provides five significant Floquet multipliers, i.e., λ1 = 1,

λ2 = 0.980, λ3 = 0.963 and λ4,5 = (0.124± 0.052 I). All

the Floquet multipliers, excluding λ1 are inside the unit circle

in the complex plane and thus the mixed PSS/ESS system is

stable, as expected. The λ1 = 1 Floquet multiplier corresponds

to the null eigenvalue of the stability analysis performed at the

solution found by the conventional PF.

We also computed the PF when the power system in Fig. 2 is

unbalanced by removing R0c (open circuit). The SHPF method

computes the P = 4.348MW active and Q = 14.083MVAR
reactive power of the synchronous machine. The VC blocks

the negative and zero sequences from the ESS. This is clearly

shown by Phd that jumps at 66%. This high value of the

index clearly shows that the computed PF is not reliable, viz.

the basic assumption of injecting only the positive sequence

in the PSS is not feasible as expected.

C. The modified IEEE 9-bus 3-generator test system

In Fig. 3 we show the schematic of the modified version

of the IEEE 9-bus 3-generator test system (WECC9B3G).

Modification consists in the connection at bus5 (through

a VC) of the three-phase distribution sub-system enclosed

in the (blue colored) dashed box. The complete system is

composed of the 3 sub-systems shown in Figs. 3, 4 and

5. More details on each sub-system and its parameters can

be found in the figure captions. The interested reader may

replicate our simulations with different tools or perform time

domain analyses to check stability. We considered a non-linear

magnetisation inductance of transformers, its characteristic is

given in the caption of Fig. 3. The additional βıa,b,c (amethyst

colored) block magnifies the three-phase ıa,b,c current. Thus

the current injected in the b1 bus is (β + 1)ıa,b,c. In this way

we replicate several identical distribution systems connected

to the same b1 bus.

At the b4 (blue colored) bus we connect a three-phase LCL-

VSC whose block schematic is shown in Fig. 4. We use a de-

tailed model of the VSC that comprehends the PWM-modulator,

5The instantaneous phase of the generator is represented as a periodic
function in the Cartesian frame and not as an unbounded function in polar
coordinates. The Cartesian frame introduces two state variables to model phase
[25].
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G G

3ph-distribution

bus2 bus3

bus1

bus4

bus6
bus5

bus7 bus8 bus9

Avr Avr

Avr

b1

b2

b3b4

vc

ia,b,c

βia,b,c

G1

b0

Figure 3. The schematic of the IEEE 9-bus 3-generator test system. The circuit
in the (blue colored) dashed box is the three-phase model of a distribution
system. The VC connects the b0 (three-phase) and bus5 (single-phase) buses.
The b1, b2, b3 and b4 three-phase buses have a voltage rating of 69 kV,
13.8 kV, 13.8 kV and 380V, respectively. The synchronous frequency is
50Hz. Three-phase line connecting the b2, b3 buses: X/R ratio 20, voltage
factor 8%. The model of the transformers is that of the EMTP-RV simulator;
impedance voltage drop 14%, ohmic voltage drop 0.5% for all transformers.
Magnetizing inductance Lmag = Lm − 0.999Lm tanh(γs (|ımag)| − Is),
where Lm is half the inductance in the linear region and Is is the current at
which saturation begins.

3 phase VSI
pwm

abcdq

pi1

idref

+ -

-

+

+
vd

id
iqref

- +

+

+

+

abcdq

abcdq

vq

vdc

k1 k1

iq
La

La

Lb Lc

Lb Lc

b4

pi2

vref

+

-
-

pi1

Ra Rb Rc

Ra Rb Rc

CaCbCc

Figure 4. The block schematic of the LCL VSC. fpwm = 213 × 50Hz,
La,b,c = 1.8mH, Ra,b,c = 100mΩ, Ca,b,c = 27µF, ki1 = 20, kp1 =
50, k1 = 100πLa,b,c, ki2 = 20, kp2 = 50, ıqref = 0.

the three-phase switching legs (IGBTs, diode snubbers) and the

controller. The gate signals of the IGBTs are generated by the

pwm digital block; it is implemented through the VERILOGA-

RTL formal language. Thus the SHPF method finds the solution

of a mixed analog/digital circuit. The pi2 proportional-integral

(PI) control block senses the vdc input voltage of the VSC and

acts on the ıdref signal so that vdc is kept at vref .

The DC input of the VSC is connected to the output of

the DC/DC converter shown in Fig. 5, that transfers power

from the pv array of solar panels. The DC/DC converter is

equipped with a perturb and observe (P&O) maximum power

point tracker (MPPT) [29]. The MPPT senses the instantaneous

power delivered by pv with a period of 5ms and varies the vref
reference voltage by a discrete step to obtain the maximum

power generation from pv. The duty-cycle of Q1 is varied in

vdc

mppt

+

-
-

+

pi
+
-

vM

R

SQ

Clock

pv

C1 C2

L1

D1

ipv

αipv

vpv

vref

Q1

Figure 5. The block schematic DC/DC converter. C1 = 10µF, C2 = 100µF,
L1 = 138µH. ki1 = 0.5, kp1 = 0.5, fpwm = 2× 213× 50Hz, saw-tooth
waveform between 0V and 3V. The model of the pv array of solar panels
can be found in the manual of PSIM. It is composed of 360 cells connected
in series. Solar radiation 1 kWm−2, pv working temperature 50 ◦C.

order to set the vpv voltage at vref , i.e., to meet the maximum

power transfer condition. The vM input of the DC/DC converter

is the PWM signal. At each falling edge of this signal the FLIP-

FLOP is set and Q1 is turned on. The comparator resets the gate

signal when the PWM ramp crosses the output of the pi block.

Once more the comparator and the FLIP-FLOP are implemented

with the VERILOGA-RTL language. The (amethyst colored)

current controlled current source emulates the connection in

parallel of several DC/DC converters (i.e., of several strings of

pvs) by magnifying by α the ıpv current.

We are interested in computing the PF solution of the

entire power system through the proposed SHPF method. We

underline that the PF solution depends on the efficiency of the

converters, on the behaviour of the MPPT, on the solar radiation

and working temperature of the pv array of solar panels and

on the characteristics of the distribution system. We compute

the PF solution at different levels of the S solar irradiance

(200Wm−2, 1 kWm−2 and 1.15kWm−2). Being the MPPT a

P&O type, the power generated by the pv periodically varies in

one period of the 50Hz synchronous frequency. For example,

this is shown in Fig. 6(b) that reports the instantaneous power

at the output of the DC/DC converter.

The PF computed by the SHPF can be organised in two parts:

one refers to the PSS sub-system and is composed of constant

values and the other refers to the ESS and is composed of

periodic functions with period T = 1/50. Some constant entries

of the PSS sub-system solution are reported in Table I. In

particular we report the active/reactive powers of the three

Table I
PSS SOLUTIONS WITH DIFFERENT VALUES OF THE S IRRADIANCE.

S 200 1000 1150

PG1
69.884 62.381 60.986

QG1
22.338 21.778 21.693

QG2
3.819 3.480 3.425

QG3
−12.220 −12.328 −12.343

v
bus5
d,q (230.06,−15.54) (230.40,−13.37) (230.46,−12.96)
Phd 0.20% 0.26% 0.37%

Irradiance is expressed in Wm−2; active and reactive powers are in MW

and MVAR, respectively; (d,q) voltages are in kV.
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Figure 6. S = 1000Wm−2. (a) vref voltage determined by the MPPT, y-
axis: voltage [V]. (b) The instantaneous power at the output of the DC/DC

converter, y-axis: power [kW]. (c) The ıa,b,c three-phase currents of the VC

in Fig. 3, (d) The ıdref driving signal of the LCL converter. y-axis: current
[A]. x-axes: time [ms].

synchronous generators, the voltage at bus5 and the Phd index.

Fig. 6 refers to the S = 1000Wm−2 case, i.e., the nominal

irradiance. Due to the low value of Phd, the ıa,b,c three-

phase periodic currents of the unique VC appear as perfectly

sinusoidal. The low value of Phd shows that the accuracy of

the obtained PF is largely acceptable since if the filter of the VC

would be removed, the Park transform would basically inject

only the positive sequence in the PSS, which is the optimal

situation since the VC behaves like a passive element. In Fig. 6

we show also the periodic vref by the MPPT.

The stability analysis shows that the first three eigenvalues

with largest modulus of (12), i.e., the first three Floquet

multipliers, are λ1 = 1.00, λ2 = 0.98± 0.15I and λ3 = 0.99.

They are inside the unit circle in the complex plane and thus

the PF solution is stable.

For comparison we report the PF solution of the conven-

tional WECC9B3G, i.e., without the addition of the dis-

tribution system, PG1
= 71.641MW, QG1

= 27.046MVAR,

vbus5d,q = (228.44,−15.39) kV. The reactive powers of the

other two PV generators are QG2
= 6.653MVAR and

QG3
= −10.860MVAR The active and reactive power of

G1 is higher due to the lack of power generation by the

photovoltaic plant.

The same type of waveforms shown in Fig. 6 are reported

in Fig. 7 for the S = 200Wm−2 case. We see that the MPPT

sets the working point at a lower voltage (about 136V instead

of 145V of the previous case), that the input power of the

LCL converter is less and that consistently the magnitude of

the ıa,b,c currents of the VC is less. One relevant aspect is that

Figure 7. S = 200Wm−2. (a) vref voltage determined by the MPPT, y-
axis: voltage [V]. (b) The instantaneous power at the output of the DC/DC

converter, y-axis: power [kW]. (c) The ıa,b,c three-phase currents of the VC

in Fig. 3, (d) The ıdref driving signal of the LCL converter. y-axis: current
[A]. x-axes: time [ms].

the idref control signal of the LCL VSC converter shown in

Fig. 4 is less undulatory than in the S = 1000Wm−2 case.

In Fig. 8 we report the same waveforms of the previous cases

with S = 1150Wm−2. We see that the undulations of idref are

further increased with respect to the S = 1000Wm−2 case.

This reflects also the Phd values shown in Table I.

We underline that this analysis of the WECC9B3G hybrid test

system used as demonstration vehicle were performed in a few

tens of seconds of CPU time by allowing a straightforward use

of mixed models.

As far as we know, the comparison of the results by SHPF

with those by other simulation tools is not an easy task due to

the novelty of the method. We tried to mitigate this aspect by

performing some cross checks between the solutions computed

by the conventional PF and SHPF. Firstly we performed a

conventional PF with the distribution sub-system replaced by

an equivalent PQ load. The power values are those of the VC

in Fig. 3 computed by the SHPF with S = 1000Wm−2, i.e.,

Pvc = −9.13MW, Qvc = −7.39MVAR. The conventional

stability analysis shows that µ1 = −0.0631 is the largest

eigenvalue, neglecting that equal to 0, i.e., the power system

is stable. This result is coherent with that by Floquet analysis,

i.e., all but one multiplier are inside the unit circle in the

complex plane. Then, we did the opposite. We know that

the WECC9B3G is unstable if the automatic voltage regulators

are removed. In this case the conventional PF computes an

eigenvalue equal to µ1 = 0.0479 (positive). We repeated the

same simulation with the full system by SHPF and obtained

the largest Floquet multiplier is λ1 = 1.0010, which shows
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Figure 8. S = 1150Wm−2. (a) vref voltage determined by the MPPT, y-
axis: voltage [V]. (b) The instantaneous power at the output of the DC/DC

converter, y-axis: power [kW]. (c) The ıa,b,c three-phase currents of the VC

in Fig. 3, (d) The ıdref driving signal of the LCL converter. y-axis: current
[A]. x-axes: time [ms].

instability. Note that in this case we have λ1 = eµ1/fo .

A different scenario can be obtained by altering

the magnitude of the bus voltages of the PSS by

acting for example on the parameters of the AVR,

and/or transformers. In particular if the nominal

magnitude of the bus5 voltage is lowered by 10% the

HPS becomes unstable. In this case we have the PF

solution: PG1
= 63.710MW, QG1

= 35.883MVAR,

QG2
= 20.333MVAR, QG3

= 1.7584MVAR and

vbus5d,q = (202.13,−15.036) kV. The Floquet multipliers

with largest modulus are the complex conjugated pair

λ1,2 = 0.35 ± 0.99I that falls outside the unit circle in the

complex plane being |λ1,2| = 1.05. This shows that the

overall power system modeled as an HPS is unstable. A time

domain analysis started from the initial conditions computed

by the SHPF confirms that the HPS is unstable.

The other methods mentioned in this paper do not present

any stability analysis and this results can be obtained only

by considering the full dynamics property of the ESS and its

periodic solution together with sensitivity matrices. Moreover,

if Thévenin or Norton equivalents were used for the ESS they

would destroy its dynamics thus preventing the possibility to

perform any overall stability analysis.

VI. CONCLUSIONS

We have described an algorithm to compute the steady state

solution of power systems modeled as a mix of conventional

single-phase equivalents and three-phase detailed dynamic

models interfaced by virtual connectors (VCs). We obtain a

generalized PF solution of the overall system, that we refer

to as SHPF solution since it is achieved through cooperating

conventional PF analysis and shooting time-domain method.

We underline that such a SHPF solution consists of a steady

state periodic orbit at the three-phase side and of a constant

solution at the single-phase equivalent side.

Furthermore the proposed approach provides a global index

that suggests whether the choice of insertion of these interfac-

ing VCs is reliable or not.

The target of this method is to give a correct initial condition

for the subsequent time domain stability analysis of the hybrid

power system, i.e., it allows us to correctly initialise the

dynamic elements of the single-phase equivalent model such

as for example synchronous generators, shaft models, voltage

regulators, turbine governors. A subsequent time domain sta-

bility analysis of the hybrid power system can be started from

the equilibrium point of the PSS (dynamic elements included)

and from the desired point of the periodic solution of the ESS.

Furthermore the proposed method allows to freely build

the hybrid system without resorting to simplifications such

as for example averaging techniques to derive single-phase

compatible models.

The main drawback of the proposed method is that the

detailed models of three-phase switching sub-circuits, such

as for example the DC/DC and the LCL-VSC of the reported

example, must have a working period that is equal to n/(mfo)

where fo is the synchronous frequency, n and m are integers

(better if small to perform simulations in a reasonable CPU

time). This is due to a well known drawback of the shooting

method used to solve the detailed three-phase sub-system.

In the near future we plan to develop an efficient method to

simulate the mixed/hybrid power systems in the time domain

to study stability and fault and post-fault effects. We will use

the proposed SHPF solution to compute the initial conditions

of the overall system.

APPENDIX

The Shannon filter implements a low-pass filter with rectan-

gular frequency mask. Components of the frequency spectrum

falling outside this mask are perfectly filtered out. If the x(t)
time domain signal at the output of the filter is sampled at fixed

time intervals at least twice the frequency of the Shannon filter

bandwidth, the time domain waveform can be exactly recon-

structed from these samples through the Whittaker–Shannon

interpolation formula

x(t) =

∞∑

n=−∞

x(nT )sinc

(
t− nT

T

)
,

where x(nT ) are the samples, T = 1/(2fbw) is the sampling

time interval with fbw the bandwidth of the Shannon filter and

sinc() is the sinc function [30]. The Shannon filter is non-

causal but this is not a problem since we solve the ESS with

the shooting method and thus we compute the solution along a

full working period and at an even time mesh. The application

of the Shannon filter allows us to accurately perform the

numerical computation of the ı̂d,q currents and of the Phd

index.
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