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ABSTRACT

Several digital signal processing approaches, generally referred to
as Virtual Analog (VA) modeling, are currently under development
for the software emulation of analog audio circuitry. The main
purpose of VA modeling is to faithfully reproduce the behavior
of real-world audio gear, e.g., distortion effects, synthesizers or
amplifiers, using efficient algorithms. In this paper, however, we
provide a preliminary discussion about how VA modeling can be
exploited to infer the input signal of an analog audio system, given
the output signal and the parameters of the circuit. In particular, we
show how an inversion theorem known in circuit theory, and based
on nullors, can be used for this purpose. As recent advances in
Wave Digital Filter (WDF) theory allow us to implement circuits
with nullors in a systematic fashion, WDFs prove to be useful tools
for inverse VA modeling. WDF realizations of a nonlinear audio
system and its inverse are presented as an example of application.

1. INTRODUCTION

The term Virtual Analog (VA) modeling generally refers to a va-
riety of approaches for digitally emulating the behavior of linear
or nonlinear analog audio circuits [1, 2]. Such approaches can
be roughly subdivided in two main classes [3]. The first class is
the one of gray box modeling methods, which estimate the system
starting from input-output measurements and a reference generic
model; examples are Volterra-Wiener-Hammerstein models and
modifications thereof [4, 5, 6], neural networks [7] and Legen-
dre nonlinear filters [8]. The second class is the one of white box
modeling techniques, which are based on the solution of the equa-
tions characterizing the actual audio circuit to be emulated; ex-
amples are state-space methods [9, 10], port-Hamiltonian methods
[11] and Wave Digital Filters (WDFs) [12, 13]. Gray box model-
ing approaches are very general and, usually, once the parameters
of the model have been derived, less computationally heavy than
white box approaches. On the other hand, white box approaches
are generally more accurate and do not require any estimation of
the model parameters. The main purpose of VA modeling is to re-
produce the output signal of real-world audio gear, e.g., distortion
effects, synthesizers or amplifiers, finding an algorithm that en-
sures a good compromise between high accuracy and light compu-
tational weight. In this paper, however, we provide a preliminary
discussion about how VA modeling can be exploited to estimate
the input signal of an analog audio system, given the output signal
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and the parameters of the circuit. The scenario of interest is shown
in Figure 1; assuming to know the parameters of System 1 and
its time-domain output signal y(t), we would like to recover the
input signal u(t) computing the output of System 2 given y(t) as
input. In the optimal case, System 2 is the exact inverse of System
1 and ũ(t) = u(t). The capability of recovering the input sig-
nal u(t) starting from the processed, eventually distorted, output
signal y(t) could be useful in various situations. As an example,
effective techniques of the sort would allow us to perform reamp-
ing of sound signals from electric musical instruments, in order to
change the applied effects or re-record with different amplifiers,
when the “dry signal" is not available, but the originally used ana-
log audio effect or amplifier is known.

u(t) System 1 y(t) System 2 ũ(t)

1

Figure 1: Inverse system approach. If System 2 is the exact inverse
of System 1 and the two systems share the same initial conditions,
the signal ũ(t) is a perfect estimate of the input signal u(t).

A possible strategy to attack this problem would be to use cer-
tain gray box approaches for modeling the system, e.g., Volterra-
Wiener models, and then derive the corresponding inverse system,
e.g., using functional or operatorial techniques [14, 15, 16]. An
alternative idea, discussed in this paper, is to employ white box
modeling approaches and resort to a theorem known in circuit the-
ory [17] which, given a system represented as an electrical net-
work, allows us to design its inverse. The theorem is based on
the use of a theoretical 2-port circuit element called nullor [18].
Since recent theoretical advances in WDF theory allow us to de-
sign WDF models of circuits with nullors in a systematic fashion
[19, 20], in this paper, we discuss how WDF principles can be
exploited to derive digital realization of inverse systems, applying
the theorem presented in [17]. Section 2 discusses the main aspects
of the nullor-based inversion theorem. Section 3 recalls some re-
cently developed techniques in WDF theory, such as a method for
implementing circuits with nullors in the Wave Digital (WD) do-
main. As an example of application, Section 4 describes WDF
realizations of a nonlinear audio clipper and its inverse. Section 5
concludes this paper and proposes possible future developments.

2. INVERSE SYSTEM DESIGN BASED ON NULLORS

2.1. Background on Nullors

A nullor [18], shown in Figure 2, is a theoretical 2-port linear cir-
cuit element composed of two other theoretical one-ports, called
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nullator and norator. A nullator is a circuit element having zero
current passing through it and zero voltage across its terminals,
while a norator is characterized by an arbitrary current passing
through it and an arbitrary voltage across its terminals.
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Figure 2: A nullor composed of a nullator (represented with an
ellipse) paired with a norator (represented with two contiguous
circles).

It follows that a nullor is characterized by the constitutive equation

v1
i1

�
=


0 0
0 0

� 
v2
i2

�
, (1)

where v1 is the voltage across the nullator, v2 is the voltage across
the norator, i1 is the current through the nullator and i2 is the cur-
rent through the norator.

Nullators, norators and nullors are often used to build macro-
models of more complex multi-ports, such as 2-ports with con-
trolled sources, operational amplifiers (opamps), transconductance
amplifiers or transistors. For instance, an ideal opamp can be mod-
eled using a nullor as shown in Figure 3, where v1+, v1� and v2+
are the potentials at the two input terminals and the output terminal
of the opamp, respectively.
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Figure 3: (a) represents an ideal opamp, while (b) is an equivalent
nullor-based representation of the same ideal opamp in (a).

2.2. Inversion Theorem

Techniques for the analog realization of inverse systems have been
explored in the mid-nineties [21, 22], especially with the purpose
of developing methods for synchronizing chaotic systems [23]. A
generalization of the inverse system approach used in [21, 22] was
developed in [17], where a proven theorem is exploited for design-
ing the inverse of a system that can be represented as an electrical
circuit containing at least one nullor. The theorem presented in
[17] is explained in the following.

Let us call the system to be inverted master and let us as-
sume that it can be represented as in Figure 4(a); the system is
constituted of a generic linear or nonlinear non-autonomous time-
invariant network, and at least one nullator-norator pair connected
to the network. A single input signal u(t) is injected into the sys-
tem using a voltage source, while the output signal y(t) is the volt-
age measured across the norator. Let us then derive the so called
slave referred to the master in Figure 4(a). The slave is obtained
by replacing the input voltage source of the master with the nora-
tor and the norator with a voltage-controlled voltage source, whose
control signal is y(t); the resulting system is shown in Figure 4(b).

Another possible representation of a master system is reported
in Figure 5(a); the system is analogous to the one in Figure 4(a),
except that the output signal y(t) is the current through the nora-
tor. The corresponding slave is represented in Figure 5(b), where
the input voltage source of the master has been replaced with the
norator and the norator with a current-controlled current source,
whose control signal is y(t).

Given the circuits in Figure 4 and in Figure 5, the following
theorem enounced and proved in Section 3 of [17] holds; the theo-
rem is here slightly reworded for the sake of clarity.

Theorem 1. If the two nonlinear dynamical systems in Figure 4
have unique bounded solutions, then, for any pair of signals u(t)
and y(t), the slave in Figure 4(b) is the inverse of the master in
Figure 4(a). This means that for any input signal u(t) and every
initial state vector x(0) for the master, there is an initial state vec-
tor x̃(0) for the slave such that ũ(t) = u(t). The same holds for
the master and the slave in Figure 5.

Similar results can be obtained when the input signal u(t) is
a current source, but they are not discussed here, since current
sources are less common in audio circuits. A very common sce-
nario, instead, is the one in which no nullors are present in the
master system to be inverted, as in Figure 6(a), where the output
signal y(t) is the difference of potentials at two generic terminals
(C and D) of the nonlinear network. It turns out that every circuit
can be augmented with a nullor without altering its behavior [17].
In fact, since the series of a nullator and a norator is equivalent to
an open circuit, the system in Figure 6(b) is characterized by ex-
actly the same behavior of the one in Figure 6(a). It follows that
the same procedure applied to the system in Figure 4(a) to derive
its inverse can now be applied to the master in Figure 6(b), ob-
taining the corresponding slave in Figure 6(c). Hence, according
to Theorem 1, the system in Figure 6(c) is the inverse of the sys-
tem in Figure 6(a). Similarly, let us consider the system without
nullors in Figure 7(a) whose output signal y(t) is a current. Since
the parallel of a nullator and a norator is equivalent to a short cir-
cuit, the system in Figure 7(b) is interchangeable with the system
in Figure 7(a). It follows that the same procedure applied to the
system in Figure 5(a) to derive its inverse can now be applied to
the master in Figure 7(b), obtaining the corresponding slave in Fig-
ure 7(c). Hence, according to Theorem 1, the system in Figure 7(c)
is the inverse of the system in Figure 7(a).

3. BRIEF OVERVIEW ON WDF MODELING

3.1. Basic WDF Principles

The WD modeling of a system is based on a port-wise considera-
tion of the reference equivalent circuit and a linear transformation
of Kirchhoff port variables into WD variables at each port, as the
following [12]

a = v + Zi , b = v � Zi , (2)

where v is the port voltage, i is the port current, a is the incident
wave, b is the reflected wave and Z is a scalar free parameter (port
resistance). Variables defined in (2) are the so called voltage waves
[12], however other kinds of waves with different units of measure
[20] or more than one free parameter [24, 25] can be defined. The
inverse relation of (2) is

v = (a+ b) /2 , i = (a� b) / (2Z) . (3)
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Figure 4: (a) shows a nonlinear non-autonomous system with at least one nullor (the master). The input signal u(t) is a voltage source,
while the output signal y(t) is the voltage across the norator. (b) shows the inverse system (the slave) of the one in (a). Letters A, B, C, D,
E and F indicate the same nodes of the nonlinear network both in (a) and (b).
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Figure 5: (a) shows a nonlinear non-autonomous system with at least one nullor (the master). The input signal u(t) is a voltage source,
while the output signal y(t) is the current through the norator. (b) shows the inverse system (the slave) of the one in (a). Letters A, B, C, D,
E and F indicate the same nodes of the nonlinear network both in (a) and (b).

Substituting (3) in the constitutive equations of circuit elements
and then expressing b as a function of a, WD scattering relations
at each port are found. When modeling most linear one-ports, e.g.,
resistors, resistive sources, capacitors and inductors, in the WD do-
main, it is possible to spend the free parameter Z in order to elim-
inate the instantaneous dependence between a and b; this process
is called adaptation. In WD structures, the connection networks
that connect circuit elements (e.g., in series, in parallel or accord-
ing to more complex constraints) are implemented using N -port
scattering junctions, called adaptors. A scattering junction is char-
acterized by scattering matrices that satisfy the following general
equation

a = Sb , (4)

where a is the vector of waves reflected from the junction (and in-
cident to the elements or the other adaptors of the WD structure
connected to the junction), while b is the vector of waves incident
to the junction (and reflected from the elements or the other adap-
tors connected to the junction). For a detailed description of basic
linear WD elements and adaptors the reader is referred to [12]. In-
stead, a brief discussion on the modeling of WD structures with
nonlinearities, nonreciprocal multi-ports and complex topologies
is provided in the following subsection.

3.2. Recent Advances in WDF Theory

Despite the idea of using WD structures for sound synthesis through
physical modeling and Virtual Analog modeling dates back to the
nineties [1, 26], a considerable effort has been made in the last few
years to enlarge the class of audio circuits that can be modeled in
the WD domain. In particular, WD models of linear and nonlinear
circuit elements, such as operational amplifiers [27, 28, 19, 29, 30],
nonlinear transformers [31], diodes [27, 32, 33, 34], vacuum tubes
[35, 36] and transistors [37, 38, 39, 40, 41], that were not consid-
ered in traditional WDF theory [12] have been discussed. More-
over, novel design strategies for implementing R-type WD adap-
tors describing arbitrary reciprocal [42] or nonreciprocal [20] con-

nection networks have been developed. Dynamic circuits with up
to one nonlinear element can be implemented using WD structures
without Delay-Free-Loops (DFLs), i.e., fully explicit [43, 26, 34].
Although this desirable property is not maintained when we deal
with circuits with multiple nonlinearities, some novel approaches
have been recently presented for solving this kind of circuits using
the K method [44, 38] or iterative techniques [45, 40, 46, 47, 48].

In the context of this article, the modeling of nullors in the WD
domain is of particular interest. Nullators, norators and nullors are
singular elements [18]. It follows that they cannot be modeled as
other circuit elements in the WD domain using separable blocks
characterized by local scattering relations. However, systematic
methods developed in [19, 20] can be adopted to model circuits
with nullors in the WD domain. Such methods are based on the
Modified Nodal Analysis [49] and they allow us to derive WD
realizations of nonreciprocal connection networks embedding both
topological information and nullors; the result are special R-type
WD adaptors which are neither pseudolossless nor reciprocal [20].

In the next Section, as an example, we will show how both
an audio clipper with one nonlinearity and its nullor-based inverse
can be implemented in the WD domain in an explicit fashion.

4. WDF REALIZATIONS OF A NONLINEAR AUDIO
CLIPPER AND ITS INVERSE

4.1. Circuit of the Audio Clipper and Design of its Inverse

The circuit of the nonlinear diode-based audio clipper that we will
consider is shown in Figure 8(a). The input signal u(t) is the volt-
age supplied by the voltage source. The output signal y(t) is the
voltage across the resistor with resistance Rout. The circuit is com-
posed of: five linear resistors with resistances Rp, Rm, Rfl, Rfh and
Rout; two linear capacitors with capacitances Cp and Cm; and two
nonlinear diodes, D1 and D2, in antiparallel. The two diodes are
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Figure 6: (a) shows a nonlinear non-autonomous system without nullors (the master). The input signal u(t) is a voltage source and the
output signal y(t) is a voltage. (b) shows a system equivalent to the one in (a) augmented with a nullator-norator pair. (c) shows the
inverse system (the slave) of the one in (a).
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Figure 7: (a) shows a nonlinear non-autonomous system without nullors (the master). The input signal u(t) is a voltage source, while
the output signal y(t) is a current. (b) shows a system equivalent to the one in (a) augmented with a nullator-norator pair. (c) shows the
inverse system (the slave) of the one in (a).

identical and both characterized by the Shockley diode model

id = Is(e
vd/(⌘Vth) � 1) , (5)

where id is the current passing through the diode, vd is the volt-
age across the diode, Is is the saturation current, ⌘ is the ideality
factor of the exponential junction and Vth is the thermal voltage.
A detailed list of the circuit parameters and the corresponding val-
ues is reported in Table 1. For the purpose of designing an inverse

Table 1: Parameters of the Audio Clipper Circuit.

Param. Value Param. Value Param. Value
(⌘Vth) 26 mV Cp 1 pF Rp 39 k⌦
Is 2.52 nA Cm 3.9 nF Rm 22 k⌦
Rout 150 k⌦ Rf1 50 k⌦ Rf2 50 k⌦

audio clipper, given the system in Figure 8(a), we add a nullor to
the circuit. In fact, as explained in Subsection 2.2, a circuit can al-
ways be augmented with a nullator-norator pair obtaining another
circuit equivalent to the original one. Figure 8(b) shows the audio
clipper circuit with a series of a nullator and a norator from node
C to ground which has exactly the same behavior of the one in
Figure 8(a). Starting from the master in Figure 8(b), we get the
corresponding slave in Figure 9(a), according to the Theorem in
Subsection 2.2. Figure 9(b) shows an alternative representation of
the inverse nonlinear audio clipper, where the nullor is replaced by
an opamp. It is worth recalling that, if the opamp is characterized
by the ideal nullor-based model shown in Figure 3, the circuit in
Figure 9(b) is totally equivalent to the circuit in Figure 9(a); if a
non-ideal opamp model is considered, instead, the circuit in Fig-
ure 9(b) is an approximation of the “exact inverse" in Figure 9(a).

4.2. Design of WD Structures and Simulation Results

A possible WD realization with no DFLs of the nonlinear audio
clipper in Figure 8(a) is shown in Figure 10(a). WD blocks (ele-
ments or junctions) including a “T-shaped" symbol at one port are

adapted at that port. As far as the WD modeling of the circuit el-
ements is concerned, linear elements are all adapted according to
traditional WDF principles [12]. In particular, the wave reflected
from a resistor with resistance R at the nth port of an adaptor is
bn = 0 during the whole simulation, provided that the adapta-
tion condition Zn = R is satisfied. The reflected wave from a
capacitor with capacitance C at sampling step k, instead, is given
by bn[k] = an[k � 1], provided that the bilinear transform is ap-
plied to discretize the time derivative and the adaptation constraint
Zn = Ts/(2C) is set, where Fs = 1/Ts is the sampling fre-
quency. The voltage source is augmented with a negligible small
series resistances Re = 1 µ⌦; the reflected wave is computed as
b[k] = u(kTs) with Z5 = Re. The pair of antiparallel diodes is
treated as a one-port. Since it is nonlinear, such a one-port cannot
be adapted and, according to [27, 33, 39], its WD mapping can be
expressed as

b = sgn(a)F (|a|, Z, Is, ⌘, Vth) , with (6)

F (a, Z, Is, ⌘, Vth) = a+ 2ZIs � 2⌘VthW

✓
ZIs

⌘Vth
e

ZIs+a
⌘Vth

◆
,

where W is the Lambert function. The connection network of
the circuit in Figure 8(a) is reciprocal, hence it is implemented
using an interconnection of two reciprocal WD junctions [42]: the
parallel adaptor P1 and the R-type adaptor R1. The standard 3-
port parallel adaptor is realized as discussed in [12], while the 8-
port R-type adaptor is characterized by a scattering matrix SR1 ,
which can be formed as [42]

SR1 = 2QT
⇣
QZ

�1
Q

T
⌘�1

QZ

�1 � I8 , (7)

where I8 is the 8 ⇥ 8 identity matrix, Z = diag[Z1, . . . , Z8] is
the diagonal matrix of port resistances (port numbering follows
the convention in Figure 10(a)) and Q is the fundamental cut-set
matrix characterizing the connection network and given by

Q =

2

64

�1 0 0 1 1 0 0 0
1 �1 0 0 0 1 0 0
0 1 1 0 0 0 1 0
0 0 �1 �1 0 0 0 1

3

75 .
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Figure 8: (a) shows the circuit of the nonlinear audio clipper. (b) shows a circuit equivalent to the one in (a) augmented with a nullor.
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Figure 9: (a) shows the circuit of the inverse nonlinear audio clipper. (b) shows an alternative representation of the inverse nonlinear audio
clipper where the nullor is replaced by an opamp. If the opamp is characterized by the ideal nullor-based model in Figure 3, the circuit in
(b) is fully equivalent to the circuit in (a).

Port 6 of R1 is made reflection-free by setting the 6th diagonal
entry of the scattering matrix equal to zero. The expression of the
adaptation constraint on Z6 is not reported here for the sake of
brevity; however, given the circuit parameters in Table 1, we get
the constraint Z6 = 27110 ⌦.

As far as the inverse audio clipper in Figure 9(b) is concerned,
a possible WD realization with no DFLs is shown in Figure 10(b).
The elements and the 3-port parallel adaptor P2 are implemented
in a similar fashion to the previous case; the R-type adaptor R2,
instead, differs from R1, as it is a WD realization of a non-reciprocal
connection network embedding a nullor. According to [20], the
scattering matrix SR2 of R2 is given by

SR2 = 2ÃT
p [I5 0] X̃�1

0 [I5 0]T ÃpZ
�1 � I8 , (8)

where I5 is the 5 ⇥ 5 identity matrix, 0 is a column vector of five
zeros, Z = diag[Z1, . . . , Z8] is a diagonal matrix of port resis-
tances (port numbering follows the convention in Figure 10(b)),
X̃0 is the 6⇥6 matrix obtained removing the jth row (1  j  7)
and the jth column of X0 in Figure 11, while Ãp is the 5⇥ 8 ma-
trix obtained removing the jth column of Ap in Figure 11. Port 1
of R2 is adapted by setting Z1 = (Z3Z5Z7)/(Z3Z5 + Z3Z6 +
Z3Z7 + Z3Z8 + Z6Z8).

The accuracy of the designed WDFs is verified comparing the
output signals with those obtained from a Spice implementation

and noting a good matching. One of such tests is reported in Fig-
ure 12. WD simulations are performed with a sampling frequency
Fs = 44100 Hz. Figures 13, 14 and 15 show some further re-
sults of the WD implementations of the master and the slave in
Figure 10, when the input signal is a sinusoid, a square wave and
a white noise with uniform distribution, respectively. Detailed pa-
rameters of the input are specified in the captions. We notice that
inversion works pretty well for each input signal choice, as ũ(t)
always closely matches u(t). More precisely, let us define the
absolute value of the estimation error as ✏(t) = |ũ(t) � u(t)|,
and then derive its mean ✏̄ and its maximum value ✏max. We get:
✏̄ = 1.5 ⇥ 10�11 V and ✏max = 2.5 ⇥ 10�11 V in the sinusoidal
input case; ✏̄ = 2.7 ⇥ 10�11 V and ✏max = 1.1 ⇥ 10�10 V in the
square wave case; ✏̄ = 1.4⇥ 10�11 V and ✏max = 3.6⇥ 10�11 V
in the noise case.

5. CONCLUSIONS AND FUTURE WORK

We discussed a general approach for the design and the WDF real-
ization of the inverse of any input-output audio system that can be
described using electrical equivalents. It is worth pointing out that
the presented approach works properly only when we deal with
invertible nonlinearities and that numerical problems may occur
when nonlinear functions to be inverted are very steep. Future re-
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Figure 10: (a) WDF implementing the nonlinear audio clipper; (b) WDF implementing the inverse nonlinear audio clipper.
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Figure 11: Matrices needed for deriving the scattering matrix of R-type adaptor R2.
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Figure 12: Comparison between WDF in Figure 10(a) and Spice.
Output y(t) given input u(t) =

P2
j=1 gjsin(2⇡f0j) with g1 =

0.5 V, f01 = 650 Hz, g2 = 0.35 V and f02 = 1450 Hz.
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Figure 13: Results of WDF implementation of master and slave,
given a sinusoidal input u(t) = sin(2⇡f0) with f0 = 500 Hz.
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Figure 14: Results of WDF implementation of master and slave,
given a square wave input u(t) = sgn (sin(2⇡f0)) with f0 = 500
Hz.
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Figure 15: Results of WDF implementation of master and slave,
given a noise with uniform distribution in the interval [�0.5, 0.5]
as input.

search work would be desirable for extending such an approach to
MIMO systems and to systems with uncertain parameters.
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