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Fixed-dynamics anti-windup design: application to
pitch-limited position control of multirotor
Unmanned Aerial Vehicles

Pietro Ghignoni, Davide Invernizzi, Marco Lovera

Abstract—In this paper we present and validate an anti-windup
control design suitable to deal with saturated discrete-time linear
plants. Following the modern approach to anti-windup design,
the proposed synthesis procedure is based on the compensator
paradigm in which the anti-windup controller acts on top of a
baseline one, tuned to achieve desirable performance in the un-
saturated regime. After extending existing ideas for continuous-
time plants to their discrete-time counterparts, the design of
the anti-windup compensator is carried out with a focus on
computational efficiency and optimized performance in practical
operating scenarios. The proposed approach allows one to design
fixed-dynamics anti-windup compensators for possibly open-loop
unstable plants using generalized sector conditions. Then, the
synthesis procedure is applied to tune a fixed-dynamics com-
pensator having the structure of a static compensator cascaded
with a unit delay to avoid algebraic loops. Finally, the benefits
of such anti-windup augmentation are assessed experimentally
to counteract windup effects arising in the position control of
multirotor UAVs when pitch limitations are imposed.

Index Terms—UAVs, multirotor, LMI, sector condition, anti-
windup synthesis, position control

I. INTRODUCTION

The design of high performance controllers for systems with
input saturation is a challenging problem, even when linear
plants are considered. This subject and the related “windup”
problem, namely, the possible loss of stability and performance
in some control systems due to actuation limitations, is mo-
tivated by the ubiquitous presence of saturation in practical
applications. Modern anti-windup (AW) techniques [1]-[3]
have been developed consistently in the last two decades to
tackle the windup problem in a systematic way, i.e., with for-
mal stability and performance guarantees. For linear systems
affected by actuator saturation, the modern approach to AW
design is based on the introduction of a compensator acting
on top of a baseline controller only when saturation occurs,
aiming to prevent an excessive degradation of performance
during saturation and to quickly recover the nominal behavior
after saturation occurred.

Several approaches are now available to systematically
tune AW compensators under stability and .4 performance
optimization criteria [2]-[4]. These methods are typically
based on the solution of Linear Matrix Inequalities (LMIs)
aiming to enforce closed-loop stability while minimizing the
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% gain between the input and a suitable performance variable.
However, as noted in [5], these techniques are not tailored to
effectively address windup problems arising in many practical
applications and could be overly conservative when tested on
specific reference signals: the class of %-bounded signals is
quite large while most of the times actual reference signals
are step-like functions.

In view of this, we first extend the performance-
oriented fixed-dynamics AW synthesis procedure developed
for continuous-time systems in [5] to its discrete-time coun-
terpart, which is the natural setting for digital controller imple-
mentation. Using generalized sector conditions [6], we cast the
AW design as a LMI-based optimization problem in which the
performance index to be minimized penalizes the mismatch
between the actual and the baseline closed-loop response
with the reference signal generated by a stable filter that
approximates a signal of interest [5]. The proposed approach
can be used to tune, e.g., AW controllers having the structure
of a static compensator cascaded with a unit delay, which
allows avoiding by design algebraic loops. In this way, one can
easily implement such a computationally efficient compensator
without impacting negatively on the designed performance, as
a purely static AW compensator would do in practice when
implemented with the delay [7]. In the second part of the
paper, the proposed compensator design is used to augment the
baseline controller of a quadrotor Unmanned Aerial Vehicle
(UAV) in which saturation is fictitiously introduced to prevent
excessive pitching of the platform. This limitation is often
included in flight control systems of multirotors (e.g., [8])
to avoid achieving too high speed. As shown in dedicated
experiments, the baseline controller of the considered quadro-
tor is significantly affected by windup phenomena due to the
presence of saturation, in particular, the set-point tracking
performance is characterized by large overshoots. Instead, the
AW compensator tuned according to the proposed synthesis
procedure delivers excellent performance at the expense of
a mild increase in the computational effort with respect to
the baseline architecture. Besides the computational efficiency
gained by using a low-order AW compensator [9], the main
motivation for using the proposed performance-oriented AW
design over suitable existing AW approaches is that we aim to
address windup effects which appear when specific reference
signals are commanded, notably step-like references, which
is one the most common operating scenario for quadrotors.
While other modern AW designs would be applicable as well
in the considered application, e.g., those proposed in [6],
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[10], [11], embedding a filter replicating reference signals of
interest allows optimizing the performance in cases of practical
interest, as supported also by the motivation and simulation
results presented in [5].

The remainder of the paper is organized as follows. Sec-
tion II presents the main notations used throughout the
manuscript. Section III introduces the modern approach to
AW compensator design for saturated linear plants in the
discrete-time setting. In Section IV, the performance-oriented
AW problem is first formulated and then the main theoretical
results of the paper for the synthesis of fixed-dynamics AW
compensators are reported and demonstrated. Section V shows
the application of such results to a specific anti-windup com-
pensator. In Section VI, after a brief description of the UAV
used in the experiments, simulation and flight test results are
reported and discussed. Section VII concludes the paper.

II. NOTATION

Notation. In this paper Z(Zo,Z>o) denotes the set of
integers (positive, nonnegative integers), R (R0, R>¢) denotes
the set of real numbers (positive, nonnegative real numbers),
R" denotes the n-dimensional Euclidean space and R™*" the
set of m x n real matrices. I denotes the identity matrices and,
given A € R™", we use the compact notation A € R (R")
to represent a positive (negative) definite matrix. For a square
matrix X, we denote He(X) := X +X ". Given a sequence x(t),
t € Z>o, x* is a shorthand notation for x(¢ + 1). Function
sat(-) denotes the decentralized symmetric saturation func-

tion, i.e., given u € R" and some bounds iy,...,i, € Ryg ,
sat(u) := (max(min(i,u; ), —iy),...,max((d,,u,), —iy,)). Fi-
nally, co{v, € R", r=1,...,n,} is the closed convex hull,

i.e., the smallest closed convex set that contains the points
identified by the vectors v,.

III. PRELIMINARIES ON ANTI-WINDUP AUGMENTATION
FOR DISCRETE-TIME LINEAR PLANTS

In this section the general formulation of the direct lin-
ear anti-windup (DLAW) design for discrete-time plants is
recalled, following the approach presented in [10].

Consider a plant (P) described by a linear discrete-time
system in state-space form, i.e.,

x; =Apxp+Bpu+Bj,,w
Y= CpyXp+Dpyutt+Dpyyw D
2=Cpxp+Dp it + D) W,

(P)

where x, € R" is the plant state, u € R"™ is the control input,
w € R™ is the exogenous input, y € R™ is the measurable
plant output and z € R™ is the performance output. Assume
that a controller (C) has been designed to achieve a desired
level of performance in nominal conditions:

(©) {x:r =AcXe+ Beyy 4+ Beyww +vi

(2)
Ye = Cexe + Deyy+ Deyyw + v,

where x. € R" is the controller state, y. € R™ is the controller
output, v € R"™ and v, € R™ are additional inputs for AW
augmentation. Clearly, when setting

U=Yc, Vi1 :07 V2:0, (3)

a basic requirement is that the wunconstrained closed-loop
system obtained by combining (1) and (2) is well defined
and stable. Suppose now that the control input is subject to a
saturation nonlinearity

u = sat(yc), “4)

where sat(-) is the saturation function defined in the notation
section. The constrained closed-loop (CCL) system, obtained
by combining (1), (2) and (4) with vi =0 and v, =0, is given
by:

x; = Ac[xd +B(‘l,qq +Bcl,wW

(CCL) = Ccl,zxcl +Dcl,zqq +Dcl,zww (5)
Ye = CeluXel +Dcl,uqq +l)cl,uwwv
q=dz(yc), (6)

where dz(y.) :=y. —sat(y.) is the deadzone nonlinearity, x,; =
(xp,Xc) € R™*" and the corresponding matrices are reported
in the appendix for completeness.

To handle the effect of saturation, the additional inputs vy, v;
are exploited by including an AW compensator, given by the
following LTI system:

x;w = AawXaw + Baw (yc - M)

(AW) lvl (7

1 = CawXaw + Daw()’c - u)>
V2

where x,,, € R"™ (ng,, >0), is the AW state and (vi,v) € R™
(ny = nc + ny,). Matrices Ay, Baw,Caw,Dayw determine the
behavior of the AW compensator: as discussed in detail in
the next section, the rationale behind their selection is to
obtain a closed-loop system that delivers the performance
of the unconstrained controller when operating in nominal
conditions while guaranteeing a desirable relationship between
the exogenous input w and the performance output z when
saturation occurs.

The interconnection of (1), (2) and (7) through (4) can
be expressed in compact form by combining (6) and the
augmented closed-loop (ACL) system is given by

x;" = AuXq +Bayq+ Baww
= Ca,zxa "I‘Da,zqq +Da,sz (8)
Ye = CauXa+ Da,uqq + Da,uwW7

(ACL)

where x, := (x.,X4y) and the state space matrices are reported
in the appendix.

IV. PERFORMANCE ORIENTED ANTI-WINDUP SYNTHESIS
FOR LINEAR DISCRETE-TIME SYSTEMS

The majority of works in the framework of DLAW de-
sign [3] focus on the minimization of the ¢, gain from w to z,
by considering the class of ¢, norm-bounded reference signals
w (finite energy signals). As denoted in [5], such an approach
to anti-windup design might not provide a satisfactory answer
when addressing many practical control problems: indeed the
¢, class is quite large and may not be well-suited to saturated
systems whose performance level is expected to depend on the
shape and the amplitude of the input signal. To overcome this
intrinsic limitation, we propose a discrete-time version of the
performance-oriented approach developed for continuous-time
systems in [5].
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A. Problem formulation

The main idea behind the AW performance-oriented strategy
proposed in [5] is to exploit a reference model, which encodes
the desired behavior of the closed-loop system, together with a
suitable dynamic filter that allows generating or approximating
reference signals of interest, according to the block diagram
shown in Figure 1. First of all, a reference model (RM)

(RM) xj_m = Armxrm + Brm,wwa (9)
Zrm = Crm,zxrm + Drm7sz
is defined together with the performance output
Ze i=Z— Zrmy (10)

which will be used to evaluate the mismatch between the
reference and actual system responses. Specifically, we will
assume in the following that the reference model coincides
with the unconstrained closed-loop system, so that the purpose
of the AW compensator will be to make the error z, as
small as possible when saturation occurs. Then, to achieve
satisfactory time-domain performance to reference signals of
interest which do not belong to the ¢, norm-bounded class, an
asymptotically stable LTI filter that approximates such signals
is directly included in the augmented system. For instance, step
references can be approximated by the output of the following
LTI system:

(F) (1)

where wg denotes the initial condition of the filter and can be
considered as the step amplitude. When combining equations
(8)-(11), the following state space model is obtained:

wh=(1-&w, w0)=wy, Rygde<l,

xt = Ax+Byq
Ze :sz+quq (12)
Ye = Cyx+Dygq
q=dz(yc)
where x := (x4, X, w) € Rlat v —: Rix and
Aa 0 Ba,w Ba,q
A=10 Aw  Bww |, Byi=|0 |, (13)
0 0 (1—¢&)y, 0
C.:=[Caz —Crmz Dazgw—Dmzw|, Dz:=Daz, (14)
Cy:=[Cau O Dauw|, Dyg:=Daug. (15)
w Zrm
RM
- Z
F Y acL < Oo—=
q dz Ye

Figure 1. Block diagram for performance oriented synthesis.

Considering system (12), the design of the AW compensator
can be associated with the solutions to the following problem.

Problem 1. Find the smallest ¥y € R~ such that, given an
initial state x(0) = (0,0,wy), the following conditions are
satisfied:
o x(0) is inside the region of attraction of the origin of (12);
o the following condition
Y ze() () <7, (16)
1=0
is satisfied for any x(0) in the region of attraction of the
origin of (12).

B. Fixed-dynamics discrete-time anti-windup design

This section is devoted to presenting the main theoretical
results of the paper. First of all, we state and prove the
following theorem, which will be instrumental for the AW
synthesis procedure to be provided next.

Theorem 1. Consider the model reference AW system in (12).
If there exist matrices Q = Q' € RU™, Y e Rw*™, U €
Rr;“oxnu (diagonal), and scalar v € R~ such that the following
conditions hold:

-0 -y'+oc/ oc! QAT
T T T
~Y+G0 -2U+4DyU+UDy, UD, UB/| _
C.0 DU -yl 0
AQ B,U 0 —-Q
(7
=2
i Y
>
{YF Q}—O’
(18)

where i =1,...,n, and Y; denotes the i-th row of Y, then the
ellipsoid é"(Q") = {x eR™:x'Q Ix< 1} is contained in
the region of attraction of the origin of (12) and the following
bound holds:

=

Y <y, Vx(0)e&@M).
t=0

(19)

Proof. The proof combines the steps used to derive the proof
of the continuous-time version in [5] and some ideas borrowed
from [10] to show that under the generalized sector condition
used, e.g., in [6], one can guarantee a decrease of a quadratic
Lyapunov function along the dynamics of system (12). Before
proceeding, note that the algebraic-loop is well-posed by virtue
of the inequality —2U + D,,U +UDqu < 0 (which is implied
by (17)) and let us recall the following Lemma from [10],

which will be exploited in the next steps.

Lemma 1. For any diagonal matrix M € R™™ and Vy. €
R™, we have
—2¢"M(q—y.+Hx) >0, VYxe LU 'H), (20)

where H € R, L(U'H) = {x e R™: |0~ 'Hx|.. <1}
and U := diag(iy, . . ., iy, ).

Define now the matrices P := Q°!, M := U~! and
H := YQ !. Left- and right-multiplying LMI (17) by
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diag(P,M,I,,,1,,) (congruence transformation) and then taking
a Schur complement, one has:

ATpPA—P T T
= A PBq:H M 0
He MC, MD,, + Bt/;’Bq M 0 < 0. 21
Cz qu _%Inz

By applying again a Schur complement to the last column and
row of (21), one also has

ATPA—P T T T
APAP  ATPB,—H'M Cc, D

He 2 qBTPB + |:CZT:| M <0.
MC, MDy+ -4 M| [Py

(22)
By left- and right-multiplying (18) by diag(1,P), one obtains
the equivalent set of LMIs

ii;
H'

which imply that &(P) C Z(U~'H) (see, e.g., [4]). At this
point, consider a quadratic Lyapunov function V (x) := x' Px.
Thanks to the implications of (23), by exploiting Lemma 1 we
can write the following inequality Vx € &(P):

H;

p (23)

} >0, i=1,..,n,

1 1
AV + }z;rze < (M) TPt —x"Px+ }zjze —2¢"M(q—y.+Hx).

(24)
Substituting x™ and z, from equation (12) into the right hand
side of (24) and using inequality (22), one verifies that

1
AV + ;/zeTze <0 VYxe&(P)\{0}, (25)
from which it readily follows that
AV <0, Vxe&(P)\{0}. (26)

The above results implies that the set described by the ellipsoid
& (P) is contained in the region of attraction of the equilibrium
x =0 and also that &(P) is contractively invariant [4]. Finally,
noting from (25) that AV + %,zjze < 0Vx € &(P) and then
summing this last inequality over ¢, one obtains:

zt: %ze(r)Tze(T) =V(t)-V(0)+ ZI‘, %Ze(T)TZe(T)'

7=0 7=0
(27
Since &(P) is contractively invariant, V(¢) < 1 V¢ > 0. When
considering also that V(¢) > 0 by definition, one obtains V (¢) —
V(0) <1 V¢ and therefore inequality (19) is easily derived from
(27) and the proof is completed. O

i AV (1)+
7=0

Remark 1. Theorem 1 provides useful tools for analysis
purposes; on the other hand, for synthesis purposes, con-
straint (17) is bilinear in the decision variables U,Q and
in the AW matrices, which are embedded in the definition of
A,By,C;,Dyy,Cy,Dy,. However, if the AW matrices Aguy,Caw
are known, equation (17) can be turned into a convex con-
straint using the same approach as [5]. To show this consider

the bilinear terms B,U,D,,U,Dy,U. By expanding the prod-
ucts we get:

Bcl,qU + Bcl,vDawU
BawU
B‘]U = (L)l::n ) (28)
Omw

DyqU = D¢y qU + D¢y Do U, 29)
quU = Dcl,qu +Dcl,uvDawU~ (30)

By using the following change of variables:
Baw = Baan Daw = Dqu» (31)

constraint (17) is convex in the variables U,Q,Y, éaw,baw and
the AW gains can be recovered as:

Bayw = éainla Dy = DGWU71 . (32)

Thanks to the considerations in Remark 1, one can exploit
the results of Theorem 1 to guarantee desired properties to the
augmented closed-loop system in which the AW matrices are

computed according to the following algorithm.

Algorithm 1 (Performance-oriented AW synthesis). Find
a fixed-dynamics anti-windup compensator following these
steps:

o step 1: choose appropriate A,y and Cg,, (see Remark 3)
and select a step input amplitude wy (in the multivariable
case: wy € R"™);

o step 2: solve the following semidefinite program (SDP)
in the variables Q, Y, U, v, By, Daw:

minimize 7y, (33)
—Q -Y'+0C, oC] QAT
-Y+C,0 Ly L Ly | _ o G4
.0 L3 —vI
AQ Ly 0 )
)
i Y )
> = e
|:YiT Q:| - O’ ! 17 s My, (35)
0
¢ [Wo,] >0, i=1,..,n,, (36)
[0 w] 1
where oo, = [0 wo, = 0]T € R™ (vector with the i-th

component of wy at the i-th index and zeros elsewhere)
and the following definitions have been used:

Ly :=He (U + D¢y uqU + D¢t D) (37)
n BCqu“thl.vDuw
L32 = Di‘l,qu +D(,'I,ZVD11W; L42 = Buw ,
0

(33)

where matrix O € Rt +mw)xn .

o step 3: compute AW matrices as:

Baw = BeawUfl7 D,y = Dainl . (39)
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Remark 2. The satisfaction of equation (36) guarantees that
the initial condition x(0) = (0,0,wy), where wy € Wy with

'7nwj7
(40)

is inside the region of attraction of the origin (12). In other
words, the region of attraction contains a convex set whose
vertices represent initial conditions corresponding to reference
signals each made by a step of a given amplitude along one
principal direction.

wo;

Wo=:w{xieR"W: XiTej:{ 0 Ti=Ji =1

1

ifi#j

Finally, the solution to Problem 1 is addressed by the
following Theorem.

Theorem 2. Given a set of n,, initial conditions wy, (step am-
plitudes), the closed-loop system (12) with an AW compensator
constructed according to Algorithm 1 guarantees that:
1) &(Q7") is a subset of the region of attraction of the
origin;
2) the following inequality holds:
Y <y, Vx(0)e&@!), (41)
t=0
where Q and y are the solutions of the SDP at step 2 of
Algorithm 1;
3) the point x(0) = (0,0,wy), where wy € Wy, is contained
in the region of attraction;

Proof. The proofs of items 1 and 2 follow immediately by
applying Theorem 1 to the closed-loop system (12) with AW
compensator computed according to Algorithm 1. The third
item is a direct consequence of the conditions stemming from
LMIs (36). O

Remark 3. As noted in [5] for the continuous-time case, the
main difficulty in Algorithm 1 is in the first step, namely, in
appropriately selecting the AW matrices Agy and Cgy. This
choice may be carried out by considering the poles of the
AW controller, which can be chosen, e.g., by retaining a part
of those obtained in a full order design case or by iterating
from the static case until a satisfactory result is achieved (see,
for additional details, [5, Algorithm 4.6]). An almost” static
approach, corresponding to a static compensator cascaded
with a unit delay, is instead pursued in this work, as motivated
and detailed in the next section.

Remark 4. The feasibility of the LMI conditions in Algo-
rithm 1 is also strongly related to the size of the desired region
of attraction (40), which in turn depends on the amplitudes of
the step signals along each axis (see Remark 2). In particular,
the stabilization of the system will become more difficult as the
required size of the region of attraction increases and at the
same time a performance degradation (a larger mismatch )
will be unavoidably observed (additional comments on this
point can also be found in Section VI-C). Hence, a trade-
off between stabilization for large references and closeness
to the nominal reference model behavior must be accounted
for during synthesis. As a preliminary step to Algorithm 1,
one can try to find the largest region of attraction of the
zero equilibrium for a given shape set of the initial condition

without accounting for performance constraint (see, e.g., [5,
Remark 4.3] or [3, Algorithm 3]).

V. FIXED-DYNAMICS ANTI-WINDUP DESIGN FOR
ALGEBRAIC LOOP AVOIDANCE

By inspecting equations (2), (4) and (7), one can observe
that the AW signal v, is responsible for the presence of
an algebraic loop in the controller dynamics, which must
be avoided in real-time implementations [12]. Among the
different approaches, delaying one sample as suggested in [7]
is the simplest solution to handle such issue. For instance,
when referring to a static AW compensator,

V1 _ Dayi g
V2 Day2 | ™
in which matrices Dy, Dgy2 have been designed according to

some criterion (see, e.g., [10]), one would actually implement
the AW dynamics as

(42)

+

xaw = DawZ‘]
vi = Dgw1q (43)
V2 = Xaw-

Not surprisingly, when passing from (42) to (43), performance
and stability guarantees achieved by the synthesis process
are lost. Hence, the approach proposed herein is to take
into account the implemented structure of the AW com-
pensator of equation (43) in the synthesis procedure. Such
an approach would guarantee the designed performance and
stability guarantees to the augmented closed-loop system at
the expense of a small complexity increase with respect to
purely static AW compensators. To this end, one can exploit
the fixed-dynamics AW synthesis proposed in Section IV.
Specifically, the structure of equation (43) corresponds to an
AW compensator with
Agw = 07 Baw = Daw2, Caw = |:IO :l s Daw= l:D6W1:| .
ny
(44)
It is worth noting that, in order to impose the compensator
structure defined by (44), it is sufficient to define Day =
Dayn
0
able. In this case, Dy, can be recovered as Dy, = Dy UL
Regarding the feasibility of this problem, note that A, in
(44) is Schur stable and that the same considerations made in
Remark 3 hold.

], where D,,; € R"*" becomes the new decision vari-

VI. ANTI-WINDUP AUGMENTATION FOR PITCH-LIMITED
POSITION CONTROL OF MULTIROTOR UAV'S

The experimental tests performed on a small quadrotor UAV
are presented and discussed in this section. The tests are
intended to show and compare the behavior of the control
system with/without the AW augmentation in case saturation
occurs. To this end, the experiment that we propose replicates
operating conditions in which the quadrotor should not pitch
too much with respect to the ground during maneuvering,
e.g., when high speeds should be avoided. Due to the specific
underactuation mechanism in quadrotors, such vehicles have
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to change their attitude in order to reach a desired position. In
consolidated cascade-based control designs [13], the position
controller acts as outer loop in charge of computing pitch and
roll setpoints that should be tracked as fast as possible by the
attitude controller, which plays the role of inner loop. Pitch
limitations can therefore be obtained by saturating the output
of the outer loop controller i.e, the pitch set-point: when such
a controller includes an integral component, windup effects
are likely to arise.

A. Quadrotor dynamics and baseline control

In this section we recall the dynamical model that is
typically employed to control the position of multirotor UAVSs.
As we will enforce by design small angle set-points, the
linearized dynamical model about hovering conditions can be
considered to be sufficiently accurate for our purposes. In this
case, the following model can be employed to describe the
UAV longitudinal motion !:

mv, =T,0 +d,
Jg=m.+dg

(45)
(46)

X =Vy,

6 =g,
where m, J € R are the UAV mass and pitch inertia moment,
respectively, g = 9.81m/s? is the gravity acceleration, x,8 € R
are the position and the pitch angle, respectively, and v,,qg € R
are the corresponding translational and angular velocities.
Finally, m. € R is the pitch control moment while 7, ~ mg
(hovering conditions) is the thrust magnitude and d,,dg € R
are unknown disturbances. As controlling the angular dynam-
ics is of paramount importance to ensure closed-loop stability,
it will be accurately characterized with a linear discrete-time
black-box model identified from data collected in safe closed-
loop experiments with the PBSID algorithm [14]. Hence,
neglecting disturbances, the following discrete-time state space
model will be used for control design purposes:

T o= Ts xe
(Pos) x+ r Ly 47)
vy =+ 8T
0" =0+Tyq
(Arr) xf =Agxq+Bgme (48)
q = Cyxq +Dgm,

where Ty € R is the sampling time, A,,B,,C;,D, are ma-
trices of appropriate dimension associated with the angular
velocity dynamics state x,.

As for the baseline control system, we make use of a
cascade architecture employed by widely adopted multirotor
autopilots [8] to control the translational motion (47). Such
a strategy is motivated by observing that the translational
dynamics can be indirectly controlled by changing the pitch
angle, which enters the dynamics (47) through the term g7;6.
Specifically, 6 is considered as a virtual input assigned by a
saturated P-PID position controller, according to the control
law

6,(z) := PL(z) (k) .(x —xq) = vx) = Dx(z)vx,  (49)

'"We just refer to the motion along the x direction as the same set of
equations describes the motion along the y direction in the linearized case.

where PL(2) := Ky + ki T2y, Da(2) = Ky Ni
are discrete transfer functions defining, respectively, a
proportional-integral and (filtered) derivative action, and x; is
the desired position set-point. The pitch control moment m,,
which is the actual input of the system, is itself the output of a
P-PID attitude controller, with the aim of tracking the virtual
input 0, assigned by the position loop. When plugging in (48)
the inner loop controller, given, in state space form, by

+
Xea
me

one gets the following position-plus-attitude closed-loop
model:

= Ac,axc,a + Bc,aqq + Bc,ae 0+ Bc,av 0,

(50)
=CeaXeat+ Dc,aqq + Dc,a@ 0+ Dc,aq 0,

xt =x+Ty
vi =v,+gT,0
67 =60+Tyq

)C;_ = Aqxa + Bq (Cc,axc,a + Dc,aqq + Dc,ae 0+ Dc,aq 6\/)
x;ia = AcaXea+Beagqd + Beas 6 + B0,

(51
where ¢ = Cyxq+Dy(CeuXe.a+De.agq+De.ao 0 + D ag6,) and
the role of 6, as a virtual input is highlighted. Closing the
loop with the outer controller (49), one gets the block diagram
shown in Figure 2. Including a saturation at the output of
the position controller, as shown in Figure 2, is equivalent to
limiting the pitch angle set-point to the position-plus-attitude
closed-loop system. Although placing a saturation on the set-
point is not equivalent to imposing a hard constraint on the
actual tilting of the platform, proper tuning of the attitude
controller (50) guarantees that the UAV will hardly violate
such a constraint.

B. Platform description

In this work, a lightweight custom quadrotor (take-off
weight of about 230g) developed by the Aerospace Systems
and Control Laboratory of Politecnico di Milano was em-
ployed for the experiments. The onboard autopilot, based on
the open-source PX4 Pro firmware [8], features attitude and
position controllers and estimators and has been customized
using the ANT-X rapid prototyping system for multirotor
control [15] to allow replacing the baseline attitude controller
with user-defined controllers. The baseline control gains have
been tuned using a structured H.. approach as detailed in [16]
to achieve high performance in near hovering conditions.

To apply the AW techniques described in Section IV-B, both
a baseline controller and a discrete-time state-space model of
the attitude dynamics must be available. Following previous
work on the same quadrotor [16], a second-order black-box
model of the UAV pitch angular rate dynamics was identified
with the PBSID subspace model identification algorithm using
closed-loop experimental data [14].

C. Experimental results

In the experimental campaign, a maximum tilt angle of
10deg has been set to comply with possible limitations arising
from the specific mission that the UAV has to perform,
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Position plus |
X4 Vi + 6 Oy | attitude closed-
B kO > —
> DX _O—’ PI(z) _O saty loop system Vx
T (equation (51))
Dy (2)
1

Figure 2. The longitudinal position controller with feed-forward and derivative action based on the plant measurements.

as mentioned at the beginning of this section. The AW
compensator was tuned using Algorithm 1 in Section IV-B
considering a step reference value (wp) of 2m, which is a
typical reference value for small quadrotors. The knowledge
of all the matrices in equation (7) allows using Theorem 1
for the evaluation of the closed-loop properties in off-design
conditions; in particular, for different step amplitudes wy, the
mimimum achievable y (defined in equation (16)) with the
obtained compensator can be computed. Figure 3 shows ¥y
(scaled by T;) as a function of the step reference wy: the red
line (dashed) is computed by using Theorem 1 while the blue
line (solid) is obtained from time domain simulation data.
As it clearly emerges, the result obtained using Theorem 1,
which establishes stability and performance properties based
on a quadratic function analysis, is too conservative [17] and
it does not provide accurate results for large step references.
Nevertheless, for medium amplitude signals (up to 3m) good
results are predicted for the considered application. As can
be noted, the intrinsic conservativity of the proposed method
provides good robustness margins for off design operating
conditions.

Mismatch parameter

40 T
1
! - - - -Quadratic
30 1 Simulations 1
o '
g '
— 201 ! |
~ '
lel 1
10+ /) |
7
,I
0 = , ,
0 2 4 6 8

wo [m]
Figure 3. Scaled performance index as a function of the step amplitude.

The reference signal used to evaluate the effectiveness of
the proposed augmentation in the experiments is a doublet
with a period of 2.5s and amplitude £1m. Figure 4 compares
the results, in terms of set-point tracking, obtained with the
baseline and AW augumented controller. As can be observed,
the compensator significantly reduces the overshoot in the
response up to 20%, thereby improving the set-point tracking
performance. It is also interesting to observe that the pitch
angle limitation are respected in both cases (see Figure 5).
Windup effects are clearly visible in Figure 5 in which it is
shown that the baseline controller takes more time to change
the UAV attitude when the final counter step is commanded.

A video of the experiment is available at [18].
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Figure 4. Position: baseline vs augmented controller (experiment).
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Figure 5. Pitch angle: baseline vs augmented controller (experiment).

Finally, we compare the experimental results with those
of simulations, obtained using the model reported in equa-
tions (51) together with the identified pitch angle model.
By inspecting Figure 6, one can appreciate the closeness
between the predicted behavior and the one actually obtained
in experiments, confirming the plausibility of the proposed
modeling and control design. Of note, the non-null pitch angle
observed at hovering (see Figure 5) is required to counteract
an almost constant disturbance force d, acting on the platform
and induced by propellers misalignment. This issue magnifies
windup effects (saturation is activated before what would
happen in ideal conditions) and a disturbance force has been
included in the simulation model to replicate such a condition.
Finally, the mismatch between the amplitude of the overshoots
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obtained in simulation and in experiments can be associated
with the fact that no drag effects have been included in the
simulation model.
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Figure 6. Position: baseline vs augmented controller (simulation).
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Figure 7. Pitch angle: baseline vs augmented controller (simulation).

VII. CONCLUSIONS

The problem of designing fixed-dynamics anti-windup com-
pensators for saturated discrete-time linear systems has been
addressed. With respect to the majority of modern AW meth-
ods, a performance-oriented approach has been considered by
casting the AW design as a LMI-based optimization problem
in which the performance index to be minimized represents
the mismatch between the actual and the baseline closed-loop
response, with the reference signal generated by a stable filter
that approximates a signal of interest. The effectiveness of the
proposed method has been proven in experiments to counteract
windup effects in the position control of multirotor UAVs
when saturation is included in the baseline controller design
to limit the tilting of the UAV.

APPENDIX
Expressions of the matrices in system (5) and (8). For
completeness we report the explicit expression of the matrices
appearing in the constrained closed-loop system (5)

" Ap+BpubiDeyCpy ByubC.
Cuts o BeyACpy Ac £ BeyADpyuCe ( 52)
Ciu : Dp.:uAch,pr,) + Cp,z Dp,:uAuCc
o A,Dc,Cpy AC:

B, By —By.A, By + BpuBu (DeyDpy + Deyy)
Diithi.“ Pp— _B(‘.}'A}'Dp.yu Bc.w + B(.y + A)‘ (Dp.ych,w + D[).yw)
#% T 7D[).ZM Au Dp.zw + Dp.zuAu (DA‘,)‘D[),)‘W + Dr.w) ’

clug | Felus I—A, Ay (Derw +DeyDpyw)

(53)
where A, := (IfquDp’yu)_l, Ay = (Ipo7yuDL.,},)_1. The
matrices in the augmented closed-loop system (8) are defined
by

A, B., Buw A(;[ Bc/[‘ivcaw By 7; B yDay Bré,w
C TD TD | = aw aw
Cu“ D““q D““w Celz Dt v Cayw Drl.zq + Dei zvDaw Dz
ot wud i Ceu  DeawCaw | Detug+DetawDaw | Detuw
(54)
where
B, 0 Bpuly
—r 1, B.,A\D,,
[ Dt ] SR L (55)
u
Det 0 DP.:L:Au
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