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Abstract—This paper presents a novel, simpler and more accu-
rate synthesis method for inline extracted-pole low-pass prototype
filters. At the present time this topology is only synthesized by
using section extraction or optimization methods, known to suffer
from accuracy problems, especially for high order filters. The
method described in this paper relies on the robustness and
accuracy of the coupling-matrix synthesis methods by using it
as a first step. The second step is instead a transformation to
obtain the desired inline extracted-pole topology. Three synthesis
examples are presented to validate the novel synthesis procedure.

Index Terms—Elliptic filters, extracted-pole synthesis, topology
transformation.

I. INTRODUCTION

W ITH the advent of different 5G solutions and the mas-
sive deployment of IoT, the need for highly selective

filters also arises. With size as a constraint in many applica-
tions, the introduction of several finite transmission zeros (TZ)
is necessary. This conversely often leads to intricate topologies
and therefore more complicated implementation and tuning.
One possible solution to overcome this issue is the inline
extracted-pole topology, which is a simple topology that allows
implementing even fully canonical filters [1-3]. The current
synthesis methods for this topology are based on section
extraction [4-5], which are known to suffer from accuracy
issues. This is because the very nature of the method: round-off
errors are accumulated in polynomials that are computed after
each extraction. This is a product of the finite representation of
polynomials, usually with a 64-bit double-precision standard.
According to [5], the section extraction procedure for this
topology works fine until the order of the polynomials (64-
bit precision) is about 15. In [6] an optimization-based method
tried to overcome this, however, the computation times and the
uncertainty of the results increased jointly to the filter order. In
[7-9] different synthesis methods for mixed topologies are pre-
sented. However, the extracted-pole blocks are still obtained
with section extractions, furthermore they are constrained to
be grouped and placed at ports and not arbitrarily like Fig. 1.

On the other hand, it is well-known the robustness in terms
of accuracy of the coupling matrix (CM) synthesis methods for
cross-coupled topologies, like the one described in [10]. The
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novel synthesis method described here, takes advantage of this
by using the CM synthesis as a first step, and then performing a
transformation from cross-coupled to extracted-pole topology.
This transformation is fully analytically and uses the triplets
extraction procedure described in [11] together with a delta-
to-star (D2S) transformation [12-14], allowing the dangling
block producing the TZ to be arbitrarily placed in the circuit.

II. SYNTHESIS METHODOLOGY

Consider an n-order inline extracted-pole low-pass
prototype filter with transmission zeros TZs placed at
[∞1, ..., f

(1)
A , ...,∞B , ..., f

(2)
C , ...,∞D, ..., f

(i)
x ..., f

(k)
E , ...,∞n]

rad/s. The capital subscripts denote the sorting for the n
TZs (finite and infinite) in the inline extracted-pole circuit,
proceeding from the source port S toward the load port L.
Superscripts of finite TZs instead number and sort only the k
finite TZs, each at frequency f

(i)
x as shown in Fig. 1. When

k = n the filter is fully canonical (without TZs at ∞), and
the subscripts and superscripts coincide (x = i).
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Fig. 1. Inline extracted-pole topology. Black circles: unit capacitance in
parallel to frequency-independent (F-I) susceptances (resonating nodes: RN).
Circles with (x) are F-I susceptances (non-RN: NRN), and with (+) are unit
conductance (source: S, load: L). Lines are admittance inverters (couplings).

With this notation, the procedure starts with the synthesis of
a canonical cross-coupled configuration (the transversal pro-
totype [10] can be used, although every other configurations
are allowed). The synthesis result is represented by the n+ 2
coupling matrix M (S, 1, 2, ..., n, L) and capacitance matrix
of the same dimension C = diag (0, 1, 1, ..., 1, 0). Then, the
synthesized prototype is transformed into the Wheel form [15]
by means of the algorithm detailed in [11], obtaining the
configuration shown in Fig. 2a. Note that matrix C is not
altered by the conversion into the Wheel form.

If the finite TZ fkn is required to be located in the last
RN n of the circuit, close to L (e.g. fully canonical filter),
a preliminary step is necessary before applying the wheel
algorithm: a fake RN is added before L to the initially
synthesized prototype, whose order becomes n + 1 (more
details on Sec. II A). The resulting wheel form for these cases
is depicted in Fig. 2b.

Once the Wheel form has been generated, matrices Mwheel

and C are ready to be converted to the extracted-pole topology
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Fig. 2. (a) Wheel topology (m = n− k). (b) Wheel topology if the artifice
of Sec II A is applied before. Black circles are RN. White circles are S, L.
L′ = 1/(1-jw): check Fig. 4a. Black lines represent admittance inverters.

by using the algorithm depicted in Fig 3a. It is based on the
triplet extraction method of [11].

The algorithm tries to extract the i-th finite TZ f
(i)
x in the

x-th RN of the filter; to this purpose, n-x matrix rotations
are required plus one D2S transformation as sketched in Fig.
3b. The first rotation with pivot [n, n-1] and angle θi,0 creates
the coupling between RNs n and n-2 ensuring that the triplet
[n, n-1, n-2] contains f (i)x . The second rotation (θi,1) remove
the previously created coupling, and create a new one between
RNs n-1 and n-3, now the triplet [n-1, n-2, n-3] contains
f
(i)
x . In the same way, subsequent rotations push f (i)x (triplet)

towards the RN x. Note that the rotation with angle θi,n-m-1
(m = n-k-i+1) also removes the coupling between the RN
m and L. Note also that after the last rotation with angle
θi,n-x-1, the triplet [x+1, x, t] contains f ix; node t can be the
RN x-1, S or the NRN of an extracted-pole block created in
a previous extraction. This configuration, shown in Figs. 3b-c
is then converted into extracted-pole by the D2S conversion
detailed in (1).

B′1 = B1-
M12M13

M23
, B′2 = B2-

M12M23

M13
, B′3 = B3-

M13M23

M12
,

M1 =M12+M13+
M12M13

M23
, M2 =M12+M23+

M12M23

M13
,

M3 =M13+M23+
M13M23

M12
, b1 = -M1-M2-M3.

(1)

This procedure has to be done for each of the k finite
TZs. Note that, even if a NRN is added after each D2S
transformation, these nodes are never used as pivot of matrix
rotations. Consequently, the matrix C can be discarded during
the described procedure and properly re-defined at the end by
assigning 1 to the RNs and 0 to NRNs. After the extraction
of the last finite TZ we got the inline extracted-pole topology.

A. Artifice for cases when the TZ in position n is finite: fkn
The described procedure works properly in all cases that do

not exhibit a finite TZ extracted in last position (before L). For
this reason, when a finite TZ must be extracted in last position
(e.g. fully canonical filter), an additional step is required
before the generation of the Wheel form. The trick consists in
adding a fake RN (i.e. a unit capacitance) at the output of the
initially synthesized canonical prototype. In order to preserve

Input: M = Mwheel, C, [f(1)

A
, f

(2)

C
, ..., f(i)

x , ..., f
(k)

E
]

1: for i = 1 to k do
2: for j = 0 to n− x− 1 do
3: if j = 0 then
4: θi,0 = arctan

(
Mn−1,n/

(
f(i)
x +Mn,n

))
5: else
6: θi,j = arctan (Mn−j−1,n−j+1/Mn−j,n−j+1)
7: end if
8: pivotj = [n− j − 1, n− j]
9: M = Rpivotj,θi,j M R−1

pivotj,θi,j

10: end for
11: [M, C] = Delta2Star (M,C, x)
12: end for
13: return Mext−pol = M, Cext−pol = C
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Fig. 3. (a). Algorithm for transformation of a n-order filter with k finite TZ
from Wheel form to inline extracted-pole topology. ( b) Graphic representation
for the extraction of the i-th finite TZ f (i)x in the x-th RN of the circuit. Black
circles are RNs. White circles with (x) are NRNs, with (+) are S or L. Silver
crossed circles may be RNs, NRNs or S. Black lines represent couplings. Blue
dashed lines are the couplings created after the corresponding rotation with
pivotj = [n-j-1, n-j] and θi,j . Each of these blue inverters is annihilated in
the subsequent rotation. Rotation with [m,m+1] and θi,n-m-1 (m = n-k-i+1)
also annihilate the inverter between nodes m and L (big blue X). After the
last rotation with [x, x+1] and θi,n-x-1, a delta-to-star (D2S) conversion is
done to extract f (i)x . (c) D2S Transformation, relationships are detailed in (1).
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Fig. 4. Artifice when a finite TZ is extracted in last position. (a) A fake
RN is added at output of the canonical prototype, close to L (position
n+1). In order not to affect the response, a frequency-dependent load L′ is
introduced, coupled to the fake RN through a unitary inverter. Blocks inside
the dashed rectangles are equivalents. The Wheel form is generated starting
with the modified prototype inside dotted rectangle. (b) Back conversion after
having applied the algorithms. C,G are unitary capacitance and conductance
respectively. B is a susceptance. w is the normalized frequency.

the response, L is modified as well, becoming frequency-
dependent (L′ in Fig. 4a). Note that the combination fake RN-
unit inverter-L′ is equivalent to the original L, so the prototype
response is not affected by the fake node introduction.
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We can now transform the prototype with the added fake RN
into the Wheel form (Fig. 2b) and then apply the procedure
for generating the extracted pole topology. In the resulting
extracted-pole circuit, the fake RN (now, including a frequency
independent susceptance B) is coupled to L′ by means of
a unitary inverter. As observed before, this blocks can be
replaced with the original frequency independent and unitary
L (in parallel with B) as shown in Fig. 4b, and the final form
of the extracted-pole topology is finally obtained (Fig. 1).

B. Dealing with susceptances at Source or Load

As a result of the previous procedures, there could be a
frequency-independent susceptance B0 in parallel with the
conductance at S or L as shown in Fig. 5 left. This happens
when there is a finite TZ in the RN 1 (close to S) or n (close
to L). Relationships of Fig. 5 can be applied to get rid of B0

and leave only the conductance (Fig. 5 right). Note that these
formulas basically apply a phase shift of φ = arctan(B0/G)
in S21, this is usually not relevant.
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Fig. 5. Removing susceptance B0 from S/L. G is unitary conductance.

III. NUMERICAL VALIDATION

The first example is the synthesis of a filter with 20 dB of
return loss (RL) and TZs at [∞, -1.889, 1.1512, 1.702] rad/s.
The result of all the TZs extractions are illustrated in Fig. 6.
Intermediate steps are also sketched for the first two.

In the second example, we show the synthesis of a dual-band
filter with: passbands ([-1, -0.7249], [0.8433, 1]); order (2+4);
RL: 20 dB; TZs: [1.0125, 1.0286, 1.1142,∞,∞,∞]. The ideal
(polynomial) response of this filter exhibits a very sharp
transition at the end of the second passband. Consequently,
even small errors (like those produced by round-off), may
impact on the synthesis results. In fact, the synthesis performed
with a in-house developed software based on the traditional
method [4], fails for this particular filter. Using instead the
novel method, the result of the synthesis is shown in Fig. 7.

In the last example, we show the feasibility of the novel
method for successfully synthesizing high-order filters that
cannot be obtained with traditional methods. A stopband filter
of order 15 with 15 TZs (fully canonical as shown in Fig. 8a)
and 14 reflection zeros is considered. With the method in [4],
the synthesized extracted-pole circuit produces the response in
Fig. 8b. As it is evident, the round-off errors have destroyed the
ideal response. Using instead the novel procedure, the obtained
response, shown in Fig. 8c, is coincident with the ideal one
(equi-ripple in both stopband and passbands).
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Fig. 6. (a) Wheel form (fake RN added). Extractions of f (1)2 , f (2)3 , f (3)4 are
shown from (a)-(c), (c)-(e) and (e)-(f) respectively. From (f)-(g): the block
fake RN-unit inverter-L′ was replaced with L (Fig. 4b), then susceptance B0

at L was removed (Fig. 5). (g) Extracted-pole topology. (h): Response of (g).
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Fig. 7. Dual-band filter synthesized with the new procedure (a), response (b).
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Fig. 8. (a) Fully canonical stop-band filter circuit (novel method). Scattering
parameters computed by using (b) classical, (c) novel synthesis method.

IV. CONCLUSIONS

This paper describes a novel, simpler and more accurate
synthesis method for inline extracted-pole low-pass prototype
filters. The method relies on the robustness in terms of
accuracy of the coupling-matrix synthesis methods for cross-
coupling topologies by using it as a first step. It then performs
a transformation to obtain the desired inline extracted-pole
topology. The method is fully analytical and allows the pre-
scribed location of the TZs in the circuit. Three examples were
reported. The first shows an outline of the synthesis method.
The second is a six order dual-band filter, whose synthesis
fails when using traditional methods. The last example is a
stopband fully canonical filter of order 15, with 14 reflection
zeros. In this last case, the synthesized circuit with classical
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methods exhibits a response strongly degraded by round-off
errors while the novel method produces a filter whose response
coincides with the ideal polynomial response.
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