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Abstract
To respond to the compelling air pollution programs, shipping

companies are nowadays setting-up on their fleets modern multi-sensor
systems that stream massive amounts of observational data, which can
be considered as varying over a continuous domain. Motivated by this
context, a novel procedure is proposed that extends classical multi-
variate techniques to the monitoring of multivariate functional data
and a scalar quality characteristic related to them. The procedure
is effectively applied to a real-case study on monitoring of operating
conditions (i.e., the multivariate functional data) and total CO2 emis-
sions (i.e., the scalar quality characteristic) at each voyage of a cruise
ship.

Key Words: Functional Data Analysis; Multivariate Functional Principal
Component Analysis; Profile Monitoring; Statistical Process Monitoring.

1 Introduction
In many statistical process control (SPC) applications, the quality charac-
teristic to be monitored is influenced by one or more explanatory variables
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(referred to also as covariates). The problem classically addressed by Mandel
(1969), where a scalar quality characteristic is affected by a single scalar vari-
able, is nowadays exacerbated by the capacity of storing massive amounts of
data from multiple sources. This increases the complexity and the dimen-
sion of the information and naturally calls for an extension of the classical
statistical methods toward new mathematical settings. In this perspective,
in SPC of batch processes, Nomikos and MacGregor (1995a,b) and Kourti
and MacGregor (1996) have introduced methods that address the problem of
dimensionality reduction in order to monitor one or more quality character-
istics on the basis of several covariates observed over a discrete time domain.
In those works, the dimensionality reduction is mainly achieved by projec-
tion methods of a multivariate domain, such as principal component analysis
(PCA), and indeed allows to jointly monitor also the covariates themselves.
These multivariate methods have the potential to cope also with applications
where the quality characteristic is described by a function (usually referred
to as profile (Woodall et al., 2004)) and gave raise, in more recent years, to
the new field in SPC known as profile monitoring (Noorossana et al., 2012;
Colosimo and Pacella, 2007, 2010). Stimulated by many technological con-
texts with the increasing need of handling data that can be considered as
varying over a continuous domain (Happ and Greven, 2016; Chen and Jiang,
2017), this new standpoint naturally unleashes cross-fertilization of SPC with
functional data analysis (FDA) (Ramsay and Silverman, 2005; Wang et al.,
2016). The possibility of using derivative information in FDA gives many
advantages in dealing with complex objects, mainly due to its nonparamet-
ric nature. Nevertheless, it allows retrieving and extending techniques from
the multivariate settings, e.g., regression models, PCA.

FDA techniques can be exploited to fill the gap in the SPC literature on
methods for the joint monitoring of multivariate functional data observed
over multi-dimensional domains (Happ and Greven, 2016) and quality char-
acteristics related to them. In this work, the quality characteristic is sup-
posed to be a scalar and the covariates to be real-valued functions with
one-dimensional domain.

In what follows, the regression control chart is extended to the functional
case by considering the scalar-on-function regression (Reiss et al., 2017), i.e.,
a functional linear model with scalar response and functional covariates.
In particular, we develop the idea introduced by Chiou et al. (2016), who
performs a multivariate functional principal component analysis (MFPCA)
(Chen and Jiang, 2017) on the functional covariates and uses the retained
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principal components to model the relationship with the scalar response.
In addition, we discuss the optimal choice of the functional principal compo-
nents to retain into the model with the aim of considering also the variability
in the covariates that is useful for the prediction of the scalar response, which
is an issue raised also in the multivariate context (Jolliffe, 2002) and usually
overlooked in the classical PCA. Moreover, MFPCA allows the extension of
profile monitoring techniques based on the Hotelling T 2 and squared predic-
tion error (SPE) control charts to the joint monitoring of the multivariate
functional covariates. The mathematical and technological interpretation of
these control charts can indeed benefit from the optimal choice of the func-
tional principal components. As in the multivariate case, contribution plots
shall be defined accordingly to help diagnosing which variables, among the
functional covariates, are responsible for an out of control detected by the
T 2 or SPE statistics.

The proposed monitoring strategy can be recapped in the following three
main steps:

(i) Phase I: estimating a scalar-on-function regression model based on an
in-control (IC) reference data that is supposed to contain all the struc-
tural information about how the variable measurements deviate from
their average trajectories under normal operation (also referred to as
training or Phase I sample);

(ii) Phase II: monitoring of new observations of the functional covariates,
by means of functional T 2 and SPE control charts, and of the scalar
response, via regression control chart, i.e., testing whether the new
observation behaviour is consistent with that of the Phase I sample or
signal an out-of-control (OC) condition;

(iii) diagnosing faults when an OC condition is detected i.e., highlighting
the most influencing variable(s) by means of contribution plots to T 2

or SPE statistics.

According with the SPC literature (Woodall et al., 2004; Montgomery, 2007),
Step (i) will be hereinafter referred to as Phase I and step (ii) as Phase
II. Furthermore, a discussion is provided on the natural extension of the
proposed method to real-time monitoring in those cases where observations
of the functional covariates are registered and made available also up to
intermediate time domain points.
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The proposed monitoring strategy is motivated and illustrated by means
of a real-case study from the maritime field in monitoring CO2 emissions from
a roll-on/roll-off passenger (Ro-Pax) cruise ship navigation data, courtesy of
the owner Grimaldi Group.

The paper is organized as follows: Section 2 describes the motivating ex-
ample related to the problem of CO2 emission in the maritime field; Section 3
sets up the notation and recall the main aspects of the scalar-on-function re-
gression methodology, introduces the proposed functional control charts and
the regression control chart; Section 4 presents the real-case study; Section 5
provides a discussion for a possible use of the proposed strategy in real-time
monitoring; Section 6 draws conclusions.

2 A Motivating Example
In the last years, the problem of monitoring CO2 emissions in the maritime
transportation field has become of paramount importance in view of the
climate change and global warming issues. The Marine Environment Protec-
tion Committee of the International Maritime Organization has given raise at
each continent level to extensive air pollution programs (European Commis-
sion, 2015; IMO, 2012a,b,c, 2014; Smith et al., 2015) that require monitoring
and verification of CO2 emissions.

To respond to this compelling worldwide regulatory regime, shipping
companies are nowadays setting-up modern multi-sensor systems on their
fleets that allow massive amounts of observational data to be automatically
streamed and stored to a remote server, bypassing human intervention. How-
ever, monitoring of the measured emissions still represents an open challenge
for both shipping operators and energy policy makers. Several additional
factors can in fact affect vessel performance, e.g., ship type, draught, speed,
acceleration, encounter angle, wind regime, sea state (see e.g., Bialystocki
and Konovessis (2016)), which are, in general, also function of time.

The maritime field constitutes a new challenging area for FDA and re-
lated methods. The problems addressed are, on one side, to build models
that allow prediction of ship CO2 emissions based on observational data that
describe the ship operating conditions, and, on the other, to monitor oper-
ating conditions for detecting anomalies and diagnosing faults.

Naval engineering literature is mainly devoted to physical deterministic
relationships under standard conditions and dedicated speed-trial test data
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and have strong limitations when applied to real data, which are typically
more complex, larger in size, and collected from various sources. Few at-
tempts to circumvent these issues can, however, be found in the following
works. Perera and Mo (2016) drew empirical relationships between ship re-
sistance and speed through data visualization methods. Petersen et al. (2012)
investigated artificial neural networks and Gaussian Process approaches for
statistical modeling of fuel efficiency. Lu et al. (2015) developed a semi-
empirical ship operational performance predictive model to estimate the
ship’s added resistance considering specific variables. Bocchetti et al. (2015)
proposed a statistical approach founded on multiple linear regression which
allows for both pointwise and interval predictions of the fuel consumption at
given operating conditions.

Statistical approaches have bend modern multivariate analytics to the
naval context only in the very last years (see e.g., Lepore et al. (2017) for
a thorough comparison). However, most of these approaches involve only
summary statistics of the complete sensor signal over each voyage and do
not exploit the potential to monitor the entire voyage profile. Sensor signal
data acquired on board of modern ships have in fact the potential to be used
to build functional variables on a given route over different voyages and to
timely support managerial decision-making.

3 Methodology
The scalar-on-function regression model is illustrated in Section 3.1, while
the Phase I model estimation is described in Section 3.2. The Phase II
monitoring procedure and fault diagnosis are introduced in Section 3.3 and
3.4, respectively.

3.1 Scalar-on-Function Regression Model
We consider the Hilbert space H of P -dimensional vectors whose components
are functions in the space L2(T ), with compact domain T ⊂ R. Functions
f, g ∈ H can be written as f = (f1, . . . , fP ) and g = (g1, . . . , gP ), where
fp, gp ∈ L2(T ). In this setting, we can define the inner product of H as
〈f, g〉H = ∑P

p=1〈fp, gp〉, where 〈fp, gp〉 =
∫
T fp(t)gp(t)dt is the inner product

of L2(T ), and the induced norm of H as ‖f‖H = 〈f, f〉H.
Let us denote with X̃ = (X̃1, . . . , X̃P ) a random element that takes values
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in H, i.e., X̃1, . . . , X̃P are random elements that take values in L2(T ), which
are hereinafter referred to as functional covariates. Moreover, let X̃ have
mean function µX = (µX1 , . . . , µXP ), with µXp (t) = E(X̃p(t)) for every t ∈ T ,
variance function vX =

(
vX1 , . . . , v

X
P

)
, where vXp (t) = Var(X̃p(t)), and corre-

lation functionC = {Cp1p2}p1,p2=1,...,P , with Cp1p2 (t1, t2) = Corr
(
X̃p1 (t1) , X̃p2 (t2)

)
=

Cov(X̃p1(t1), X̃p2(t2))vp1(t1)−1/2vp2(t2)−1/2. To deal with infinite dimension-
ality of the data, X̃ is decomposed through multivariate functional princi-
pal component analysis (MFPCA). However, as is known, this method is
not scale-invariant, thus X̃ are suitably scaled through the normalization
approach proposed by Chiou et al. (2014a). The normalized functional co-
variates are denoted by X = (X1, . . . , XP ), and Xp(t), p = 1, . . . , P , are
obtained as vp(t)−1/2(X̃p(t) − µXp (t)). Trivially note that X has zero mean
and covariance function that coincides with C.

Denote by y the scalar response variable, let {(X̃i, yi)}i=1,...,n be a random
sample from (X̃, y), with X̃i = (X̃i1, . . . , X̃iP ). The conditional distribution
of yi given the corresponding observation of the normalized functional covari-
ates Xi is modelled by means of the following scalar-on-function regression

yi = β0 + 〈Xi,β〉H + εi = β0 +
P∑
p=1

∫
T
Xip(t)βp(t)dt+ εi, i = 1, . . . , n, (1)

where β0 ∈ R, β = (β1, . . . , βP ) ∈ H are the coefficient to be estimated,
and ε1, . . . , εn are the error terms, which are assumed to be independent
identically distributed normal random variables with mean zero and vari-
ance σ2. Moreover, they are assumed to be uncorrelated with the functional
covariates, i.e. E(εiXp(t)) = 0 for each i = 1 . . . , n, p = 1, . . . , P , and t ∈ T .

3.2 Phase I Model Estimation
Instead of using a random sample {(Xi, yi)}i=1,...,n, SPC literature is more
concerned to use in Phase I a reference data set that can be assumed rep-
resentative of the normal behavior of the functional covariates and of the
relation of the latter with the scalar response. Then, the coefficients β0 and
β = (β1, . . . , βP ) in Eq.(1) can be estimated by solving the following least-
squares problem

min
β0∈R,β∈H

n∑
i=1

(yi − β0 − 〈Xi,β〉H)2 . (2)
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As is known, this problem is not well-posed since the solution has to be found
among all the possible elements of the infinite-dimensional Hilbert space H on
the basis of a finite sample. However, as in Chiou et al. (2016), the problem
can be approached by considering the Karhunen-Loève expansion of X

X (t) =
∞∑
m=1

ξmψm (t) , (3)

where the multivariate functional principal components {ψm = (ψm1, . . . , ψmP )}m∈N,
with ψm ∈ H, form an orthonormal basis of H, i.e.

〈ψm1 ,ψm2〉H =
P∑
p=1
〈ψm1p, ψm2p〉 =

1 if m1 = m2

0 if m1 6= m2
. (4)

The latter represent the eigenfunctions of the integral operator Γ with the
correlation function C as kernel (i.e., the solutions of Γψm = λmψm), with
eigenvalues λ1 ≥ λ2 ≥ · · · ≥ 0. In Eq.(3), the multivariate functional prin-
cipal component scores, or scores, ξm = 〈X,ψm〉H = ∑P

p=1〈Xp, ψmp〉 are
random coefficients with E(ξm) = 0, E(ξ2

m) = λm and E(ξm1ξm2) = 0 when
m1 6= m2.

The coefficient β in the model in Eq.(1) can be expressed by using the
same eigenbasis of H

β(t) =
∞∑
m=1

bmψm(t). (5)

In this way, by substituting Eq.(3) and (5) into Eq.(1) we get

yi = β0 +
∞∑
m=1
〈ξimψm, bmψm〉H + εi = β0 +

∞∑
m=1

ξimbm+ εi, i = 1, . . . , n, (6)

where ξim = 〈Xi,ψm〉H are the scores of the i-th observation Xi. Since the
scores are orthogonal, the coefficients bm can be estimated separately because
they only depend on the corresponding ξm. However, we would not be able to
estimate infinite parameters and get β̂ that minimizes Eq.(2) because of the
finite number of available data. Therefore, we consider an M -dimensional
approximation of X(t) in Eq.(3)

XM (t) =
∑
m∈M

ξmψm (t) , (7)
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where M = {m1, . . . ,mM} ⊂ N is a set of M distinct natural numbers,
indicating which principal components to retain in the scalar-on-function
regression model.

The choice ofM is usually carried out by maximizing the proportion of
the total variability explained by the principal components. According to
this criterion, the optimal choice is to retain the first M components, i.e.,
M = {1, . . . ,M} (Chiou et al., 2014b). However, this is not the only possible
choice. The variable selection problem for principal component regression is
well known in the multivariate setting and discussed in Jolliffe (2002). In
fact, if one is interested in prediction of the scalar response, there are some
components that may have small predictive ability, for which ideally the
coefficient bm is zero. Therefore, retaining those components in the model
would not be beneficial for the estimation of bm. On the other hand, we are
still interested in retaining components with large variances, for which the
corresponding estimates of bm are more stable, and discarding components
with low variance.

A parsimonious choice may be discarding all components whose variance
is less than a threshold and result not significant for the regression on the
scalar response. For this purpose, an error statistic, e.g., the prediction sum
of squares (PRESS) statistic (Montgomery et al., 2012), calculated by cross-
validation, can be considered. In this paper, the PRESS statistic is obtained
via leave-one-out cross-validation as

PRESS =
n∑
i=1

(yi − ŷ[i])2, (8)

where ŷ[i] is the prediction of yi based on the scalar-on-function regression
model with the i-th observation removed from the reference data set. The
idea is then to select only those components that achieve a PRESS reduc-
tion larger than a threshold. The practical illustration of this procedure for
selectingM can be found in the real-case study addressed in Section 4. By
considering the approximation in Eq.(7) and taking into account Eq.(6), we
can write the model in Eq.(1) as

yi = β0 +
∑
m∈M

ξimbm + εMi , i = 1, . . . , n, (9)

where εMi = ∑
m∈N\M ξimbm + εi is as close to εi as ξim has low variance or

bm is close to zero.
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To get the final least squares estimate of β0 and β in Eq.(5) based on
a set of n observations (X̃i, yi), we first estimate the mean function as
µ̂X(t) = ∑n

i=1 X̃i(t)/n and the variance function as v̂X(t) = ∑n
i=1(X̃i(t) −

µ̂X(t))2/(n−1), then standardize X̃i and obtainXi = (Xi1, . . . , XiP ), where
Xip(t) = v̂p(t)−1/2(X̃ip(t)− µ̂Xp (t)).

The estimates of eigenvalues λ̂m and eigenfunctions ψ̂m of the covariance
operator Γ can be obtained by applying MFPCA on the observed data, for
example by using the principal analysis by conditional expectation algorithm
(Happ and Greven, 2016), or, alternatively, through the spectral decomposi-
tion of the discrete version of the estimate of the correlation function (Chiou
et al., 2016). In any case, the principal component scores can be eventually
estimated as ξ̂im = 〈Xi, ψ̂m〉H. Note that, on the basis of a finite sample of
size n, the maximum number of multivariate functional principal components
that can be estimated is n− 1, i.e., λ̂m = 0 for m ≥ n.

Based onM, the intercept can be estimated as β̂0 = ∑n
i=1 yi/n (since the

scores have null means) and the coefficients bm can be estimated separately
as

b̂m =
∑n
i=1 yiξ̂im∑n
i=1 ξ̂

2
im

. (10)

Accordigly, the estimate of β can be obtained as

β̂(t) =
∑
m∈M

b̂mψ̂m(t), (11)

and the prediction of yi results to be

ŷi = β̂0 +
∑
m∈M

ξ̂imb̂m, (12)

Finally, we can also get an estimate of the variance σ2 of the error in the
model in Eq.(1)

σ̂2 =
∑n
i=1 e

2
i

n−M − 1 , (13)

where
ei = yi − ŷi (14)

are the residuals.
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3.3 Phase II Monitoring of Multivariate Functional
Covariates and Scalar Response

The information that allows Phase II monitoring is assumed to be incorpo-
rated in the multivariate functional principal components estimated on the
IC reference data (Phase I). Suppose that, on the basis of the Phase I sample
{(Xi, yi)}i=1,...,n, the scalar-on-function regression model has been estimated
together with all the parameters described in Section 3.2. Moreover, suppose
that a new observation (Xnew, ynew) is available from (X, y), where ynew is
the new observation of the response variable and Xnew = (Xnew

1 , . . . , Xnew
P )

is the corresponding new standardized observation of X̃. The new scores
{ξ̂newm }m∈M can be calculated as

ξ̂newm = 〈Xnew, ψ̂m〉H, m ∈M. (15)

Note that the inner product in Eq. (15) assumes Xnew to be completely
observed over the domain T in order to calculate the statistics used for
monitoring the operating conditions defined as in Eq. (16), (18), and (19).
The first two, namely the Hotelling T 2 and SPE statistics, define two func-
tional control charts for monitoring the multivariate functional covariates.
The third statistic allows monitoring the scalar error term pertaining to the
response variable and will be hereinafter referred to as response prediction
error.

Hotelling T 2 control chart The Hotelling T 2 statistic monitors the com-
ponents retained to estimate the scalar-on-function regression model

T 2 =
∑
m∈M

(ξ̂newm )2

λ̂m
. (16)

That is the part of variability in the functional covariates which is informative
for the prediction of the scalar response. The distribution of the T 2 statistic
depends on the distribution of the scores inM, which in general is not known.
An upper control limit can be set as the empirical (1− αT 2) quantile of the
T 2 statistic values obtained for the Phase I sample.

Squared prediction error control chart The SPE statistic looks at
the norm of the residual function obtained by approximating Xnew with
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Xnew
M = (Xnew

M1 , . . . , X
new
MP )

Xnew
M (t) =

∑
m∈M

ξ̂newm ψ̂m (t) . (17)

That is the part of variability in the functional covariates not considered in
the T 2 statistic, i.e., related to those components that have little relevance in
the prediction of the scalar response. By noting that Xnew(t) −Xnew

M (t) =∑
m∈{1,...,n−1}\M ξ̂newm ψ̂m(t), we can write

SPE = ‖Xnew −Xnew
M ‖2

H =

=
〈 ∑
m1∈{1,...,n−1}\M

ξ̂newm1 ψ̂m1 ,
∑

m2∈{1,...,n−1}\M
ξ̂newm2 ψ̂m2

〉
H

=

=
∑

m1∈{1,...,n−1}\M

∑
m2∈{1,...,n−1}\M

ξ̂newm1 ξ̂
new
m2 〈ψ̂m1 , ψ̂m2〉H =

=
∑

m∈{1,...,n−1}\M
(ξ̂newm )2. (18)

As for the Hotelling T 2 statistic, an upper control limit can be set as the
empirical (1 − αSPE) quantile of the SPE statistic values obtained for the
Phase I sample.
Note that if the principal components retained in the model are chosen (as
suggested in Section 3.2) as those having the most influence on the response,
the T 2 control chart can be technologically interpreted as controlling the
variability of the covariates that impacts on the response. The SPE control
chart monitors the remaining (outside the model) variability of the functional
covariates that does not affect the scalar response. This perspective shows
a more straightforward interpretation of the OCs issued by the two control
charts.

Response prediction error control chart Beside monitoring of func-
tional covariates, the scalar response can also be monitored itself through
the response prediction error given by

ynew − ŷnew = ynew − β̂0 −
∑
m∈M

ξ̂newm b̂m. (19)

Since the experimental errors are assumed to have independent identical
normal distribution, the lower −Lαy and upper Lαy control limits for the
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response prediction error can be obtained by setting

Lαy = tn−M−1,1−αy/2

σ̂2

1 + 1
n− 1

∑
m∈M

(ξ̂newm )2

λ̂m

1/2

=

= tn−M−1,1−αy/2

[
σ̂2
(

1 + T 2

n− 1

)]1/2

(20)

where tn−M−1,1−αy/2 is the (1 − αy/2) quantile of the Student distribution
with n−M −1 degrees of freedom. Note that the limits depend on the value
of the T 2 statistic. A higher value in T 2 determines wider prediction error
limits. If the distribution of the experimental errors is not normal and more
generally does not belong to a scale and location family, the limits cannot be
standardized to be equal. Nevertheless, they can be estimated nonparamet-
rically only asymptotically, because when the sample size grows they tend
to be of constant amplitude whatever the new observation of functional co-
variates. This control chart can be regarded as the natural extension of the
regression control chart known in the SPC literature firstly introduced by
Mandel (1969) to the case of multivariate functional covariates by means of
the scalar-on-function regression model of Eq.(1).

Since the simultaneous use of three control charts boils down in testing
three hypotheses for each observation, the control limits have to be selected
to control the (type-I) family-wise error rate (FWER) for a significance level
α. In what follows, we denote by αT 2 , αSPE, and αy the significance levels
to be separately used in the T 2, SPE, and response prediction error control
charts, respectively. In all those case when these three control charts can be
assumed as independent the Šidák correction (Šidák, 1967) gives an exact
FWER of α by choosing αT 2 , αSPE, and αy such that

(1− αT 2)(1− αSPE)(1− αy) = 1− α. (21)

and is conservative if they are positively dependent. However, as is known
the Šidák correction cannot be used if tests are suspected to be negatively
dependent. In this latter case, the alternative is the classical Bonferroni
correction that can be utilized to guarantee that the type-I FWER is not
larger than α, by choosing αT 2 , αSPE, and αy such that

αT 2 + αSPE + αy = α. (22)
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However, as is known, this correction is more conservative than the previous
one, and results in a lower power. Whatever multiple correction one wants
to use, a possible choice is to assign the same correction to the three control
charts, then

αT 2 = αSPE = αy = 1/3. (23)

A suitable alternative is to split equally the FWER into the control level of
the functional covariate control charts (T 2 and SPE) and the scalar response
prediction error control chart

αT 2 = αSPE = α/4, αy = α/2. (24)

3.4 Fault Diagnosis via Contribution Plots
The behavior of a new observation is assessed by comparing the T 2, SPE
and response prediction error statistics with respect to the control limits built
in Phase I. If at least one statistic is out of the control limits, then an OC
alarm is issued. Unusual behaviors can be explored by analyzing the single
contribution of each variable to trigger the OC as follows.

As proposed in Kourti and MacGregor (1996), the overall contribution
of each functional variable to the Hotelling statistic T 2 can be defined by
observing that

T 2 =
∑
m∈M

ξ̂newm

λ̂m
ξ̂newm =

∑
m∈M

ξ̂newm

λ̂m
〈Xnew, ψ̂m〉H =

P∑
p=1

∑
m∈M

ξ̂newm

λ̂m
〈Xnew

p , ψ̂mp〉.

(25)
Then, we can write

CONT T
2

p =
∑
m∈M

ξ̂newm

λ̂m
〈Xnew

p , ψ̂mp〉, p = 1, . . . , P. (26)

The contribution of each functional variable to the SPE statistic, rewritten
as

SPE =
P∑
p=1
‖Xnew

p −Xnew
Mp ‖2, (27)

can be analogously defined as

CONT SPEp = ‖Xnew
p −Xnew

Mp ‖2, p = 1, . . . , P. (28)
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Note that, even if both T 2 and SPE statistics are non negative, CONT T 2
p

can be negative for some variable. In general, the contributions have not
the same distribution for all the variables. A proper upper limit for each
variable contribution to T 2 and SPE statistics has to be set to support the
identification of anomalous variables. A plausible choice of the upper limit is
to estimate it from its empirical distribution based on the reference data set.
A multiple test correction should then be used to control the type-I FWER.
By using the Bonferroni correction, which is the simplest choice, the upper
control limits can be set as the (1−αT 2/P ) and the (1−αSPE/P ) quantiles
of the empirical distribution for each contribution.

On the other hand, the response prediction error does not benefit from a
decomposition into interpretable contributions. Then, when an OC is issued
by the response prediction error control chart, possible causes have to be
investigated outside the set of variables included in the model as functional
covariates.

4 A Real-Case Study
Data collected from a Ro-Pax cruise ship owned by the Italian shipping
company Grimaldi Group are used to illustrate the proposed method. Func-
tional data from the multi-sensor system installed on board are used for
constructing the trajectories of the different ship operating conditions (i.e.,
the functional covariates) to be monitored and for predicting and monitoring
CO2 emissions, (i.e., the response variable). In view of the recent regulations
discussed in Section 2, monitoring of CO2 emissions is of great interest in
this sector, in order to timely plan energy efficiency improvement operations
and react to anomalies.

Section 4.1 describes the variables chosen as functional covariates and
scalar response. Section 4.2 illustrates the preprocessing step required to
obtain functional covariates from the data acquired from the multi-sensor
system. Section 4.3 shows the implementation details for estimation of the
scalar-on-function regression model (Phase I) and illustrates a scenario in
which the control charts are applied to Phase II monitoring.
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Table 1. Functional covariates used in the scalar-on-function regression model.

Variable
number Variable name Symbol Unit of

measurement
1 Speed Over Ground (SOG) V kn
2 Acceleration A NM/h2

3 Power difference between port
and starboard propeller shafts ∆P kW

4 Distance from the nominal route Dist NM
5 Longitudinal wind component WL kn
6 Transverse wind component WT kn
7 Air Temperature, mean of four engines T ◦C
8 Cumulative sailing time H h
9 Trim Trim m

4.1 Variable Description
Each observation refers to a specific voyage at given route and direction.
The name of the ship, route, and voyage dates are omitted for confidentiality
reasons. Table 1 shows the P = 9 variables used as functional covariates
in the scalar-on-function regression model in Eq.(1). All the variables are
measured during the navigation phase, which starts with the finished with
engine order (when the ship leaves the departure port) and ends with the
stand by engine order (when the ship enters the arrival port). The response
variable of the scalar-on-function regression model (Eq.(1)) is the total CO2
emissions in navigation phase per each voyage, measured in tons. The Ro-
Pax ship has two engine sets. Each engine set has two main engines for
propulsion with a variable pitch propeller and a shaft generator for electric
power supply.

The cumulative sailing time variable, measured in hours (h) is the cu-
mulative voyage navigation time. The speed over ground (SOG) variable,
measured in knots (kn), is the ratio between the sailed distance over ground,
i.e., the distance travelled by the vessel during navigation phase, and the
cumulative sailing time. The former is measured in nautic miles (NM) and
calculated from latitude and longitude data acquired by the by the GPS sen-
sor using the Haversine formula. The acceleration variable is obtained as the
first derivative of SOG with respect to the sailing time. The power difference
between port and starboard propeller shafts variable is useful for discovering
anomalies or malfunctioning in the main engines, when one of the engines is
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turned off. The Distance from the nominal route variable, measured in Nau-
tic Miles (NM), is calculated as the distance, at each domain point, of the
actual GPS position of the vessel from the position indicated in the nominal
route. The wind component variables are calculated on the basis of the wind
speed W , measured in kn, and the wind direction relative to the ship Ψ,
measured in radiants, acquired by the anemometer sensor. The longitudinal
wind component variable is obtained as WL = W cos Ψ. The transverse wind
component variable is obtained asWT = |W sin Ψ|. The air temperature vari-
able is the average of the temperatures measured from the sensors installed
on each of the four main engines. The Trim variable is obtained through the
inclinometer sensor measurements. Additional information about the vari-
ables can be found in (Bocchetti et al., 2015; Erto et al., 2015; Lepore et al.,
2017).

4.2 Preprocessing and Registration
In the proposed case study, functional data have been obtained from profiles
collected during the navigation at five-minute frequency by the multi-sensor
system on-board. The first step to be carried out is to get smooth obser-
vations X̃i = (X̃i1, . . . , X̃iP ) of the functional covariates X̃ at each voyage
i = 1, . . . , n. For each i = 1, . . . , n and p = 1, . . . , P , X̃ip can be obtained
from the discrete data xipn, n = 1, . . . , Ni, using a cubic B-spline basis with
equally spaced knots

X̃ip(t) =
Q∑
q=1

ciqpφq (t) , i = 1, . . . , n, p = 1, . . . , P, t ∈ T , (29)

where φ1, . . . , φQ are the B-spline basis functions and ciqp are the basis co-
efficients. Functional data have been obtained by smoothing data with a
roughness penalty on the integrated squared second derivative. The R pack-
age fda (Ramsay et al., 2015) has been used for the purpose. In particular,
after analysing the generalized cross-validation values and considering the
number of observations along the domain, 100 bases with equally spaced
knots and a roughness penalty on the integrated squared second derivative
equal to 10−10 have been chosen.

Even if time is naturally prone to be chosen as functional domain, total
traveling time could vary from voyage to voyage. Thus, a more sensitive
choice is to use the fraction of distance travelled over the voyage as the
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Figure 1. Warping functions that map at each voyage the cumulative sailing time to the common domain
T = [0, 1], which is the fraction of distance travelled over the voyage.

common domain T = (0, 1) of the functional data (e.g., Abramowicz et al.
(2018)). Switching from time to the fraction of distance travelled over the
voyage can be seen as a landmark registration (Ramsay et al., 2009) of the
functional data set from the function specific temporal domain (ai, bi) to the
common domain (0, 1) with the group of affine transformations with positive
slope as the group of the warping functions and the voyage starting and
ending points as landmarks.

4.3 Phase I Model Estimation and Phase II Monitor-
ing

The reference data set has n = 140 observations and is used to estimate the
control limits for the Phase II monitoring of 30 consecutive voyages. The es-
timation of multivariate functional principal components and corresponding
scores have been obtained through the R package MFPCA (Happ, 2018). As
explained in Section 3.2, the choice ofM, i.e., the set of components to retain
in the model, has been carried out by considering both the variability of the
covariates explained by the principal components, reported in Figure 2, and
the PRESS statistic calculated by Eq.(8), reported in Figure 3, as a function
of the first m retained principal components in Eq.(9). As previously stated
in Section 3.2, we get M = {1, 2, 5, 6} as the set of principal components

17



Figure 2. Fraction of the variance of the functional covariates explained by the multivariate functional
principal components (solid line) and threshold (dashed line) equal to 0.01.

that achieve the higher reductions of the PRESS statistic and percentages of
variance explained larger than the threshold value (0.01) fixed in Figure 2.
The normality assumption for the errors is supported by the Shapiro-Wilk
test on the errors (p-value = 0.11).

To give the same importance to the functional covariates and the scalar
response, the functional control charts have been built by choosing the Bon-
ferroni correction as αT 2 = αSPE = α/4 and αy = α/2 as proposed in
Eq.(24). The upper control limits of the Hotelling T 2 and the SPE control
charts have been calculated as the Phase I empirical (1−α/2) quantiles of the
corresponding statistic. The limits for the response prediction error control
chart have been calculated using Eq.(20). Figures 4 to 6 show the three
control charts described in Section 3.4 used for Phase II monitoring of the
upcoming voyages.

Figures 7a and 7b report the boxplots of the functional covariates con-
tribution to the Hotelling T 2 and SPE statistics, respectively. From those
figures it is clear that the contributions are not identically distributed and
then different contribution limits for each variable must be set for both the
Hotelling T 2 and the SPE statistics. Contribution limits have been obtained
by using the Bonferroni-like correction discussed in Section 3.4 as the Phase
I empirical (1− α/(4P )) quantiles of the corresponding contribution.

OC points signaled by T 2 or SPE control charts are investigated by means
of the corresponding contribution plot and the most paradigmatic cases are
illustrated and discussed in what follows.
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Figure 3. PRESS statistic calculated by Eq.(8) as a function of the the first m retained principal com-
ponents. Trivially, when m = 0, the PRESS is obtained on the basis of the predictions calculated as
the sample mean of the response variable. The points correspond to the multivariate functional principal
components retained in the model.

Figure 4. Hotelling T 2 control chart used for monitoring the functional covariates of the Phase II voyages.

Figure 5. SPE control chart used for monitoring the functional covariates of the Phase II voyages.
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Figure 6. Response prediction error control chart used for monitoring the response variable of the Phase
II voyages.

(a) (a) (b) (b)

Figure 7. Box plots of the contributions of the functional covariates to (a) the Hotelling T 2 statistic and
(b) the SPE statistic for the reference voyages.
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Figure 8. Contribution of the functional covariates to the SPE statistic for voyage 7. The points are the
contributions of the variables, while the black dashes are the limits calculated on the basis of the reference
voyages.

4.3.1 Voyage 7

The first OC voyage is the voyage 7 signaled by the SPE statistic. The con-
tribution to the SPE statistic of the functional covariates is shown in Figure
8. The main variables responsible for the OC condition are the acceleration
(A) and SOG (V ), while also for the cumulative sailing time (H) and mean
air temperature of the engines (T ), the contributions are larger than their
limit. The plots of the functional covariates can be then explored, as shown
in Figure 9. From the SOG profile in Figure 9a, it is clear that the ship was
sailing at a speed lower than usual for a short initial fraction of the voyage.
This assuredly affected the sailing time (Figure 9b). In fact, by sailing at a
SOG higher than average after the slowdown, the ship completed the voyage
without delay. Accordingly, the acceleration variable (Figure 9c) shows the
variations in SOG, and the mean air temperature of the engines (Figure 9d)
reflects the same behaviour of the SOG.

4.3.2 Voyage 18

Voyage 18 is highlighted as OC in both T 2 and SPE functional control
charts. Note that a high value of the Hotelling T 2 statistic results in larger
intervals for the response prediction error control chart. In Figure 10, the
contribution to the Hotelling T 2 statistic signaled the SOG (V ), the power
difference between port and starboard propeller shafts (∆P ), and the cumu-
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(a) (a) (b) (b)

(c) (c) (d) (d)

Figure 9. Observations of the functional covariates signaled as anomalous by the functional control charts
for monitoring voyage 7, i.e. (a) SOG (V ), (b) cumulative sailing time (H), (c) acceleration (A), and (d)
mean air temperature of the engines (T ). In each plot, the black line indicates the functional observation
for the voyage 7, while in grey the reference functional observations are plotted.
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Figure 10. Contribution of the functional covariates to the Hotelling T 2 statistic for voyage 18. The points
are the contributions of the variables, while the black dashes are the limits calculated on the basis of the
reference voyages.

Figure 11. Contribution of the functional covariates to the SPE statistic for voyage 18. The points are
the contributions of the variables, while the black dashes are the limits calculated on the basis of the
reference voyages.
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lative sailing time (H) as anomalous variables. In Figure 11, the contribution
to the SPE statistic also indicates the longitudinal wind component (WL)
and the acceleration (A) variables. The plots of the functional covariates can
be then exploited, as shown in Figure 12. As the voyage 7, this voyage is
characterized by an atypical SOG profile (Figure 12a), with a lower average
value throughout the entire voyage and alternation of accelerations and de-
celerations (Figure 12c). This affected the sailing time (Figure 12b), which
shows a strong delay of the ship. By looking at the profile for the power
difference between port and starboard propeller shafts (∆P ) in Figure 12d,
the ship is noticed to have had one of the main engines turned off for most
of the voyage duration. This is also exacerbated by a very high longitudinal
wind component (Figure 12e).

4.3.3 Voyage 23

For voyage 23, the functional control charts on the covariates do not signal
any anomaly, while the response prediction error control chart indicates that
the total CO2 emissions were lower than the predicted value. In this case,
possible causes are to be investigated outside the set of variables that have
been chosen as covariates.

5 Discussion: real-time monitoring
Up to this point, the proposed procedure has been presented by assuming
that the functional covariates have been fully observed in T = (0, 1). In
what follows we discuss the capability of the proposed procedure for real-time
monitoring of functional covariates and scalar response, i.e., before the end
of a voyage. To do this, let us denote with t∗ the current instant at which we
want to perform the real-time monitoring and with k∗ the fraction of travelled
distance at t∗. The response variable to be monitored, denoted by y∗, is the
total CO2 emissions up to t∗. Accordingly, the functional covariates need to
be warped into the domain (0, k∗). However, the total distance travelled at
the end of the voyage is not known yet at t∗, the following steps are therefore
required to calculate k∗:

1. consider the current GPS position of the ship p∗, given by its longitude
and latitude;
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(e) (e)

Figure 12. Observations of the functional covariates signaled as anomalous by the functional control charts
for monitoring voyage 18, i.e. (a) SOG (V ), (b) cumulative sailing time (H), (c) acceleration (A), (d)
power difference between port and starboard propeller shafts (∆P ), and (e) longitudinal wind component
(WL). In each plot, the black line indicates the functional observation for the voyage 18, while in grey the
reference functional observations are plotted.

2. identify the point p∗ on the nominal route as that with minimal distance
from the current position of the ship at the considered instant t∗ (Figure
13);

3. calculate the fraction of travelled distance k∗ as the ratio between the
length d∗ of the nominal route from the departure port to p∗ and the
length of the whole nominal route d, i.e. k∗ = d∗/d ∈ (0, 1).

Thus, at given instant t∗, functional covariates for the new partially-observed
voyage can be warped into the domain (0, k∗) by considering the map f :
(0, t∗)→ (0, k∗), which associates to each t ∈ (0, t∗) the fraction of travelled
distance as k(t) = d(t)/d, where d(t) denotes the distance travelled until
t 6 t∗.

The reference data set at t∗ can be then obtained by truncating the ref-
erence observations of covariates at k∗, so that the new functional domain is
(0, k∗). The data set so obtained can be used to repeat the Phase I model
estimation, to set new limits for the monitoring statistics for every k∗ as
described in Section 3.2. It is worth noting that by repeating the model
estimation, the setM of retained principal components may vary.
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Figure 13. Graphical example showing how k∗ = d∗/d is determined for a new voyage. The dashed curve
represents the route travelled by the ship up to the current GPS position, which is the point labeled as
p∗. The solid curve represents the nominal route and its point nearest to p∗ is labeled as p∗. d∗ is the
length of the portion of the solid curve from the departure port to p∗. d is the total length of the solid
curve.

27



k∗ = 0.32 k∗ = 0.54 k∗ = 1

Figure 14. Fraction of the variance of the functional covariates explained by the multivariate functional
principal components (solid line) and threshold (dashed line) calculated on the basis of the Phase I dataset
with functional data observed up to different fractions of travelled distance (k∗ = 0.32, 0.54, 1).

Ideally, the Phase II monitoring procedure discussed in Section (ii) can
be then performed at every k∗ i.e., at every t∗. However, in this work, as
example, the real-time monitoring is performed only at two randomly chosen
values of k∗, say 0.32, and 0.54. Figures 14 shows the fraction of variance
explained by the multivariate functional principal components in the models
estimated at k∗ = 0.32, k∗ = 0.54, and k∗ = 1, respectively. Note that
the plot on the right is Figure 2, reported again for comparison purpose.
Analogously, Figure 15 shows the PRESS statistic calculated as a function
of the number of multivariate functional principal components in the models
estimated at k∗ = 0.32, k∗ = 0.54, and k∗ = 1, respectively. The plot on the
right is Figure 3. Moreover, Figure 16 reports the three control charts for all
the Phase II voyages considered in Section 4 corresponding to the three k∗
values. For comparison purpose, the last column reports again the proposed
control charts for the fully-observed (k∗ = 1) voyage (i.e., those already
shown in Figures 4 to 6). Consistently with the lower predictive power due
to the partial observation of the data, the following four dynamic scenarios
can be encountered: OC states that are promptly signaled before the end of
a voyage (e.g., SPE statistic for voyage 7); OC states that are not signaled
before the end of a voyage (e.g., T 2 statistic for voyage 24); temporary OC
that come back IC at the end of a voyage (e.g., prediction error in voyage
24); IC states that persist during the entire voyage. From the last row of
Figure 16, we can observe that control limits of the response prediction error
control chart become wider as k∗ increases due to the fact that the response
variable (total CO2 emissions) is cumulative.
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k∗ = 0.32 k∗ = 0.54 k∗ = 1

Figure 15. PRESS statistic calculated as a function of the first m retained principal components on the
basis of the Phase I dataset with functional data observed up to different fractions of travelled distance
(k∗ = 0.32, 0.54, 1).

k∗ = 0.32 k∗ = 0.54 k∗ = 1

Figure 16. Hotelling T 2, SPE and prediction error control charts for Phase II voyages at different fractions
of travelled distance (k∗ = 0.32, 0.54, 1).
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6 Conclusions
The need of handling complex data from modern ship multi-sensor systems
have naturally called for the implementations of new statistical methodolo-
gies that extend the multivariate monitoring techniques to the case of mul-
tivariate functional data. In this work, a joint monitoring procedure for
functional covariates and a scalar response related to them is proposed. To
the best of the authors’ knowledge, this is absolutely new in both statistical
and maritime field. A suitable warping function is proposed to register all
functional observations into the same domain. Signals acquired from differ-
ent kind of sources and with different units of measurement are shown to
be easily integrated through a normalization approach into a multivariate
functional linear regression model. Besides, the joint use of the Hotelling T 2

and squared prediction error functional control charts, estimated by means
of multivariate functional principal component analysis, is shown to be able
to effectively monitor the ship operating conditions of the upcoming voyages
and to highlight unusual behaviour with respect to a reference-good data
set of past voyages. The discussion of the optimal choice of the set of func-
tional principal components to keep, with the aim of considering also the
variability in the covariates that is useful for the prediction of the response,
is indeed beneficial for the mathematical and technological interpretation of
out-of-control alarms. In case of an out-of-control signal, the correspond-
ing contribution plots are demonstrated to be powerful tools for supporting
diagnosis of faults.

The proposed procedure is also shown by means of response prediction
error control chart for monitoring ship CO2 emissions and plausibly indicat-
ing if an anomaly occurs in the scalar-on-function linear model, i.e., outside
the ship operational conditions monitored on board. To allow the joint use
of the three control charts, control limits have been opportunely corrected
so that the type-I family-wise error rate achieves at most a fixed significance
level. The problem of multiple comparison is addressed in order to plot the
limits of the contribution plots, in a fully real time scenario, which is itself
an issue rarely discussed in the mainstream literature.

Finally, a discussion has been provided to illustrate the potential of the
proposed monitoring procedure in giving indications and making predictions
even if observations are still not complete, which would greatly help shipping
practitioners in managerial decision making.
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