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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the 28th CIRP Design Conference 2018. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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Concerning geometric verification, a method has been proposed for testing the conformance to a “volumetric tolerance” specification using X-ray
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uncertainty. This work revises the method, and experimentally investigates its robustness when the XCT scan parameters are varied in the range
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1. Introduction

The design [19], production [1, 17], and verification [9] of
additive manufacturing products can still improve significantly.
Really taking advantage of additive manufacturing requires that
new methodologies for these activities are developed. As “de-
sign for” rules are defined for every manufacturing technology,
additive manufacturing needs as well his own rules. In the opin-
ion of the authors, this will require a shift from a surface repre-
sentation of parts to a volumetric representation. This is coher-
ent with the additive manufacturing paradigm: filling a volume
rather than generating a surface. Software able to drive additive
manufacturing systems without the need of a .stl representation
are already available [21]. Volumetric representations of parts
are coherent with the application of topological optimization
[15], too. Topological optimization of structures tries to define
the minimum quantity of material required to still guarantee
their compliance. This is done by simulating the addition or
removal of material in a volume. Finally, volumetric represen-
tations are flexible in the representation of complex geometries.

The authors of this paper have proposed the use of an “en-
riched voxel based volumetric representation” [14] to com-

∗ Corresponding author. Tel.: +39 02 2399 8530.
E-mail address: stefano.petro@polimi.it (Stefano Petrò).

pletely describe additive manufacturing parts. The base idea is
to add “layers” of information to each single voxel, enabling
a local specification of the part properties. This may include,
but is not limited to, information about material, involvement
in mating surfaces, deposition layer. Of course, a similar rep-
resentation needs to be specified in a proper file format. Fuji
Xerox Co., Ltd [18] is developing a similar language.

An enriched voxel based volumetric representation can ex-
press geometric tolerances coherently with topological opti-
mization. Topological optimization should return a “minimum
material continuum” (the material that must be present to guar-
antee the structural integrity of the part) and a “maximum mate-
rial continuum” (the volume of material that can be filled with-
out affecting the part functionality, lightweightness, and cost).
These continua define a limit to the geometric variation of the
part. Membership to either continuum can be easily specified
volumetrically.

Of course, this volumetric geometric tolerance needs to be
verified. X-ray computed tomography (XCT) [2, 4, 8] is be-
coming the most adopted technology to verify additive manu-
facturing (AM) parts. Differing from conventional coordinate
metrology, XCT is not affected by accessibility (contact coor-
dinate measuring systems) or visibility (non-contact systems)
issues. In addition, XCT generates a volumetric representation
of the X-ray attenuation inside parts. This allows the study of
porosity, inclusions, voids and all internal defects which are
found in AM parts. XCT can also inspect part geometry, and
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in particular complex and internal geometries typical of AM
parts. The common practice in using XCT to verify parts re-
quires the XCT image is segmented (meshed) and compared to
the nominal geometry. However, segmentation has been found
to be among the most relevant contributions to the measurement
uncertainty [13]. But the output of an XCT scan is a volumetric
representation of the part: why not comparing directly the XCT
image to the voxel representation of the part? This possibility
of a volumetric verification of geometric tolerances has already
been envisaged and a methodology has been proposed, but still
needs to be completely developed [12].

This paper has two aims. The first one is to introduce a case
study and fully develop the proposed methodology for it in or-
der to make it clearer. This has not been done in any previous
paper [12, 14]. The second aim is to investigate the robustness
of the methodology. When an XCT scan is performed a series
of parameters have to be selected by the operator. With differ-
ent choices of the parameters reasonable quality XCT images
can be obtained which are adequate for non-destructive inspec-
tion, but insufficient for segmentation and geometric verifica-
tion. If the proposed methodology is robust against scan pa-
rameter setting, this would be another advantage compared to
the segmentation-based approach. The case study in §2 is used
for an experiment in which the XCT scan parameters are varied,
and the the variation effect is studied on the “mutual informa-
tion” on which the volumetric verification is based. The inter-
pretation of the results will prove the methodology robustness.

2. Case study and procedure for volumetric verification

The data to be analyzed is a series of mutual information
values obtained in different XCT scan conditions. In this section
the case study is introduced and it is explained how the data is
handled to obtain the mutual information values.

The considered case study is a small (about 20 mm high)
puppet made by selective laser melting of stainless steel pow-
der (Fig. 1). The model of the puppet, in .stl format (Fig. 2),
is freely accessible on cults3d.com [5]. Only the head of the
puppet is considered. The reasons behind this choice are as fol-
lows. First, the head of the puppet has an approximately spher-
ical geometry, and this makes easier to handle both manual and
automatic alignment. Furthermore, the approximately spheri-
cal geometry makes easier to understand geometric errors like
shape or size deviations. Finally, the part is constituted only by
a limited number of triangles, which are of course nominally
planar. If, in the future, one would consider the nominal planar
geometry of the triangles, this would be possible.

The .stl representation of the puppet has been converted in a
voxel representation using the Matlab™ “inpolyhedron” func-
tion [6]. This function simply converts a mesh into a grid of
values nvi, j,k. Each value of the the grid corresponds to a voxel,
whose size has been chosen identical to the voxel size in the
XCT image. The nvi, j,k value is set as:

nvi, j,k =

{
0, the voxel is inside the mesh
1, the voxel is outside the mesh (1)

Fig. 1. Picture of the selected case study.

Fig. 2. STL model of the selected case study.

The result of the application of (1) is shown in Fig. 3 (left).
The puppet was scanned on an NSI X25 XCT scanner. The

scan parameters are reported in §3, as they are parameters of
the experiment and change in each scan. A typical XCT image
of the puppet head in shown in Fig. 3 (right). In this measured
voxel representation of the puppet head the “gray value” mvi, j,k

of each voxel is proportional to the X-ray attenuation at location
i, j, k.

In order to allow the comparison of the nominal and mea-
sured voxel representations of the puppet head, the two must be
registered, so that they occupy (approximately) the same por-
tion of space. The nominal and measured representations are
heterogeneous in nature: the nominal representation is, accord-
ing to (1), binary, while in the measured representation there
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Fig. 3. Voxel representation of the case study. On the left: nominal geometry;
on the right: XCT image.

is a full range of mvi, j,k. When heterogeneous representations
are involved, the literature [16] suggests the mutual informa-
tion [3] as maximization parameter for the registration instead
of the correlation, adopted when the representation are homo-
geneous. Mutual information is usually defined, in information
theory, as the “amount of information shared by two signals”.
The amount of information of voxel representation defined by
the gray values vi, j,k can be measured by the Shannon’s entropy:

H (A) = −
nGV∑
o=1

no

nvox
log2

no

nvox
(2)

where nvox is the total number of voxels, nGV is the number of
possible values a voxel can assume (e.g. in a 8-bit XCT image
nGV = 256, or in nominal voxel representation nGV = 2), and no

is the number of occurrences of the oth possible gray value. If a
couple of voxel representations (e.g. nominal and measured) is
considered, its joint entropy H (A, B) can be similarly defined,
simply considering (instead of no) no,r as the number occur-
rences of the couple constituted by the oth possible gray value
in some voxel in the first representation and the rth in the corre-
sponding voxel of the second representation; of course, nGV is
now the number of possible combinations of values. The joint
entropy measures the total information in the two representa-
tions. Finally, the mutual information of two volumetric repre-
sentations is defined as

I (A, B) = H (A) + H (B) − H (A, B) (3)

In a previous paper [14] it has been shown that the maxi-
mization of the mutual information is an effective criterion for
the registration of a nominal and a measured voxel representa-
tion of a part. Fig. 4 shows the difference between the nominal
and measured voxel representations after the registration. The
fuchsia portion of the image is from the measured representa-
tion, while the blue one is from the nominal. As expected the

Fig. 4. Registration of the nominal and measured voxel representations.

overlap is not complete, as the part, and hence its measured rep-
resentation differs from the nominal geometry.

Now, define the volumetric geometric tolerance. The vox-
els that must be filled by material to guarantee the part func-
tionality are “inside the minimum material continuum” and are
characterized by the value 2. The voxels that must be empty
are “outside the maximum material continuum” and are set
equal to 0. The remaining portion of volume between the two
is the “transition zone”. A simple way of defining a volumet-
ric tolerance on the part is to define all the voxels “on the
boundary” of the nominal representation as belonging to the
transition zone. Consider the neighborhood of a voxel, that is
N
{
vi, j,k

}
=
⋃

o,p,q∈{−1,0,1} vo+i,p+ j,q+k − vi, j,k. The toleranced volu-
metric representation in this case is

tvi, j,k =



0, ∀nvo,p,q ∈
{
N
{
nvi, j,k

}
∪ nvi, j,k

}
|nvo,p,q = 0

1,

{
∃nvo,p,q ∈

{
N
{
nvi, j,k

}
∪ nvi, j,k

}
|nvo,p,q = 0

}
∧

∧
{
∃nvo,p,q ∈

{
N
{
nvi, j,k

}
∪ nvi, j,k

}
|nvo,p,q = 1

}

2, ∀nvo,p,q ∈
{
N
{
nvi, j,k

}
∪ nvi, j,k

}
|nvo,p,q = 1

(4)

This way a tolerance zone characterized by a width approxi-
mately equal to twice the voxel width is obtained. Additional
“layers” of voxels can be similarly added to yield a thicker tol-
erance zone. Fig. 5 shows an example of tolerance zone gener-
ated this way.

A criterion has been proposed in a previous paper [12] to
verify whether the part conforms to the tolerance or not. The

3
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Fig. 5. Example of transition zone (turquoise area).

criterion is based again on the mutual information. In particu-
lar, it considers the “inner” and the “outer” neighboring shells.
Shells include the voxels out of the tolerance zone, but directly
adjacent to it. Mathematically, they can be defined as

svi, j,k =



0,
{
�tvo,p,q ∈ N

{
tvi, j,k

}
|tvo,p,q = 1

}
∧ tvi, j,k = 0

1, tvo,p,q = 1
2,
{
�tvo,p,q ∈ N

{
tvi, j,k

}
|tvo,p,q = 1

}
∧ tvi, j,k = 2

3,
{
∃tvo,p,q ∈ N

{
tvi, j,k

}
|tvo,p,q = 1

}
∧ tvi, j,k = 2

4,
{
∃tvo,p,q ∈ N

{
tvi, j,k

}
|tvo,p,q = 1

}
∧ tvi, j,k = 0

(5)

Voxels equal to 3 belong to the inner shell, and voxels equal to
4 belong to the outer shell. An example of shells is shown in
Fig. 6.

Now, if the shells only are considered as a single signal
(sorted sequence of values), the only relevant information that
can be found in their nominal representation is that “they are
completely separated”, i.e. they do not share any value. The mu-
tual information measures the information shared by two sig-
nals. If the mutual information I (NS N,NS M) of the nominal
neighboring shells (NS N) and the measured neighboring shells
(NS M) is equal to the entropy of NS N, the NS M contain all
the information in NS N. But this means that the NS M contain
the “complete separation” information: the tolerance is verified.
Mathematically, this corresponds to the condition:

NMI (NS N,NS M) =
I (NS N,NS M)

min {H (NS N) ,H (NS M)} = 1 (6)

Fig. 6. Example of shells related to the volumetric tolerance representation in
Fig. 5.

NMI is called “normalized mutual information” [20]. The
shells are the first portion of the volume affected by a geo-
metric deviation, so any significant geometric or size deviation
should alter them and generate a “non-conforming” result. Fur-
thermore, neglecting any other portion of the volume avoids de-
fects like porosity or XCT artifacts affect the verification result.

3. Design and analysis of experiments

The aim of this work is to test whether the procedure de-
scribed in §2 is robust to an incorrect definition of the XCT scan
parameters. In general, if the parameters are not correctly set,
XCT artifacts, e.g. beam hardening, can be generated, which
affect the image quality. An experiment has been conducted to
verify this.

A series of 13 XCT scan have been run on an NSI X25 XCT
scanner. The experiment was planned as a 23 factorial exper-
iment [11] with no replica, plus a center point replicated five
times. The center point parameter set is chosen in the middle of
the corner points. The X-ray source voltage, detector integra-
tion time, and the number of projections were selected as fac-
tors for the experiment. X-ray source intensity was not consid-
ered as factor. Fixing simultaneously voltage, integration time,
and intensity can lead to low quality XCT images. As such, in-
tensity was set in every combination of voltage and integration
time to yield good quality images. A 2.5 mm steel filter was
always present during the scans to reduce the beam hardening.
The levels of the factors are reported in Tab. 1. These levels
where chosen as “reasonable”. These are all values an operator

4
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∧ tvi, j,k = 2

3,
{
∃tvo,p,q ∈ N

{
tvi, j,k

}
|tvo,p,q = 1

}
∧ tvi, j,k = 2

4,
{
∃tvo,p,q ∈ N

{
tvi, j,k

}
|tvo,p,q = 1

}
∧ tvi, j,k = 0

(5)

Voxels equal to 3 belong to the inner shell, and voxels equal to
4 belong to the outer shell. An example of shells is shown in
Fig. 6.

Now, if the shells only are considered as a single signal
(sorted sequence of values), the only relevant information that
can be found in their nominal representation is that “they are
completely separated”, i.e. they do not share any value. The mu-
tual information measures the information shared by two sig-
nals. If the mutual information I (NS N,NS M) of the nominal
neighboring shells (NS N) and the measured neighboring shells
(NS M) is equal to the entropy of NS N, the NS M contain all
the information in NS N. But this means that the NS M contain
the “complete separation” information: the tolerance is verified.
Mathematically, this corresponds to the condition:

NMI (NS N,NS M) =
I (NS N,NS M)

min {H (NS N) ,H (NS M)} = 1 (6)

Fig. 6. Example of shells related to the volumetric tolerance representation in
Fig. 5.

NMI is called “normalized mutual information” [20]. The
shells are the first portion of the volume affected by a geo-
metric deviation, so any significant geometric or size deviation
should alter them and generate a “non-conforming” result. Fur-
thermore, neglecting any other portion of the volume avoids de-
fects like porosity or XCT artifacts affect the verification result.

3. Design and analysis of experiments

The aim of this work is to test whether the procedure de-
scribed in §2 is robust to an incorrect definition of the XCT scan
parameters. In general, if the parameters are not correctly set,
XCT artifacts, e.g. beam hardening, can be generated, which
affect the image quality. An experiment has been conducted to
verify this.

A series of 13 XCT scan have been run on an NSI X25 XCT
scanner. The experiment was planned as a 23 factorial exper-
iment [11] with no replica, plus a center point replicated five
times. The center point parameter set is chosen in the middle of
the corner points. The X-ray source voltage, detector integra-
tion time, and the number of projections were selected as fac-
tors for the experiment. X-ray source intensity was not consid-
ered as factor. Fixing simultaneously voltage, integration time,
and intensity can lead to low quality XCT images. As such, in-
tensity was set in every combination of voltage and integration
time to yield good quality images. A 2.5 mm steel filter was
always present during the scans to reduce the beam hardening.
The levels of the factors are reported in Tab. 1. These levels
where chosen as “reasonable”. These are all values an operator
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Table 1. Levels of the factors considered in the experiment for the XCT scans.
Level

Factor Low Center High
Voltage [KV] 120 140 160
Integration time [fps] 6.62 13.24 24.47
Number of projections 300 600 900

could choose to perform the scan, and in fact all the acquired
images where adequately good. However, they were different in
terms of contrast, residual artifacts, etc.

Each scan was then reconstructed to obtain a 16bit mea-
sured volumetric representation mvi, j,k. The original voxel size
yielded was equal to 17.67 µm, and each scan had an image size
equal to 501x466x540 voxels. To allow the evaluation of the
effect of the image resolution, a new series of measured volu-
metric representations was generated by re-sampling to a voxel
size equal to 35.34 µm (image size equal to 250x233x270 vox-
els). The transition zone was set to have a width approximately
equal to 70.68 µm in all cases (two voxels for the low reso-
lution images, four voxels for the high resolution images). The
final results are then constituted by 23 evaluations of the mutual
information and normalized mutual information.

The evaluated mutual information values where the subject
of an analysis of variance. The model hypotheses (normality,
homoscedasticity, independence) were verified. The results of
the analysis are summarized in Fig. 7: it is apparent that the
voxel size generates a more relevant effect than the other fac-
tors. From a statistical point of view, only the voxel size is
significant, as indicated in Tab. 2: the variation induced by the
parameters setting is not distinguishable from the natural vari-
ability of the mutual information due to scan repetitions. This
proofs the robustness of the procedure proposed in §2 when the
parameters of the XCT scan are set in a reasonable range. The
effect of the variation of voxel size indicates instead that the
resolution may affect the volumetric geometric tolerance verifi-
cation. Fig. 7 shows that when the voxels are larger, the mutual
information is larger. This may be explained by the fact that
the higher the resolution the larger the information contained in
NS M. This makes the test more sensitive to any deviation of ge-
ometry or size, and then the mutual information values smaller.
This is similar to saying that the higher resolution makes the
non-conformance statement less uncertain. Finally, the standard
deviation of the pure error, which is an estimate of the natural
variability of the mutual information, is equal to 0.074.

If the normalized mutual information is analyzed instead
of the mutual information the results are (almost) identical
(Fig. 8). This might be expected. Since the NS N contains only
two possible values, while the NS M contains a 16bit signal,
H (NS N) < H (NS M). Hence the denominator in (6) is always
equal to H (NS N). But H (NS N) does not depend on the scan
parameters, so their effect must be the same either considering
I (NS N,NS M) or NMI (NS N,NS M). Furthermore, it is easy
to show that in the considered case H (NS N) is slightly affected
by the resolution. In fact, if the transition zone is defined ac-
cording to (4), regardless of the resolution the number of vox-
els in the inner shell will be almost identical to the number of
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Fig. 7. Mutual information main effect plot for voltage, integration time, num-
ber of projections, and voxel size versus the mutual information.

Table 2. ANOVA table (up to the second order interactions).
Term Coef SE Coef P-Value
Constant 0,4283 0,0178 0,000
Voltage -0,0193 0,0178 0,297
Integration time 0,0042 0,0178 0,816
Number of projections -0,0042 0,0178 0,817
Voxel Size 0,0740 0,0141 0,000
Voltage*Integration time -0,0339 0,0178 0,078
Voltage*Number of projec-
tions

0,0095 0,0178 0,604

Voltage*Voxel Size 0,0086 0,0178 0,638
Integration time*Number of
projections

-0,0010 0,0178 0,958

Integration time*Voxel Size 0,0274 0,0176 0,142
Number of projec-
tions*Voxel Size

-0,0078 0,0178 0,667

voxels in the outer shell. Applying (2) to calculate H (NS N) to
them yields approximately the same value, and in particular a
value close to 1: the actual value of H (NS N) when the voxel
size is equal to 35.34 µm is 0.9970, and it is 0.9992 when the
voxel size is equal to 17.67 µm. This justifies the fact that Fig.
7 and Fig. 8 are visually identical. Hence the results for the
analysis of variance of the normalized mutual information are
(almost) equal to the result obtained for the mutual information
and are not reported.

4. Conclusions

In the opinion of the authors, a transition will happen for
additive manufacturing from conventional to volumetric repre-
sentation of parts. This to guarantee higher flexibility and com-
patibility with the technologies involved (topological optimiza-
tion, additive manufacturing itself, and XCT). But new tools are
needed to allow this transition.

A new study on the method for the volumetric verification of
geometric tolerances of additive manufacturing parts has been
proposed. It has been shown that the proposed methodology is
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Fig. 8. Normalized Mutual information main effect plot for voltage, integration
time, number of projections, and voxel size versus the mutual information.

robust to the variation of XCT scan parameters. This makes the
proposed methodology applicable with confidence.

The study has shown also that the proposed methodology is
sensitive to the XCT image voxel size. This is due to the in-
creased amount of information that can be found in high reso-
lution images, which alter the value of the mutual information
the volumetric verification is based on.

The next steps of the research on the volumetric verification
of geometric tolerances include, first of all, a quantification of
the reliability of the method in terms of probability of inspec-
tion errors [7]. This actually also extends the proposed results to
any other condition. Then, to consider the identified impact of
the voxel size, the possibility of using XCT image analysis for
the improvement of image resolution will be studied. Finally,
the adoption of more advanced representation like Octree [10],
capable of handling higher resolution without an excessive data
accumulation, will be considered.
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