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Abstract

A supercavitating underwater vehicle uses gas or vapor to reduce its skin
friction enabling it to travel up to speeds of 200 m/s. However, traveling
at extreme speeds can be challenging for control design since sudden distur-
bances or faults, even for a short time, can lead to large deviations from the
reference trajectory. This paper addresses the problem of controlling a su-
percavitating vehicle which incorporates the actuator constraints and loss of
effectiveness of the cavitator. An adaptive control law is designed based on
the backstepping control method which includes an adaptive fault-tolerant
component. The bounded adaptive update law can estimate the upper bound
of the unknown total uncertainties including those induced by actuator fault-
s. The proposed control is shown to guarantee stability in the presence of
faults by using Lyapunov theory.

Keywords: Supercavitating vehicles, Adaptive Control, Backstepping
Control, Bounded Adaptive Update Law; Adaptive Fault-tolerant

1. Introduction

Cavitation vehicles refer to underwater vehicles that use gas or vapor
in order to reduce skin friction drag[1]. Supercavitating vehicles are cav-
itation vehicles that operate at extremely high-speed speeds relative to a
fully-wetted underwater vehicle. Although the concept of supercavitation
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Figure 1: Forces acting on a supercavitating vehicle

has considerable potential, there are significant technical challenges related
to their control[2]. Moreover, a fully-wetted underwater vehicle can use the
lift generated by the body to balance the gravity, that is, it can be designed
to be neutrally buoyant. However, a supercavitating vehicle cannot exploit
buoyancy and, therefore, upthrust can only be delivered using the cavitator,
fins and a force generated by the tail passing through the cavitation bubble
wall (see Fig.1). For different velocity ranges, Y.N. Savchenko[1] proposed
four stable motion modes for a supercavitating vehicle. The stable motion
modes considered in the range 50-200 m/s are of particular interest for the
nominal operating phase. In this paper, the mathematical model and analysis
of this mode are considered.

The actuation of supercavitating vehicles can be undertaken using both
a cavitator and a tail rudder. The dynamics of the supercavitating vehicle
and the control inputs are highly nonlinear and can experience considerable
uncertainties such as cavitation number and planing force of the tail[6]. Vari-
ous control designs have been developed for supercavitating vehicles based on
benchmark control[3], sliding mode control[4, 5, 6], backstepping control[7, 8],
adaptive control[9, 10], linear quadratic regulator (LQR) control[11], feed-
back linearization[12, 13, 14], linear parameter varying (LPV) control[15, 16]
and robust control[17, 18, 19]. Additional complexities in the model have
been considered in the control design such as uncertainty in the slope of the
fin force with respect to the fin angle of attack and the delay effect due to
cavity vehicle interaction[10, 20], as well as measurement noise and cavity
shape uncertainty[15].

In all previous work on supercavitating vehicles the fin and cavitator are
assumed to function perfectly throughout their entire operation. However,
the cavitator is subjected to a tremendous amount of hydrodynamic force
and fluid pressure which could lead to uncertainty in modeling and loss of
effectiveness. In addition, due to the wrapping effect of cavitation, the fin
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may not be completely immersed in water, reducing the control efficiency
leading to a partial loss of effectiveness[10].Since, supercavitating vehicles
travel at high velocities (50-200m/s), loss of stability could be catastroph-
ic since a large deviation from the reference trajectory may not recover-
able. Thus, a fault-tolerant-control (FTC) should be developed to avoid
loss of effectiveness of the fins and inefficiencies caused by the bubble wrap
actuators. Various types of fault-tolerant-controls (FTC) have been de-
veloped for rigid-body vehicles including the orbit and attitude control of
spacecraft[22, 23, 24, 25, 26, 27, 28, 29, 30], reentry vehicles[31, 32, 33, 34],
flexible aircraft[35], quadrotors[36] and hypersonic gliding vehicles[37]. How-
ever, there have been no FTC developed for supercavitating vehicles that
ensures tracking performance in the presence of faults.

In this paper, a position and attitude control is designed that guarantees
stability of the supercavitating vehicle in the presence of faults and uncer-
tainties. This is achieved by developing a control based on the backstepping
method[7, 8], which is augmented with an adaptive fault-tolerant componen-
t. This paper presents a novel design of a bounded adaptive update law to
estimate the upper bound of unknown total uncertainties, including param-
eter uncertainties, actuator faults and saturation limits. A theoretical proof
of the stability of the closed-loop system of the supercavitating vehicle in the
presence of faults and modeling uncertainties is given.

2. Modeling of a Supercavitating vehicle

The supercavitating vehicle concept and the corresponding reference frames
used in this paper are shown in Fig.2. There are two coordinate systems used,
(i) an inertial reference frame OeXeYeZe which has the origin at sea level ze-
ro, (ii) the body-fixed frame Obxbybzb. The origin of the body-fixed frame
is located at the center of pressure of the cavitator, the xb-axis points along
the vehicle axis of symmetry, the yb-axis points starboard and the zb-axis
points downwards. The cavitator is installed at the nose of the vehicle which
can generate various cavitations at different speeds. For a cavitation of this
design, the tail of vehicle will generate the lift force at the contact point (the
body’s tail interacts with the internal cavity surface). Since the lift force of
the tail and cavitator can both compensate for buoyancy loss, the stability
of the vehicle is possible.

In the presented model, the effect of time delay cavity shape has been
neglected. For supercavitating vehicles, a time delay exists and can be incor-
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Figure 2: Configuration of the supercavitating vehicle and reference frame

porated into the planing force model. However, the planing force cannot be
measured directly and must estimated. The estimation of the planing force
is beyond the scope of this paper and will be considered in the future re-
search. In this paper, a nominal planing force model is used for feedforward
compensation in the control algorithm which can be replaced with a more
accurate estimation using adaptive techniques.

Assuming the velocity V along the xb-axis is constant, the dive-plane
kinematics and dynamics of the rigid vehicle considering the fluid force are
given by

ż = w cos θ − V sin θ

θ̇ = q
(1)

where z is the position of Ze direction in inertial coordinates, w is the velocity
of yb-axis, θ is the pitch angle and q is the pitch angular velocity.[

M −Mxcg
−Mxcg Iy

] [
ẇ
q̇

]
= qV

[
M

−Mxcg

]
+

[
Fz
Mz

]
(2)

where M is the mass of vehicle, xcg is the gravity center position of xb-axis,
Iy is the inertia of yb-axis, Fz and Mz are total forces and moments of zb-axis,
where

M =
7

9
mρπR2L

xcg = −17

28
L

Iy = Iy (cone) + Iy (cylinder)

=
11

60
mρπR4L+

133

405
mρπR2L3

where, m is density ratio (ρb/ρ), ρb is the density of the vehicle and ρ is the
the density of the fluid (sea water), L is the length of vehicle and R is the
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Figure 3: Cavitator angle of attack and deflection angle

radius of cylindrical body part. The above parameters are from literature
[9].

Fz = Fz,g + Fz,fin + Fz,cav + Fz,plane (3)

Mz = Mz,g +Mz,fin +Mz,plane (4)

where Fz,g, Fz,fin, Fz,cav, Fz,plane are components of the gravity force, fin force,
cavitator force and planing force; Mz,g,Mz,fin,Mz,plane are components of the
gravity, fin and planing moment acting along the zb-axis, where

Fz,g = Mg cos θ
Mz,g = −xcgMg cos θ

(5)

In this paper, a disk cavitator is modelled as shown in Fig.3. The lift and
drag forces of the cavitator are then given by

FL = 1
2
ρV 2πR2

nCx0 (1 + σ) cosαc sinαc
FD = 1

2
ρV 2πR2

nCx0 (1 + σ)cos2αc
(6)

where Rn is the radius of the cavitator, Cx0 is the drag coefficient at the
zero angle of attack, σ is the cavitation number and αc is the angle of attack
defined by

αc = tan−1
(w
V

)
+ δc (7)

where δc is the deflection angle of the cavitator, defined to be positive in
the counter-clockwise direction. Then the body-axis z-component of the
cavitator force is given by

Fz,cav = FL cos (αc − δc)− FD sin (αc − δc)

=
1

2
ρV 2πR2

nCx0 (1 + σ) cosαc sin δc
(8)
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The tail beat phenomenon produces a planing force. Moreover, if the
reference point is selected to be in the center of the head cavitator, the whole
system is similar to a simple supported beam structure. Under the action of
the gravity moment, the tail of the vehicle will deflect downwards (as shown
in Fig.4), and tail will move outside of the cavity. Due to the upward force
exerted by the fluid, when the moment is greater than the gravity moment,
the tail will then move towards the interior of the cavity. When the tail moves
into the cavity, the planing force disappears. When the tail continually moves
to the outside of the cavity, the planing force is generated again. If this is not
controlled, the process will repeat, result in what is known as the oscillation
phenomenon.

The model of planing force and moment adopted in this paper comes from
literature[39,40], which is based on Hassan theory. Logvinovich has given the
model for the cylindrical body planing force and moment. At present, there
are other similar models[3,10,20]. The planing force and moment of the
supercavitating vehicle is given by [39, 40]

Fz,plane =
1

2
πρR2V 2 sinαplane cosαplane

(
R + h

R + 2h

)[
1−

(
Rc −R

h+Rc −R

)2
]

Mz,plane =
1

2
πρR2V 2 cos2 αplane

h2

h+Rc −R
R + h

R + 2h
(9)

where the cavity radius Rc and its contraction rate Ṙc, as well as the param-
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eters h
′
, R

′
, and αplane are defined by

αplane =


θ − w+Ṙc

V
, θ > Rc−R

L

0, R−Rc
L
≤ θ ≤ Rc−R

L

θ − w−Ṙc
V

, θ < R−Rc
L

(10)

Rc = Rn

(
0.821+σ

σ

)0.5
K2

Ṙc =
− 20

17(0.82 1+σ
σ )

0.5
V (1− 4.5σ

1+σ )K23/17
1

K2(1.92/σ−3)

(11)

K1 = L
Rn

(
1.92
σ
− 3
)−1 − 1

K2 =
[
1−

(
1− 4.5σ

1+σ

)
K

40/17
1

]0.5 (12)

h =


R−Rc + Lθ, θ > Rc−R

L

0, R−Rc
L
≤ θ ≤ Rc−R

L

R−Rc − Lθ, θ < R−Rc
L

(13)

Denoting n to be the effectiveness of the fins relative to the cavitator, where
effectiveness of the fins represents the change of the z-component force in
the body axis due to a unit change of the fin angle of attack, then the z-
component fin force and the fin-induced pitching moment are

Fz,fin = −1
2
ρV 2πR2

nCx0 (1 + σ)nαf
Mfin = Fz,finL

(14)

where αf denotes the fin angle of attack:

αf = tan−1

(
w + qL

V

)
+ δf (15)

where δf is the fin deflection angle.
For simplicity of exposition, let the state of the supercavitating vehicle

be defined by xxx1 = [z, θ]T , xxx2 = [w, q]T and the control input uuu = [δf , δc]
T ,

based on the above mathematical model, assuming cosθ ≈ 1 and sinθ ≈ θ,
the nonlinear model of the system is given by

ẋxx1 = Axxx1 + xxx2

Jẋxx2 = Bxxx2 + Cuuu+FFF g +FFF plane
(16)
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where FFF g = [Fg,Mg]
T , FFF plane = [Fplane,Mplane]

T and

J =

[
M −Mxcg

−Mxcg Iy

]
, A =

[
0 −V
0 0

]
B = 1

2
ρV πR2

nCx0(1 + σ)

[
−n −nL
−nL −nL2

]
+ V

[
0 M
0 −Mxcg

]
C = 1

2
ρV 2πR2

nCx0(1 + σ)

[
−n 1
−nL 0

]
3. Adaptive Backstepping Tracking Control Law Design

Initially the uncertainties in the modeling parameters and actuator faults
are assumed to be bounded and an adaptive law to estimate this bound is
developed. This adaptive law is then combined with a backstepping controller
to track the desired motion and a proof of the closed-loop stability is provided
by using a Lyapunov function.

3.1. Modeling with Uncertainties and Actuator Failures

The nonlinear model of a supercavitating vehicle described in Eq.(16)
will be expressed as a known part, an uncertain part and a control input,
including actuator failures and their nonlinear saturated limits:

ẋxx1 = Axxx1 + xxx2

ẋxx2 =
(
B̄ + ∆B̄

)
xxx2 +

(
C̄ + ∆C̄

)
τττ + F̄FF g +

(
F̄FF p + ∆F̄FF p

) (17)

where B̄ = J−1B, C̄ = J−1C, F̄FF g = J−1FFF g and F̄FF p = J−1Fplane. The pa-
rameters ∆B̄,∆C̄ and ∆F̄FF p are related to the uncertainties in the modeling
parameters. The control parameter τττ is subject to the following faults and
saturation.

Assumption 1. Considering two types of actuator failures of practical su-
percavitating vehicle, ΓΓΓg = diag(g1, g2) defines a multiplication fault which
denotes efficiency of an actuator with 0 < gi ≤ 1(i = 1, 2), ΓΓΓd = [Γd1,Γd2]T

is an additive fault and satisfies ‖ΓΓΓd‖ ≤ ld. Since the output of the controller
is bounded in practice, the actuator nonlinear saturation limit is denoted uuumax
and the commanded control that exceeds the saturation limit is denoted as ūuu.
Therefore, the real control input can be represented by

τττ = ΓΓΓg(uuu+ ūuu) + ΓΓΓd (18)
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where ūuu = [ū1, ū2]T is bounded ‖ūuu‖ ≤ lθ and satisfies

ūi =

{
sgn (ui)umax − ui, |ui| ≥ umax

0, otherwise

3.2. Adaptive Control Law Design

In order to track the desired signal, an adaptive backstepping tracking
controller is designed. Firstly, let zd, θd and wd, qd denote the reference signals
for states z, θ, w and q, respectively. Then defining the desired state xxx1d =
[zd, θd]

T and xxx2d = [wd, qd]
T . Finally, the tracking error states x̃xx1 and x̃xx2 are:

x̃xx1 = xxx1 − xxx1d

x̃xx2 = xxx2 − xxx2d
(19)

By differentiating Eq.(19) and substituting Eq.(18) into it, the tracking error
differential functions can be written as

˙̃xxx1 = Axxx1 − ẋxx1d + xxx2

˙̃xxx2 =
(
B̄ + ∆B̄

)
xxx2 +

(
C̄ + ∆C̄

)
ΓΓΓguuu+ F̄FF g +

(
F̄FF p + ∆F̄FF p

)
− ẋxx2d +

(
C̄ + ∆C̄

)
(ΓΓΓgūuu+ ΓΓΓd)

(20)
In order to design a backstepping controller, we define a virtual control

variable ξξξ as the desired value of x̃xx2. Defining the virtual tracking errors
eee1 = [e11, e12]T and eee2 = [e21, e22]T as

eee1 = x̃xx1

eee2 = x̃xx2 − ξξξ
(21)

Differentiating Eq.(21) and substituting in the corresponding parameters,
the virtual tracking error differential functions can be expressed as

ėee1 = Axxx1 − ẋxx1d + xxx2d + eee2 + ξξξ

ėee2 = B̄xxx2 + C̄uuu+ F̄FF g + F̄FF p − ẋxx2d − ξ̇ξξ +EEEd
(22)

where EEEd = ∆B̄xxx2 +
(
C̄ + ∆C̄

)
ΓΓΓguuu − C̄uuu + ∆F̄FF p +

(
C̄ + ∆C̄

)
(ΓΓΓgūuu + ΓΓΓd)

are the modeling parameters uncertainties, actuator failures and saturated
limits.

Step 1: Designing a virtual control law as follow

ξξξ = −κ1eee1 + ẋxx1d − Axxx1 − xxx2d (23)

where the control gain κ1 is a positive scalar.
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If there is no uncertainties and faults in Eq.(22), we can rewrite it as
follows:

ėee1 = Axxx1 − ẋxx1d + xxx2d + eee2 + ξξξ

ėee2 = B̄xxx2 + C̄uuu+ F̄FF g + F̄FF p − ẋxx2d − ξ̇ξξ
(24)

Step 2: Designing the control law as

uuu = −C̄−1
(
eee1 + κ2eee2 + B̄xxx2 + F̄FF g + F̄FF p − ẋxx2d − ξ̇ξξ

)
(25)

where the control gain κ2 is a positive scalar.

Theorem 1. The virtual control law (23) and the feedback control law (25)
guarantee that the virtual tracking errors (21) and tracking errors (19) con-
verge to the origin as t→∞, such that lim

t→∞
eee1 = 0 and lim

t→∞
eee2 = 0.

Considering Eq.(21), the backstepping tracking control law can stabilize
the desired motion such that lim

t→∞
x̃xx1 = 000, lim

t→∞
x̃xx2 = 000 for any initial tracking

error [x̃xx1 (0) , x̃xx2 (0)] ∈ R2×2.

Proof: Defining the Lyapunov function as:

V1 =
1

2
eeeT1 eee1 +

1

2
eeeT2 eee2 (26)

The time derivative of the Lyapunov function is

V̇1 = eee1
T ėee1 + eee2

T ėee2 (27)

Recalling Eq.(24) and Eq.(23), the time derivative of this Lyapunov func-
tion becomes

V̇1 = eee1
T (−κκκ1eee1 + eee2) + eee2

T (B̄xxx2 + C̄uuu+ F̄FF g + F̄FF p − ẋxx2d − ξ̇ξξ) (28)

Substituting the control law Eq.(25) into Eq.(28) gives

V̇1 = eeeT1 (−κ1eee1 + eee2) + eeeT2 (−eee1 − κ2eee2)

= −κ1eee
T
1 eee1 + eeeT1 eee2 − eeeT2 eee1 − κ2eee

T
2 eee2

= −κ1eee
2
1 − κ2eee

2
2

(29)

Since κ1 > 0, κ2 > 0 and λ > 0, therefore V̇ ≤ 0. For the Lyapunov
function by Eq.(26), the unique origin are eee1 = 000 and eee2 = 000. The backstep-
ping tracking control law (25) can stabilize the virtual tracking errors and
converges to zero as a result of V1 ≥ 0 and V̇1 ≤ 0.
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Since lim
t→∞

eee1 = 000 and lim
t→∞

eee2 = 000, we can get lim
t→∞

x̃xx1 = 000 and lim
t→∞

x̃xx2 = ξξξ by

Eq.(21). The backstepping tracking control law can guarantee the tracking
error x̃xx1 to be stable and converge to zero. The rate of change of x̃xx1 should
be steady when the x̃xx1 is converge to zero, ˙̃xxx1 = 000 when t→∞. Through
Eq.(23), the ξξξ = ẋxx1d − Axxx1 − xxx2d when the system converges to the steady
state (eee1 = 000).

Obviously, xxx1d and xxx2d should also satisfy the relationship as the dynamic
equation Eq.(17), we can get ẋxx1d = Axxx1d + xxx2d. Then Eq.(23) will be

ξξξ = −κ1eee1 + Axxx1d − Axxx1 = −(κ1I + A)eee1 (30)

Therefore, lim
t→∞

x̃xx2 = ξξξ = 000.

In this proof the fault and uncertainty are not taken into account. An
improved control law is designed in the following section that is robust to both
uncertainties and the defined faults. The virtual tracking error differential
functions of the supercavitating vehicle (22) is used with the virtual control
law given by Eq.(23).

Assumption 2. Assuming the modeling parameter uncertainties ∆B̄,∆C̄
and ∆F̄FF p are bounded,

(
C̄ + ∆C̄

)
ΓΓΓguuu−C̄uuu is bounded because of the output of

the controller is limited in practice. It can be assumed that ∆B̄xxx2 is bounded.
Considering the Assumption 1, the total uncertainties EEEd is bounded and
satisfied |EEEd| ≤ ρρρ, where ρρρ = [ρ1, ρ2]T , ρ1 and ρ2 are unknown bounded
positive scalar.

The following control law is proposed

uuu = −C̄−1
(
eee1 + κ2eee2 + B̄xxx2 + F̄FF g + F̄FF p − ẋxx2d − ξ̇ξξ + Ξ (eee2) ρ̂ρρ

)
(31)

˙̂ρρρ (t) = λ |eee2| − ε (t) ρ̂ρρ (t)
ε̇ (t) = −γε (t)

(32)

where the function Ξ (eee2) = diag [sign (e21) , sign (e22)], sign (·) is sign func-
tion. The control gain κ2 is a positive scalar. The adaptive parameter ρ̂ρρ is
the estimated value of ρρρ which is the total uncertainties bound, the gains of
the adaptive law λ and γ are positive scalars and the adaptive gain ε (t) is
positive because ε (0) > 0.
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Theorem 2. Under the virtual control law (23), the adaptive feedback con-
trol law (31) and adaptive update law (32), the supercavitating vehicle system
Eq.(22) can guarantee its state to be uniformly ultimately bounded and to con-

verge to a set ΩΩΩ1 =

{
x̃xx1 : ‖x̃xx1‖ ≤ ‖ρ̂ρρ‖

√
ε(t)
Π·λ

}
and ΩΩΩ2 =

{
x̃xx2 : ‖x̃xx2‖ ≤

(
1 +

√
2κ2

1 + V 2
)
‖ρ̂ρρ‖

√
ε(t)
Π·λ

}
with Π = min {2κ1, 2κ2, ε(t)}.

Proof: Defining the Lyapunov function as:

V2 =
1

2
eeeT1 eee1 +

1

2
eeeT2 eee2 +

1

2λ
ρ̃ρρT ρ̃ρρ+

ε

λγ
ρρρTρρρ (33)

where ρ̃ρρ = ρρρ− ρ̂ρρ.
The time derivative of the Lyapunov function is

V̇2 = eee1
T ėee1 + eee2

T ėee2 +
ρ̃ρρT ˙̃ρρρ

λ
+

ε̇

λγ
ρρρTρρρ (34)

Recalling Eq.(22) and Eq.(23), the time derivative of this Lyapunov func-
tion becomes

V̇2 = eee1
T (−κκκ1eee1 + eee2)+eee2

T (B̄xxx2 + C̄uuu+ F̄FF g + F̄FF p − ẋxx2d − ξ̇ξξ +EEEd)+
ρ̃ρρT ˙̃ρρρ

λ
+
ε̇

λγ
ρρρTρρρ

(35)
Substituting the control law Eq.(31) and Eq.(32) into Eq.(35) gives

V̇2 = eeeT1 (−κκκ1eee1 + eee2) + eeeT2 (−eee1 − κκκ2eee2 +EEEd − Ξ (eee2) ρ̂ρρ)− ρ̃ρρT ˙̂ρρρ

λ
− ε

λ
ρρρTρρρ

= −κκκ1eee
T
1 eee1 + eeeT1 eee2 − eeeT2 eee1 − κκκ2eee

T
2 eee2 + eeeT2EEEd − eeeT2 Ξ (eee2) ρ̂ρρ− ρ̃ρρT

λ
(λ |eee2| − ε (t) ρ̂ρρ)− ε (t)

λ
ρρρTρρρ

≤ −κκκ1eee
T
1 eee1 − κκκ2eee

T
2 eee2 +

2∑
i=1

|e2i|ρi −
2∑
i=1

|e2i|ρ̂i − ρ̃ρρT |eee2|+
ε (t)

λ
ρ̃ρρT ρ̂ρρ− ε (t)

λ
ρρρTρρρ

≤ −κκκ1eee
T
1 eee1 − κκκ2eee

T
2 eee2 + ρ̃ρρT |eee2| − ρ̃ρρT |eee2| −

ε (t)

2λ
ρ̃ρρT ρ̃ρρ− ε (t)

2λ
ρρρTρρρ+

ε (t)

2λ
ρ̂ρρT ρ̂ρρ

= −κκκ1eee
T
1 eee1 − κκκ2eee

T
2 eee2 −

ε (t)

2λ
ρ̃ρρT ρ̃ρρ− ε (t)

2λ
ρρρTρρρ+

ε (t)

2λ
ρ̂ρρT ρ̂ρρ

≤ −Π · V2 +
ε (t)

2λ
‖ρ̂ρρ‖2

(36)
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where Π = min
{

2κ1, 2κ2, ε(t),
2
γ

}
and ‖·‖ is Euclidean vector norm.

Solving Eq.(36), it can be obtained

V2 ≤ [V2(0)− ε (t)

2λ · Π
‖ρ̂ρρ‖2] exp(−Π · t) +

ε (t)

2λ · Π
‖ρ̂ρρ‖2 (37)

The Lyapunov function V2 is bounded. The following expression will be
established when t→ +∞

lim
t→+∞

(
1

2
eeeT1 eee1 +

1

2
eeeT2 eee2) ≤ lim

t→+∞
V2 ≤

ε (t)

2λ · Π
‖ρ̂ρρ‖2 (38)

Recalling Eq.(21), ‖x̃xx1‖ = ‖eee1‖ ≤
√

ε(t)
λ·Π‖ρ̂ρρ‖ and ‖x̃xx2 − ξξξ‖ = ‖eee2‖ ≤√

ε(t)
λ·Π‖ρ̂ρρ‖. Simply, we can get ‖x̃xx2‖ − ‖ξξξ‖ ≤ ‖x̃xx2 − ξξξ‖ ≤

√
ε(t)
λ·Π‖ρ̂ρρ‖. Consider-

ing Eq.(30), this can be written as

‖x̃xx2‖ ≤
√
ε (t)

λ · Π
‖ρ̂ρρ‖+ ‖ξξξ‖

≤
√
ε (t)

λ · Π
‖ρ̂ρρ‖+ ||(κ1I + A)||F ||eee1||

≤
(

1 +
√

2κ2
1 + V 2

)√
ε (t)

λ · Π
‖ρ̂ρρ‖

(39)

where || · ||F is Frobenious matrix norms with ‖·‖F =

√
m∑
i=1

n∑
j=1

|aij|2.

The nominal part of the discontinuous force calculated by (9) is eliminated
by feedback. The uncertain part is included in the total uncertainty EEEd

as disturbance. The whole uncertain part is assumed to be unknown and
bounded (assumption 2). It is treated by adaptive estimation law, as shown
in (32).

4. Numerical Example

In this section, we will verify the effectiveness of the proposed control law
(31) compared with the conventional backstepping control law in Eq.(40)

uuu = −
(
eee1 + κκκ2eee2 + B̄xxx2 + F̄FF g + F̄FF p − ẋxx2d − ξ̇ξξ

)
(40)
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Table 1: Parameters of supercavitating vehicle model[3]

Parameters Description Value and units
g Gravitational acceleration 9.81m/s2

m Density ratio 2
Rn Cavitator radius 0.0191m
R Vehicle radius 0.0508m
L Vehicle length 1.8m
Cx0 Drag coefficient 0.82
n Effectiveness of fins 0.5
V Forward speed 75m/s
σ Cavitation number 0.03

The multiplication fault model is given

gi =

{
1, t < 5s
0.8 + 0.1 cos (0.2πt), t ≥ 5s

(41)

the additive fault model is

Γdi =

{
0 deg, t < 5s
0.01 + 0.01 sin (0.5πt) deg, t ≥ 5s

(42)

The initial conditions of the supercavitating vehicle are z = 0m, w =
3m/s, θ = −1 deg and q = 1 deg /s. The desired states of the supercavitating
vehicle are z = −1m, w = 0m/s, θ = 0 deg and q = 0 deg /s. The parameters
of the proposed control are κκκ1 = [20, 20]T , κκκ2 = [4, 4]T , λ = 2, γ = 2,
ε(0) = 20, ρ̂1(0) = 10 and ρ̂2(0) = 2. The parameters of the supercavitating
vehicle are given in Table 1, and the remaining parameters come from the
CFD calculation results learned [38].

In order to test the tracking effectiveness of the proposed control law (31)
more fairly, we will compare the pointing accuracy of the control law (31)
and (40) for an ideal supercavitating vehicle model. From Fig.5 to Fig.8, the
two control laws can accurately track the desired position and angle with no
actuator faults and uncertainties in the model.

The robust tracking effectiveness of the proposed control law in presence
of a multiplication fault (41),additive fault (42)and uncertainties is demon-
strated in the following simulation. The comparison simulation results are
as shown from Fig.9 to Fig.20.
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Figure 5: Position Tracking of proposed con-
trol

0 2 4 6 8 10
−1

−0.5

0

0.5

t(s)

z 
&

 z
d(m

)

 

 
z
z

d

2 3 4 5 6 7 8 9 10
0

2

4

6
x 10−4

t(s)
er

ro
r(

m
)

2 3 4 5
0

5
x 10−4

8 9 10
0

1

2
x 10−14

Figure 6: Position Tracking of compared con-
trol
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Figure 7: Angle Tracking of proposed control
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Figure 8: Angle Tracking of compared control
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Figure 9: Position tracking of proposed con-
trol
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Figure 10: Position tracking of compared
control

The back-stepping control shows poorer performance than the FTC. The
position, angle, velocity and angular velocity do not track the desired value by
using the conventional backstepping control (40). The corresponding results
are shown in Fig.10, Fig.12, Fig.14 and Fig.16, respectively. However, the
proposed control drives the tracking error to the zero error state which is
only enabled by defining the adaptive component. The position tracks the
desired value again by the dynamic adjusting from 5 second to 8 second. The
tracking error is smaller than 5 × 10−4m shown in the Fig.9. The tracking
errors of the angle, velocity and angular velocity converge to zero again after
1 second. Fig.11, Fig.13 and Fig.15 denote independently the corresponding
results. The control torque of two methods are shown in Fig.17 and Fig.18.
The adaptive gain is illustrated in Fig.19. The adaptive parameters are
illustrated in Fig.20. The adaptive parameters ρ̂1 and ρ̂2 can converge to
zero while the systems is normal. However, they can get a new value when
the systems have faults to guarantee the accuracy. The capability of adjusting
control parameters automatically using the system states is the key of the
proposed control to deal with the actuator faults and uncertainties.

In order to verify the ability of the proposed control law to track contin-
uous signals, the following simulation is undertaken. The depth and pitch
angle tracking are considered, where the command signals are set as:

żd = − sin θ(t)

θ̇d = żd
V

(43)
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Figure 11: Angle tracking of proposed control
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Figure 15: Angular velocity of proposed con-
trol

0 2 4 6 8 10
−30

−25

−20

−15

−10

−5

0

5

10

15

20

t(s)
q 

&
 q

d(d
eg

/s
)

 

 
q
q

d
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Figure 17: Control torque of proposed control
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Figure 19: Adaptive gain of proposed control
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Figure 20: Adaptive parameters of proposed
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Figure 21: Position Tracking of proposed
control(Continuous signals)
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Figure 22: Angle tracking of proposed con-
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trol(Continuous signals)
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Figure 24: Angular velocity of proposed con-
trol(Continuous signals)

The initial conditions of the supercavitating vehicle and the parameters of
the proposed control the same as above. The fault occurs in the 5th second.
Tracking the time-varying signal results are shown in Fig.21-Fig.24. It can be
seen from Fig.21 and Fig.22 that the proposed control law can achieve good
tracking of continuous signals, which proves that it has the ability to track
continuous signals. The tracking errors of the angle, velocity and angular
velocity converge to zero again after 1 second in Fig.23, and Fig.24.

5. Conclusion

An adaptive backstepping tracking control law is developed for supercavi-
tating vehicles which is robust to actuator failures, parameter, environmental
uncertainties and actuator saturation limits. The closed-loop system stabil-
ity is proved using a Lyapunov function and guarantees asymptotic tracking
to a small, bounded region around the desired state in the presence of actua-
tor faults and uncertainties. Numerical simulations demonstrate a significant
improvement when compared to a classical backstepping control law in the
presence of actuator faults and uncertainties.
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