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Abstract

We investigate the possibility of reducing the computational burden of LES con-
figurations by employing locally and dynamically adaptive polynomial degrees
in the framework of a high order DG method. A degree adaptation technique
especially featured to be effective for LES applications, that was previously de-
veloped by the authors and tested in the statically adaptive case, is applied
here in a dynamically adaptive fashion. In this first study, no dynamic load bal-
ancing was carried out. Two significant benchmarks are considered, comparing
the results of adaptive and non adaptive simulations. The proposed dynami-
cally adaptive approach allows for a significant reduction of the computational
cost of representative LES computation, while allowing to maintain the level of
accuracy guaranteed by LES carried out with constant, maximum polynomial

degree values.
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1. Introduction

During the last decades, Large Eddy Simulation (LES) has been extensively
studied and has achieved results comparable to those of Direct Numerical Sim-
ulations (DNS) with a significant reduction in computational cost, enabling the
use of high accuracy models to simulate turbulent flows beyond the extremely
idealized configurations to which DNS was typically limited. However, in spite
of the increase of the available computing power, LES simulations are still com-
putationally very expensive, due to their space and time resolution requirements
[1]. Furthermore, selecting the optimal spatial resolution for the LES of an un-
steady turbulent flow in a complex geometry is not an easy task [2].

On the one hand, the resolution must be sufficient to solve the equations
with adequate accuracy, but limited to contain the computational costs. On
the other hand, there is a complex interplay between the effects of numerical
diffusion and those of the models used to describe the subgrid scale features.
Indeed, some approaches like implicit LES (ILES) methods [3], [4] use the dis-
cretization as filter, so that the mesh resolution sets implicitly the filter width
and the threshold between the resolved scales and the modelled ones. An early
empirical investigation of this issue in the LES framework was presented in [5],
which concluded that the LES filter width should be larger than the mesh size.
Similar findings were also reported in [6], [7] and related works, based on more
sophisticated analysis techniques. ILES methods based on TVD shock-capturing
finite volume approaches were studied in []] and found to introduce excessive
numerical diffusion. Several approaches to address these issue and provide grid
independent LES have been reviewed in [9]. In [I0] it was found that, when
high-order numerical dissipation is used, the transfer function associated with
the filtering effect is effective in reducing the number of degrees of freedom of
the problem, advocating a strategy that introduced both physical and numer-
ical dissipation exclusively in the viscous term. An interesting novel approach
for the analysis of the interaction between numerical diffusion and small scale

flow structures, based on spatial eigensolutions, has been proposed in [I1], [12].
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An exhaustive discussion on this aspect is beyond the scope of our work, where
the implicit assumption is made that the numerical methods employed are able
to reduce the impact of numerical diffusion below that of the LES models at
sufficiently high resolution.

In a turbulent flow in complex geometry, turbulence characteristics also
change in time and in space throughout the computational domain and can-
not be as easily estimated as it was the case in the simple geometries used for
many years in LES studies. Therefore, an adaptive LES, able to adapt auto-
matically the resolution and the filter width to the flow conditions, would be of
great benefit for the solution of both problems, in order to have an LES with the
correct filter sizing and an efficient spatial discretization. However, estimates
of the right resolution are further complicated by the fact that, as pointed out
by the authors in [I3], using estimators only targeted at the reduction of the
discretization error are not optimal for LES, if refinement to DNS resolutions
is to be avoided, so that specific, physically based strategies must be devised in
this context.

The need of an adaptive LES was first stated by [2], but not many attempts
have been made in this direction since then. In the numerical solution of PDEs,
however, in the last decades considerable efforts have been devoted to the de-
velopment of refinement indicators. Most of these are based on local estimates
of the discretization error, see e.g. [I4} [15] 16l 17, 18, 19, 20, 211, 22| 23] 24].
In [25], an indicator based on an estimate of the local regularity of the solution
was proposed. Other, more physically based indicators have been proposed and
tested, among others, in [26] [27], while a combination of geometrical and phys-
ically based indicators was proposed in [2§] for free surface flow simulations. In
[29], a super-convergent post-processed solution was employed to build a local
error indicator. In the LES context, however, simply increasing the resolution in
order to decrease the error leads to a DNS solution [30} [31], which is in contrast
with the goal of adaptive LES, that consists in adjusting the resolution in order
to directly resolve only a prescribed amount of the turbulent scales. In some

approaches, presented e.g. in [32] [33] [34] B5] [36], indicators aimed at obtain-
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ing a good representation of some quantity of interest are used to adapt the
mesh via adjoint and duality-based a posteriori error estimators, which however
entail significant computational costs. Comparisons of different p—refinement
approaches have been carried out in [37, [38] [39).

In the present work, we will consider the physically based refinement indica-
tor proposed by the authors in [I3] [40], which is especially suited for LES. This
adaptivity approach is implemented in a numerical framework based on the Dis-
continuous Galerkin (DG) method, that was already presented and validated in
[41], which allows to extend seamlessly the LES concept to unstructured meshes.
DG methods combine the high order of accuracy and low dissipation/dispersion
properties with good parallel performances, since most of the computations are
local to the element and only inter-element boundary fluxes must be communi-
cated. The adaptation technique we employ is a p—adaptive approach, in which
the polynomial degree is varied locally, rather than the mesh size, as in more
standard h—adaptive methods. DG methods provide an interesting environment
for p—adaptivity, since they do not require to enforce continuity constraints at
the interelement boundaries. Furthermore, p—adaptive techniques are appealing
since they allow to correct possible shortcomings of the computational mesh, as
well as to perform dynamically adaptive simulations without extensive remesh-
ing. Degree adaptation has been studied in the DG context in a great number
of papers, see e.g. [I8, 37, [42] 35, 24, 43]. For statistically steady state con-
figurations, statically p—adaptive LES was shown in [I3] [40] 44, [38] to lead
to significant efficiency gains, while an example of dynamical p—adaptation is
described in [36] in an ILES context.

In this paper, we will show how the adaptive method of [I3] [40] can be
applied locally and dynamically in time, in order to simulate efficiently and ac-
curately transient phenomena. The proposed adaptive approach is presented in
the framework of an otherwise rather conventional modal DG formulation, but
could be extended also to other, more novel approaches. Given the difficulty in
disentangling the effects of subgrid scale models from those of numerical diffu-

sion, it should be stressed that an effective application of the proposed adaptive
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method relies on the implicit assumption that the maximum polynomial degree
achievable on a given mesh in these adaptive simulations is sufficient for the
accurate resolution of the main turbulent structures of the flow on the same
mesh. We have carried out a number of time dependent numerical simulations
in two different configurations, namely, a temporally evolving mixing layer and
the interaction of a vortex impinging on a square cylinder with the cylinder
wake. The results obtained show that a significant reduction of the computa-
tional cost of LES can be achieved, reducing the number of degrees of freedom
employed down to 30 —40% of those required by constant maximum polynomial
degree simulations, while maintaining most quantitative indicators within less
than 10% of those obtained in the corresponding constant maximum polynomial
degree simulations. Furthermore, the results obtained show that the higher is
the maximum polynomial degree allowed, the closer are the results of the adapt-
ive method to the reference solutions, while the relative computational cost of
the adaptive simulations decreases as the maximum polynomial degree allowed
increases.

In Section [2} the model equations and numerical method are reviewed. In
Section [3] the dynamical adaptivity approach is outlined. In Sections
results of the numerical simulations on two significant test cases are presented.
Finally, in Section[6]some conclusions are drawn and some perspectives of future

development of this approach are discussed.

2. Model equations and numerical method

In this Section, the model equations and the numerical method will be briefly
presented. For a more detailed description, we refer to [41], where this method-
ology was first introduced and validated for LES applications. The LES filtered
Navier—Stokes equations for compressible flows can be written in dimensionless
form as:

OU+V-F=0 (1)



where U = [p,pu’,pe|l are the prognostic resolved variables and F = F* —

FY + F%8° are the fluxes, composed by the advective fluxes

7u
Fa<U) - ﬁﬁ@ﬁ"‘ W%“sz ’
phu

the viscous fluxes

0

F'(U,VU) = 15
Ma® ~T~ 1~
The W 0 — poprd

and finally the subgrid fluxes
0
F*¢5(U,VU) = T

S Ma? ~
%ngs + 155 (I8 — 7p10)

(4)

Here, = and ~ represent the grid filter and the Favre filter operators, so that p

denotes the filtered pressure, ﬁ?L = pe + P the resolved enthalpy and o and q the

momentum and heat diffusive fluxes, respectively. Equations are completed

by the dimensionless state equation for a perfect gas

p=7pT,

(5)

where 7T is the filtered temperature. To close the system the constitutive equa-

tions must also be specified:
— d _ ~
Oij = ,USij ) qi = _HaiT7
where the rate of resolved strain tensor is defined as

~ _ _ ~d +— 1
Sij = 8]‘111' + 81"11]‘ Sij = S,’j — g

Ski0ij
and the dynamic viscosity, according to a power law, is

w(T) =T,

(6)
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with @ = 0.7. In the Local Discontinuous Galerkin approach [45], the equations

are rewritten as a first order system

@U+V -F'(U) = V-F'(U,G)-V-F*¥(U,gQ), (9)

G-Ve = 0, (10)

where ¢ = [07,T]7, so as to handle the viscous terms more conveniently in a
DG setting. A tessellation 7}, composed of non overlapping tetrahedral elements
is defined in the domain 2 over which a discontinuous finite element space V),

is defined in the following way
Vi = {v, € L*(Q) : o]k € PPX(K), VK € Tp}, (11)

where PP (K) denotes the space of polynomial functions of total degree px
over the element K. The weak discrete form of equation @ is derived using
test functions belonging to the same space as the numerical solution. A modal
DG approach is here applied, by using a hierarchical orthonormal polynomial
basis for each element K in the finite dimensional space V},. Notice that this
orthonormal basis is built on a reference element and then mapped back to
the physical space, see the more detailed presentation e.g. in [21],[22]. The
numerical approximation of the generic variable a it then expressed as

ne(K)

= 3 aOgk, (12)

1=0
where ¢ZK are the basis functions on element K, a(¥) are the modal coefficients

associated with the basis functions with corresponding index and
ng(K) +1 =[PP (K)
is the number of basis functions required to span the polynomial space PP (K)

of degree pg, defined in R? as:

no(K) +1= ¢ (o + (o +2)(prc +3) (13

To compute the advective flux {F}* the Rusanov flux [40] is employed, while
a centred flux is used for the diffusive fluxes {F}¥, {F}*° and for the gradient
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variables flux {op}. It is important to remark that the previously outlined DG
approach is rather conventional and not necessarily the best possible one. For
example, the choice of the Rusanov flux is know to be suboptimal in some
regimes, see the empirical findings in [47] and the analysis based on spatial
eigensolution proposed in [II], [I2]. Furthermore, aliasing is known to occur
for the Euler equations, due to the rational form of the nonlinear fluxes, and
de-aliasing techniques such as overintegration must be employed to guarantee
stable simulations [48], [49], [50], unless specific entropy stable DG schemes are
employed, see e.g. [51], [52]. For convenience, we only consider p—adaptivity
in the present simpler framework, leaving its application in the context of more
advanced DG methods to future work. After space discretization, equations
are advanced in time with an explicit, five-stages fourth-order strong stability
preserving Runge-Kutta method proposed in [53].

In the present framework, as explained in detail in [41], the filtering opera-
tors are built in the DG spatial discretization. More specifically, along the lines
proposed e.g. in [54] 55] [56], we define the filter operators in terms of approx-
imate L? projectors. Given a subspace V C L?(Q2), let ITy, : L2(Q2) — V be the

associated projector defined by

/Hvavdx:/avdx, Va,v €V,
Q Q

where the integrals are evaluated with appropriate quadrature rules. For a €

L?(Q), the filter - is now defined by
a=1IIy,a, (14)
or equivalently @ € V), such that

/ Evhdx:/ avy, dx VK € Ty, Yup € V. (15)
K K

Notice that the application of this filter is built in the discretization process and
equivalent to it. The LES filtering - is thus equivalent to the projection onto the
employed finite dimensional solution subspace, while the Favre filter operator ~
is defined as

(16)

l
SE
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In the simulations presented in this paper, two different subgrid models have
been employed, the classical Smagorinsky model and an anisotropic dynamic

model, whose description is summarized in the next two subsections.

2.1. Eddy viscosity model

The compressible extension of the classical Smagorinsky model [41] has been
applied to the simulations of the flow around a square section cylinder presented
in Section In this model, the anisotropic part of the subgrid stresses is
modelled by a scalar eddy viscosity v%9° = C§A2|§|fp, so as to obtain

1
Tij — ngkéij = ﬁVSgSng (17)

where Clg = 0.1 is the Smagorinsky constant, |S| = \/§j§j and
fo=1—exp(y"/25)

is the Van Driest damping, which is a function of the distance from the wall yT

in wall units. In the model, the filter width is determined elementwise as

4] Vol(K)
A(K)_Hintﬁ(K)—i—l' (18)

Following [57), 58], the subgrid heat and kinetic energy fluxes are modelled as
Qi = —py3g5A2|§|6ﬁ, Ji = —QQkTik + ﬁiTkk. (19)

2.2. Anisotropic dynamic model

The anisotropic model proposed in [59] and extended to compressible flows
in [41] has been used in the mixing layer simulations presented in Section 4l In
this model, the subgrid stress tensor is assumed to be proportional to the strain

rate tensor through a fourth order symmetric tensor
Tij = _ﬁA2|S‘BijrsSrs' (20)

Thanks to a rotation tensor a,;, the tensor B;;,; can be contracted into a second

order symmetric tensor Cqg:

3

Bist = Z Caﬂaiaajﬂa,.aasﬂ. (21)
a,f=1
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In particular, assuming a;; equal to the components of the orthogonal Cartesian

reference frame basis, one obtains
Tij = —ﬁA2CZ‘j|S|Sij. (22)

The dynamic computation of the components C,p relies on the introduction of
a test filter operator = defined for v € L?(Q2) as v = Il v, where 0 < Dr < PK
and

Vi = {uon € L2(Q) : vp|x € PPX(K), VK € Ty}, (23)

The application of the dynamic procedure, as described in detail in [60], provides
the expression for the products (A2C;;), which are then averaged over each
element. Clipping is then applied to ensure positive total dissipation.
Similarly, the anisotropic dynamic procedure is also applied to model the
subgrid heat flux
Qi = —p(A*CY)|S8|0;T, (24)

and the subgrid kinetic energy flux
~ 1

3. A dynamically p—adaptive approach

A physically based refinement indicator especially suited for LES has been
proposed by the authors in [I3] [40]. This indicator is based on the classical

structure function
Dij = <[U1(1L' +7, t) - ’U,i(il‘, t)] [U'J(x +7, t) - uj("l"v t)]> ) (26)

where (-) represents the expected value operator. The structure function has
been widely used to study turbulence statistics and it is known to be directly
related to the subgrid stresses [61,[62}[63]. Larger values of the structure function
computed inside the element denote a poorly correlated velocity field and the
need for higher resolution, while lower values denote a highly correlated velocity

field, which implies a well resolved turbulent region or laminar conditions, hence

10
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the possibility to employ lower resolution. The degree adaptation indicator is

then defined as:

Indsp(K) = QTR = \/Z [Di(K) - Dy (K)o (2

where ijf" is the structure function in isotropic conditions [64], which is defined

as
; rir;
Dzjo(r,t) = DNN(’I‘, t)5ij + (DLL(T, t) — DNN(T, t)) 7~2] (28)
where r = |[r|| and Dy, Dyn are the longitudinal and transverse structure

functions, respectively. More specifically, the indicator is computed by the fol-

lowing procedure:

1. choose a pair of points defining £ and r in K

2. compute the structure function D;;(K) based on «, r and the simulated
velocity field

3. compute Dyy and Dy by a least square fit of to the structure
function values within the element

4. compute the indicator 27}

In order to reduce the arbitrariness in the choice of £ and r for the computation
of , its value is computed for each couple of element vertices and then
averaged.

In [I3], this procedure was shown to be effective in a static, locally p—adaptive
framework, producing accurate results with a significant reduction in compu-
tational cost. However, static adaptivity presents some limitations, since the
resolution is fixed at the beginning of the simulation and constant in time. In
the simulation of a transient phenomenon, for which a time resolved solution
is sought rather than a statistical average, employing a dynamic adaptivity
framework is necessary. In our implementation of dynamic degree adaptation,
the indicator is computed at runtime at time intervals At; and averaged
over time. Once the indicator has been averaged on a time interval At, which

is sufficiently larger than At;, but still small with respect to the time scale

11
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of the motion of the main turbulent structures, a new polynomial distribution
is computed based on the indicator values and the flow field approximation is
updated, by either reducing or increasing the number of degrees of freedom em-
ployed in each element. Notice that, with the above procedure, the quality of
the results may depend on the chosen length At, averaging parameter. This
dependency has not been investigated so far. A possible alternative is to avoid
the time averaging of the indicator and to update the polynomial degrees at all
time steps, as it was done for the inviscid simulations presented in [21], [22].
This may however result in a larger computational cost.

In this work, the admissible polynomial degrees ranged from 2 to 5. Three
indicator thresholds €; < €3 < €3 were employed. Elements with a value of the
indicator lower than e¢;were assigned the lowest allowed polynomial degree
2, those with values between €; and e, were assigned the polynomial degree 3,
those with values between €5 and €3 were assigned the polynomial degree 4 and
those with values above e3 were assigned the value 5. Polynomial degrees were
only allowed to increase or decrease by one degree in each adaptation. Since the
solution is represented by a hierarchical basis, when lowering the polynomial
degree, the contribution associated to the removed modes is simply discarded,
while when raising the polynomial degree the coefficients of the newly added
modes are initialized to zero, to be updated by the subsequent time evolution.

Clearly, the choice of the threshold parameters is a critical step in this as
in any other adaptive algorithm. In principle, their choice should be aimed at
maintaining the maximum possible accuracy given some estimate of the available
computational resources. Ideally, very high maximum polynomial degrees would
be allowed and a large number of thresholds would be used. The search for an
optimal threshold choice is still an open issue and will be the focus of future
work. Here, as well as in our previous paper [I3] on static adaptation, the choice
was performed by computing the indicator on the flow fields of lower resolution
simulations. Specifically, simulations with constant degree p = 2 were used
for the tests reported in Sections [] and The values of the thresholds were

then adjusted for each case so as to obtain for the initial datum a number of

12
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degrees of freedom (dofs) corresponding approximately to a fraction of that of
the analogous constant degree p = 3 simulation. It is to be remarked that this
choice is only motivated by the goal of performing a fair efficiency assessment
and should not be regarded as optimal. Notice also that no constraint has
been imposed on the spatial distribution of the local polynomial degrees. As
a consequence, the polynomial degrees of neighbouring elements could differ in
principle by more than unity. On the other hand, this seems to occur in practice
only at a very limited number of locations, as it can be seen from the results
presented in Sections [4] and The possible sensitivity of the results to these
abrupt variations still has to be investigated in depth, but so far no evidence
of inaccuracies or instabilities related to this fact has been found. Furthermore,
restrictions to enforce a smoother spatial variation of the polynomial degree
could be easily enforced if necessary.

Finally, it should be remarked that the procedure outlined above can lead to
unbalances between the computational load of different processors in a parallel
run. The implementation of a full dynamic load balancing is beyond the scope of
the present work, whose focus is mostly on the assessment of the accuracy of the
proposed adaptive method. As a consequence, in all the numerical experiments
presented below, the computational load among the processors is approximately
balanced at the beginning of the simulation only, which is clearly suboptimal
with respect to full parallel efficiency. Indeed, the results will not in general be
assessed based of the CPU time required, but rather on the total number of the
degrees of freedom employed in the adaptive versus non adaptive simulations.
On the other hand, it must be noted that, even in this suboptimal configuration,
the adaptive simulation always led to a net reduction in computational cost with
respect to their fixed degree counterparts. In order to assess the effective re-
duction in the CPU time required, further work on code optimization is needed,
along with the development and application of load balancing approaches such

as those employed e.g. in [36] [65].
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4. Temporally evolving mixing layer

In a first assessment of the adaptive LES approach outlined in the previous
sections, an isothermal time developing mixing layer was simulated. The tempo-
ral mixing layer represents an interesting test case for LES, due to its simplicity
and advantages from the computational viewpoint, as well as the complexity of
the physics related to the mixing, see e.g. the discussions in [66] 67, 68, [69].
The commonly employed configuration to represent a mixing layer flow was
employed, imposing periodic boundary conditions on the mean flow and in the
spanwise directions. Thanks to the periodicity in the streamwise direction, un-
certainties related to the imposition of inlet and outlet boundary conditions are
avoided. In the simulations presented here, the anisotropic dynamic subgrid
model [T} [59] has been used, in which the filter width is included in the coeffi-
cients to be dynamically determined. A further application of this approach is
presented in [60]. For the simulations with maximum degree p = 5, the value
px = 3 was used, while for the simulations with maximum degree p = 3,4 the
value px = 2 was used instead.

A sketch of the flow configuration is shown in Figure The mixing layer
is characterized by two parallel flows with different velocities U; and Us. The
convection velocity of the isothermal mixing layer, defined as U. = (U; + Us)/2,
is the velocity that transports the vortical structures at the centreline. In the
configuration we considered, the convection velocity is assumed to be zero, so
that the eddies do not travel inside the domain by means of the flow, but only
move by mutual interaction. As a consequence, Uy = —Us and |Uy| = |Us| =
(Up — Uz)/2. The reference frame is chosen so that the z axis is aligned with
the main direction of the flow centered at the middle of the domain, while the
y and z axis denote transverse and lateral directions, respectively. The initial

vorticity thickness, defined as
U, —Us
5wr = T a3
max(dU/dy)
is chosen as reference length for the non-dimensionalization. The initial velocity

jump AU, = (U —Us) is used as reference velocity, the initial uniform density p,.

14
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Figure 1: Sketch of the mixing layer configuration.
and temperature 7T;. are used as reference density and temperature, respectively.
The fundamental dimensionless groups are then

A A
_ oAU o pp_ B gy ppa— 20
Hr k VAYRT,

Notice that it is also customary (see e.g. [66]) to consider also the convective

Re 0.2.

Mach number, which in the present isothermal configuration amounts to Ma, =
Ma/2. The temporally evolving mixing layer develops from a specified initial
condition. In these computations, we use a hyperbolic tangent as the base
velocity profile for the longitudinal component

Ui+U; U —U.
_ Y 2, U 2

Ul(y) 5 5

tanh(2y) (29)

where U; = 0.5 and U = —0.5 so that U. = 0. A similar configuration was
considered in [66] [70, [71], where however the focus was mostly on acoustic
effects. Similarly to [70, [7I], a 3D incompressible disturbance is added to the

base velocity profile to initiate the transition process. It consists of harmonic
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disturbances expressed as

u = Ae*‘””Qngy 1

™ L 8
v = AeoV {cos (167Tx> + 1cos <87rx) + i cos (Mzﬂ

L, 8 L, 16 L,
[ /167 1. /87 1 . (47 \]
_sm < I, x) + g sin <me) + E sin (me)
167 1 8 1 47

|:COS < . a?) + gcos (LTx> + 1—6 coS <Lxm>]

where A = 0.025(U; — Uz) and the decay in y-direction is governed by o = 0.05.

! Ae—Y ngy
T

Moreover, a 3D white noise perturbation is added to the initial velocity field,
generated for each mesh node by a logistic map rescaled to take values on [— A, A]
and multiplied by the attenuation factor e*“yQ, see [4I] for a more detailed
description. Uniform pressure p = 1 and density p = 1 are used to initialize the
simulation. The longitudinal dimension of the computational domain must be
large enough to allow at least for the merging of two principal vortical structure,
so it must be taken as a multiple of the wavelength A, characterizing the most
unstable perturbation, which according to the analysis in [67] is given in this
context by A\, = 7.66. In the present simulation, the size in the streamwise
direction has been chosen L, = 8 x A\, = 60.8, so that up to three vortices are
allowed to merge. In the normal direction, the computational domain extends
for =30 < y < 30, while in spanwise direction L, = 30.4. Periodic boundary
conditions are applied in the statistically homogeneous x and z directions, while
a sponge layer is employed at the top and bottom boundaries, so that the
effective size of the computational domain in the y direction is equal to 80.
The computational mesh is built first subdividing the domain in N, X
Nhy X Np, = 20 x 36 x 10 hexahedra. Each hexahedron is then split into 6
tetrahedra, yielding a total of 43200 tetrahedral elements. The actual resolution
depends on the local polynomial order. In the case of constant local degree,
the spacing in each direction can be computed as A; = L;/[Np;(6ng + 1)%],
while the average resulting values for each value of p employed are displayed in

Table [1} Notice that the simulations with p = 5 were repeated on a mesh with
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6 x 28 x 48 x 14 = 112,896 tetrahedral elements, thus increasing the number of
elements by almost 50% in each direction. In this test case, overintegration was
employed as de-aliasing technique in the numerical computation of the integrals
appearing in the formulae of Section[2] More specifically, three more quadrature
nodes were used in each dimension than the minimum number required by
approximation theory.

A preliminary study of the mixing layer in the present configuration was
presented in [72], where the sensitivity of the results to the choice of spatial
resolution and subgrid scale model was checked. The objective of the present
work is to test the p—adaptivity technique in a time evolving flow. For this
purpose, the results obtained with polynomial degree dynamically adapting in
space and time are compared with the results obtained with constant fourth
and third degree polynomials.

To set the values of the adaptation thresholds, as discussed in Section 3] the
structure function indicator was evaluated on the velocity field obtained with
constant p = 2 at the final dimensionless time ¢ = 150. Thresholds were then
chosen in order to obtain, for that field, an adapted number of degrees of freedom
(dofs) lower than 80% of the corresponding number of dofs in the constant
p = 3 case. The resulting threshold values are then ¢ = 1076, e, = 1073,
€3 = 5 x 1073. The dynamical p—adaptation was carried out by computing
the indicator value at intervals At¢; = 0.0375 and averaging them over intervals
At, = 0.075, while the value At = 0.0075 was used for time integration.

All the simulations were carried out on the Marconi cluster at CINECA,
using 272 KNL processors. In Figure[2] the total number of dofs for the adaptive
simulations divided by the values for the corresponding constant polynomial
degrees (reported in Table|l]) are shown as a function of time. The reduction of
the number of dofs using p—adaptivity is evident, since the adaptive simulation
requires less than 50% of the dofs for the p = 4 case and less than 30% of the
dofs for the p = 5 case. The spatial resolution achieved in each simulation is
detailed in Table [1} while the core hours necessary to perform the simulations

are reported in Table 2] In spite of the absence of a specific dynamic load
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Figure 2: Total number of degrees of freedom during the dynamic adaptive simulations of

mixing layer simulation, normalised by the number of degrees of freedom for the homogeneous

distribution of the corresponding maximum degree.

Nha X Npy X N A, Ay A,
p =5 high res. 28 x 48 x 14 0.31 0.18 0.31
p=>5 20 x 36 x 10 0.44 0.24 0.44
p=4 20 x 36 x 10 0.51 0.28 0.51
p=3 20 x 36 x 10 0.61 0.34 0.61
p—adaptive prae = 4 20 x 36 x 10 0.51-0.77 | 0.28-0.42 | 0.51-0.77
p—adaptive ppar =5 20 x 36 x 10 0.44-0.77 | 0.24-0.4 | 0.44-0.77

Table 1: Spatial resolution employed for the mixing layer simulations using uniform polynomial

degree distribution p = 5, p = 4, p = 3 and p—adaptive distribution with maximum polynomial

degrees 4 and 5, respectively.

balancing procedure, the p—adaptive technique also yields a reduction of the

required CPU time, which has a value only marginally larger than that of the

p = 3 simulation for the adaptive p,,q4, = 4 one and only marginally larger than

that of the p = 4 simulation for the adaptive p,,.. = 5 case, which required

65% the CPU time of the constant p = 5 degree simulation. On the other hand,

the sub-optimal nature of the present implementation is highlighted by the fact

that the adaptive p,,q, = 4 simulation required more CPU time than the p = 3

case, even though it involved less dofs.

The polynomial degree distribution, the density and the streamwise compo-
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t = 150.

Figure 3: Results of the p—adaptive simulation, with maximum degree p = 5, of the temporal
mixing layer plotted in the plane z = 0 at times ¢t = 4,60,105,150: polynomial degree

distribution (left); density (centre); spanwise velocity component (right).
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306

307

308

309

310

311

312

313

314

315

316

Number of dofs Core hours
p = 5 high res. 6.3 x 10° 53400
p=>5 2.42 x 10° 20100
p=4 1.51 x 106 12600
p=3 8.64 x 10° 9000
p—adaptive pye: =4 | 6.1 x 10° (average) 9300
p—adaptive pe: =5 | 6.7 x 10° (average) 13200

Table 2: Number of degrees of freedom and core hours required for the mixing layer simulations
using uniform polynomial degree distribution p = 5, p = 4, p = 3 and p—adaptive with

maximum polynomial degree 4 and 5, respectively.

nent of the velocity, at different instants, in the plane z = 0, are represented in
Figure [3] In the initial condition, the elements with highest degree p = 5 are
concentrated along the middle of the domain, where high resolution is required.
Then, the region with higher polynomial degree expands in space during time,
adapting to the merging of the vortices, to the diffusion of the turbulent struc-
tures and to the growth of the layer thickness. An important quantity for the

characterization of the mixing layer is the momentum thickness, defined as

a(t) = / 75— (5 + B)dy. (30)

The time evolution of this quantity is represented in Figure[dl Notice that slope
variations in its time evolution are associated to the merging of the vortices.
This time evolution can be compared to some extent with that of Fig. 4 in [66],
considering that, due to the different scaling, our time unit 150 corresponds
approximately to the time unit 660 in [66]. Furthermore, in [66] the values of
the Reynolds and Mach numbers are Re = 750 and Ma, = 0.3, respectively
while the values employed here are Re = 400 and Ma. = 0.1. Even though full
convergence is not achieved, it can be observed that each adaptive simulation
reproduces well the corresponding fixed degree simulation. Furthermore, the
values obtained for the constant degree p = 3 seem out of the range of the

reference values in [66].
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Figure 4: Growth of the momentum thickness, normalised by its initial value, in time, for the

p—adaptive simulations and for uniform degree cases p =3, p =4, p=5.

A similar behaviour can be observed in the spanwise and streamwise averaged
density and velocity profiles shown in Figure[5] in the mean normal stress profiles
shown in Figure [f] and in the turbulent kinetic energy profile shown in Figure
No clear convergence is achieved and, even at the finest resolution that
could be employed, the flow may not be fully resolved. However, the adaptive
simulations yield in general results that are close to those of the corresponding
fixed degree simulation and that improve as the maximum allowed degree is
increased.

In Figure the subgrid scale (SGS) kinetic energy in the constant p = 3
case is clearly larger than in the other cases, due to the lower resolution that
requires more intense contribution from the model. In the adaptive simulations,
the SGS kinetic energy for the p,,q., = 4 case is closer to that of the p = 3 case,
showing that at this resolution the adaptation procedure is probably unable to
cope with the excess of numerical diffusion coming from the reduction in degree
in some elements. On the other hand, for the p,,.. = 5 adaptive case a SGS
kinetic energy profile much closer to that of the corresponding constant degree
p =5 is observed.

Concluding this analysis, we can affirm that the p—adaptive solutions display
a behaviour quite similar to those obtained with the corresponding constant

degree values, but e.g. for the p = 5 case they require about 30% of the number
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Figure 5: Mean profiles for density (left) and longitudinal velocity component (right) for the
22

mixing layer at different times ¢.
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Figure 6: Mean profiles of the total turbulent stresses for the mixing layer at time ¢t = 150.
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Figure 7: Resolved turbulent kinetic energy (a) and SGS kinetic energy (b) in function of time

for the mixing layer simulations.
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of dofs and about 60% of CPU time for this test case, in spite of a sub-optimal
implementation that did not employ any run-time load balancing. Moreover, the
structure function indicator, which was proven successful in static adaptation
in [I3], is shown to be suitable also for simulation of transitional flows using a

dynamic adaptation in time.

5. Interaction of Vortex and Square Section Cylinder

A body-vortex interaction flow represents another interesting time depen-
dent problem to test dynamic p—adaptivity. Here, a vortex interacting with a
square section cylinder at Re = 22000 and Ma = 0.3 is considered. The con-
figuration we consider was employed e.g. in [73] and has been used to assess
statically adaptive LES simulations of the standard flow around a square section
cylinder in [13] 40, [74]. We refer to [I3] for a more extensive literature review
on this benchmark. In particular, experimental results on this configuration
are reported in [75] [76] [77, [78], DNS simulations in [79] and LES results in
[78, 180, [8T], [82], [83]. The Smagorinsky SGS model described in Section was
applied for this test.

The results obtained with polynomial adaptivity are compared with the so-
lution obtained with uniform in space and constant in time degree distribution.
The solution computed with constant p = 5 is taken as reference, along with
the results presented in the previously listed papers.

The computational domain employed is box shaped and a 2D sketch of the
geometry is represented in Figure Denoting the cylinder side with H = 1,
which is used as reference length, the inflow length has been taken equal to
L = 10, while the outflow length is equal to L, = 20. The cylinder is vertically
centered with a distance of Ly = 10 from the upper and lower boundaries. The
domain is extruded in the spanwise direction by a length equal to L, = 4.

Non-slip isothermal boundary conditions are imposed on the cylinder walls,
while homogeneous Neumann boundary conditions are imposed on the upper

and lower boundaries of the domain and periodic conditions are enforced in the
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Figure 8: 2D sketch of the square section cylinder case geometry. The lines on which the

statistics are calculated and plotted are highlighted.

spanwise direction to simulate an infinite span cylinder. Dirichlet conditions
corresponding to the far field values are imposed at the inflow and outflow
boundaries, with sponge layers to avoid reflections of disturbances from the
boundaries. At the inflow, a uniform far-field velocity is imposed.

The mesh employed consists of 23816 tetrahedra arranged in an outer un-
structured area and a structured O-grid mesh around the cylinder, which is
then extruded in the spanwise direction. The effective resolutions around the
cylinder for the different polynomial degrees employed are reported in Table
Bl Notice that in this case no overintegration was necessary to achieve stable
simulations.

In a first set of simulations, aimed at assessing the quality of the constant
degree LES results, this configuration was computed on the above described
mesh with constant polynomial degrees p = 3,4, 5. Notice that this extends the
results presented in [13], in which only the cases p = 3,4 were considered. The
results obtained are reported in Table[d] along with reference results presented in
the literature for some common global quantitative parameters. Furthermore,
the profiles of several relevant quantities are reported at three different locations
in Figures Notice that, only for these statistically steady state simula-
tions, time averaging was performed over a period of 60 non dimensional time
units. The results obtained are well in the range of other LES studies and a

definite convergence pattern is observed for the Strouhal number. Furthermore,
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Figure 9: 2D section of the mesh employed for the flow around the square section cylinder

A, Ay A,
p=>510.006 | 0.020 | 0.115
p=410.008 | 0.024 | 0.135
p=3 1 0.010 | 0.029 | 0.163
p=210.012 | 0.036 | 0.205

Table 3: Resolution at the wall around the square section cylinder, for polynomial degree
p=5,p=4,p=3and p=2: A, in normal to the wall direction, A in tangential direction,

A, in spanwise direction.

the profiles show that the p = 5 simulations are well resolved and generally in
good agreement with the experimental data.

After the previous assessment of the constant degree simulation, a vortex is
superimposed to an initial condition corresponding to a developed flow around
the cylinder, obtained by a previous LES simulation, in order to simulate the
cylinder-vortex interaction. The axis of the introduced vortex is parallel to the

z direction. The vortex is defined by the velocity components

2 2
Y z°ty
u = Uoo - CvRig exp (2R3>’ (31)
T x2+y2
v = CHF% exp <_2R%>, (32)
w = 0, (33)
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St <Cq> | rms(C}) | rms(C))
experiments 0.13 2.1 0.18 1.2
DNS 0.132 2.18 0.205 1.71
LES 0.09-0.15 | 2.01-2.77 | 0.14-0.27 | 1.15-1.79
p=2 0.1462 2.321 0.1480 1.204
p=3 0.1487 2.352 0.1605 1.305
p=4 0.141 2.398 0.1930 1.374
p=>5 0.136 24 0.1677 1.43

Table 4: Global results for the flow around the square section cylinder at Re = 22000 and
Ma = 0.3. The results obtained with homogeneous polynomial degree p = 2,3,4 and 5 are
compared with experimental data [76] [77), [78], with results from DNS [79] and LES [78} [80,

BT 182 [83].

25 —#=p=5
—o-p=4
o —p=3

0 0.2 0.4 0.6 0.8 1
<u>

(a) (b) (c)

Figure 10: Streamwise component of the mean velocity profile in the flow around the square

section cylinder: [10(a)| along the y = 0 line in the wake, [10(b)| along the £ = —0.5 line on
the corner, [10(c)| along the z = 2.5 line in the wake. The solutions obtained with constant

polynomial degrees p = 3, p =4 and p = 5 are compared with experimental results in [75].
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(a) (b) (c)

Figure 11: Square root of the total (resolved plus modelled) streamwise component of tur-
bulent stresses in the flow around the square section cylinder: along the y = 0 line in
the wake, along the z = —0.5 line on the corner, along the z = 2.5 line in the
wake. The solutions obtained with constant polynomial degrees p = 3, p = 4 and p = 5 are

compared with experimental results in [75].

3
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0.8 25 —8-p=5
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(a) (b) (c)

Figure 12: Square root of the total (resolved plus modelled) y component of turbulent stresses
in the flow around the square section cylinder: along the y = 0 line in the wake,
along the = —0.5 line on the corner, along the & = 2.5 line in the wake. The solutions
obtained with constant polynomial degrees p = 3, p = 4 and p = 5 are compared with

experimental results in [75].

28



394

395

396

397

398

399

400

-5 0 5 10 15

3
x Tuv x10 Tw

0.1

(a) (b) (c)

Figure 13: Total (resolved plus modelled) shear component of turbulent stresses in the flow
around the square section cylinder: along the y = 0 line in the wake, along the
z = —0.5 line on the corner, along the x = 2.5 line in the wake. The solutions obtained
with constant polynomial degrees p = 3, p = 4 and p = 5 are compared with experimental

results in [75].

where C, denotes the vortex strength, R, is the vortex radius, 72 = z2 + 42 is
the distance in the x —y plane from the vortex center and U, is the uniform flow
over which the vortex is superimposed [84]. The maximum tangential velocity is
obtained at r = R,, and is given by vy, = %’; exp (—1). Regarding the other
variables, it is known from [73] that for a viscous compressible vortex the radial
pressure distribution given by the solution of
Ip _ puj

T (34)

Assuming a constant temperature distribution 1" = T, one obtains from

02 7“2
P=—Po— " _op(-2).
st ™ T) (35)

The maximum radial velocity chosen is vg,,,, = 0.5 and the vortex radius is R, =

the profile

0.41. The simple, undisturbed advection of this vortex was tested successfully
for the resolutions employed here in [40, [85]. A reference simulation without
vortex was used to calibrate the introduction time, so as to allow the vortex to
reach the cylinder at the instant of maximum lift.

To set the values of the adaptation thresholds, as discussed in Section

the structure function indicator was evaluated on the velocity field obtained
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in a steady state simulation of the cylinder without the vortex with constant
p = 2. Thresholds were then chosen in order to obtain, for that field, an adapted
number of dofs just lower than that of the corresponding number of dofs in the
constant p = 3 case. The resulting threshold values for the structure function
(SF) indicator were then €; = 5x 1074, e3 = 1072, e3 = 4x 10~ L. The dynamical
p—adaptation strategy consisted in this case of adapting the polynomial degrees
approximately three times during the time needed by a fluid particle to pass
through the smallest elements on the cylinder walls at the free stream velocity
Us- This choice led to computing the indicator value at intervals At; = 0.0016
and averaging them over intervals At, = 0.05, while the value At = 0.0004 was
used for time integration.

The simulations were carried out on the Marconi cluster at CINECA, using
272 Brodwell processors. In Figure the total number of dofs for the adaptive
simulations divided by the values for the corresponding constant polynomial
degrees are shown as a function of time. As in the case of the mixing layer
simulations, the gain in terms of a reduction of the number of DOFs using
p—adaptivity is evident, since it requires less than 50% of the dofs for the
p = 4 case and about 40% of the dofs for the p = 5 case, with respect to
the corresponding constant degree simulations. The core hours necessary to
perform the simulations are reported in Table In spite of the absence of a
specific dynamic load balancing procedure, the p—adaptive technique also yields
a reduction of the required CPU time, which has a value only marginally larger
than that of the p = 3 simulation for the adaptive p,,.. = 4, which required
47% of the CPU time of the corresponding constant degree p = 4 simulation,
while the adaptive p,qa: = 5 case required just below 40% of the CPU time of
the corresponding constant degree p = 5 simulation.

The dynamically adaptive procedure was able also in this case to effectively
represent the structures of the flow, both in the advected vortex region and in
the wake of the obstacle, as can be seen in Figures It is possible to note
that a higher polynomial degree is employed in the advected vortex region and in

the shear layers around the cylinder. The dynamic adaptation procedure is able
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Core hours | number of degrees of freedom
p=>5 1380 1333696
p=4 756 833560
p=3 388 476320
p—adaptive pmes = 5 530 530273 (average)
p—adaptive ppe. = 4 462 393854 (average)

Table 5: CPU time required for the vortex-cylinder simulations using uniform polynomial
degree distribution p = 5, p = 4, p = 3 and p—adaptive simulations with maximum polynomial
order equal 4 and 5, respectively. For the p—adaptive simulations, the number of degrees of

freedom is averaged over the duration of the simulation.

| —+—adapt. pmax=5
40 | adapt. pmax=4

0.36

Figure 14: Number of degrees of freedom during the dynamic adaptive simulation of vortex-
cylinder interaction, normalised by the number of degree of freedom for the corresponding

maximum degree simulation.
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(b)

Figure 15: Polynomial degree (a) and momentum magnitude fields (b), for the square cylinder—

vortex interaction flow at time t = 4.

to effectively increase the polynomial degree around the vortex and to follow it
as it is advected downstream, leaving all the elements with no vortex activity at
the lowest resolution. Notice that the centre of the vortex is represented with
polynomials with p = 4 in the first instants, but only polynomials with p = 3
are employed later, since the vortex enters an area with a more refined mesh in
which a lower polynomial degree is sufficient.

Among the different effects caused by the vortex-cylinder interaction, the
most interesting are those on the forces acting on the cylinder. In the developed
flow around the square cylinder, the periodic oscillations of the force coeffi-
cients are related to the unsteadiness of the recirculation bubble on the upper
and lower sides and to the vortex shedding. Reaching the upper corner of the
cylinder at t = 5, the vortex changes the pressure distribution on the front of

the cylinder and strongly modifies the recirculating bubble on the upper side.
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(b)

Figure 16: Polynomial degree (a) and momentum magnitude fields (b), for the square cylinder—

vortex interaction flow at time t = 5.
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(b)

Figure 17: Polynomial degree (a) and momentum magnitude fields (b), for the square cylinder—

vortex interaction flow at time t = 6.
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Figure 18: Force coefficients as a function of time for vortex interacting with the cylinder.

The dashed lines represent the reference solution without vortex interaction.

In this condition, it is very important to use an adequate resolution on the
upper side and in the separation bubble. The history of the load coefficients
before, during and after the interaction is reported in Figure [I§ Furthermore,
the discrepancies in the maximum an minimum values of the load coefficients
with respect to the corresponding no vortex case are also displayed in Table [6]

It can be observed that, up to time ¢ = 8, all the simulations yield very
similar values for the lift coefficient, while at later times the values obtained
with the adaptive ppqa. = 4 simulation start to diverge slightly from the others.
With respect to the drag coefficient, the adaptive p,nq; = 4 simulation is also
less on track with respect to the higher resolution simulations, yielding between
time t = 8 and ¢ = 10 values that are closer to those of the constant p = 3
degree simulation. On the other hand, on average all simulations yield values
that do not diverge more than 10% of the peak values obtained in the reference
simulation. A similar behaviour can be observed in the differences of the force
coeflicients with respect to the simulation without vortex, the adaptive pya. = 4
simulation yielding values closer to those of the constant p = 3 degree simulation,
while the adaptive py,q, = 5 simulation is quantitatively in very good agreement

with its constant degree counterpart.
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configuration Cr, peak diff. % | Cp max diff. % | Cp min diff. %
p="5 45 -5 -35
p—4 44 -3 -33
p=3 43 6 -28
p—adaptive pmez =5 -45 -5 -34
p—adaptive poas = 4 43 -2 -28

Table 6: Differences, in percentage, of the force coefficients with respect to the simulation
without vortex, during the vortex interaction time, t = 4 —8.5. For the lift, only the change in

the subsequent peak is presented, for the drag both the difference in maximum and minimum.

6. Conclusion

The need for adaptive LES approaches was first stated in [2], but adaptive
LES simulations are not very common yet. DG methods provide an appropriate
environment for adaptive approaches, since they do not require to enforce con-
tinuity constraints at the inter-element boundaries. Furthermore, p—adaptive
techniques are appealing, since they allow to correct possible shortcomings of
the computational mesh, as well as to perform dynamically adaptive simulations
without extensive remeshing.

Static polynomial adaptivity has been applied to LES in a DG context in
[44] 13, [38, [40]. An essential tool for p—adaptive simulations is an adaptation
criterion that, rather than simply increasing the resolution in order to decrease
the error, which is known to lead to a DNS solution [31], [30], tries instead to
adjust the resolution in order to directly resolve only a prescribed amount of
the turbulent scales.

In this work, the physically based refinement indicator proposed by the au-
thors in [I3] 40] was shown to be applicable locally and dynamically in time,
in order to simulate efficiently and accurately transient phenomena. Numerical
simulations of a temporally evolving mixing layer and of a vortex impinging on
a square cylinder were performed. The results obtained show that a significant

reduction of the computational cost of LES can be achieved, reducing both the
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number of degrees of freedom and the CPU time with respect to those required
by the corresponding constant maximum polynomial degree simulations. With
respect to accuracy, while less reliable for lower values of the maximum allowed
polynomial degree, adaptive simulations guarantee in general a level of accu-
racy equivalent to that of the corresponding constant degree simulations, as
long as the maximum allowed polynomial degree is sufficient to resolve well the
underlying flow structures.

A major limitation of the present p—adaptive strategy is that, in this pre-
liminary implementation of a dynamically adaptive approach, no dynamic load
balancing has been performed. In future work aimed at the optimization of
our codes, load balancing approaches such as those employed in [36] [65] will
be considered and tested in order to achieve maximum parallel efficiency. Fur-
thermore, applications of the proposed p—adaptive strategy to more advanced,
entropy stable DG methods and more extensive investigations on the proce-
dures for the choice of the threshold parameters are also natural extensions of

the work presented here.
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