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Abstract This work revisits the modeling of the relative motion between satellites
flying in near-circular low-Earth-orbits. The motion is described through relative
orbital elements and both Earth’s oblateness and differential drag perturbations
are addressed. With respect to the former formulation, the description of the J2
effect is improved by including also the changes that this perturbation produces
in both relative mean longitude and relative inclination vector during a drifting
phase, when a non-vanishing relative semi-major is required. The second major
improvement consists in a general empirical formulation to include the mean effects
produced by non-conservative perturbations, such as the differential aerodynamic
drag acceleration. As a result, in addition to the well-known actions on the relative
semi-major axis and on the mean along-track separation, the model is able to
reflect the mean variation of the relative eccentricity vector due to atmospheric
density oscillations produced by day and night transitions.
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1 Introduction

This work addressees the modeling of the relative motion between two spacecraft
flying in near-circular orbits, with the aim to improve the model employed in the
following recent formation flying in-flight activities: the Spaceborne Autonomous
Formation Flying Experiment (SAFE) (D’Amico et al., 2012), the TanDEM-X
Autonomous Formation Flying (TAFF) system (Ardaens et al., 2011a, 2013), and
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the Advanced Rendezvous Demonstration using Global Positioning System and
Optical Navigation (ARGON) experiment (D’Amico et al., 2013). The post anal-
ysis of the flight data collected during ARGON, in fact, presented some minor
discrepancies with respect to the expected modeled profiles. In addition, the devel-
opment of the Autonomous Vision Approach Navigation and Target Identification
(AVANTI) experiment (Gaias et al., 2014), scheduled for launch in 2016, required
the understanding of the effects determined by the differential aerodynamic drag,
due to its major role in this mission scenario. All the aforementioned in-flight
activities concern onboard autonomous systems, that have to implement simple
and reliable solutions compliant with limited computational resources. Therefore,
a simple model able to faithfully represent all the relevant aspects is sought.

The literature presents several relative motion models focused on diverse ap-
plication scenarios, varying in range of validity, parametrization used, and orbit
perturbations included. The effect of the Earth’s oblateness J2 perturbation has
been treated in Schweighart and Sedwick (2002) and in Vadali (2009). Schaub
and Alfriend (2001) analyzed the J2 perturbed relative motion through differ-
ences of mean orbital elements identifying J2 invariant relative orbits with respect
to the secular effects. Recently Martinusi and Gurfil (2011) and Lara and Gurfil
(2012) investigated long-term boundedness conditions for relative orbits under re-
alistic gravitational models. Nevertheless, both the mission typology and the orbit
scenarios we are dealing with require frequent maneuver activity. Therefore the ef-
fects produced by the Earth’s oblateness between two maneuvers can be precisely
enough modeled making use of mean orbital elements and first-order truncation
in the J2 parameter.

Studies focused on the effect of the differential aerodynamic drag date back to
Leonard et al. (1989), who first introduced the idea of using this acceleration to
accomplish formation keeping control. The concept has been further investigated
in Bevilacqua and Romano (2008), where the joint effect of J2 was also accounted
for. Both these works make use of the linearized equations of motion in the local
Cartesian frame, thus their validity is limited to inter-satellite separations of the
order of one kilometer. Moreover, the differential drag is described as a piece-wise
constant acceleration in the local along-track direction. More recently Ben-Yaacov
and Gurfil (2013) developed a nonlinear method for formation control using differ-
ential drag. It is formulated through differences of averaged orbital elements and
an exponential model for the atmospheric density is employed. Further research on
the utilization of the differential aerodynamic drag as means of formation control
aims either at enhancing the performances of the control algorithms (Pérez and
Bevilacqua, 2013, 2014) or at improving the capability of modeling the atmospheric
density (Pérez et al., 2014).

The AVANTI experiment is intended to demonstrate the capability to perform
autonomously rendezvous and receding approaches with respect to a noncooper-
ative client satellite making use of vision-based angles-only measurements. The
experiment focuses on mid- to far-range inter-satellite separations, in an envi-
ronment which is strongly perturbed by the differential aerodynamic drag. The
achievable formation control accuracy is driven by the performance of the on-
board vision-based navigation system (i.e., at the meter level (Ardaens and Gaias,
2014)). Moreover, the modeling of the differential drag is greatly affected by the
uncertainties regarding the knowledge of the attitude-dependent cross-sectional
area and drag coefficient of the target, noncooperative, spacecraft. As a result, a
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computationally-expensive precise model of the atmosphere density is not really
mandatory. In fact, within the AVANTI framework, it is enough to focus on the
global effect produced by the differential drag on the relative state using a general
and simple empirical formulation, provided that its functional structure is able
to reflect one-orbit periodical fluctuations such as those produced by day-night
variations of the atmospheric density.

The dynamical model discussed here makes use of the relative orbit elements
(ROEs) inherited from the co-location of geostationary satellites (Härting et al.,
1988) and afterwards adapted to the formation flying field (D’Amico, 2010). Other
similar parametrization forms have been proposed in the literature. Lovell and
Tragesser (2004), for example, define relative orbit elements from the geometri-
cal characteristics of the solution of the Hill-Clohessy-Wiltshire equations (HCW)
(Clohessy and Wiltshire, 1960). Ichimura and Ichikawa (2008) introduce four con-
stants to parametrize the in-plane components of the solution of the HCW equa-
tions. Finally Schaub and Junkins (2003) use differences of absolute non-singular
Keplerian orbit elements. Besides the usual characteristics of orbital elements
based parametrizations, the ROE formulation here employed, offers a direct ge-
ometrical visualization of the effects of the J2 perturbation on almost-bounded
relative orbits (D’Amico and Montenbruck, 2006) and allows easy inclusion of
the concept of passive safety of the formation through a certain relative eccen-
tricity/inclination vector separation (Montenbruck et al., 2006). Moreover such
ROEs support a straightforward geometrical interpretation of how the geometry
of the relative orbits changes under the effect of impulsive maneuvers (Gaias and
D’Amico, 2014).

In this frame, the main contributions of this paper are as follows:

– The modeling of the Earth’s oblateness effect has been improved by introduc-
ing close near-circular orbit assumptions only at the end of the development
process. Therefore, in contrast to the previous formulation, the action of the
relative semi-major axis on the mean along-track separation and on the y com-
ponent of the relative inclination vector has been included, which shows the
agreement with the collected flight data.

– A framework for transferring the available results in the local Cartesian frame
into our ROE-based environment has been defined. It is based on the equiva-
lence that the linearized dynamics expressed either in the local Cartesian frame
or through differences of orbital elements share (Sinclair et al., 2014). After-
wards, the linear relations developed in D’Amico (2005) are used for mapping
ROEs into the Cartesian frame and vice versa. As a result, the limitations of
applicable inter-satellite separation range required in Cartesian formulations
are overcome. Moreover, results from both approaches can be merged to in-
crease the understanding of the relative motion problem.

– A general empirical formulation of non-conservative perturbations has been
provided, in order to include their mean effects in the ROE time profiles. Its
functional structure is derived from the analysis of the dynamical properties of
the linearized equations of motion of near-circular orbits performed in Colombo
(1989).

– The particular case of the differential aerodynamic drag has been deepened.
The analysis shows that whenever the orbit scenario presents day and night
transitions, it is not enough to model the differential drag as a piece-wise con-
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stant acceleration. In this case, in fact, the oscillating profile of the atmospheric
density determines a non-negligible mean linear in time variation of the relative
eccentricity vector.

As a result, a simple, though accurate and complete model for the relative mo-
tion in near-circular low-Earth-orbits is developed. The relative state expressed by
the ROE set is augmented by three constant additional parameters, characterized
by a straightforward geometrical interpretation. The first additional parameter is
the time derivative of the relative semi-major axis, as already suggested in Gaias
et al. (2013). The remaining two are the time derivatives respectively of the x and
y components of the relative eccentricity vector, firstly introduced by this work.
The so obtained complete state transition matrix can be promptly employed in the
relative orbit estimation problem (Ardaens and Gaias, 2014) and in the onboard
autonomous maneuver planning problem (Gaias et al., 2013).

After this introduction, the paper continues with the recall of the ROE defi-
nition. Section 3 presents the modeling of the Earth’s oblateness J2 perturbation.
The transition from the Cartesian to the ROE-based framework is described in
Section 4. The modeling of the differential aerodynamic drag is addressed in Sec-
tion 5. The complete model for the relative motion in low-Earth-orbits is assembled
in Section 6. Each modeling-step section is complemented by a numerical valida-
tion subsection to support the theoretical results. Finally, the verification through
flight data from ARGON is presented in Section 7.

2 Relative motion model

The absolute orbit of a satellite is expressed by the set α = (a, e, i, ω,Ω, u)T of
classical Keplerian orbital elements, where u = M + ω is the spacecraft mean

argument of latitude and n =

√
µ

a3
is its mean angular motion. The relative motion

of a deputy spacecraft with respect to one regarded as the chief is parametrized
using the dimensionless relative orbital elements defined in D’Amico (2010, p. 21),
which are the following nonlinear functions of α:

δα = f(αd, ac, ic)− f(αc, ac, ic) =
(
δa, δλ, δex, δey, δix, δiy

)T
, (1)

with:

f(α, ac, ic) =


a/ac

u+Ω cos ic
e cosω
e sinω
i

Ω sin ic

 , (2)

where the subscripts ”c” and ”d” respectively label the chief and deputy satellites.1

The first two components of the relative state δα are the relative semi-major axis
δa and the relative mean longitude δλ. The remaining components constitute the

1 The relationship between ROEs and the relative Cartesian state is discussed later in Sec-
tion 4.
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relative eccentricity vector δe and the relative inclination vector δi whose Cartesian
and polar notations are here recalled:

δe =

(
δex
δey

)
= δe

(
cosϕ
sinϕ

)
δi =

(
δix
δiy

)
= δi

(
cos θ
sin θ

)
, (3)

with ϕ denoting the perigee and θ the ascending node of the relative orbit (see
Figure 1).

∆Ω
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θ
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u2−θ

Equatorial 

plane

eR

eT

eN
s/c2
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e2

e1

δe

ω2 ϕ
ω1

Fig. 1 Definition of ascending node θ (left) and perigee ϕ (right) of the relative orbit (D’Amico
and Montenbruck, 2006).

Recalling the parametrizations mentioned in the introduction, Lovell and Tragesser
(2004) relative orbit elements set (ae, xd, yd, β, zmax, ψ) corresponds to (2aδe, aδa, aδλ,
ϕ, aδi, θ); whereas Ichimura and Ichikawa (2008) four in-plane constants (a, d, c, α)
correspond to (aδe, aδλ, aδa/2, ϕ). Finally, if the chief satellite flies on a circular or-
bit, the orbit element difference set ed−ec of Schaub and Junkins (2003) becomes
(aδa, δu, δix, δex, δey, δiy/ sin ic), where the relative mean latitude δu is related to
the relative mean longitude by:

δu = δλ− δiy cot ic. (4)

This work focuses on the relative motion between satellites flying in near-
circular orbits. In this frame, the linearized unperturbed dynamics is described by
the HCW equations and the ROEs of Equation (1) are their integration constants
(D’Amico, 2005).

3 Model of the Earth bulge perturbation

The non-homogeneous mass distribution of the Earth generates a gravity field that
can be modeled through a potential function comprising zonal, tesseral, and secto-
rial terms. With respect to the uniform mass distribution, the main perturbation
effect is produced by the second order zonal contribution J2, which induces the
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following secular variations of the absolute Keplerian elements (Brower, 1959):



da

dt
=
de

dt
=
di

dt
= 0

dΩ

dt
= −3γn cos i

dω

dt
=

3

2
γn(5 cos2 i− 1)

dM

dt
=

3

2
γηn(3 cos2 i− 1)

, (5)

where η =
√

1− e2, γ =
J2
2

R2
⊕

a2η4
, and R⊕ is the Earth radius.

Regarding the relative motion, the secular variations of the ROEs can be ob-
tained from the differentiation of the secular variations of the Keplerian elements
of each satellite making use of the ROEs definition of Equation (1). Subsequently,
these nonlinear expressions can be linearized in the vicinity of the chief orbit by
keeping the first order term in the absolute elements difference ∆αj :

d

dt
(δαi) =

d

dt
(fi(α)d − fi(α)c) ≈

∑
j

∂gi
∂αj

∣∣∣∣
c

∆αj , (6)

where gi = dfi/dt.

In the following steps all the expressions of Equation (6) are derived. Contrary
to D’Amico (2010), the simplifications due to close near-circular orbits are only
introduced at the end of the process, in order to assess which contributions have to
be retained to achieve a simple model though able to represent all the meaningful
aspects.

According to Equations (1) and (5), δȧ = δi̇x = 0.

The time derivative of the x component of the eccentricity vector is given by:

d

dt
(ex) = g3 = −3

2
γne sinω(5 cos2 i− 1), (7)

and its partials with respect to the absolute elements are:

∂g3
∂a

=
21

4
γn(5 cos2 i− 1)ey

1

a
,

∂g3
∂e

= −3γn(5 cos2 i− 1) sinω

(
1

2
+ 2

(
e

η

)2
)

,

∂g3
∂ω

= −3

2
γn(5 cos2 i− 1)ex,

∂g3
∂i

=
15

2
γney sin(2i).

(8)

The time derivative of the y component of the eccentricity vector is given by:

d

dt
(ey) = g4 =

3

2
γne cosω(5 cos2 i− 1), (9)
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and its partials with respect to the absolute elements are:

∂g4
∂a

= −21

4
γn(5 cos2 i− 1)ex

1

a
,

∂g4
∂e

= 3γn(5 cos2 i− 1) cosω

(
1

2
+ 2

(
e

η

)2
)

,

∂g4
∂ω

= −3

2
γn(5 cos2 i− 1)ey,

∂g4
∂i

= −15

2
γnex sin(2i).

(10)

The linearized expressions for the time derivative of the relative eccentricity vector
are obtained making use of δex ≈ cosω∆e−e sinω∆ω and δey ≈ sinω∆e+e cosω∆ω,
(valid for ∆e and ∆ω small which is fully acceptable for formations with no as-
sumptions on δa, δλ, and ec):

δėx = +
21

4
γn(5 cos2 i− 1)eyδa −

3

2
γn(5 cos2 i− 1)δey +

15

2
γn sin(2i)eyδix,

δėy = −21

4
γn(5 cos2 i− 1)exδa +

3

2
γn(5 cos2 i− 1)δex −

15

2
γn sin(2i)exδix.

(11)

According to Equation (11) the contributions proportional to δa and δix are smaller
than the remaining ones by a factor e. Therefore when dealing with near-circular
orbits, Equation (11) can be simplified to:

δėx = −ϕ′nδey,
δėy = +ϕ′nδex,

(12)

in agreement with D’Amico (2010), where the expression ϕ′ = dϕ/du = 3
2γ(5 cos2 i−

1) was introduced in order to integrate Equation (12) in a closed form.
The time derivative of the y component of the relative inclination vector is

computed from

g6 = −3γn cos i sin ic and
d

dt
(δiy) =

∑
j

∂g6
∂αj

∣∣∣∣∣∣
c

∆αj . (13)

Since the partials are evaluated at the chief’s orbit, the subscript ”c” is now
dropped:

∂g6
∂a

=
21

2
γn cos(i) sin(i)

1

a
,

∂g6
∂e

= −12γn cos(i) sin(i)
e

η2
,

∂g6
∂i

= 3γn sin2 i,

(14)

leading to:

δi̇y =
21

4
γn sin(2i)δa+ 3γn sin2 iδix. (15)

As accomplished for Equation (11), here only the contributions proportional to δa
and δix can be retained, since for near-circular orbits η ≈ 1 and the term in ∆e is
of order e smaller than the other two.
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Finally, by making use of Equation (4), the time derivative of the mean argu-
ment of latitude is firstly computed according to:

d

dt
(u) = g2 −

dΩ

dt
cos ic = g̃2 =

3

2
γn (K + ηH) , (16)

with K = 5 cos2 i − 1 and H = 3 cos2 i − 1. The partials of g̃2 with respect to the
absolute elements are:

∂g̃2
∂a

= −21

4
γn (K + ηH)

1

a
,

∂g̃2
∂e

= 3γne

(
2
K

η2
+

3

2

H

η

)
,

∂g̃2
∂i

= −3

2
γn sin(2i) (3η + 5) ,

(17)

leading to the following expression for the time derivative of the relative mean
argument of latitude:

δu̇ = −21

4
γn (K + ηH) δa+3γn

(
2
K

η2
+

3

2

H

η

)
(exδex + eyδey)−3

2
γn sin(2i) (3η + 5) δix.

(18)
By neglecting again the contributions smaller of order e, one obtains:

δu̇ = −21

4
γn (K + ηH) δa− 3

2
γn sin(2i) (3η + 5) δix. (19)

Equations (15) and (19) present additional terms (i.e., proportional to δa) with
respect to the Equation (2.28) developed in (D’Amico, 2010). On the other hand,
the coefficients multiplying δix converge to the previous results, when η = 1.

To conclude this section, the expressions of Equations (12)-(15)-(19) can be
integrated with respect to the time. The relative mean argument of latitude over
time is given by:

δu(t) = ndt

(
−3

2
− 21

4
γ(K + ηH)

)
δa0 + ndt

(
−3

2
γ sin(2i)(3η + 5)

)
δix0 + δu0,

(20)

where dt = t− t0, ”0” labels all the initial ROE quantities, and the term −3

2
ndtδa0

represents the solution of the Keplerian relative motion.

The relative mean longitude over time is obtained from Equation (4) and the
state transition matrix for the relative motion subject to the J2 perturbation is
given by:

δα(t) = Φ(t, t0)δα0 = (ΦHCW(t, t0) + ΦJ2
(t, t0)) δα0, (21)

with:

ΦHCW(t, t0) =


1 0 0 0 0 0

−3
2ndt 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 , (22)
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and

ΦJ2
(t, t0) = ndt


0 0 0 0 0 0

−21
4 γH(η + 1) 0 0 0 −3

2γ sin(2i)(3η + 4) 0
0 0 0 −ϕ′ 0 0
0 0 +ϕ′ 0 0 0
0 0 0 0 0 0

21
4 γ sin(2i) 0 0 0 +3γ sin2 i 0

 . (23)

The relative motion model of Equations (21)-(23) results fully linear in the initial
relative state δα0.

3.1 Numerical validation

This section focuses on the numerical validation of the improvement in the model-
ing of the J2 discussed above, whereas the assessment of the overall model accuracy
is performed later in section 6.1, evaluating the complete model of the relative mo-
tion.

y
��

�
��

y
�

���

�
�

���

��������	


����������

��������	

����������

�δα��������

��Φ����
�

��δα
�

��	

���	�����	


��	�����

α
�
����

���

α
�
����

���

�δα(�)���

�	
�
����	�
�
	�

�����
����������	��

�	����
��������

α
c0, osc

�δα0

α
��
����

α
��
����

α
��
����

��α
��
�����

���δα0 α
��
����

α
�
����

���y
��

�
��

α
�
����

���

�δα0
���

Fig. 2 Setup for the numerical validation of the J2 perturbation modeling.

The simulation setup employed to validate the model discussed so far is de-
picted in Figure 2. The initial conditions are defined through the osculating Kep-
lerian elements of the chief satellite αc0, osc at time t0 and the initial dimensional
mean relative state aδα0, where a is the mean semi-major axis of the chief. These
inputs are used to compute the corresponding satellite’s initial states (i.e., yc0 and
yd0) in the inertial J2000 reference frame, by following a chain of transformations
comprising the nonlinear relations between Cartesian state and orbital elements
and the transformations from osculating to mean elements defined in Schaub and
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Table 1 Absolute and relative orbits initial conditions for the simulations across the paper.

Chief orbit

SSO h = 500 (km) e = 0.001 Ω0 = f(t0,LTAN) ω0 = 0 M0 = 0

Relative Orbits (RO)

aδa0 aδλ0 aδex0 aδey0 aδix0 aδiy0

(m) (m) (m) (m) (m) (m)

RO1 0 5000 30 250 -10 300

RO2 -200 5000 30 250 -10 300

Junkins (2003, p. 693-696). Mean absolute elements are used in order to remove
short and long period oscillations generated by the non-homogeneous Earth mass
distribution.

The reference orbits are obtained via numerical integration (i.e., using the 5th

order DOPRI5 integrator of Dormand and Prince (1980) at 10 s step size) from the
initial state. During this preliminary validation phase, both satellites are simply
considered to move under the combined acceleration of a point mass and the J2
term of the gravitational potential. The dimensional reference ROEs (i.e., aδαref)
are computed step by step from the mean orbital elements of the two satellites.

Finally the modeled ROEs (i.e., aδαmodel) are analytically derived making
use of the state transition matrix of Equations (21)-(23), starting from the initial
reference relative state aδαref

0 , to avoid the numerical errors introduced by the
initialization process from the input aδα0.

Table 1 summarizes the initial conditions for the simulations presented across
the paper. The chief satellite flies on a Sun-synchronous orbit (SSO) of eccentricity
0.001, 500 km high. Initial time and local time of the ascending node (LTAN) vary
depending on the considered scenario, whereas at the initial time the spacecraft
is in ω0 = M0 = 0. Two relative orbits are considered (i.e., labeled with RO1 and
RO2) described by two sets of ROEs. Both relative orbits present a mean along-
track separation of 5 km and an almost parallel relative eccentricity/inclination
vector configuration. RO1 is a non-drifting orbit (i.e., δa = 0), whereas RO2 drifts
apart from the chief satellite (i.e., aδa = −200 m).

Since the changes in the model affect only the relative mean longitude and the
y component of the relative inclination vector, only aδλ and aδiy will be discussed.
Figures 3 and 4 show the errors over time, which are defined as the difference
between aδαmodel and aδαref for the two considered components. In these plots
the black dots mark the model of Equations (21)-(23), whereas the gray ones
denote the model previously employed in our works (Ardaens and D’Amico, 2009;
D’Amico et al., 2012, 2013).

Both simulations span 15 orbits, which corresponds to approximately one day.

Numerical results show that in the case of non-drifting relative motion the
two models are the same, being η ≈ 1, with the eccentricity of Table 1. When a
certain drift occurs, instead, the model of Equations (21)-(23) is more accurate,
since it accounts for the effects driven by the presence of a non-vanishing relative
semi-major axis δa. These corrections in the model remove the numerical discrep-
ancies detected in some phases of the ARGON experiment (see Section 7), where a
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Fig. 3 Modeling error for RO1 of Table 1: improved model (black), former model (gray).
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rendezvous was taking place, and the J2 perturbation was the predominant active
perturbation.
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4 From Cartesian to ROEs-based models

The current literature offers several solutions for tackling the relative motion prob-
lem in the local Cartesian frame centered on one of the two satellites. This section
focuses on how to integrate such results into the ROE-based model.

The proposed approach makes use of the results of Sinclair et al. (2014), which
show that the linearized relative dynamics described either in the local Cartesian
frame or through orbital elements differences share an equivalence through a lin-
earized transformation. In this frame, Sinclair et al. (2014) propose a method to
calibrate the initial conditions for the linearized Cartesian equations of motion, to
reduce the linearization error that occurs when employing initial conditions purely
calculated from kinematics. Such calibration consists in mapping linearly the or-
bital elements differences into the Cartesian relative state x through the matrix
developed by Schaub and Junkins (2003, p. 596-601).

Within the ROEs frame, and when the satellite orbits are near-circular, the
linear relations that map ROEs to the Cartesian relative state are developed in
D’Amico (2005), and here recalled for completeness:

x = Maδα,

M(u, n) =


1 0 − cosu − sinu 0 0
0 1 2 sinu −2 cosu 0 0
0 0 n sinu −n cosu 0 0
−3

2n 0 2n cosu 2n sinu 0 0
0 0 0 0 sinu − cosu
0 0 0 0 n cosu n sinu


. (24)

Here x = (x, y, dx/dt, dy/dt, z, dz/dt)T with x, y, z respectively labeling the radial,
along-track and normal directions of the local orbital frame. Both M and its inverse
show that the in-plane components are decoupled from the out-of-plane ones.

Therefore the integration of Cartesian coordinates-based results into the ROEs
frame can be accomplished following the chain of transformations depicted in
Figure 5.

According to it, ROEs initial conditions aδα0 generate an approximated Carte-
sian initial state xapprox

0 , which slightly differs from the true relative state xref
0

obtained from the inertial states of the two satellites. The relative state evolution
from xapprox

0 models better the true state x(t)ref, due to a lower degree of nonlin-
earity for the orbital element differences compared with the Cartesian coordinates
(Sinclair et al., 2014). As an example, the case of RO1 of Table 1 is reported in
Figure 6, where HCW equations are used and no perturbations are included. The
plots present the time evolution of the modeling errors for the 4 in-plane compo-
nents of the relative state (i.e., radial and along-track positions and velocities).
The error is computed as the difference between x(t)model and x(t)ref; whereas
the modeled states evolve from xapprox

0 (i.e., black error) and from xref
0 (i.e., gray

error). This example shows that at 5 km of mean along-track separation, the lin-
earized Cartesian model would not be employable without the calibration of the
initial conditions, which is obtained through an orbital elements formulation.

As depicted in the bottom part of Figure 5, whenever a closed form solution is
available in the Cartesian frame, this can be mapped into ROEs using the inverse of
M at the proper time (i.e., u). As a result, the aδα(t)model framed by the gray box
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is achieved. Nevertheless, since x(t)model has a closed form expression, the complete
chain can be also written in the form of a state transition matrix that evolves the
initial state aδα0 into aδα(t)model. Therefore, the proposed methodology merges
the advantages of a ROE-based approach (e.g., usable at rather large inter-satellite
separations, direct geometrical interpretation of the relative orbit) with the rich
available literature of Cartesian models for the relative motion.

The numerical validation of the approach is accomplished by comparing the
modeled ROEs with the reference aδα(t)ref directly computed from the absolute
elements of the two satellites obtained from the true inertial states in J2000 (see
Section 5.3). In all these transformations orbital elements are the osculating ones.

5 Modeling the effect of the differential aerodynamic drag

The upper layers of the Earth atmosphere that impact a satellite produce a per-
turbation acceleration modeled as:

dJ2000
drag = −1

2
ρ ‖v − vatm‖ (v − vatm)

SCD

m
, (25)

with ρ denoting the atmospheric density, S the impact cross-sectional area, CD

the drag coefficient, and m the mass of the spacecraft. The quantity
SCD

m
is called

ballistic coefficient CB .
At a relative level, for inter-satellite separations of circa 10 km, the following

simplified model can be employed:

dRTN
d-drag =

 0
−1

2ρv
2(CB,d − CB,c)

0

 , (26)

where the perturbation has only effect in the along-track direction, since the ab-
solute spacecraft velocity v is taken instead of the velocity relative to the atmo-
sphere, and near-circular orbits are considered. Moreover the aforementioned value
of the inter-satellite separation allows to neglect the differences in satellite abso-
lute velocity and in the density at those positions (these assumptions would not
be applicable for missions like GRACE or SWARM which present satellite separa-
tions of ≈ 200 km). Therefore the effect of the differential drag is produced due to
the different ballistic coefficient of the deputy and chief satellites. The trend over
time of the perturbation is dominated by the behavior of the atmospheric density.

A perturbation model as Equation (26) can be treated in a straightforward
manner in the Cartesian frame: the overall effect impacts only the local tangential
direction and the in-plane and out-of-plane equations of motions are decoupled.

The weak point of Equation (26) is represented by the lack of an analytical
model able to realistically represent the main features of the atmospheric density
properties (Kumar et al., 2011).

5.1 General empirical expression for the differential drag

The modeling of the effects produced by the differential aerodynamic drag on the
relative motion, as discussed here in the following, is inspired by the results of



16 Gabriella Gaias et al.

Colombo (1989). In his work Colombo addresses the dynamic aspects of the orbit
determination errors analyzing how the system of equations of linearized dynamics
of near-circular orbits (i.e., the HCW dynamical system) responds to acceleration
errors. Colombo shows that the HCW system behaves like a filter with two sharp
pass-bands centered on frequencies 0 and the orbital angular rate n. Therefore an
empirical formulation of the acceleration errors comprising the sums of the Fourier
components at that two resonant frequencies is able to represent the effects of the
most general error function.

By applying these results to the relative motion problem, the following empir-
ical model for the differential drag can be defined:

dRTN
d-drag, emp =

 0
A cos(nt) +B sin(nt) + C

0

 , (27)

with the acceleration having a general harmonic expression in the along-track
direction. A and B are the amplitudes of the once-per-orbit periodic part, whereas
C is the mean value of the perturbation acceleration.

It is emphasized that this empirical approach can be employed for modeling
other constant and once-per-orbit periodic acceleration contributions, depending
on the focus of the application. For high area-to-mass ratio and small length-
scale spacecraft formation flying applications, for example, the solar radiation
pressure can be used as means of formation control (Mingotti and McInnes, 2013).
Such control accelerations can be recast adopting the general empirical expression
of Equation (27) on the three local directions, depending on the Sun-direction
geometry.

In agreement with the approach sketched in Figure 5, the analytical expressions
for the relative state x(t) forced by Equation (27) (provided in Colombo (1989))
are mapped into ROEs.

The obtained expression of the relative semi-major axis is given by:

aδa(t) = aδa0 +
2t

n
C +

2(1− cos(nt))

n2
B +

2

n2
sin(nt)A. (28)

It is emphasized that the simple expression of Equation (28) is also obtained when
the perturbation assumes the general empirical form in all three components, since
in-plane and out-of-plane components are decoupled and aδa = 4x+ 2ẏ/n.

According to Equation (28), the mean value of the differential drag produces a
linear variation of the relative semi-major axis in time. The periodic components,
instead, produce some oscillations superposed to the mean behavior.

The expression of the relative mean longitude is given by:

aδλ(t) = aδλ0 −
3

2
naδa0t−

3

2
t2C − 3(nt− sin(nt))

n2
B − 3(1− cos(nt))

n2
A. (29)

The mean value of the differential drag produces a quadratic term in time, whereas
the periodic components provide constant, linear and periodic contributions.

The remaining in-plane ROE is the relative eccentricity vector which is affected
by the empirical acceleration as follows:

aδex(t) = aδex0 +
2 sin(nt)

n2
C +

sin2(nt)

n2
B +

nt+ cos(nt) sin(nt)

n2
A,

aδey(t) = aδey0 +
2(1− cos(nt))

n2
C +

nt− cos(nt) sin(nt)

n2
B +

sin2(nt)

n2
A,

(30)
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where the only linear in time effects are generated by the amplitudes A and B

respectively on the x and y components of the relative eccentricity vector.

Equations (28)-(30) constitute a ROE-based model that generalizes the results
of different formulations available in the literature. In Leonard et al. (1989), a
Cartesian approach is used and the differential drag is modeled by a constant ac-
celeration (i.e., A = B = 0) thus achieving a model not able to capture the possible
linear in time variation of the relative eccentricity vector. In Gaias et al. (2013) the
constant differential drag is simply reproduced through a variation of the relative
semi-major axis linearly in time. Subsequently, this effect determines a quadratic
in time behavior of the relative mean longitude due to the relationship between
δa and δu within the relative motion dynamics. Finally an approach based on the
Gauss Variational Equations is employed in Ben-Yaacov and Gurfil (2013), using
one-orbit averaged orbital elements and an exponential model for the atmospheric
density. The paper shows that, for near-circular orbits, the difference in eccentric-
ity is not controllable by means of the differential drag. This is in agreement with
Equation (30), since the considered atmospheric density presents no periodical
terms.

The interpretation of Equations (28)-(30) through ROEs suggests the intro-
duction of three parameters to describe the mean time variations of some in-plane
elements measured in m/s:

aδȧ = 2
nC,

aδėx = 1
nA,

aδėy = 1
nB.

(31)

Provided that their numerical values are known (e.g., through estimation, or nu-
merical fitting from realistic simulations or flight data) they allow to build a simple
state transition matrix for the relative motion parametrized in ROEs subject to
differential aerodynamic drag:


aδα

aδȧ

aδėx
aδėy

 (t) =

[
ΦHCW(t, t0) Φd-drag(t, t0)

O3×6 I3×3

]
aδα0

aδȧ0
aδėx0
aδėy0

 , (32)

with:

Φd-drag(t, t0) =



dt 2
n sin(u− u0) 2

n (1− cos(u− u0))

−3
4ndt

2 − 3
n (1− cos(u− u0)) −3dt+ 3

n sin(u− u0)

sin(u−u0)
n dt+ cos(u−u0) sin(u−u0)

n
sin2(u−u0)

n

1−cos(u−u0)
n

sin2(u−u0)
n dt− cos(u−u0) sin(u−u0)

n

0 0 0

0 0 0


.

(33)
This model is valid as long as the assumption of the parameters of Equation (31)
being constant in time is acceptable.
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5.2 Non-constant behavior of the differential drag perturbation

The variation over time of the differential drag perturbation is driven by the be-
havior of the atmospheric density. According to the assumed model (i.e., Equa-
tion (26)), the oscillation of the orbital velocity is negligible for near-circular orbits.
Moreover the ballistic coefficients of the two satellite are constant for three-axis
stabilized attitudes and no moving appendages. At a given orbit height, the den-
sity profile varies depending on the Sun-direction geometry, due to day and night
transitions. Figure 7 shows the atmospheric density profile over two orbits time
for a spacecraft on the chief orbit of Table 1 in two periods of the year and LTAN
respectively of 12:00 and 09:30. The Jacchia 71 model is used to compute the den-
sity value; it can be noted that the density trend varies during the year (all plots
share the same axis-scale).
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Fig. 7 Trend over time and seasonal effect of the atmospheric density (Jacchia 71 model) for
the chief orbit of Table 1 at two different LTAN.

5.3 Numerical Validation

The numerical validation of the model is performed through the simulation setup
previously described in Figure 5, where the atmospheric drag is the only pertur-
bation taken into account. Therefore, the reference trajectories of the two satel-
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lites are obtained via numerical integration subject to the absolute drag of Equa-
tion (25), with the density ρ computed through the Jacchia 71 model. The as-
sumed spacecraft characteristics are customized on the satellites envisioned for
the AVANTI experiment (Gaias et al., 2014): a roughly cubic shape 1 m side
with a mass at launch of approximately 140 kg main satellite and a one-unit pi-
cosatellite. The corresponding difference in the area to mass ratio S/m amounts
to circa 0.0066 m2/kg. The modeled ROEs aδαmodel are obtained from the ana-
lytical model provided in Equations (32) and (33). Dealing with the assessment of
the accuracy of the model, the values of the mean linear variations of the relative
semi-major axis and of the relative eccentricity vector are here derived via numer-
ical fitting of the related aδαref profiles. In real applications, instead, these values
have to be estimated, for example through the approach described in Ardaens and
Gaias (2014).

The simulation here reported is based on the RO1 initial conditions of Table 1,
with a scenario occurring in middle October 2015, LTAN 09:30, and the following
numerical values for the mean time derivatives of relative semi-major axis and
relative eccentricity vector:

aδȧ0 = −2.76 · 10−4 m/s,

aδėx 0 = −5.95 · 10−5 m/s,

aδėy 0 = +2.58 · 10−5 m/s.

(34)

Figure 8 shows the in-plane ROEs over time: the reference elements aδαref are
in gray whereas the modeled aδαmodel are in black. Referring to the plots, the
modeled ROEs faithfully track the reference ones, therefore the developed model
is able to reproduce all meaningful aspects of the considered dynamics. For this
simulation scenario, the effect of the atmospheric drag determines an average de-
crease of the relative semi-major axis of circa 23 meters over one day. The effect
on the relative eccentricity vector is more pronounced on the x component where
it amounts to circa 5 m of change over one day. Nevertheless, by referring to Fig-
ure 7, it can be noted that the oscillations of the density value occurring for the
scenario October-LTAN 09:30 are less marked with respect to an orbit of LTAN
12:00 in the same period. In this latter case, the change of the x component of the
relative eccentricity vector reaches the value of circa 12 m over one day.

According to Equation (30), the mean changes of the relative eccentricity vec-
tor have to be related to an oscillating behavior of the applied perturbation. Fig-
ure 9 presents the along-track components of the reference perturbation (plotted
in gray) and of the approximating empirical function (plotted in black) employed
to achieve the results of Figure 8. The two functions present almost the same
mean values (i.e., upper view, solid gray and dashed black lines) thanks to the
numerical fitting accomplished to determine aδȧ0, which is related to C through
Equation (31). The maximum and minimum peaks, instead, do not match, since
the employed empirical model retains only the terms at one-orbital-period fre-
quency. The amplitude spectrum of both the along-track components is shown in
the bottom view Figure 9: the reference acceleration presents also non-vanishing
contributions at multiples of the orbital angular rate n. Therefore, the accuracy
achieved by the model of Equations (32) and (33) represents a numerical evidence
of the filtering action of the relative motion dynamical system.



20 Gabriella Gaias et al.

0 5 10 15
−30

−20

−10

0

10

Orbits

a
δ
a
 (

m
)

0 5 10 15
4000

5000

6000

7000

Orbits

a
δ
λ
 (

m
)

0 5 10 15
24

26

28

30

32

Orbits

a
δ
e

x
 (

m
)

0 5 10 15
249

250

251

252

253

Orbits

a
δ
e

y
 (

m
)

Fig. 8 Comparison of the in-plane ROEs over time: modeled aδαmodel (black-thin) and ref-
erence aδαref (gray-thick), when differential drag is the only perturbation included.
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At a qualitative level, the effect produced by the harmonic profile of the dif-
ferential drag can also be seen as a sequence of once-per-orbit ”kicks” in the
along-track direction, corresponding to the whole effect of the differential drag
over one orbit. Recalling the geometrical interpretation of the effects of impulsive
maneuvers on ROEs (Gaias and D’Amico, 2014), the mean argument of latitude
at which these impulses take place is equal to the phase change of the relative
eccentricity vector:

φ = arctan

(
aδėy
aδėx

)
. (35)

The equivalent delta-v of each single kick amounts to:

δvT =
n

2
∆t

√
aδė2x + aδė2y , (36)

where ∆t is the period of one orbit. Figure 10 reports the density profile over the
mean argument of latitude. The vertical black line identifies the kicks location
computed via Equation (35). The vertical gray lines, instead, mark the position of
the mid point of the interval in which the spacecraft lay in eclipse.
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Fig. 10 Atmospheric density trend over the spacecraft mean argument of latitude.

6 The complete relative motion model

A comprehensive model for the relative motion between satellites in near-circular
orbits can be assembled from the results developed in Sections 3 and 5, by ex-
ploiting the linearity of the problem. Despite its simplicity, this model represents
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the most general case in low-Earth-orbits, since it accounts for all the dominant
perturbations that occur in this environment (D’Amico, 2010, p. 32-33).

The relative state expressed in ROE is complemented with the three constant
additional parameters defined in Equation (31) to generate the complete state ζ.
Therefore, the complete state transition matrix is given by:

ζ =
(
aδα, aδȧ, aδėx, aδėy

)T
,

ζ(t) =

[
ΦHCW(t, t0) + ΦJ2(t, t0) Φ̃d-drag(t, t0)

O3×6 I3×3

]
ζ0,

(37)

with:

Φ̃d-drag(t, t0) = Φd-drag(t, t0) +


0 O1×2

−21
8 γH(η + 1)ndt2 O1×2

O3×1 O3×2

+21
8 γ sin(2i)ndt2 O1×2

 , (38)

with respect to the previous expressions, the additional term of Equation (38)
accounts for the joint effect of J2 and differential drag. The relative semi-major
axis varies linearly in time due to the differential drag (i.e., aδȧ0) and it determines
an action on δλ and δiy due to the presence of the J2 term. For near-circular
(i.e., η ≈ 1) low-Earth SSO (i.e., H ≈ −1) orbits, the joint J2-drag coefficient
multiplying aδȧ0 is 7γ times smaller than the drag-only term. The component
(6, 1) of Φ̃d-drag produces a small effect that couples the in-plane perturbation to
the relative inclination vector.

6.1 Numerical validation

The numerical validation performed at the current level of development corre-
sponds to the accuracy assessment of the whole model. To this end, a simu-
lation setup which combines the features from the previously described dedi-
cated environments is used. Inputs consist in the osculating Keplerian elements
of the chief satellite at time t0, the initial dimensional ROEs, and the numerical
values of the additional parameters. The modeled state evolves through Equa-
tions (37) and (38). The modeling error is defined as the difference between the
ROEs extracted from ζ(t)model and the reference values aδαref. These latter quan-
tities are computed from the inertial states of the two satellites, which are numer-
ically propagated. At this stage, the satellites are subject to a more general set of
disturbances comprising: a 30 order and degree Earth gravitational potential, at-
mospheric aerodynamic drag, solar radiation pressure, Sun and Moon gravitational
perturbation, tidal perturbation, and relativity effect.

The initial conditions considered correspond to RO1 and RO2 of Table 1 for a
scenario occurring in October 2015, LTAN 9:30, and spacecraft characterized by
a difference in area to mass ratio of 0.0066 m2/kg.

For this validation purpose the numerical values of the initial additional pa-
rameters required by our analytical model are obtained through numerical fitting
of the reference simulated data over the complete simulation horizon. Regarding
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the results presented in Figures 11 and 12, they amount to:

aδȧ0 = −2.97 · 10−4 m/s,

aδėx 0 = −4.78 · 10−5 m/s,

aδėy 0 = +4.98 · 10−5 m/s.

(39)

Figure 11 presents the obtained modeling errors over time for RO1: each subplot
focuses on a single component of the ROE vector. The error performed in aδλ

builds up as soon as the aδa value deviates from the reference one. The remaining
ROEs are modeled within the meter accuracy throughout the whole time horizon.
Clearly accuracy results are determined by the accuracy in the knowledge (or in
the estimation) of the additional parameters over the considered interval of time.

Figure 12 shows the modeling errors achieved assuming RO2 as initial con-
ditions for the relative orbit. Since the chief orbit scenario is not changed, the
numerical values of Equation (39) are still kept. The error achieved remains of the
same order of accuracy gained before, despite that the mean relative longitude aδλ
at the final time amounts to circa 35 km, due to the joint action of the initial drift
and of the differential drag. To conclude, the joint J2-drag effects on the relative
mean longitude and on the y component of the relative inclination vector, for this
scenario and the aδȧ0 value of Equation (39), amount to circa 5.5 and 0.8 meters
respectively over one day of propagation.
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Fig. 11 Trend over time of the modeling errors in each ROE component for the simulation
scenario RO1 of Table 1. Satellites are subject to a general set of perturbations.
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Fig. 12 Trend over time of the modeling errors in each ROE component for the simulation
scenario RO2 of Table 1. Satellites are subject to a general set of perturbations.

7 Validation using flight data

This last section presents the validation of the improved model using flight data.
The former relative motion model was able to reflect accurately the data from
SAFE and TAFF, since both these experiments dealt with precise formation con-
trol of almost bounded relative orbits in mission scenarios where differential drag
could be neglected. During the ARGON experiment performed in the course of
the extended phase of the Prototype Research Instruments and Space Mission
Technology Advancement (PRISMA) mission (Bodin et al., 2012), instead, a ren-
dezvous of 30 km has been accomplished over less than one week, thus requiring
a large relative semi-major axis to reduce the inter-satellite separation.

The data here considered were collected on the 25th of April 2012, from 02:00
to 16:00. At that time the relative semi-major axis achieved its largest value (i.e.,
−132 m), the relative orbit presented relative eccentricity and inclination vectors
in anti-parallel configuration with magnitudes of 300 and 250 meters respectively,
and, at the beginning of the data arc, the two satellites were separated of 23.5 km.
During the considered time span no maneuvers have been performed.

Regarding the validation, the reference orbits come from the GPS-based precise
orbit determination (POD) products (Ardaens et al., 2011b), which were delivered
on daily basis during PRISMA and, in this case, exploited circa 20 hours of data
from both GPS receivers. Consequently, reference ROEs are computed from the
two satellite inertial states as depicted in Figure 2.

Figure 13 presents the trends of the aδa and aδix components (i.e., the elements
that play a role in the J2 modeling) of the reference ROE state. The linear fitting of
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such reference data is plotted in black. Regarding aδa, the thin black line shows the
fitting obtained when the differential drag effects are neglected (i.e., as performed
during ARGON); whereas the thick black line includes a time derivative of the
relative semi-major axis aδȧ0 of −7.45 · 10−6 m/s.
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Fig. 13 Two components of the reference ROE state during ARGON: true elements (gray),
their linear fitting (black).

In order to assess the modeling errors, the initial values of the fitted components
are assumed as initial state (i.e., aδαref

0 ). Figure 14 presents the differences between
aδαmodel and aδαref of the aδλ and aδiy components for the former (in gray) and
improved (in black) models. The error in the aδλ component is due to the combined
action of having neglected the differential drag effect and the non-vanishing relative
semi-major axis. Even thought it is reasonable to neglect differential drag effects
for satellites flying on a 750 km orbit (i.e., like accomplished in the PRISMA
mission), the improvements offered by the revisited model become relevant when
propagating the relative state over several hours.
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Fig. 14 Modeling error during ARGON: improved model (black), former model (gray).

8 Conclusions

This paper addresses the modeling of the relative motion between satellites flying
in near-circular low-Earth-orbits. The proposed formulation evolves from the rela-
tive orbital elements based model extensively and successfully employed to support
several recent in-flight formation flying activities. The result slightly improves the
modeling of the Earth’s oblateness J2 perturbation. Moreover it complements the
former version with the treatment of the differential aerodynamic drag perturba-
tion.

By dealing with low-Earth-orbits, focus has been given to the aforementioned
orbital disturbances. Nevertheless, the proposed approach is applicable to repre-
sent the effects produced by a general non-conservative perturbation, provided
that the related additional parameters are estimated.

The proposed model is parametrized through relative orbital elements, there-
fore its validity is not restricted to close inter-satellite separations. The employed
relative state provides an immediate geometrical understanding of the relative
orbit. In addition, this formulation can benefit from the rich relative orbital ele-
ments framework, which also comprises the passive safety definition and a useful
geometrical interpretation of the effects of impulsive maneuvers.

The relative motion model proposed in this paper has been developed to sup-
port the relative orbit determination and autonomous maneuver planning algo-
rithms required by the incoming Autonomous Vision Approach Navigation and
Target Identification experiment.
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The AVANTI flight software is a complete and complex GNC system that performs (at every call) 
different actions: retrieving images from the star-tracker, processing images to identify the target 
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I agree that density is not the only parameter, but it is a "must-know" parameter for accurate DD 
modeling. 
Sure that density modelling is a “must-know” for accurate DD modelling.  
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second main contribution of the work consists in a general empirical formulation (very simple) to 
include the mean effects produced by non-conservative perturbations (like differential drag).”).  
 
If our objective were to validate in-flight an accurate model of DD, instead, the space segment of the 
mission should be designed in a different way (e.g., sensors’ set) with respect to the one hosting 
AVANTI. In particular, each spacecraft should be equipped with a GPS receiver to provide the 
navigation accuracies required for precise validation. AVANTI, on the contrary, aims at 
demonstrating pure vision-based approach (no relative GPS) to a noncooperative client satellite (no 
inter-satellite link). 
 

2. In the introduction: "Furthermore, the modeling of the differential drag is also greatly affected by the 
uncertainties regarding the knowledge of the attitude-dependent cross-sectional area and drag 
coefficient of the target spacecraft. As a result, a computationally-expensive precise model of the 
atmosphere density is not really mandatory. In fact, it is enough to focus on the global effect 
produced by the differential drag on the relative state using a low-accuracy model of the 
atmospheric density, provided that this model is able to reflect coarsely the day-night variations of 
the density." 
Unless an explanation is provided, I cannot see the connection between saying that DD is affected by 
attitude and other parameters and saying that as a consequence we don't need an accurate density 
model.  
By considering this objection, we recognize that the paragraph in question has to be improved, in 
the attempt to explain better the motivation to opt for our proposed approach. Therefore the paper 
now presents a reformulated version. 
 



Just as background information, here there follow some further explanations about such 
connection. 
“Furthermore, the… spacecraft.” If one aims at precisely modelling the differential drag 
acceleration, one should have knowledge of and authority on the magnitude of all the error sources 
that are involved in the model. 
“As a result, … mandatory.” In our case we have no knowledge and no control of all the DD-
meaningful quantities of the target spacecraft. It, in fact, is a 1-unit cube-sat, with coarse attitude 
control capability and not capable to provide any reliable navigation information during the duration 
of the AVANTI experiment (navigation information which anyway could not be transmitted to the 
other spacecraft of the formation since no inter-satellite link is available). In this framework, there is 
no point to try to reduce the error committed in modeling the density if all the other sources of 
error could nullify such benefit. 
“In fact, it is enough … of the density.”In order to meet the AVANTI objectives, in fact, it is 
enough to estimate the global effects that the DD produces on the relative motion, within the 
accuracy realizable/meaningful during AVANTI (i.e., meter level). To this aim, a simple empirical 
formulation of the functional expression of Equation (27) can do the job thanks to: 1) the particular 
choice of the parameterization we adopted, 2) the filtering behavior of the linearized equations of 
motion that naturally filters out harmonic contributions of frequencies higher than one-orbital-
period frequency.  
The verification is provided in Figure (9), which clearly shows that the empirical acceleration differs 
from the true acceleration (we are not modelling the DD!). Nevertheless, it is capable to reflect the 
effect of the true DD acceleration, since the modeled relative orbital elements ROEs remain within 
an acceptable (for AVANTI) accuracy with respect to the true ones (Figure 8). 
 
What about solar storms? Those cause variations that are way outside of a regular day-night 
variation. 
Given the sensors’ set and consequent accuracies in play during AVANTI, for all the considerations 
already mentioned, we would not be able anyway to distinguish which phenomenon produced a 
certain specific effect. 
This is exactly the benefit of our approach. We do not bother of modeling phenomena that anyway 
we are not able to precisely manage. But we try to include their effect; provided that they influence 
the mean evolution of the relative orbital elements (thus such effect would be absorbed by the 
numerical values of the estimated parameters aDaDot, aDexDot, and aDeyDot of Equation (31)). 
 
Why it is enough to focus on the global effect? This sounds like a bold statements, not supported by 
numbers. 
This is not a bold statement but rather one of the main contributions of the paper addressed in 
many parts of the work, namely: second and third items in page3, Section 5.1, Section 5.3, and 
Section 7. Not only has it been supported by numerical validation, but also by the post-analysis of 
the flight data collected during ARGON. In Section 7, in fact, it was shown that a benefit of 
estimating aDaDot would have occurred also for the relative navigation accomplished during ARGON 
(see Figure 13). Given the height of the PRISMA mission orbit and the fact that during the 



experiment (i.e., in April) it was not subject to eclipses, there was no need/benefit in estimating also 
aDexDot, and aDeyDot. 
 
This paper mentions differential drag in the title, thus, more accuracy is expected in dealing with it, 
and the above statements need deeper explanations, and in the second case a backup (citation, 
simulations, etc.). 
Two among the works cited within the paper (i.e., Leonard et al. (1989) and Bevilacqua and Romano 
(2008)) also present the wording “Differential Drag” in the title, despite 1) differential drag is 
modeled as piece-wise constant with further assumptions on how the control authority is realized; 
2) a Cartesian parameterization is used, which is valid only for inter-satellite separations of the order 
of one kilometer (close-formations); 3) from an operational point of view, the control of a close-
formation would hardly be accomplished by means of a DD-based approach, due to the difficulties 
in realizing a fine control and collision avoidance considerations.  
Nevertheless both papers offer research-relevant insights not one-to-one related to how precisely 
the differential drag acceleration is modelled. 
Probably this objection is driven by the misunderstanding concerning the precise modeling of the 
differential drag perturbation. We are not claiming to be able to perform any precise modelling of 
the differential drag acceleration but rather to exploit an empirical formulation that reflects (to an 
operational meaningful accuracy) its effects on the relative motion in near-circular low-Earth-orbits. 
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