REGULARITY OF QUASI-MINIMIZERS
FOR NON-UNIFORMLY ELLIPTIC INTEGRALS
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ABSTRACT. In this paper we consider a class of non-uniformly elliptic integral
functionals and we prove the local boundedness of the quasi-minimizers. Our
approach is based on a suitable adaptation of the celebrated De Giorgi proof,
and it relies on an appropriate Caccioppoli-type inequality.

1. INTRODUCTION

In the present paper we shall be concerned with a class of non-uniformly elliptic
functionals F of the Calculus of Variations taking the following form

F: I/Vlicl(ﬂ) — [0, o0], Fu):= | f(z,u,Vu)dz, (1.1)
Q

where 2 C R™ is a bounded open set and f is a real-valued Carathéodory function
on 2 x R x R™ satisfying the non-uniform growth assumption

A@) €7 < f(z,u,8) < p() (|7 + |ul?) + a(=). (1.2)
In the above (1.2), p, g are positive real numbers such that ¢ > p > 1 and A, p, a are

non-negative measurable functions fulfilling suitable integrability assumptions (see,
precisely, Theorem 1.1 below and Theorem 2.2 in Section 2).

Our main aim is to prove the (local) boundedness of any quasi-minimizer of F. By
S . 1,1 .
quasi-minimizer of ¥ we mean a function u € W, (Q) with f(z,u, Vu) € L] _(Q)
and for which there exists some @ > 1 such that

/ flz,u, Vu)de < Q flz,u+ @, V(u+ p))da, (1.3)
supp

supp ¢

for every ¢ € WH1(Q) with supp ¢ € Q (see also Definition 2.1 in Section 2).

As is well-known, the development of the theory of regularity for single equations
and scalar integrals is strictly connected with the pioneering result established by
De Giorgi [8] in 1957. Indeed, De Giorgi considered a linear elliptic equation (with
associated quadratic functional) of the form

Y o (w@ g @) =0 wencw): (1.4
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where the functions a;;’s are measurable and bounded in €2, and the n x n matrix
A(x) = (aij(x))i; is symmetric (for all x € ). Assuming that, for some A > 0,

> ()68 = MEP for all €R”, ae. 2 € Q,

i,j=1
De Giorgi proved that any weak solution u of (1.4) is locally bounded and, further,
locally Holder continuous. One of the crucial points in the De Giorgi’s proof is the
following Caccioppoli inequality on the super-level sets of w:

/ |Vu|?> dz < L/ (u—B)*de  (valid forall 0 < p < R), (1.5)
Ag., (R=p)" Ja,n

where R > 0 is such that B(zo, R) € Q and, for any 8 € R, where
Ap r = {zx € B(zo,R) : u(z) > B}.

It is out of doubts that De Giorgi’s regularity result [8], together with the subsequent
results by Moser [20] and Stampacchia [22], produced a decisive progress in the theory
of regularity. Starting from these seminal works, several improvements (regarding the
scalar case) have been achieved: for example, Giaquinta and Giusti in the series of
papers [11, 12, 13] proved the Holder regularity for the quasi-minimizers of a class of
non-differentiable scalar functionals as in (1.1) assuming that the integrand function
f satisfies the following p-growth conditions:

[Vul? < f(z,u, Vu) < C(1+ |Vul|)? (with p > 1).
We refer the reader to [14] for a comprehensive treatment of this topic.

In [23], Trudinger started the study of the regularity for non-uniformly elliptic

equations. More precisely, he considered equations as in (1.4) assuming that
A@)EP < > ai(@)&g; < n’ul@)l¢f (1.6)
ij=1

for a.e.x € Q and any £ € R™. Here, A(z) is the minimum eigenvalue of the symmetric
matrix A(x) = (a;j(v)) and p := sup,; |a;;|. The main novelty in Trudinger’s result
(which also highlights the non-uniformity of (1.6)) relies in the assumption that
1 2

1
AMle Ll () and puy =A"'p? € L. (Q) with -+ — < =,
roo o n

loc loc

(1.7)

hence the ratio p/\ is not necessarily bounded in 2. Under conditions (1.6) and (1.7),
Trudinger proved that any weak solution of (1.4) is locally bounded in €.

As is well-known, the equation (1.4) is usually called degenerate when the a;;’s
fulfill (1.6) but A=t ¢ L>°(Q), whereas it is called singular when p ¢ L>°(2). It is
worth emphasizing that the theory of regularity for (1.4) under assumption (1.6) is
significantly complicated by the z-dependence of A and p; in fact the problem of find-
ing optimal additional conditions on A and p which guarantee the Holder continuity
of the solutions of (1.4) is still an open problem.

The result by Trudinger previously described was extended in many settings and
directions throughout the years: firstly by Trudinger himself in [24], where more gene-
ral equations are considered; later on, among several other authors, by Fabes, Kenig
and Serapioni in [10]. In this paper, the authors establish the local regularity for
the solutions of degenerate equations satisfying (1.6) with A = p belonging to the
Muckenhoupt class (see [21]).

Clearly, the literature concerning non-uniformly elliptic problems is quite extensive,
and it is beyond our scopes to give an exhaustive list of references; here, we limit
ourselves to mention the most recent papers [1, 5, 6, 7, 9, 15, 17, 18, 19, 25], and we
refer the interested reader to the bibliography therein.



We now turn to describe the main result of this paper. As already said, we aim at
proving the (local) boundedness of any quasi-minimizer of ¥ in (1.1). In our context,
we require the integrand function f to satisfy the generalized version of Trudinger’s
assumptions, namely we assume that

e f is a Carathédory function on © x R x R™ (where Q@ C R"™ is open);
e f(x,-,-) is convex on R x R™ for every fixed z € {;
e [ satisfies the growth condition (1.2), whereq > p > land A, u, a : Q@ — R are
non-negative measurable functions such that, for a suitable positive constant
k, one has A\(z) < k u(x) for a.e.z € Q.
While we postpone to Section 2 the statement of our result in its full generality, we
now give the statement in the particular case when (1.2) holds with ¢ = p.

Theorem 1.1. Assume that [ satisfies (1.2) with ¢ = p, and
AHe L (Q), pe L (), a€ L), (1.8)

for some r € [1,00], 0 € (1,00] and T € (1, 00] fulfilling

1 11 1

+max{,}<p and r>—— ifpe(1,2). (1.9)

r o'T n p—1
If u € WI})CI(Q) is a quasi-minimizer for the functional F in (1.1), then u is locally
bounded in €.

We refer to Theorem 2.2 for the general case 1 < p < ¢, and for a quantitative
estimate of the L®-norm of the quasi-minimizers. We explicitly point out that a
crucial assumption in Theorem 2.2 is the following

pr
r+1’
(with the convention v := p if r = +00), v* is the Sobolev exponent of v and ¢’ is the

conjugate exponent of 0. When A = 1 and p € L*>(Q), the above (1.10) gives back
the classical bound ¢ < p* (see, e.g., [14]).

qo' < v, where v = (1.10)

*

Although being inspired by Trudinger’s result, the result in Theorem 1.1 is signi-
ficantly more general if compared with the previous ones: firstly, we consider quasi-
minimizers of integral functionals ¥, so that no Euler-Lagrange equation is available;
secondly, the function f defining F is assumed to satisfy a p-growth condition with
a general p > 1, and an explicit dependence of u is allowed. We explicitly point out
that our integrability assumptions (1.8)-(1.9) on A, p and a reduce to those which
have been considered for less general cases: for example, when p = 2 or when A and
u are positive constants (for more details see Remark 2.4).

We now spend a few words about the proof of Theorem 2.2 (of which Theorem
1.1 is a particular case). Broadly speaking, our approach is based on a suitable
adaptation of De Giorgi’s iterative method, which needs to take into account both
the (possible) degeneracy of the ‘weights’ A, 1 and the different exponents p, ¢ in (1.2).
These facts make the proof definitely more involved than in the classical cases. The
key ingredients of our approach are, essentially, the following:

(1) First of all, we prove a Caccioppoli-type inequality for any quasi-minimizer u
of F: more precisely, fixed z¢ € Q and a ball B(xg, Ry) € 2 we have that there exists
A > 0 such that, for every 0 < p < R < Ry and every 8 € R with 5 > 1, we have

e (@mpy ) as

flz,u, Vu)da < A{(R—p)P

A
. (1.11)

1—1
+llaller B@o.ry - |Asr| }



(2) With the Caccioppoli-type inequality (1.11) at hand, the second ingredient is
a decay estimate of the “excess” on the superlevel sets of u. Fixed a suitable level
B > 1, we define a sequence pj of radii starting from Ry and decreasing to % and

another sequence [, of levels starting from g and increasing to 8. We then define

the “excess” on the superlevel set as follows
Jy = / (= B)" da. (1.12)
Asp.on
Using the Caccioppoli-type inequality (1.11) and the Sobolev-type Embedding in

Lemma 4.2, we are able to show that

Jnp1 <C(1+ HUHLqV ’Z};’m RO)))ChJ;iJma (1.13)

where C, ( > 1 are suitable constants depending on the data and
! 1
o= min{l - qi*,al(l B %)}
v T v

(3) Having established (1.13), the local (upper) boundedness of u follows by a
standard iteration argument: choosing g > 1 large enough, and using the fact that
a > 0 (which is a consequence of assumptions (1.9) and (1.10)), one gets

lim J, =0; (1.14)

h—~+o0
in its turn, the above (1.14) readily implies that
u<p a.e. in B(zg, Ro/2). (1.15)

Lower bounds for v can be obtained by showing that —u is a quasi-minimizer for a
similar functional, so that —u is bounded from above.

We conclude this Introduction by explicitly highlighting that our result applies to
several energy integrals which are nowadays receiving great attention in the literature;
this is the case, e.g., of the double phase energy integral

F(v) = /Q (m@IVe@)]* + ho(@) [ Vo@l)dz  1<s<p, (1.16)

with non-negative functions hy and hy. A deep study of such functionals was recently
carried out under many different aspects in the framework of p, g-growth conditions,
see e.g. [2, 3, 4]. It is straightforward to check that the integrand function

f(@,8) = ha(2) [§]° + ha(z)[€]°
fulfills the growth condition (1.2) with
AMz) = ha(z),  plx) = (ha(x) +he(x),  a(z):=h(2)
As a consequence, if we assume that
hy' € L (), (i +h) € Lio(Q)  and 7y € L, (D)

for some r € [1,00), 0 € (1,00), 7 € (1,00) satisfying the relations (1.9), we infer
from Theorem 1.1 that any quasi-minimizer of ¥ is locally bounded, without any
relationship between the exponents p and s.

Another application of Theorem 1.1 is the following (see also the more general
Example 2.3 in Section 2): consider the functional

V) = / W) ([Vo(@)P + lu(@)P?) de, (1.17)
Q



where p > 1 and A is non-negative on ). If we assume that

rte L} () and  he L. ()

loc loc
for some r € [1,00), 0 € (1,00) satisfying
1

1

1
<£ and erax{l,i},
T o n p—1

then the quasi-minimizers of F are locally bounded.

Plan of the paper. A short plan of the paper is now in order.

e In Section 2 we shall give the needed preliminary definitions, the statement
of our result in its full generality, Theorem 2.2, together with some remarks
concerning our main assumptions.

e In Section 3 we shall prove a Caccioppoli-type inequality for the quasi-mini-
mizers of &, which is the fundamental tool for the proof of Theorem 2.2.

e In Section 4 we shall set up the De Giorgi’s iterative method, by means of
which we shall be able to provide the proof of Theorem 2.2.

2. PRELIMINARY DEFINITIONS AND STATEMENT OF THE MAIN RESULT

As anticipated in the Introduction, throughout this paper we shall be concerned
with integral functionals of the following form

FWEQ) —[0,00],  F(u) ::/f(x,u,Vu)dx, (2.1)
Q

loc

where 2 C R" is a fixed open set and f : 2 x R x R™ — R is a Carathéodory function
satisfying the following assumptions (already presented in the Introduction):

f(z,+,-) is convex on R x R™ for every fixed z € §; (2.2)

and, for every x € Q and every (u,£) € R x R™, one has

A@) €17 < £(t,u,€) < i) (I + ul?) + a(a), (2.3)
where ¢ > p > 1 and a, A\, u : Q© — (0,00) are measurable functions such that
Az) <kp(zr) aeinQ, (2.4)
for a suitable constant k£ > 0. Furthermore, we require that
NUELL (), pe Ll (), ae Ll (9), (2.5)
for some r € [1,00], o € (1,00] and 7 € (1, 00| fulfilling the relations
1 11 1
+max{,}<p, and r>—— ifpe(1,2). (2.6)
r o'T n p—1

Since we aim at proving the local boundedness of the quasi-minimizers of the functio-
nal ¥, we remind their precise definition.

Definition 2.1. We say that a function u € VV&)C1 (Q) is a quasi-minimizer of F in
(2.1) if 2 — f(z,u,Vu) € L, (Q) and there exists a real @ > 1 such that

[ tewvod<Q [ feute ) (2.7)
supp ¢ supp ¢

for every p € WH1(Q) with supp ¢ € Q. In the particular case when (2.7) holds with
Q =1, we say that u is a local minimizer of F.



With simple computations (see e.g. Proposition 3.1 in [7]), for every open set €/
compactly contained in 2 we deduce that

L7+ (Q/;R")

Iy 1901 g o < [ @ Vo) (2.8

From (2.8) and the classical Sobolev embedding theorem, we then get

WL Q) > whI(Q) (2.9)
where W17 (€)') denotes the set of maps u with finite F-energy on €', that is,

WhI(Q) == {u e WHH(Q) : F(u; Q) < 00}
It is clear that if we impose appropriate conditions at the boundary of a fixed open
set Q' € , then from standard direct methods of the Calculus of Variations we derive
the existence of minimizers in the Sobolev space
Wil T (5),

loc

provided that pr > r + 1. Furthermore, if u € VVI})C1 (Q) is a quasi-minimizer of F, it
follows from (2.9) that
1,-Br
uwe W, Q).
For the sake of simplicity, we will explicitly assume this in our statements and we also
introduce the following notation:
pr
Vi=—, 2.10
r+1 ( )
with the convention v := p if r = +o00. It should be noticed that, from our assumptions
onr (thatis, r >landr > 1/(p—1)if 1 < p < 2), we easily infer that

pr

> 1. (2.11)

Throughout the sequel, given any ¢ € [1,00], we shall adopt the following notation:
we indicate by 9’ the conjugate exponent of 1, that is,

s

—, ifde(l ;

g en

V= q oo, if 9 =1;
1, if 9 = oo.
Moreover, we denote by 9* the Sobolev exponent of 1, that is,
nd
— if 19
9= n—9 rv<mn

any number ¢t > ¢, if 9 > n.
Our main result is contained in the following theorem.

Theorem 2.2. Let us consider the functional F in (2.1), and let us suppose that its
integrand function f satisfies (2.2), (2.3), (2.4), (2.5) and (2.6), with

qo’ <v*. (2.12)
Let u € WIZC? (Q) be a quasi-minimizer of F.

Then u is locally bounded in Q2. Furthermore, it is possible to find a constant ¢ > 0,
only depending onn,p,q,r,o,7 and on k and Q, with the following property: for every
fized xg € Q and every Rg € (0,1] satisfying B(xo, Ry) € 2, one has

vt
v¥—qo’ v*(a—ptpa)

H * 7
ull oo (Bry ja(zo)) < € Ro (L A+ [Jull o By y) 7720, (2.13)



where

o -1/ 1/ 1/
H:=(1+A HL'"IEB(:I:O,RO))) (1+ ”aHLTp(B(xo,RO))) (1+ ”'U’HLUP(B(IO,RO))) (2.14)

and
/

1
a=min{1- 2% o/ (1- - - 2} (2.15)
v

T v

We observe that, in the particular case when ¢ = p, Theorem 2.2 reduces to Theo-
rem 1.1 stated in the Introduction.

Example 2.3. Let us consider the functional

F(v) = / W) (IVo(@)P + Ju(2)|7) da, (2.16)
Q
where 1 < p < ¢ are real and h is non-negative on 2. If we assume that

(i) h~' € LT, () and h € LZ, (Q), with

loc loc

1 1 1
-+ =< L and eraX{l,i};
r o n p—1

(ii) ¢ < v* /o’ (remind that v = pr/(r + 1) and v* is Sobolev exponent of v),
we infer from Theorem 2.2 that the quasi-minimizer of F are locally bounded.

Remark 2.4. Here, we list a few consequences of (2.6) and (2.12) which are of general
interest.

(1) The first inequality in (2.6) implies

po' < and  1-L1_2 5y (2.17)
T v

(2) The assumption on g, see (2.12), together with the last inequality in (2.17),
implies a > 0.

(3) If the function a in the growth condition (2.3) is a locally bounded function,
i.e., T = 400, we obtain

1.1 _»p (2.18)
r oo n
It should be noticed that, in the particular case p = 2, the above (2.18) is
precisely the assumption made by Trudinger in [23] (see indeed (1.7)).

(4) From the first inequality in (2.6) we get 7 > n/p. This bound from below for
7 coincides with the condition in order to gain regularity for the minimizer in
the standard case when A, p are constants.

(5) We notice that if r = 0 = 400, i.e., A\™1, u € L™, then (2.12) reduces to the
well-known assumption ¢ < p* (see for example Giusti [14]).

(6) If r =0 =7 = +o00 and p = ¢, then

vi(g—p+pa) _
p(v* —qo’)

and the estimate (2.13) becomes

p*
%

H
Hu||L°°(BRO/2(zo)) <c R70 (1+ Hu||LP*(BRO))~



3. CACCIOPPOLI-TYPE INEQUALITY

Throughout the sequel, we shall make use of the following notation: given any
function u in WL (Q), if 2o € © and R > 0 are such that B(x, R) € Q we set
Asr = Ap r(u) == {x € B(zo, R) : u(z) > B}, BeR. (3.1)

A fundamental tool for proving the local boundedness of the quasi-minimizers of F is
the Caccioppoli-type inequality contained in the next Proposition 3.1. In the proof
of this proposition we shall exploit a very classical lemma, see Lemma 3.2 below.

Proposition 3.1. Let u € Wlt,cm (Q) be a quasi-minimizer of the functional F in
(2.1); moreover, let xg € Q and R € (0, 1] be such that B(xzo, R) € Q. Then, for every
p € (0,R) and every f € R with 8 > 1 we have

f(z,u, Vu)dr < A{ u(zx) ((u - 8P+ Bq) dz

Aﬁvp
(3.2)

1—1
+ lall - (Bwo.r)) - |A8.R] 7 },
where A > 0 is a constant only depending on p and Q.

Proof. Let p, 8 be as in the statement of the proposition, and let s,¢ € (0, R) be such
that p < s < t. Moreover, let n € C(R",R) be a cut-off function satisfying the
following properties:

(i) 0<n<1onR"
(ii) suppn € B(xo,t) and n =1 on B(zo, $);
(iii) |Vn(z)| <2/(t —s) for every z € R™.
Setting w := (u — 8)+ = max{u — 3,0}, we finally define
p: Q=R p(z) = —nf(z)w(z).
It is easy to check that
e WHHQ) and Ag s Csuppp C Ag € (3.3)
furthermore, we have
Vw = Vu on supp ¢. (3.4)

Since u is a quasi-minimizer of F with constant ) > 1, and since f > 0, one has

/ f(x,u, Vu)dr < / f(x,u, Vu) dz
Ap,s

supp ¢
<Q flz,u+ ¢, V(u+))dz
supp ¢
3.4 _
g f(x,(l — P u+ 0P8, (1 —nP)Vu+ 1P (pwn 1Vn)) da
supp ¢
(2.2) .
< {(1 —nP) fz,u, Vu) + 0P f(x, 8, pwn Vn)}da:-
supp ¢

We now introduce the notation

Il ::/ (1_7717) f(x,u,Vu)dx,
supp ¢

Iy == / n? f(x, B, pwn~" Vn) da,
supp ¢

and we proceed by giving an estimate of them.



9
As regards Iy, since n = 1 on B(z, s) and since 0 < 1 < 1 on the whole of R", we

immediately obtain

(3.3)

I; < / (1 =17 f(z,u, Vu)dzx
Agt
- [ AT
Ap t\Ag,s

< / flz,u, Vu) dz. (3.5)
Apg,t\Ap,s

We then turn our attention to Is. On account of (2.3), one has
s [ dut) () 9 4 7) + ate)
supp ¢

< /Supw“("”) () 19aP+57)do+ [ ()= ()

supp ¢

moreover, by using the estimate for |Vn| in (iii) and since 0 <t —s < R < 1 and
p > 1, we get

(*)g/supwu(x) (%wum) dx+/ a(z) dz

supp ¢

(2p)? /Suppw () (wp + Bq) dr _|_/ a(z)dz =: (2%).

N (t - S)p supp ¢

By applying Hoélder’s inequality, using (3.3), (2.5) and noting that w = (u — 8)4, we
finally get

(2p)P P q
20 < 2 [ uto) () ar s [ atw)as
2p)P -7
< (t(_pl)p /Aﬁ,t“(a:) (w? +87) o+ llall L (3o, [ As|
2p)P =
- (t(_p?s)l’ /AM () ((w=B)" + B*) dz + llallL-(peory | As.n 7 (36)

Gathering together (3.5) and (3.6), we then obtain

flz,u, Vu)de < Q f(z,u, Vu) dx
Ag.s Apt\Agp,s
(2p)?
@ (2 [ utw) (- )

1—1
+ llall - (B(zo.r)) | A5.R| T>'

By the hole-filling method, this last estimate clearly implies that

Q
" f(z,u, Vu)da < Q+1/.,, flz,u, Vu)dx
(225 [ e (-4 pt)ao 37)

1—1
+ llallzr (B(zo.R)) | A5.R] T)'
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We are now entitled to apply Lemma 3.2 below, with

w:[p, Rl = R, w(t) == f(z,u, Vu) dz,
Agt

and the constants ¥, k, A and B given, respectively, by

v=—9  wop, A::<2p>p/A () ((u— By + 89 d,

Q+1
1—1
and B := |lallz-(B(ao,r))| 48R "
Thus, we find a constant A > 0, only depending on x = p and on @, such that

wp) = [ fle,u,Vuyda
Ag,p

< A{(R—lp)p /AB,R p() ((u - B8P+ 5q> dx

1—1
+ llallor (8o, my) |48, }
The proof is complete. O

We now state the classical lemma used in the proof above. We refer, e.g., to [14,
Lemma 6.1] for a demonstration of this result.

Lemma 3.2. Let [a,b] C R and let w : [a,b] — R be non-negative and bounded. We
assume that there exist constants k, A, B > 0 and ¥ € (0,1) such that

w(s) <dw(t) + —+ B, foreverya<s<t<b.

4
(t—s)

It is then possible to find a constant C' = C(9, k) > 0 such that

A
w <C —|—B}, or everya < p < R <b.
(p) {(R_p)m f ya<p

4. PROOF OF THEOREM 2.2

Now we proceed towards the proof of our Theorem 2.2 by setting up the celebrated
De Giorgi’s iterative method. In what follows, we tacitly understand that all the
assumptions and the notation introduced in the previous sections do apply.

1,25 S . .
Let u € W™ () be a quasi-minimizer of ¥ in (2.1). Taking into account Remark

2.4, we fix a point zy € Q and a real Ry € (0,1] in such a way that
B(zo, Ry) € Q and / [ulP? dz < 1. (4.1)
B(CEQ,R())

For every fixed R € (0, Ry], we then define the following (decreasing) sequences:

2 2h

Moreover, given any real number 8 > 1, we consider the (increasing) sequence

By ::ﬁ(1—2h1+1>, h e NU{0}. (4.3)

R 1
ph:=(1+> and P, = PP e N U0}, (4.2)

Finally, we define a sequence (J},),>0 of non-negative numbers as follows:

Jh = /A (u— Br)?" dx. (4.4)

Bh:Ph



We explicitly observe that, since (pp)p is decreasing and (S8;), is increasing, the
sequence (J)p is decreasing: in fact, we have

T = [ (=B do< [ @ ) do
A

A

Bh41:Ph41 Bh+1:Ph (45)
< / (u— Bp)?" da < / (u— Bp)P” da = Jp.
Aﬂh+1y0h A5h=Ph
Moreover, on account of (4.1) (and since pp, < R < Ry), we have
Jp = / (u— Bp)P? da < / u|P?" da
Apy,op Ay on (4.6)
< / \u|p‘7/ dz < 1.
B(wo,Ro)
Finally, by taking into account the definitions of J,, 8, and pp, we have
Jp = / (u— ,Bh)p"/ dzr > / (u— Bh)p", dx
A5h=ﬂh Aﬂh+1«!’h (4.7)

, B\
> (ﬂh+1 - Bh)pg |Aﬁh+17Ph,| = <2h+2> |A5h+17Ph,|’

The following proposition is the key tool for the proof of Theorem 2.2.

Proposition 4.1. Let the above assumptions and notation do apply. Then, there
exists a constant C' > 0 such that, for every R € (0, Ry] and every 8 > 1, one has

8p0/2h

T < C (L [u G20 )

14+«
) g} VheNU{0}, (48)

Rpa’ﬂpﬂ’(lf%

where v is as in (2.10) and « is as in (2.15). Furthermore, the dependence of C' with
respect to A, i, a can be explicated as follows:

’

C= C{||)\_1\|LT(B(IO,RO)) (T el (B@o, o)) - (1+ ||/’LHL“(B(I07RO)))} (4.9
where ¢ > 0 is constant depending on n,p,q,r,0,7, on k in (2.4) and on Q.

Before proving Proposition 4.1 we need a preliminary lemma (for a proof see, e.g.,
[7], Lemma 3.2).

Lemma 4.2. Let p > 1 be fixed and let r > max{1, p%l} As usual, we set

__pr
r+1
Then, there exists a constant cs > 0 such that

p/v”
</ Ok dx) <ecs AN zres) / Ax) |VolP d, (4.10)
B B

for every ball B € Q and every function v € V[/Ol%(B)
Now, we can provide the proof of Proposition 4.1.

Proof of Proposition 4.1. Let (n,)n>0 be a sequence in C2°(R™) such that
(1) 0 <my <1 on R

(ii) suppnn C B(zo,p,,) and 0, = 1 on B(zg, pht1);

2h+4

(i) (Vi) < .
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We remind here that

_ _pr
r4+1

Since po’ < v* (see Remark 2.4-(1)), and reminding that

=1 on A5}1+1»Ph+1 and supp nn C B(x()vph)

we have

Jpt1 = / (u— 5h+1)p0, dz

Aﬁh+1$0h+1
’
1-2%
= |Aﬁh+1,Ph+1| Y (/
A

1-22 v* G
< |A6h,+1»Ph+1| v (-/B( B )ﬁh(u - 5h+1)+ dx) = (*)
Z0,Pp

’
po
v*

1—2g
s
< |Aﬂh+1,ph+1|

(u— Bri1)” dﬂﬁ)

Bhy1:Pht1

o

(= Bra1)” dx)

Bh4+1:Ph+1

To proceed further we observe that, by the fact that n, € C°(B(zg,p),)) (see (ii)),

we certainly have v := ny,(u — Bui1)4 € Wy" (B(wo,7y,)). We are then entitled to
apply Lemma 4.2, with Q' := B(x,p;,) € B(zo, R). If we denote

K = H)\fl||c£r(3(wo,R0)),
we have (here cg is the embedding constant in Lemma 4.2)

’
1—2g

(%) < CZ/ K|Aﬂh+lvph+1’ V* (/B( B ))\(SU) |v(nh(u - Bh+1>+)|pdx)
T0,Pn

< I K|A -5
= Cg | ﬁh+1aph+1| X

’

P (o8
([ @ {I Tl B £ mTuln, g, } o) = 0
B(z0,py)

By the estimate for |V | in (iii), using 7, < 1 and inequality (2.3) we get (here and
throughout, we indicate by ¢y, co, ... different positive constants only depending on
the Sobolev constant c¢g, on n,p,q,r,0,7, on k in (2.4) and on Q)

P
Lo @ {0 ) T, b
2h+4 p
<{(%) [
5 ) Ja
2h+4 p
<
—Cl{( R > /A

N) (u = B do + [

’ Az) [VaulP dx}

Bh+1:Ph Bh+1:Ph

Az) (u = Bry1)?P da + /

A

[z, u, Vu) da:}.

Bh41:Ph Bh41:Ph



Collecting the above inequalities and by exploiting the Caccioppoli-type inequality
(3.2) established in Section 3, we then obtain

(2.3) 1_% 2h+4 p
@) okl 5 () [ M@ @y

Bh1:Ph
+ /
A5h+1 PR

(by (3.2), with p = p,, and R = py)

’

f(z,u, Vu) dx]g

liLg*/ 2h+4 p
< ClK’A/Bh+1’Ph+1| i {( R ) /A )‘(1') (U_Bthl)p dx

Bh+1:Ph

A [(2};3>p /A p(x) ((U—ﬂhﬂ)p—i—ﬁZH) dx

Bh+1:Ph

’

1‘1 }U = (34).

Let us now recall that (2.4) holds and R < 1. Therefore, setting

+ ”aHL"(B(M’R)) ’AB}L+1;P}L

K, =K- (]_ + Ha”L"(B(xO,RO)))U and Ky := K; - (]_ + HNJ”L"(B(:EO,RO)))J R
by Holder’s inequality we obtain

1_pa*/ 2h po
(3*) <c2 K1|Aﬁh+1,9h+1| Y (R) X

/

o
1
1—41

X [/A N(x) ((u - 5h+1)p + 5Z+1) dz + }ABthhPh

Bh+1:Ph

1_17%/ 2h po
<k |Aﬂh+1,/)h+1 ‘ E X

1
7

X l:”:uLf’(B(aco,R))(/ ((“_ﬁh+1)p+ﬁ2+1) dw)
Bh+41:Ph

’

_1
+ |Aﬁh+1,ph|l T:|

1—2g

2h po
<c3 K2|A6;L+1,Ph+1 | Y (R) X

.

It holds that

/A ((u_'g“l)p""ﬂzﬂ)al dwgco’{/A (u— Brs1)?” da

Bh41:Ph Bh+1:Ph

_|_ /
A
Let us Now ebtlmate the labt in‘egral. Since

Bl < [l do <l ey

Bh41:Ph

(0= B+ 810)” o+ A7 = (40

Bh41:Ph

ﬂZi dx}.

Bhi1:Ph
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we have (remind that 8, < g for any h > 0)

(a=p)o’

* v _(a— P)G
/ Bh—i—l de = (BfVL+1|Aﬁh+1,Ph l) h+1‘Aﬁh+l7Ph |1
ABpi1on
_ (a— P)G
< ullS s 2y B s o
Therefore
0_/
[ (w-sr ) a
AB;L+1~Ph
po (g— P po’ 1—(q7’i)0/
< co (u — Brt1) "dx + Cor ||u|| *(B(zo, R))ﬁ |AB}L+17ph
A5h+1vph

< cord P’ | A 1 g 411

Co'Jh + Co HU'HL” (B (z0,R)) s | Bh+1:0n Y (4.11)

where in the last inequality we used (4.5). Now, owing to (4.7) we get

oh+2\ P’ , /9h\ P
’AB}L+17/);L+1| < |Al3n+1,ph < < 3 ) Jp = 477 <5> JIn; (4'12)
this, together with (4.11) and the assumptions ¢ > p and J,, < 1, implies
» q o’ U'(l—%)
((u - 6h+1) + Bthl) dz + ‘A5h+1,Ph|
ABthlvPh
—p)o’ hpo' (1- ¢ o' —po 1—(‘1711)0, 17(q_€)"/
< ea (14 [ull 205 g ) {Jh o (ZE585) oo (1245 I
2 1
Qh)po o fﬂu—”}
+| = J T
(5)
- pg—p)o’” P)O'
< (14 [fuf (027 (B wory) 277 BT

where we have introduced the constant

= min{l - %,a'(l - i)}

22pa/2h
(4*) < o5 Ko (1 + HUHLV (B zo, R))) : W|Aﬁh+1,l)h+1‘

Thus, we get

pla— P)U )

5 Iy,

_ 5’2
23p0/2h 517(11”132 1+07p‘1/

U ke (L S )

< ¢ Ko Lv* (B(z0,R)) Rpo’ ﬂpa'(l—'ﬂ, 4
(4-p)o gt 14022

< eg Ko (14 [Jull2e (B( wo,R))) h .

Rpo’ ﬁpo’(l——
Since, by the very definition of 6, we have

/ _ ! ’ 1 !
a:@-pazmin{l—(q p)a_piyo,(l_i)_pa },
v* v T v*

V*

by collecting the previous chain of inequalities we get (4.8) with

C:CGKQ

’

= cg {||A71HL’“(B(JO7RO)) (L4 Nlall L (B(wo,Roy)) - (1 + ||NHL”(B(IO7RO)))}



This ends the demonstration. O

With Proposition 4.1 at hand, we are ready to provide the proof of our main result,
namely Theorem 2.2. Before doing this, we remind the following very classical lemma
of Real Analysis (see, e.g., [14, Lemma 7.1]).

Lemma 4.3. Let (z3,)n>0 be a sequence of positive real numbers satisfying the follow-
ing recursive relation

zhp < LC" 2T (he NU{0}), (4.13)

where L,y >0 and ( > 1. If 2o < L™ v(

1
2

, then
zp < Ciizo for every h > 0.
In particular, z, — 0 as h — co.

We now prove Theorem 2.2.
Proof of Theorem 2.2. Let u € VV1 T (©) be a quasi-minimizer of the functional F
in (2.1), let zy € Q be fixed and let RO € (0,1] be such that B(xg, Ry) € 2. Moreover,

let B > 1 (to be chosen later on) and let (J3)n>0 be the sequence defined in (4.4).
Owing to Proposition 4.1 (with R = Ry), we have the estimate

Jne1 <L) gt (e Nu{o}), (4.14)

where « is as in (2.15), that is,

! 1
a::min{lf qi,a’(l—ffﬁ)},
v* N

and the constant L is given by

1 1\"
L:= 017, - .
(1-%%) <R0)

We remind that, in its turn, we have

Yo'
C' = (1 + Hu”Lqu I()B (zo, Ro)))

’

= c{IN e (e, o) (1+ lallz- 5o, rop) - (1 + Il o peomon) |

x (1+ H“”Lv (B o, Ro)))

where ¢ > 0 only depends on n,p,q,r,0,7 and on k and ). We now claim that it is
12
possible to choose 8 > 1 in such a way that Jy < L1/ (807"")=1/2" that is,

JOZ/AB (u—g)pa/dx

(a—p)o’ 1 IR 2y _1/a?
< {C’ (1+ ||“HLv*(B(xo,Ro))) ' gro (152 (RO) } (877) :
(4.15)

In fact, by definition of Jy (and since u € Lfo‘z/(Q), see Remark 2.4), we have

Jo < / [l dz = ul?7, < oo;
B(z0,Ro) Lro" (B(xz0,R0))
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thus, reminding that Ry < 1, the claimed (4.15) is clearly fulfilled if we choose

1
o/

. c o'?\1/a (g—p)o’ po’ o po’ (1-990)
. {1 TR (877 (U Il 2 g o) N7 (3, '
(4.16)

With (4.15) at hand and 8 > 1 as in (4.16), we are entitled to apply Lemma 4.3. As
a consequence, we obtain

hm Jrp = lim (u— Bp)P" dz = / (u—B)P dz = 0. (4.17)

h—o0 h—o0 Aﬂhxﬁh ABYRO/Q
Since, by definition, u — 8 > 0 on Ag g, /2, from (4.17) we then conclude that
’A,&Ro/ﬂ =0, whence u < 8 for a.e.x € B(zg, Ry/2).

To prove that u is also bounded from below by —g it suffices to observe that, setting
v:= —u, then v € Wi)cl(Q) is a quasi-minimizer of the functional

S(w) := / g(z,w, Vw) dz,
Q
where g : Q@ X R x R™ — R is the function defined by
g(wiag) = f(xa —w, _g)

As a consequence, since g clearly satisfies assumptions (H1) and (H2) (with the same
functions A, ), by the above argument we deduce that

|A5730/2(v)‘ =0, whence —u < g for a.e.x € B(xg, Ro/2).
Summing up, we have proved that, if 8 > 1 is as in (4.16), one has
lu(z)| < B, for a.e.z € B(xg, Ro/2). (4.18)

We now observe that, by Hélder’s inequality (since po’ < v*), we have

(Ul 0 Ul oy S € QU Tl )7 @77,

with ¢ > 0 independent of u. This, together with (4.16), Ry < 1, o'/® > 1, allows us
to conclude that there exists a constant ¢ > 0, depending on n,p,q,r, 0,7 and on k
and @, such that (here, H is as in (2.14))

g—ptpa

B<c Ro (1+ Hu”Lv*(BRO))
This inequality and (4.18) give exactly estimate (2.13). O
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