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Abstract 

Thanks to the advancements in computer power and capability of Computational Fluid Dynamics 

codes, the amount of research work on the numerical simulation of slurry flows in pipelines has 

increased exponentially in few years, opening the way to the use of this approach for engineering 

purposes. The Two Fluid Model (TFM), in which both phases are interpreted as interpenetrating 

continua and solved in the Eulerian, cell-based framework, allows the best compromise 

considering the engineering requirements of computational efficiency, applicability, and accuracy. 

However, the solution of this model is affected by several numerical and modelling factors, and, 

even if good agreement is achieved between simulation results and experimental measurements, it 

might be difficult to trust the predictions outside the validation conditions, thereby limiting the 

engineering potential of the two-fluid approach. The fully-suspended slurry flow in horizontal 

pipes was numerically simulated using the TFM recently developed by one of the authors of this 

paper, and the computational results were compared to experimental data reported in the literature. 

It has been clearly demonstrated that, even in this simple geometry, many possible sources of 

inaccuracy and uncertainty come into play. Whilst assessing their role, best practice guidelines and 

consistency checks were proposed to improve the accuracy of the estimates and increase the 

reliability of the TFM solution. Afterwards, pipe size-up scaling tests and a careful specification of 

the applicability conditions provided further confidence to the use of the TFM as a tool for 
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engineering design. 

 

Keywords: hydraulic conveying, slurry flows, Two Fluid Model, sensitivity analysis, validation 

 

Nomenclature 

A  area of influence of the data point in Fig. 4a (L2) 

1C   constant in Eq. 12 (-) 

2C   constant in Eq. 12 (-) 

C  constant in Eq. 13 (-) 

dC  drag coefficient (-) 

D  pipe diameter (L) 

 phase diffusion term (ML−3T−1 [ ]) 

pd  equivalent particle diameter (L) 

pd 

 dimensionless particle size (-) 

B
pd 

 estimate of pd   using Eq. 42 (-) 

E  roughness parameter (-) 

LF  coefficient in Eq. 43 (-) 

I  turbulence intensity of the liquid phase (-) 

mi  hydraulic gradient (-) 

k  turbulent kinetic energy of the liquid phase (L2T−2) 

M  mass flux (ML−2T−1) 

N  number of spatial subdivisions (-) 

N  number of interpolation points (-) 

n  number of particle size classes (-) 

pn  particle number density (L−3) 

P  locally-averaged pressure (ML−1T−2) 

kP  volumetric production rate of k  (L2T−3) 

mRe  modified particle Reynolds number, Eq. 10 (-) 
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wRe  wall Reynolds number (-) 

r  radial coordinate (L) 

s  friction factor (-) 

U  component of vector U  (LT−1) 
*U  friction velocity (LT−1) 

mV  slurry bulk-mean velocity (LT−1) 

dlV  deposition-limit velocity (LT−1) 

tw  terminal settling velocity of a particle in quiescent liquid (LT−1) 

x  horizontal coordinate (L) 

y  vertical coordinate (L) 

y

 dimensionless distance of the first grid point to the wall (L) 

z  axial coordinate (L) 

 

Greek Symbols 

  locally-averaged volume fraction (-) 

  parameter of the two-fluid model (-) 

  horizontal chord in the pipe section 

  parameter in Eq. 44 (-) 

  normal distance of the first grid point to the wall (L) 

  turbulence dissipation rate of the liquid phase (L2T−3) 

  azimuthal coordinate (-) 

  von Karman constant (-) 

  dynamic viscosity (ML−1T−1) 

m  friction, mixture-viscosity related parameter (ML−1T−1) 

t  eddy viscosity (ML−1T−1) 

  circumference in the pipe section, Fig. 15 

  density (ML−3) 

  turbulent Schmidt number for volume fractions (-) 

k  constant in Eq. 11 (-) 
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  constant in Eq. 12 (-) 

  shear stress (ML−1T−2) 

  generic transported variable 

  average angle of concentration profile, Fig. 12 (°) 

 

Vectors 

dF  drag force (MLT−2) 

g  gravitational acceleration vector (LT−2) 

M  interfacial momentum transfer term (ML−2T−2) 

n  unit normal vector (-) 

U  locally-averaged velocity vector (LT−1) 
A

U  projection U  on the pipe section plane (LT−1) 
/ /

U  component of U  parallel to the wall at the near-wall nodes (LT−1) 

W  locally-averaged slip velocity vector (LT−1) 

 

Subscripts and superscripts 

1,2 index of cells for num
mi  calculation 

axis at pipe axis 

exp experimentally-determined 

k  phase indicator 

i  index of horizontal position in Fig. 4b 

In at the inlet boundary 

j  index of vertical position in Figs. 4a and 4b 

l liquid phase 

lam laminar 

m mixture 

num numerically-determined 

out at the outlet boundary 

p physical particle 

ref reference factor for normalization 
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s solid phase 

turb turbulent 

w at the wall / in the near-wall cells 

 , r , z  along direction  , r , z  
 

Operators 

+ transpose 

... A   average over pipe area 

...    average over near-wall cells 

...    average over horizontal chord 

...    average over circumference   

 interpolation from nearest nodes 

  arithmetic mean 

 

Acronyms 

BF Bed Flow 

CFD Computational Fluid Dynamics 

DPM Discrete Particle Method 

FS Fully Suspended flow 

HS Heterogeneous Suspension 

IPS AInter-Phase Slip Algorithm 

KTGF Kinetic Theory of Granular Flow 

LES Large Eddy Simulation 

MAE Mean Absolute Error 

MAPE Mean Absolute Percentage Error 

MB Moving Bed flow 

MFM Multi Fluid Model 

MM Mixture Model 

PS Pseudo-homogeneous Suspension 

RANS Reynolds-Averaged Navier-Stokes 
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SB Stationary Bed flow 

TFM Two Fluid Model 

1. Introduction 

The transport of liquid-solid slurries in pipes is encountered in various industrial processes such as 

mining, oil extraction, power generation, chemical production, and so on. Disposing of methods 

for estimating the behavior of the flowing slurries is fundamental for the proper design and 

management of the pipeline system. 

Obviously, when developing predictive models, the fundamental physical features of 

slurry pipe flows must be taken into account. Of particular importance is the form in which the 

solids are conveyed, often referred to as flow regime. In horizontal pipe flows, a well established 

classification is that proposed by Doron and Barnea [1], who identified three different main patters 

in relation to slurry velocity and particle size. If relatively small solids are transported at high 

velocity, the turbulence of the fluid is enough to keep all the solids suspended, and Fully 

Suspended (FS) flow is likely to occur. This regime can be further divided into homogeneous 

suspension and Pseudo-homogeneous Suspension (PS), in which the distribution of the solid over 

the pipe section is nearly uniform, and Heterogeneous Suspension (HS), in which there is a 

concentration gradient along the vertical direction. As the slurry velocity decreases or the particle 

size increases, a transition is possible to the following regimes, namely: (a) flow with a Moving 

Bed (MB), in which the particles accumulate at the bottom of the pipe and form a packed bed 

sliding along the flow path. On top of this bed, HS is observed; (b) flow with a Stationary Bed 

(SB), in which stationary deposits are formed at the pipe invert whereas, in the rest of the pipe, the 

particles are transported as a separate moving layer and heterogeneous mixture. In addition to the 

above discussion, it is worth mentioning that slurry flows with very high solid concentration (say, 

exceeding of about 0.40 by volume) cannot be regarded as fully suspended even at high velocity. 

The reason is that the particles tend to develop mutual contacts (and contacts with the pipe wall), 

which significantly increase flow friction [2]. Such flows are primarily governed by interparticle 

collisions and the turbulence of the carrier fluid does not play a major role in suspending the solids. 

This situation will be further considered in Section 3.7. 

The engineering assessment of slurry pipelines requires estimating macroscopic variables 

such as the hydraulic gradient, mi  (i.e. the frictional loss in height of water per unit length), the 
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deposition-limit velocity, dlV  (i.e. the slurry velocity below which solid deposit is observed), or 

the height of the stationary/moving bed in a stratified flow. Traditionally, simplified models 

calibrated with laboratory experiments have been regarded as an effective way to gather the 

essential information for the design and verification of slurry pipes without excessive 

mathematical complexity. For instance, the equivalent- fluid model, in which the slurry is 

interpreted a single-phase fluid with adjusted physical and rehological properties [3], has been an 

attempt to describe the hydraulic gradient of non-settling slurries in which viscous effects and 

non-Newtonian behavior are both important. At the opposite extreme, layered models are 

available for application fully or partially stratified flows of settling slurries [4–6]. As far as the 

estimation of the dlV  is concerned, several analytical or graphical methods have been reported in 

the literature, e.g., [7–10]. A correlation recently developed by Thomas [11] covers the flow 

conditions condidered in this study, and it will be subject of discussion in Section 3.7. 

The rapidly increasing computer power allowed for a widespread diffusion of commercial 

and open source codes capable of modeling complex physics in realistic geometries. This opened 

the way to the possibility of improving the engineering handling of s lurry flows by complementing 

the traditional approaches with the numerical simulation. For instance, as remarked by Uzi and 

Levy [12], Computational Fluid Dynamics (CFD) allows investigating specific phenomena 

occurring at the grain scale, such as pipeline erosion or particle degradation, which cannot be 

addressed by a simplified, global-scale model. Moreover, the detailed information provided by 

CFD simulations might be useful to find the origin of experimental observations which are still 

unexplained, such as the altered frictional head loss in bimodal slurry flows [13]. In addition, the 

numerical approach has the potential to overcome the size limitations associated with laboratory 

constraints, which make experimental data for pipe diameters larger than about 150 mm extremely 

rare. Finally, it opens the way to the prediction of slurry flows in more complex geometries than 

straight pipes (e.g. pipe bends, connections, valves) which are even harder to test experimentally. 

 

Fig. 1. Classification of the CFD models for the simulations of slurry flows. 

 

Generally, the CFD approaches for the simulation of slurry flows can be classified into 

different categories (Fig. 1). In the Eulerian-Lagrangian approach [14], the liquid phase is modeled 

as a continuum and solved in an Eulerian, cell-based framework, whereas the behavior of the solid 
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phase is obtained by the Discrete Particle Method (DPM), in which the individual trajectories of 

computational particles are calculated in a Lagrangian fashion. The coupling regime between the 

two phases depends on the amount of solids in the flow, and it ranges from one-way coupling for 

dilute slurries (i.e. the particles do not affect the liquid flow field) to four-way coupling for dense 

slurries (where the particle-particle and particle-fluid interactions are important). In the 

Eulerian-Eulerian approach [14], often referred to as Two Fluid Model (TFM), both phases are 

modeled as interpenetrating continua, and two sets of conservations equations are solved coupled 

in the Eulerian framework. Four-way coupling effects are indirectly accounted for by constitutive 

equations for the solid phase. The Mixture Model (MM) [15], sometimes referred to as Drift-Flux 

Model [16], might be interpreted as a simplified formulation of the two-fluid approach, which is 

valid under the hypothesis that the particles are rapidly accelerated to their terminal velocity. This 

assumption is called “local equilibrium approximation” and, broadly speaking, is acceptable if the 

particles are sufficiently fine. The MM solves for the fundamental conservation equations of the 

solid- liquid mixture and the mass conservation equation for the solid phase, all in the Eulerian 

form. In addition to the constitutive equations for the mixture, an algebraic, linearized equation for 

the slip velocity, i.e. the relative velocity between the two phases, is required to close the system of 

equations. For the sake of completeness, it is mentioned that, if the particles are particularly fine, 

the flow of a liquid-solid slurry might also by modeled by solving the conservation equations for a 

single-phase fluid with appropriate rheology. This can be regarded as a local generalization of the 

equivalent liquid model previously discussed, and, owing to the limited applicability, it will not be 

considered further in this research work. As highlighted in Fig. 1, the approaches listed in the same 

order as above are characterized by reduced level of physical insight and, at the same time, 

increased restrictiveness of the assumptions underlying their derivation and/or number of 

uncertain submodels and calibration parameters. This is also accompanied by substantial variation 

in computational burden, which, given the time requirements imposed by the engineering tasks, is 

a fundamental feature to take into account when assessing of the practical impact of a CFD model.  

 

Table 1 

Previous numerical studies on slurry pipe flows. 

Reference Approach Flow 

regi

Flui

d 

Particles 
p  

[kg/

pd  

[mm] 

D  
[mm] 

mV  

[m/s] 

s A   

[-] 
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me m3] 

Capecelat

ro and 

Desjardin

s [17] 

LES+DPM SB, 

HS 

wate

r 

sand 2650 0.165 51.5 0.83, 1.6 0.084 

Arolla 

and 

Desjardin

s [18]a 

LES+DPM SB, 

HS 

wate

r 

sand 2650 0.280 69 - - 

Uzi and 

Levy [12] 

RANS+DPM MB, 

HS 

brine NaCl 2150 1.0-4.0 50-10

0 

0.6-4.0 0.05-0.3

0 

Hernánde

z et al. 

[21] 

(KTGF)-TFM HS, 

PS 

wate

r 

sand   
2381 

0.030-0.

110 

22.1 1.0-3.0 0.0025-0

.20 

Bossio et 

al. [22] 

(KTGF)-TFM MB, 

HS, 

PS 

lateri

te 

sand 2381 0.110 26.84 0.671-4.

697 

0.036-0.

083 

Ekambara 

et al. [23] 

KTGF-TFM BF, 

FS 

wate

r 

sand, 

glass 

beads 

2470, 

2650 

0.090-0.

500 

50-50

0 

1.5-5.5 0.08-0.4

5 

Antaya et 

al. [24] 

KTGF-TFM(

MFM) 

FS wate

r 

sand 2650 0.100-0.

370 

51.5, 

150 

2.0-6.0 0.20-0.4

3 

Hashemi 

et al.[25] 

KTGF-TFM - wate

r 

sand 2650 0.370 265 4.0, 6.0 0.20-0.4

0 

Kaushal 

et al. [26] 

KTGF-TFM, 

MM 

FS wate

r 

glass 

beads 

2470 0.125 54.9 1.0-5.0 0.30-0.5

0 

Gopaliya 

and 

Kaushal 

[27] 

KTGF-TFM FS wate

r 

sand 2650 0.18-2.4 53.2 1.8, 3.1 0.15-0.4

5 

Gopaliya 

and 

Kaushal 

KTGF-TFM FS wate

r 

sand 2650 0.165-0.

55 

263 3.5-4.7 0.10-0.3

4 
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[28] 

Kumar et 

al. [29] 

KTGF-TFM FS wate

r 

iron ore 4350 0.012 105 1.35-5.1

1 

0.0263-0

.31 

Singh et 

al. [30] 

KTGF-TFM FS wate

r 

coal 1560 0.059-0.

206 

50-15

0 

2-5 0.30-0.6

0 

Roco and 

Balakrish

nam [33] 

TFM BF, 

FS 

wate

r 

sand, 

glass 

beads 

- 0.165-0.

580 

40, 

51.5 

1.05-4.1

7 

0.07-0.1

89 

Messa et 

al. [35] 

TFM FS wate

r 

sand, 

glass 

beads 

2440, 

2650 

0.090-0.

370 

53-15

0 

1.33-8.0 0.11-0.4

0 

Messa et 

al. [36] 

TFM FS wate

r 

sand, 

glass 

beads 

2440, 

2650 

0.090-0.

520 

50.7-1

50 

1.33-8.0 0.09-0.4

0 

Messa 

and 

Malavasi 

[37] 

TFM MB, 

FS 

wate

r 

sand 
2650 

0.090-0.

520 

50.7-1

50 

1.33-6.0 0.09-0.4

3 

Messa 

and 

Malavasi 

[38] 

TFM FS wate

r 

sand 
2650 

0.090-0.

640 

50-20

0 

2.0-9.0 0.07-0.4

1 

Chen et 

al. [39] 

KTGF-MFM HS, 

PS 

wate

r 

coal 1465 0.065+0.

345 

25-50 0.2-5 0.38-0.5

38 

Li et al. 

[40] 

KTGF-MFM MB, 

HS, 

PS 

wate

r 

glass 

beads 

2470 0.125+0.

440 

54.9 2.0-5.0 0.20-0.5

0 

Li et al. 

[41] 

KTGF-MFM MB, 

HS, 

PS 

wate

r 

glass 

beads 

2470 0.125+0.

440 

54.9 2.0-4.0 0.20-0.4

0 

Ling et al. 

[42] 

MM BF, 

FS 

wate

r 

silica/zir

con sand 

2380, 

4223 

0.11 22.1 1.0-3.0 0.10, 

0.20 

Lin and MM BF, wate silica/zir 2380, 0.11 22.1 1.0-3.0 0.10, 
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Ebadian 

[43] 

FS r con sand 4223 0.20 

Silva et 

al. [44] 

MM SB, 

MB, 

FS 

salin

e 

wate

r 

glass 

beads 

2500 0.10-0.6

0 

100 1.0-3.0 0.008-0.

11 

a Instead of making reference to mV  and viC , the authors provided the superficial velocity of the 

liquid (0.3, 0.4, and 0.6 m/s) and the mass flow rate of the injected particles (2.2 g/s). 

 

A summary of the most relevant numerical studies on slurry flows in horizontal pipes 

published so far is reported in Table 1, alongside with the adopted modelling approach and the key 

physical parameters, namely the flow regime, the type of carrier fluid, the particle material, the 

particle density, p , the characteristic particle size, pd , the pipe diameter, D , the bulk-mean 

velocity of the mixture, mV , and the area-averaged solid volumetric concentration, s  . The 

characteristic size of non spherical solids can be taken as the equivalent particle diameter, i.e. the 

diameter of a sphere having the same volume of the actual particle. Note that, the flow regime 

indicated in the table was that declared in the published articles, and was not inferred by the 

authors from inspection of the experimental data. In the lack of specific information, general 

categories like Fully Suspended (FS, which can be either PS or HS) or Bed Flow (BF, which 

indicates either SB or MB) were considered. 

To the authors’ best knowledge, the Eulerian-Lagrangian approach was employed for this 

kind of application only by Capecelatro and Desjardins [17], Arolla and Desjardins [18], and Uzi 

and Levy [12]. Particularly, Capecelatro and Desjardins [17] used the Large Eddy Simulation 

(LES) method [19] to simulate the turbulent flow of the liquid phase, co upling the fluid flow 

equations with the DPM. Two scenarios were analyzed with the high level of detail allowed by the 

modelling approach used in the study. The flow regime was either SB or HS and, besides exploring 

macroscopic parameters such as mean volume fraction distribution, the mean fluid velocity 

profile, and the hydraulic gradient, the authors mainly focused on the statistical description of the 

particle motion in the turbulent flow. A couple of years later, Arolla and Desjardins [18] used the 

same numerical setup to characterize the two-phase flow field and the flow pattern for increasing 

values of liquid superficial velocity, which resulted in a transition from SB to HS. The authors 
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analyzed first-order statistics, but mostly focused on the topological structure of the solid-liquid 

interface. In the Eulerian-Lagrangian model employed by Uzi and Levy [12], the turbulence in the 

liquid phase is handled by a computationally cheaper Reynolds-Average Navier-Stokes (RANS) 

technique. The authors investigated the pipe transportation of coarse NaCl particles in brine in 

both the HS and MB flow regimes, and carried out an extensive analysis of the influence of the 

problem governing parameters (i.e. conveying velocity, particle concentration, particle size, and 

pipe diameter) on the characteristics of the two-phase flow. 

However, the majority of the earlier CFD investigations of slurry pipe flows were 

performed using the Two Fluid Model, which provides a good compromise between accuracy and 

computational cost. The TFM provide only a locally averaged picture of the turbulent slurry flow, 

which is derived from different averaging procedures, as discussed by Burns et al. [20]. In most 

TFMs, constitutive equations for the solid phase derived from the Kinetic Theory of Granular 

Flow (KTGF) were employed. The studies by Hernández et al. [21] and Bossio et al. [22], 

developed with the Ansys CFX commercial code, relied on some KTGF-based closures to briefly 

explore the behavior of slurry with Newtonian (water) and non-Newtonian (laterite) carrier fluid. 

Using the same software, Ekambara et al. [23] performed an extensive validation study based on 

experimental data taken from the literature. The authors assessed the predictive capacity of the 

computational model for different flow conditions, mostly in terms of concentration profiles, but 

they also explored the hydraulic gradient and the velocity profile. Subsequent studies from the 

same research group [24, 25] reported the analysis of the influence of some features of the TFM 

(e.g., turbulence model, wall boundary conditions, and interstitial forces) and its validation with 

respect to concentration and velocity measurements. Kaushal et al. [26] made use of the granular 

model embedded in the Ansys Fluent code to simulate the slurry flow of fine glass beads at high 

concentration in the FS regime. The authors analyzed the structure of the two-phase flow for 

different combinations of slurry velocity and concentration, and reported fairly good agreement 

with the experimental evidence for hydraulic gradient and solids concentration profile. The same 

TFM, with slight variations in the closures, was employed to investigate the behavior of 

sand-water, iron ore water, and coal-water mixtures with different flow characteristics in 

subsequent works [27–30]. Finally, it is noted that the modeling considerations drawn in the above 

mentioned studies apply also when KTGF-TFMs are employed to simulate completely different 

types of slurries, such as the slush nitrogen cryiogenic fluids investigated by Jiang and Zhang [31, 
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32]. 

In addition to the pioneering work by Roco and Balakrishnam [33] and the brief 

exploration by Chen [34], the research works authored by Messa et al. [35–38] are one of the few 

attemps of reproducing the behavior of pipe slurry flows using TFMs not based on the KTGF. The 

TFM developed by Messa and co-workers, implemented in the PHOENICS commercial code, 

relies on (semi) empirical constitutive equations for the solid phase and on a peculiar treatment of 

particle turbulent dispersion and inter-phase momentum exchange. Based on an extensive 

comparison against laboratory experiments, the model proved capable of producing accurate 

estimation of the hydraulic gradient, the concentration profile, and the mixture velocity profile 

provided that the flow is fully-suspended. Furthermore, the mathematical structure of the model’s 

equations and the solution algorithms embedded in the PHOENICS code contributed to its high 

numerical performance. 

It is well known that one of the main limitations of the TFM is due to the fact that solid 

phase is described by a single representative particle size, implicitly assuming the particles to be 

monodisperse. The simulation of polydisperse slurries by means of the Eulerian approach requires 

a generalization of the TFM, in which the particle size distribution is divided into n  classes, each 

characterized by a representative sizes, and n  sets of mass and momentum conservation 

equations are solved coupled together will all closures. Such Multi Fluid Model (MFM) extends 

the capability of the TFM, but, at the same time, it increases the number of submodels and 

parameters and entails a number of numerical complications. Probably also because of these 

reasons, the application of the MFM to the simulation of slurry pipe flows is still in the exploratory 

stage, and, to the authors’ best knowledge, limited to bimodal mixtures with two characteristic 

particle sizes ( n =3). Chen et al. [39] used such a kind of model to investigate the fluid-dynamic 

behavior of coal-water slurries, reporting fairly good agreement with concentration profile and 

hydraulic gradient measurements. Li et al. [40, 41] focused on glass bead slurries and, after 

successfully validating their CFD model against data from the literature, they extensively analyzed 

the structure of the flow, paying particular attention on the differences between single- and 

multi-sized mixtures. Finally, it is noted that, in their already mentioned paper, Antaya et al. [24] 

explored the use of a MFM to simulate a bimodal mixture, but they ignored the influence of 

particle-particle interactions between the dispersed phases. 

Conversely, a computationally efficient simulation of an arbitrary number of particle 
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fractions is possible with the Mixture Model, but the strong assumptions underlying this modelling 

approach reduces its applicability to a restricted class of slurry flows. In their pioneering works, 

Ling et al. [42] and Lin and Ebadian [43] noted that the MM allowed accurate hydraulic gradient 

predictions above the limit-deposit velocity. Some years later, based on a more extensive 

experimental validation, Kaushal et al. [26] found that, for fully-suspended slurry flow of small 

particles (  0.125 mm) at high concentration (0.30-0.50) and velocity, the MM strongly 

overestimates the hydraulic gradient, and it is less accurate than the TFM in estimating the 

concentration profile. Recently, Silva et al. [44] reported that, provided that its closures are 

properly set, the MM might allow reliable description of glass bead slurry flows at high velocity 

and low concentration (¡0.11), even in the presence of coarse particles with 0.5 mm size. For the 

sake of completeness, it is noted that the MM has been applied to horizontal slurry pipe flows with 

different characteristics than those of interest in this study, such as ice slurries [45] or mixtures of 

neutrally-buoyant polystyrene particles in water [46]. 

The literature survey reported above highlights that the number of scientific articles on the 

CFD simulation of slurry pipe flows has increased exponentially in recent years. With a some 

valuable exceptions, many of these studies follow a similar methodological approach, namely 

experimental verification of the CFD model for a specific set of flow conditions and use of the 

validated model to infer non measurable features of the flow. Such approach is certainly suitable to 

gain further insight into the behavior of a particular slurry flow, but it does not allow for the 

assessment of the predictive capacity of the model outside the verification range, limiting its 

usefulness for engineering design of, for instance, large size pipes or complex pipeline equipment. 

Believing that the achievement of this objective will have positive impact on the engineering use 

of CFD for industrial slurry flow modelling, a critical analysis is presented for the benchmark case 

of straight horizontal pipe, with the goal of highlighting the modeling features most worthy of 

attention and providing best practice guidelines for future studies and application. The issues of 

numerical convergence, physical consistency, sensitivity upon the model’s parameters, and 

calibration of the tuning constants will be discussed in detail before turning the attention on two 

aspects of particular engineering relevance, namely, the pipe size-up scalability and the 

specification of the applicability conditions. 

Consistently with the application-oriented view of this study, the attention was focused on 

the TFM, which, being computationally cheaper than the DPM and not relying on the restrictive 
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assumptions of the MM, seems the most practical for engineering purposes. Furthermore, the TFM 

depends on several submodels and parameters that might act as sources of uncertainty on the 

numerical estimates, and, therefore, their roles require to be established. Particularly, the TFM 

developed by Messa and co-workers in the formulation reported in [38] was considered in this 

investigation, and given a deeper physical interpretation; however, a lot of effort was devoted to 

providing recommendations of general validity. From this perspective, all numerical results were 

discussed and compared with those of the earlier investigations summarized in Table 1. 

 

2. Mathematical modelling 

In this section, the equations of the TFM will be provided alongside with the relevant details 

regarding the numerical setup. 

 

2.1. The  -  Two Fluid Model 

As already mentioned, in the TFM the flow of the ensemble of particles, referred to as “solid 

phase”, is modeled in the Eulerian frame of reference and solved coupled with that of the carrier 

fluid phase. Hereafter, the subscripts “p”, “l”, and “s” will be used to denote the physical particles, 

the liquid phase, and the solid phase, respectively. In this study, the flows were simulated as 

statistically steady, thereby dropping the time derivative terms. Therefore, the phasic continuity 

and momentum equations, obtained from the formulation of the model reported in Messa and 

Malavasi [38], read as follows 

   t,l
l l l l = 0


  



 
   

 
U  (1) 

   t,l
s s s s = 0


  



 
   

 
U  (2) 

 
   l l l l l l t,l l

t,l
l l

= l

l l l

P     


  



        

 
    

 

U U U

g M U
 (3) 
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   s s s s s s t,s s

t,l
s s

= s

s s s

P     


  



        

 
    

 

U U U

g M U
 (4) 

In the equations above,   is the locally-averaged volume fraction, whose physical 

characterization is still subject of discussion for TFMs applied to turbulent flows. Following Burns 

et al. [20], in the current TFM formulation   can be interpreted as the time-average value of the 

proportion of local volumetric space occupied by a phase. Other symbols are as follow, namely, 

  is the density, U  is the locally-averaged velocity vector,   is the turbulent Schmidt number 

for volume fraction, P  is the locally-averaged pressure,   and t  are the dynamic viscosity 

and the eddy viscosity, respectively, g  is the gravitational acceleration vector, and M  is the 

interfacial momentum transfer term, which will be discussed later. Note that, owing to the global 

continuity equation, the two volume fractions l  and s  must sum to unity. 

One of the key features of the two-fluid model, inherited from the original Inter-Phase Slip 

Algorithm (IPSA) of Spalding [47], resides in the presence, in all conservation equations, of 

diffusive terms having the following form 

 t,l=k k k


 



 
  

 
 (5) 

where k  is a phase indicator parameter, being equal to either l or s, and   has unit value in the 

mass conservation equations, whereas it stands for the generic transported variable in all other 

equations. As it has been well documented in Burns et al. [20], these terms, referred to as “phase 

diffusion fluxes”, arise from the modelling of the correlations between the fluctuating velocity and 

the fluctuation volume fractions. 

Another peculiarity of the current TFM is the introduction of an empirical parameter, m , 

related to the interactions among the particles in the slurry. The variable m  is a function of the 

local solid volume fraction, and it is calculated as 

 
 

m l
s

2.5 1= 1
1 

 
 

   
  

    

 (6) 

where   is a tuning factor, which governs how quickly m  increases with s  and, in [38], it 

was associated with the physical characteristics of the solid grains (i.e. material and shape). Given 
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the formal equality between Eq. 6 and the comprehensive formula for the viscosity of a mixture 

proposed by Cheng and Law [48], m  might be referred to as “friction, mixture-viscosity related 

parameter”. However, note that this parameter has a completely different meaning here. 

The quantity m  appears in the evaluation of the viscosity of the solid phase, s , which is 

obtained by assuming the following relationship: 

 m l l s s=      (7) 

It also comes up in the calculation of the interfacial momentum transfer term, M . This vector, 

having the dimension of a force per unit volume, represents the local average transfer of 

momentum between the phases, which, after preliminary sensitivity analyses, was attributed 

uniquely to the effect of the drag. Thus, the expression of M  was 

 
2
ps

l s p d l d3
p

1= = = | |
2 44

3 2

d
n C

d


 



 
    

   
 
 

M M F W W  (8) 

where pn  is the particle number density, that is, the number of particles per unit volume of slurry, 

dF  is the drag force, calculated with respect to the local mean velocities, dC  is the drag 

coefficient, and W  is the mean slip velocity vector, i.e. the difference between lU  and sU . The 

term dC , in turn, was obtained by the following formula, analog of the Schiller and Naumann 

correlation for the drag coefficient on a single sphere [49]: 

  0.687
d m

m

24= max 1 0.15 ,0.44C Re
Re
 

 
 

 (9) 

in which mRe  was defined as 

 l p
m

m

| |
=

d
Re





W
 (10) 

The evaluation of dC  in terms of mRe  instead of the more classical particle Reynolds number, 

based on the fluid viscosity, is a distinctive feature of the current TFM. This was an idea 

heuristically introduced by one of the authors of this paper in his PhD thesis [35] based on an 

analogy with the mixture-viscosity based approach implemented by Ishii and Mishima [51] in a 

TFM formulation. Due to the increase of m  with s , referring to mRe  allows correctly 

capturing the strong interactions between the phases which characterize dense slurry flows, 
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avoiding unphysically high solid volume fractions close to the pipe bottom. However, the analogy 

is purely formal since, as already remarked, m  is a friction parameter and not the viscosity of the 

mixture. Furthermore, the mRe  concept allows resolving any apparent inconsistency in the 

application of Eq. 9 to natural sands with non-spherical grain shape. The most commonly followed 

approach to account for the increased resistance experienced by non-spherical particles is to 

modify the drag coefficient via some particle shape related parameter, e.g. [52]. In the present 

TFM, the same effect is achieved through the empirical parameter  : compared to spherical 

particles, in fact, natural sands are associated higher   values. As a consequence, for a given 

solid volume fraction, such materials are characterized by higher m  and, in turn, lower mRe  

and higher dC . 

The eddy viscosity of the liquid phase, t,l , was obtained from the two-phase extension of 

the k -  standard turbulence model of Launder and Spalding for high Reynolds number flows 

[53], which is available as option in PHOENICS: 

 
 

 

t,l
l l l l l

t,l
l

=
k

l l k

k k

P k


   




   



  
      

  

 
    

 

U

 (11) 

 
 

 

t,l
l l l l l

t,l
1 2 l

=

l l kC P C
k



 


     




    



  
      

  

 
    

 

U

 (12) 

 
2

t,l l= kC 


 (13) 

where k  and   are the turbulent kinetic energy and the turbulent dissipation rate of the liquid 

phase, k ,  , 1C  , 2C  , and C  are dimensionless constants, and kP  is the volumetric 

production rate of k  due to the working of the Reynolds stresses against the mean flow, 

calculated as 

  l
l l l

l

1= 2 :
2kP 



     
 

U U U  (14) 
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in which the subscript “+” indicates that the transport of the dyadic lU  is taken. The values of 

the model constants were those indicated in Launder and Spalding [53], namely k =1.0, 


=1.314, 1C 
=1.44, 2C 

=1.92, and C =0.09. 

The evaluation of the eddy viscosity of the solid phase, t,s , did not require solution of 

additional transport equations, since this parameter was directly obtained from t,l , as follows 

 t,l
t,s s

l

=


 


 (15) 

As it will be discussed later in Section 3.4, the   factor in Eq. 6 and the turbulent Schmidt 

number in the phase diffusion fluxes,   (Eq. 5), are the main calibration parameters of the TFM 

which, in order to highlight this aspect, was referred to as “ -  model”. 

 

2.2. Computational domain and boundary conditions 

The computational domain consists of a circular pipe of length equal to 120 pipe diameters, and 

the imposed boundary conditions are inlet, outlet, solid walls, and axis (Fig. 2). Indeed, the 

geometrical and flow symmetry of the problem could have been exploited by solving only over 

half of the pipe section, as in previous works [35, 36, 38]. Here, the choice of simulating the entire 

pipe section was intentional and served as further verification of the model’s capability in reaching 

a converged, numerically stable, symmetrical solution. 

 

Fig. 2. Computational domain and boundary conditions. 

 

At the pipe inlet, the mass flow rates of the two phases, in
lM  and in

sM , the mean axial 

velocities of the two phases, in
l,zU  and in

s,zU , the turbulent kinetic energy of the liquid, ink , and its 

dissipation rate, in , were imposed. These variables were modelled as uniformly distributed over 

the inlet boundary, and calculated as: 

 in in
l, s, m= =z zU U V  (16) 

  in in
l l s m s s s m= 1 =A AM V M V        (17) 
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  
2in in

m
3=
2

k I V  (18) 

 
 

3/2in
in 3/4=

0.07
k

C
D  (19) 

where the area-averaged solid volume fraction, s A  , was obtained from the experimental 

measurements following the procedure presented in Section 3.1, and inI  is the turbulence 

intensity of the liquid, assumed equal to 0.05. As it is evident from the equations above, the two 

phases have been assumed to enter the domain with the same velocity and, therefore, no slip was 

allowed at the inlet section. As it will be thoroughly discussed in section 3.2, the length of the 

computational domain is sufficient to ensure that fully-developed flow conditions are achieved. 

At the pipe outlet, the static gauge pressure is specified and held constant to a zero value, so 

that the volume fractions and mass outflows of the two phases result as part of the overall solution.  

 

Fig 3. Sketch of a near-wall cell. Note that   is the normal distance of the first grid point to the 

wall, whereas 2  is the thickness of the near-wall layer of cells. 

 

At the pipe wall, the equilibrium wall function of Launder and Spalding was employed to 

evaluate the wall shear stress of the liquid phase, w
l , and the values of the turbulent variables at 

the first-grid nodes, wk  and w  (Fig. 3). The following equations were solved 

 w // 2
l l l l= | |s  U  (20) 

 
*

w l= Uk
C

 (21) 

 
 

3/2w
w 3/4=

k
C


 (22) 

where / /
lU  is the resultant velocity of the liquid parallel to the wall at the first grid node, *

lU  is 

the friction velocity of the liquid, equal to w
l l/  ,  =0.41 is the von Karman constant,   is 

the normal distance of the first grid point from the wall, and ls  is the friction factor of the liquid 

phase, calculated as 
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  lam turb
l l l= max ,s s s  (23) 

with 

 
 

2
lam turb
l lw 2 w turb

l l l

1= =
ln

s s
Re E Re s




 (24) 

in which E  is a roughness parameter, which was set as 8.6 as appropriate for smooth walls, and 

the wall Reynolds number w
lRe  is defined as 

 
/ /

w l l
l

l

| |=Re  



U  (25) 

The wall shear stress of the solid phase, w
s , was calculated as 

 w // 2
s s s s= | |s  U  (26) 

where ss  and / /
sU  are the analog of ls  and / /

lU  for the solid phase, respectively, and ss  is 

given by 

 
 

2

s 2 w
s s

=
ln

s
E Re s



 (27) 

where 

 
/ /

w s s
s

s

| |=Re  



U  (28) 

The formulation of the wall boundary condition for the solid phase adopted in this study was 

proposed by Messa and Malavasi [38] based on an analogy with the equilibrium wall function of 

Launder and Spalding, and it requires the fulfillment of the constraint p < 30d  , where 

 
*

l p l
p

l

=
d U

d




  (29) 

The use of a structured grid in cylindrical-polar coordinates, as detailed later, requires introducing 

a boundary condition at the pipe axis. The normal gradients for all dependent variables are zero 

there and, therefore, a zero-flux condition was applied along such boundary. 

 

2.3. Solution strategy 

The mathematical model described above was implemented in the CFD code PHOENICS version 
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2018 and solved numerically via the Finite Volume Method. This required integrating the built- in 

Eulerian, two-fluid, IPSA of Spalding [47] with user-defined functions and subroutines. The 

numerical settings were the same as in Messa et al. [36], namely: elliptic-staggered formulation, in 

which the scalar variables are evaluated at the cell centers and the velocity components at the cell 

faces; central differencing scheme and hybrid differencing scheme of Spalding [54] to discretize 

the diffusion and convection terms, respectively; SIMPLEST [55] and IPSA [47] algorithms of 

Spalding to iteratively solve the finite volume equations; slab-by-slab calculation procedure, in 

which all the dependent variables are solved at the current slab before the solver routine moves to 

the next slab; inertial relaxation applied to the momentum equations with a false-time step of 0.01 

s, and linear relaxation factor of 0.4 applied to all other flow variables. 

A structured mesh in cylindrical-polar coordinates was used to discretize the 

computational domain. The proper number and size of the subdivisions along the azimuthal, 

radial, and axial directions were established based on a grid independence study, which will be 

illustrated in section 3.3. 

In PHOENICS, a global convergence condition was established as the sum of the absolute  

residual errors of all conservation equations being less than 0.01% of reference quantities based on 

the total inflow of the variable in question. In practice, a reasonably stable spread of the 

whole-field residuals was obtained after about 1000 iterations, and this was accepted as a criterion 

for stopping the solver. This required about half an hour CPU time using a computer with Intel 

Core i7-4790 CPU @ 3.60 GHz 3.60 GHz and 8.00 GB RAM. 

 

3. Results and discussion 

After presenting the experimental database considered for validating the  -  model, and 

explaining the techniques for comparing experiments and simulation results (Section 3.1), 

important aspects of the Two-Fluid Modelling of fully-suspended flows will be investigated. 

Sections 3.2, 3.3 and 3.4 address the issues of domain definition, numerical convergence and 

tuning of the model’s parameters, which are fundamental to guarantee the reliability of the TFM 

within the specific calibration range. Section 3.5 demonstrated that, within the calibration 

conditions, the  -  model can be used for estimating difficult-to-measure yet engineering 

relevant quantities such as the wall shear stress or the velocity field. Finally, Sections 3.6 and 3.7 
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focus on two essential topics related with the  -  model as a tool for engineering design, 

namely, the pipe size-up scalability and the specification of the applicability domain. 

 

3.1. Experimental database for validation 

Data collected in previous experimental campaigns, already reported in published literature 

[56–59] were selected for comparison with the numerical simulations, as summarized in Table 2. 

In particular, datasets A and B were collected by one of the authors of this paper in two different 

flow loops, located at the Institute of Hydrodynamics of the Czech Academy of Sciences in Prague 

and at the Delft University of Technology, respectively. Datasets C and D was obtained at 

Saskatchewan Research Council Pipe Flow Technology Centre by Randall Gillies and co-workers. 

 
Table 2 

Experimental datasets considered for comparison with the numerical simulations. 

Dataset 

ID 

Reference Fluid Particles 
p  

[kg/m3] 

pd  

[mm] 

D  [mm] 
mV  

[m/s] 

s A   

[-] 

A Matoušek 

et al. [56] 

water glass 

beads 

2450 0.180 100 1.48-4.0 0.10-0.36 

B Matoušek 

[57] 

water sand 2650 0.130 150 1.41-6.0 0.11-0.35 

C Gillies et 

al. [58] 

water sand 2650 0.090 102.7 1.33-3.0 0.19-0.33 

D1 Gillies 

[59] 

water sand 2650 0.180 53.2 1.10-3.05 0.15, 

0.30 

D2 Gillies 

[59] 

water sand 2650 0.180 459 2.74-4.26 0.10-0.34 

 

Considerable effort was devoted to the selection of the experimental data among those 

available in the literature. Finally, the datasets reported in Table 2 were judged suitable to provide 

a quantitative assessment of the models’ capability, based on the following considerations. First, 

all the details needed to numerically reproduce the experiments were known and their output, i.e. 

hydraulic gradient and solids concentration profile, were available to the authors in tabular format. 
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Second, the number of simulated flow conditions was quite large, equal to 14, 12, 12, 22, and 43 

for the five datasets. Third, although the database selection was limited by physical and numerical 

constraints (as detailed in Section 3.7), the datasets span over a rather wide range of slurry 

velocities, concentrations, and pipe diameter, and also the particle size changes. Particularly, 

dataset A allows testing the predictive capacity of the model in case of artificial solids, datasets B 

and C extend the validation to natural sands, and, finally, dataset D allows testing the model’s 

capability to upscale to larger pipe diameters. 

 

Fig. 4. Sketches showing (a) the local concentration data in the experiments and (b) the 

post-processing interpolation points in the numerical simulations. 

 

In order to numerically reproduce the experiments, the pipe geometry, the characteristics 

of the solid particles, the slurry velocity, and the area-averaged volume fraction of the solid phase 

needed to be known. Generally, these quantities were directly provided by the experimenters. 

However, in datasets A to C, s   was estimated by post-processing the local concentration data. 

Particularly, in all laboratory campaigns use was made of radiometric devices which provide the 

chord-average volume fraction at different elevations above the pipe bottom (Fig. 4a). Starting 

from these measurements, the area-averaged volume fraction was calculated as: 

 

exp
s

exp
s 2=

4

jj
j

A

A

D







  

 


 (30) 

where exp
s j

   is the experimentally determined chord-average volume fraction at location j  and 

jA  is the area of influence of the data point. The values of exp
s A   resulting from Eq. 30 were 

imposed at the inlet section in the CFD simulations (Eq. 17). 

The comparison between the experiments and the computational simulations was made in 

terms of hydraulic gradient and concentration profile. The hydraulic gradient was numerically 

calculated as 

 num 1 2
m

l 2 1

1=
| |

P Pi
z z




g
 (31) 

where the subscripts 1 and 2 indicate two cells adjacent to the pipe axis and located in the region of 

Journal Pre-proof



Jo
ur

na
l P

re
-p

ro
of

fully-developed flow, identified in the next section. For consistency with the measurement 

method, the concentration profile was defined as the chord-averaged one. That is, the exp
jy - exp

s j
   

points were compared with the numerical analogue, obtained by interpolating the s  field on a 

regular grid of points ( i , j ) and calculating num
s    at elevation num

jy  as 

 
s

num
s =

ij

i
jj N



 


 (32) 

where s
ij  stands for the interpolated value of s  at point ( ix , jy ), and jN  is the number of 

interpolation points at elevation jy . Figure 4b clarifies the followed procedure. 

 

3.2. Identification of the region of fully-developed flow 

Identifying the part of the domain in which the flow is fully developed, i.e. where / = 0z   for 

all fluid-dynamic variable except the pressure, is a fundamental step to validate the computational 

model, since the experimental data are usually collected in that region. This is strictly related with 

the type of imposed boundary conditions. Periodic boundary conditions produce fully-developed 

flow in the whole domain, and, therefore, a relatively short pipe length can be sufficient [12, 17, 

18]. On the contrary, if inlet-outlet boundary conditions are employed, then the flow needs to 

develop from the distributions imposed at the entry section, thereby making it necessary to 

simulate a longer pipe. Particularly, the entry length (that is, the distance from the inlet boundary 

required to establish fully-developed flow) is maximum if uniform distributions are imposed at the 

inlet, as it was done in the present study as well as in most of the earlier ones reported in the 

literature. 

However, the domain lengths defined by the different authors spanned over a wide range of 

sizes. In many cases, about 50 D  to 60 D  were simulated [26–29, 40–43]. In some studies, the 

length of the computational domain was kept fixed whilst varying D , resulting in different L / D  

ratios [23, 30]. Finally, other works considered much longer domains, e.g. 100 D  in Refs. [35–38], 

135D  in Ref. [21], 200 D  in Ref. [39], and 245D  in Ref. [22]. Anyway, apart from few 

qualitative assessments [23, 41], it is not clear how the attainment of fully-developed flow was 

verified. For instance, Ling et al. [42] and Lin and Ebadian [43] simulated about 63 pipe diameters 

and, based on previous technical recommendations [60, 61], claimed that the entrance region is 50

Journal Pre-proof



Jo
ur

na
l P

re
-p

ro
of

D  long. However, their own numerical results show that, even at 60 D  from the inlet section, the 

volume fraction distribution meets the condition / = 0z   only roughly [43]. 

 

Fig 5. Development of different fluid dynamic quantities along direction z : (a) piezometric head 

and hydraulic gradient; (b) local solid volume fraction; (c) mean axial solid velocity; (d) axial slip 

velocity. 

 

In order to provide clearer information, which can serve as guideline for future studies, a 

specific analysis of the development of the flow in the entrance region of the pipe was carried out, 

referring to the case mV =3.0 m/s and s A  =0.101 from dataset A. To this purpose, the domain 

was extended up to a length of 140 D , increasing the number of cells along direction z  

accordingly. The obtained results are depicted in Fig. 5. At first sight, the piezometric head, i.e. the 

ratio between the pressure and the specific weight of the liquid along the pipe axis, seems to 

linearly decrease over the whole pipe length, as characteristic of fully-developed flow (blue curve 

in Fig. 5a). A more detailed analysis, carried out by computing the axial derivative of the 

piezometric head, i.e. the hydraulic gradient, reveals that mi  stabilizes at about 50 D  downstream 

of the inlet (red curve in Fig. 5a). The study was extended to three other fluid dynamic parameters, 

namely the concentration profile, the mean axial velocity profile of the solid phase, and the axial 

slip velocity profile, making reference to two specific positions along the vertical diameter, located 

0.75 D  and 0.25 D  from the pipe bottom and referred to as A and B, respectively. Figures 5b-d 

clearly indicate that about 100 D  of pipe are needed to completely stabilize these variables. At a 

distance from the inlet equal to 60 D , for instance, the values of s  at positions A and B still 

differ some percent from the corresponding quantities at the outlet section (Fig. 5b), in line with 

the earlier findings of Lin and Ebadian [43]. Much larger deviations were detected for the axial slip 

velocity at position A. These results suggest that, depending on several factors (such as the 

employed computational model, the simulated flow conditions, and the required level of 

accuracy), about 50 D -60 D  might not be enough for achieving a fully-developed slurry flow 

field. This justified the choice of setting the length of the domain to 120 D , considering the 

solution at 100 D  suitable for comparison with the experiments. 
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3.3. Convergence of the calculations with respect to numerical parameters 

An imperative requirement for obtaining reliable predictions is the convergence of the calculations 

with respect to the numerical parameters of the CFD model. In steady-state, Eulerian, cell-based 

models this essentially corresponds to verifying that the iteration algorithm has reached a stable 

solution and that such solution is grid- independent. The criteria employed to assess the 

convergence with respect to the iteration algorithm has already been explained at the end of 

Section 2.3, and this issue will not be further discussed hereafter. According to the authors’ 

experience, when using commercial CFD codes, the reaching of convergence is strictly dependent 

upon specific features of the fluid dynamic model and the solution algorithm, which the user can 

control only partially. This makes it difficult to provide guidelines of general validity, which is the 

primary objective of the current study. The only general recommendation that could be made here 

is to apply proper under-relaxation to the momentum equations, as this strongly affects the overall 

convergence behavior. The assessment of the grid- independence is a non-trivial task even for a 

simple geometry like a straight pipe. Although most of the previous studies listed in Table 1 

employed unstructured or block-structured meshes, the numerical simulations performed in this 

study, like those in [33, 35–38], relied on a discretization of the domain by means of 

fully-structured meshes in cylindrical-polar coordinates, as this type of grid is the natural choice 

and easy to generate in PHOENICS. The meshes were thus defined in terms of the number and the 

distributions of the subdivisions along the azimuthal, radial, and axial directions. As it is shown in 

Fig. 6, it was decided to keep the cells uniformly distributed along the azimuthal and axial 

direction, and to increase the level of discretization in the proximity of the pipe wall. Messa et al. 

[35, 36] detected a peculiar influence of the thickness of the near-wall layer of cells (referred to as 

2  in Fig. 3) on the predicted hydraulic gradient. Finally, they decided to set   equal to 30 wall 

units, as this corresponds to having the lower bound of the log- law region in the center of the 

near-wall cells. The thickness 2   was a priori estimated by the well known Blasius equation for 

fully-developed, turbulent, single-phase pipe flow 

 

Fig 6. (a) three dimensional view of the computational mesh close to the inlet section; (b) detail of 

the discretization of the pipe section; (c) local magnification of the mesh close to the near-wall 

cells. 
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 (33) 

and the authors verified a posteriori that this value of 2   broadly corresponded to 60 wall units in 

their slurry flow simulations. Once   was defined, the distribution of the radial subdivisions was 

adjusted to create a smooth cell size transition over the pipe section. Note that, in these first works, 

the authors employed a built- in wall function method of PHOENICS to estimate the wall shear 

stress of the solid phase. Later, Messa and Malavasi [38] developed the wall boundary condition 

for the solid phase described in section 2.2 and implemented it in PHOENICS via user coding, but 

they adopted the same criterion for defining the size of the near-wall cells (Eq. 33). However, it is 

definitely desirable to overcome this criterion, which is awkward to apply in straight pipe flows 

(the mesh must be changed according to the value of the slurry bulk velocity, mV ), and very 

difficult to generalize to arbitrary flows. 

To this purpose, an extensive grid sensitivity study was performed, again making reference 

to the case mV =3.0 m/s and s A  =0.101 from dataset A. The analysis was divided in two stages, 

and it was extended to several fluid dynamics parameters characterizing the slurry mixture. 

However, for the sake of brevity, the results will be reported only for two quantities of great 

engineering interest, namely hydraulic gradient and concentration profile. 

 

Table 3 

Influence of the overall mesh resolution on the predicted hydraulic gradient. The right column 

represent the absolute deviation from the finest mesh solution (Grid 4). 

Grid ID N  [-] rN  [-] zN  [-] mi  [-] mi  [m/m] 

Grid 1 20 20 200 0.075993 62 10   

Grid 2 30 30 200 0.075996 61 10  

Grid 3 30 30 300 0.075991 64 10   

Grid 4 40 40 300 0.075995 - 

 

Fig. 7. Influence of the overall mesh resolution on the predicted concentration profile: (a) 

chord-average concentration profiles computed on the different grids in Table 3; (b) absolute 

deviations from the finest grid solution (Grid 4). 
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In the first stage, the numbers of subdivisions along the azimuthal, radial, and axial 

directions (referred to as N
, rN , and zN , respectively) were varied keeping 2   equal to 0.489 

mm, the value obtained from Eq. 33. After running the simulations, the wall shear stress of the 

liquid phase was computed for all the near-wall cells, and the length   could be converted to wall 

units, as follows 

 
w

l l l

l

/
=y
   



  (34) 

Finally, the y  values were averaged over all near-wall cells of the current slab, and this quantity, 

referred to as y

  , was found to be broadly constant for all meshes and equal to about 29.89. 

The numerical results highlighted no detectable influence of the overall number of cells on all 

inspected variables, as it is partially reported in Table 3 and Fig. 7 for hydraulic gradient and 

concentration profile. Based on these findings, from this point onwards N , rN , and zN  were 

set as in Grid 2, which produces absolute deviations from the finest grid solution of the order of 

10−6 m/m for the hydraulic gradient (right column of Table 3) and lower than 0.002 for the 

chord-average concentration (Figure 7b). 

 

Fig. 8. Influence of the thickness of the near-wall cells on the predicted hydraulic gradient (a) and 

the predicted concentration profile (b). 

 

In the second stage, the focus was on the influence of the thickness of the near wall cells, 

2 , which was increased from 0.097 mm to 1.478 mm (corresponding to   ranging from 0.049 

mm to 0.739 mm, and to y

   ranging from 5.98 to 90.7). As it is shown in Fig. 8, the numerical 

solution is practically unaffected by the value of y

   for 10.30y

   . The trend of the 

hydraulic gradient predictions in Fig. 8a) is different from that obtained by Messa et al. [36] using 

the built- in wall function, whereas it remained similar to the single-phase flow case. This result 

implies that the same mesh can be used for different flow conditions, provided that y

   does 

not fall below a certain threshold within about 5 and 10. It is interesting to note also that, for the 

test case under consideration, such critically low values of y

   produce near-wall cells that are 
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much smaller than the actual size of the solid particles and this is, in principle, inconsistent with 

the averaging procedure at the basis of the two-fluid model. Based on these findings, the remainder 

of the calculations was performed setting 2 =0.8 mm, considerably larger than the particle size 

and corresponding to y

   between 22 and 86 for all simulation scenarios. 

 

3.4. Parametric sensitivity and calibration 

All CFD models depend on a number of tuning parameters introducing inherent uncertainty to the 

solution. Generally, direct determination of these parameters via experiments is difficult, also 

because they might not even have a precise physical meaning. Instead, a common practice is to 

calibrate these terms all at once against the available experimental data which, in the case of slurry 

pipe flows, typically reduce to hydraulic gradient or concentration profile measurements. 

However, this procedure alone does not guarantee that the established values allow reliable 

prediction of other variables than those used to calibrate the model, nor that the same values are 

suitable outside the calibration range. A higher level of confidence could be achieved by assessing 

to what extent the different features of the solution are affected by the tuning constants before 

finding their optimal combination. This, in fact, would allow establishing the role played by each 

parameter, simplifying the calibration phase and making it more effective. 

Indeed, some of the numerical investigations listed in Table 2 included a sensitivity studies 

with respect to some modelling features, such as the constitutive laws of the solid phase [21, 23, 

40], the forces included in the interfacial momentum transfer term [23, 24], or the turbulence 

closures [24]. However, the findings appear difficult to generalize, in the sense that they are 

limited in terms of flow conditions, model parameters, or output variables. For these reasons, a 

more comprehensive analysis is shown hereafter. 

The tuning constants of the  -  model have been identified as  ,  , and the 

dimensionless factors of the k -  standard turbulence model, namely, k ,  , 1C  , 2C  , and 

C . Since the values of these last variables have been well established since many decades, at least 

for single-phase flow, they were not subject of investigation, and the focus was turned to   and 

 . Actually, the use of the k -  standard turbulence model instead of other options (such as k -

  RNG, k -   Realizable, k -   SST) might be regarded as a source of uncertainty in the 

numerical results. However, preliminary tests confirmed the expectation that the superior 
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performance of turbulence models other the k -  standard is not so evident for straight pipe 

flows, thereby leading to the decision of not deepening into this feature of the TFM. Similarly, the 

effect of the choice of the equation relating dC  to mRe  was explored, but soon it was realized 

that replacing the analog of the Schiller and Naumann formula (Eq. 9) with alternative correlations 

(e.g., Clift et al. [62], Turton and Levenspiel [63]) produced no significant cha nges to the 

numerical solution. This occurred because, for the simulated flow conditions, the values of mRe  

varied approximately between 0.005 and 5, and all the above formulas produce very similar dC  

estimates in such range of Reynolds numbers. 

Three combinations of   and   were considered for all simulation scenarios, and the 

effect of these parameters on different output variables was investigated. For each dataset, the 

range of variation of   was defined around the recommendations of the ealier paper [38], 

namely,   equal to 1.5, 3.0, and 3.3 for glass beads, regular sand, and highly sharp sand, 

respectively, and   equal to 0.7. 

 

Fig. 9. Effect of   and   on the predicted chord-average solid volume fraction profile for 

different simulation scenarios. The experimental data discussed in Refs. [56–58] are reported too, 

including the two sets of repeatibility measurements made in dataset B. 

 

The influence exerted by   and   on the predicted chord-averaged concentration 

profile was found to be similar for all simulation scenarios but, for space reasons, it is shown in 

Fig. 9 only for two representative cases of each of the three datasets. Anyway, the numerical data 

might be provided to the interested reader for these and all other testing conditions upon request to 

the corresponding author. Two considerations can be drawn. First, either a decrease in   or an 

increase in   produces a flatter concentration profile. This behavior might be interpreted by 

considering that a lower   results in higher diffusivity in the mass conservation equations (Eqs. 

1,2), whereas a higher   brings about a higher m  (Eq. 6) and, in turn, stronger inter-phase 

friction (Eqs. 8-10). Second, the influence of   is very weak for low values of s A   but gets 

stronger as the slurry becomes denser. This might be a consequence of the greater role played, in 

the  -  model, by the interfacial momentum transfer term for highly concentrated mixtures. 
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Fig. 10. Hydraulic gradient versus slurry velocity for some representative simulation scenarios: 

numerical predictions for different combinations of   and  , expeirmental data reported in 

[56–58] (including the two sets of repeatibility measurements made in dataset B), and curve for 

single-phase flow. The values or range of values of deposition-limit velocities indicated by the 

experimenters have also been reported. 

 

Fig. 11. Parity plots of predicted versus measured hydraulic gradients for all simulation scenarios 

from datasets A, B, and C: effect of   and   on the numerical estimates. For dataset B, the 

experimental data are the average over the two repeatability measurements. Only the data fulfilling 

the conditions set out later in Section 3.7 have been included in the plots. 

 

The sensitivity analysis was then focused on the hydraulic gradient. The mV - mi  curves in 

Fig. 10 indicate that, whilst   has very little effect on the mi  predictions,   plays a role in 

affecting the energy dissipations of dense slurries. This has been explained by observing that, 

unlike  ,   has a direct effect on the wall shear stress of the solid phase (via w
sRe , Eq. 28) 

which is the main responsible for the additional friction due to the particles. 

 

Fig. 12. The plot illustrates the meaning of  , which is the slope angle of the linear regression line 

through the chord-average concentration values within 0.3 / 0.7y D  . 

 

If experimental data are available for concentration profile and hydraulic gradient,   and 

  can be calibrated to match the measurements. The considerations above open the way to a 

decoupled procedure, involving, first, the tuning of   with respect to the hydraulic gradient data 

and, then, the calibration of   on the concentration measurements. However, translating this 

concept into a concrete strategy is not straightforward. In fact, whilst the level of agreement 

between computed and measured mi -values is quantitatively perceivable by parity plots like those 

in Fig. 11, and it can be reduced to a single scalar by referring to the Mean Absolute Percentage 

Error (MAPE) 
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   num exp
m m, m, num exp

=1 m, m,

100 2MAPE = | |
N

j j
j j j

i i i
N i i

 


  (35) 

the same approach cannot be directly applied to a one-dimensional array such as the chord-average 

concentration profile. However, in the flows considered in this article, the slope of the 

chord-average concentration profile is almost constant in the bulk region of the pipe and, therefore, 

it can be fairly well represented by the linear regression slope angle of the s    vs /y D  points 

within 0.3 / 0.7y D  , referred to as   (Fig. 12). The particular shape of the concentration 

profile enables the possibility to quantify the accuracy of the  -  model in predicting the 

concentration distribution by calulating, for instance, the Mean Absolute Error (MAE) of  : 

   num exp

=1

1MAE = | |
N

j j
jN

    (36) 

 

Table 4 

Absolute error statistics on hydraulic gradient and concentration profile slope angle for datasets A 

to C and different combinations of   and  . Only the data fulfilling the conditions set out later 

in Section 3.7 have been included in the calculation. 

Dataset ID   [-]   [-] MAPE( mi ) [%] MAE( ) [ ] 

A 1.0 0.7 2.58 2.41 

1.5 0.7 2.77 2.12 

1.0 0.5 2.47 2.31 

B 2.0 0.7 7.31 1.23 

3.0 0.7 8.60 1.71 

2.0 1.0 7.16 1.30 

C 4.0 0.7 2.81 1.34 

3.0 0.7 7.95 1.36 

4.0 0.5 2.92 1.83 

 

In principle, one could try to identify the combination of   and   which minimizes the 

MAPE of mi  and the MAE of  . Although conceptually simple, this approach raises a number of 

practical issues, related with the uncertainty of the calibration data as well as the sophisticated 
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algorithms and considerable computational effort required even with a fast-to-solve model such as 

the  -  one. The development of an effective automated calibration procedure could be a 

possible suggestion for future research. In the current paper, a simpler approach is followed, 

consisting in identifiying a reasonably good combination of   and   among the three 

considered in the sensitivity analysis previously discussed. This was primarily achieved by 

graphically inspecting the concentration profiles (Fig. 9) and the hydraulic gradient versus slurry 

velocity curves (Fig. 10). Then, the hydraulic gradient parity plots (Fig. 11) and the statistical 

indexes  mMAPE i  and  MAE   (Table 4) allowed for a quantitative assessment of the level 

of agreement between experiments and compuations. 

It is worth noting that, as Figs. 10b,d suggest, the  -  model is no longer accurate when 

the mixture velocity approaches the deposition limit value, resulting in a strong underestimation of 

the hydraulic gradient. A detailed discussion on this aspect will be provided in Section 3.7 but, for 

the moment, it is enough to underline that the data not fulfilling the established conditions o f 

applicability of the  -  model do not appear in the parity plots and they were not included in the 

calculation of the statistical indexes. 

The combinations of   and   considered in the remainder of the paper were (1.0, 0.5), 

(2.0, 1.0), and (4.0, 0.7) for datasets A, B, and C, respectively, which result in relatively low 

average absolute errors on mi  and  . Although these pairs of values cannot be regaded as 

optimum in an absolute sense, and might be refined and improved, they produce numerical results 

in reasonable agreement with the experiments, as the reader can easily realize by looking at Figs. 

9-11 and Table 4. 

The study described above indicates that, provided that   and   have been properly 

tuned, the TFM is capable of accurately reproducing the chord-average concentration profile and 

the hydraulic gradient. Furhermore, generalizing the earlier findings in [35, 36, 38], it was 

observed that increasing   to 1.0 from the suggested 0.7 might improve the predictive capacity 

in some cases, and that the optimum values of   might differ from the recommendations in 

Messa and Malavasi [38]. Finally, establishing   as 2.0 and 4.0 in datasets B and C, respectively, 

indicates that this parameter is not just related with the particle shape, as argued in Ref. [38], but it 

needs more complex characterization. The implication of this aspect on the use of the model for 

predictive and extrapolation purposes will be subject of discussion in Section 3.6. 
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3.5. Critical analysis of difficult-to-measure quantities 

Once the role played by the tuning parameters on the different features of the numerical solution 

has been assessed through a sensitivity analysis, and a reasonable combination of their values has 

been established, the TFM can be used to attain information about the slurry flow that cannot be 

provided (at least easily) by experiments. For instance, the wall shear stress of the two phases is 

very relevant, being connected with both the energy dissipation and other phenomena such as pipe 

wall abrasion. 

 

Fig. 13. (a-e) distribution of the wall shear stress for five simulation scenarios from dataset B (blue 

curve: liquid phase; red curve: solid phase; black curve: sum of liquid and solid phases). The 

normalization factor w
ref  is given in Eq. 38; (f) chord-average volume fraction profiles for the 

same test cases. 

 

Figures 13a-e show the distributions of w
l  and w

s  over the pipe circumference for five 

representative cases from dataset B. These profiles are linked with the hydraulic gradient, since it 

can be proven that, in the fully-developed flow region, 

  
2 2 w w w w

l m l l s s0
| | =

4 2
D Di d



      
 

 
 

g  (37) 

where w
l  and w

s  are the local volume fractions of the phases at the wall. The fulfillment of Eq. 

37 is fundamental to give confidence to the wall shear stress predictions. To underline this relation 

and make it possible to compare different scenarios, the results presented in Figs. 13(a-e) have 

been normalized by 

 
 

2 w w w w
l l s s0w

ref l m
2= = | |

4

D d Di
D



    
 




g  (38) 

The circumferential wall shear stress profiles show an evident analogy with those of the near-wall 

volume fraction distributions. In fact, the solid wall shear stress is maximum at the bottom of the 

pipe, whereas that of the liquid phase assumes the highest value at the top. As the mixture velocity 

increases for a given area-averaged concentration, the flow regime tends to become 
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pseudo-homogeneous suspension (Fig. 13f), and, accordingly, the two w -profiles evolve 

towards an axi-symmetrical configuration (Figs. 13a-c). A similar effect is observed as the solid 

loading increases whilst the mixture velocity remains the same (Figs. 13a,d,e), because of the 

increased phase coupling and within-phase diffusion. It is also noted that the relative contributions 

of the two phases to the total wall shear stress significantly changes with the amount of solids in 

the slurry, the major role being played by w
l  for s A    0.13, and by w

s  for s A    0.35. 

 

Fig. 14. Axial velocity profile of the mixture along the vertical pipe diameter for three different 

scenarios from dataset B (continuous lines: simulations with w
s  from Eq. 26; dotted lines: 

simulations with w
s =0). The points of maximum m,zU  are highlighted in the plot. 

 

Another feature of slurry flows which is rather hard to determine experimentally, but can 

be easily obtained by means of a CFD simulation, is the velocity field. The available 

measurements reported in the literature (e.g., [25, 58, 64–67]) agree that the maximum velocity is 

located in the upper part of the pipe, this effect being hardly visible for pseudo-homogeneous flow 

but becoming more and more enhanced as the vertical concentration gradient increases. As it is 

proven in Fig. 14, in which m,zU  was calculated as 

 l, l l s, s s
m,

l l s s

= z z
z

U U
U

  

  




 (39) 

the solution of the  -  model is physically consistent. This capability is closely bound to the 

correct evalulation of the wall shear stress of the solid phase, and, for instance, is no longer 

achieved if w
s  is neglected. Being capable of capturing the upward shift of the maximum 

velocity represents an essential requirement to guarantee the reliability of a TFM. 

 

Fig. 15. Distribution of the in plane velocity vectors of the solid phase, colored by their magnitude, 

for case m = 2.3V  m/s and s A   = 0.11 from dataset A. The corresponding chord average 

volume fraction profile is shown in Fig. 9a. 

 

The velocity field predicted by the  -  model is strongly related with the presence of 
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the diffusion fluxes in the phasic continuity equations (Eqs. 1,2). In fact, in the fully developed 

flow region, the absence of such fluxes would result in 

 s s s, = 0yU dx

   (40) 

 l l l, = 0yU dx

  (41) 

as it can be proven by imposing the mass conservation of both phases to a control volume bounded 

by the pipe wall and an arbitrary horizontal plane, the chord width being   (Fig. 4). Since all 

terms in the equations above are positive expect for l, yU  and s, yU , these terms must change their 

sign along each horizontal chord  , yielding self-balanced in-plane advection fluxes. This is no 

longer true in the  -  model, because the balance of the in-plane mass fluxes involves both the 

advective and the phase diffusion terms. Since the solid volume fraction decreases along the y

-direction owing to the effect of gravity (that is, s / < 0y  ), the phase diffusion fluxes of the 

solid phase are likely to be directed upwards, making a distribution of in-plane velocity vectors all 

directed downwards, like that shown in Fig. 15, consistent with the mass conservation principle. 

A TFM formulation including phase diffusion fluxes has considerable advantages in terms 

ease in attaining convergence to a smooth solution without spurious oscillations. At the same time, 

it makes the physical interpretation of the velocity field less clear. Indeed, kU  might be clearly 

associated with the advection flux per unit area, k k k  U n , but it appears rather difficult to relate 

the in-plane vectors depicted in Fig. 15 with the actual movement of the solid phase. Nevertheless, 

in fully-developed pipe flows, in-plane velocity components are very small compared to the axial 

one, and the phase diffusion fluxes are zero along the flow direction (since / = 0k z  ); 

therefore, it seems reasonable to compare the m,zU  (Eq. 39) profiles with the experimental 

measurements. 

 

Fig. 16. Modulus of the slip velocity, averaged over the circumference depicted in Fig. 15 ad 

divided by the bulk-mean velocity, for datasets A to C. 

 

On the other side, the issue becomes significant when referring to the slip velocity, 

l s= W U U , since, for the flow conditions addressed in this study, this quantity is small and 
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dominated by the in-plane components. Based on the reasons discussed above, the presence of 

phase diffusion fluxes prevents the possibility of relating the W  predictions to the actual velocity 

difference between the solids and the carrier fluid, or to the conveying capacity. Surely, W  is 

associated with the exchange of momentum between the two phases: this variable, in fact,  is 

needed to calculate the interfacial momentum transfer term, M  (Eq. 8). Note that the modulus of 

W  appears also in the definition of the modified particle Reynolds number, mRe  (Eq. 10), which 

is used to compute the drag coefficient. 

The dependence of W  upon the bulk-mean velocity and the area-averaged concentration 

is shown in Fig. 16 for datasets A to C. In the three plots, the average modulus of W  over the 

circumference   highlighted in Fig. 15, normalized by the bulk-mean velocity, was used as an 

indicator of the slip. For all datasets, m| | /V W  decreases as either mV  or s A   increases, 

indicating that the two phases become increasingly coupled as the slurry gets denser or flows 

faster. This conclusion is further confirmed by the fact that, under these conditions, the solids tend 

to be uniformly distributed over the pipe section, and the velocity profile becomes axisymmetric, 

further demonstrating the physical consistency of the  -  model solution. 

 

3.6. Prediction of slurry flows in larger pipes 

Many industrial applications require pipes substantially larger than 150 mm. It is of utmost 

importance to assess whether the  -  model can be a useful predictive tool in these situations, 

especially if no measurements are available for tuning the empirical constants   and  . The 

PhD thesis of Gillies [59] gives the possibility to address this issue, since, as already summarized 

in Table 2, it provides experimental data for broadly the same type of fine-sand slurries ( pd =0.180 

mm) flowing in pipes with diameters of 53.2 mm and 495 mm. A two-step procedure was carried 

out for testing the pipe size-up scalability of the  -  model. 

 

Fig. 17. Effect of   and   on the predicted chord-average solid volume fraction profile for 

dataset D1. 

 

Fig. 18. Effect of   and   on the hydraulic gradient vs velocity predictions for dataset D1. 
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Fig. 19. The parity plots of predicted versus measured hydraulic gradients for dataset D1 and 

different combinations of   and  . 

 

At first, following the same approach illustrated in Section 3.4, proper values of   and 

  were determined for the 53.2-mm diameter pipe experiments by considering three different 

combinations of the two parameters, namely (3.0, 0.7), as recommended in Ref. [38], (2.0, 1.0), as 

in dataset B, and (4.0, 0.7), as in dataset C. All tests reported in Ref. [59] for the 53.2-mm diameter 

pipe were reproduced, except those with s = 0.45A   since, in these cases, interparticle 

collisions play a significant role and the flow is unlikely to be fully-suspended (see Section 3.7). 

The results of the sensitivity analysis, shown in Figs. 17-19, indicate that setting  =2.0 and 

=1.0 produces reasonably accurate predictions of concentration profile and hydraulic gradient for 

dataset D1. Note that, this time, no calculation of MAE( ) was performed, since the statistics 

based on four data only would have not been so significant. 

 

Fig. 20. Validation of the model on dataset D2. Comparison between predicted and measured 

chord-average concentration profiles (a,b) and hydraulic gradient versus slurry velocity curves (c). 

Parity plot of predicted versus measured hydraulic gradient for all flow conditions above the 

deposition limit velocity. 

 

Afterwards, the same combination of tuning parameters was employed to simulate the 

experiments in the 495-mm diameter pipe. Only two concentration profiles were reported in 

Gillies [59] above the deposition- limit velocity, and the predictions of the  -  model are in 

fairly good agreement with both of them Fig. 20(a,b). Conversely, much more hydraulic gradient 

data are available, and, as seen in Fig. 20(c,d), the capability of the TFM to predict this parameter 

is highly satisfactory: excluding the flow conditions in which the experimenter detected the 

occurrence of solid deposit, the MAPE of all mi  estimates was as low as about 3.50%. 

The scarcity of experimental data on slurry flows in large diameter pipes did not allow a 

complete assessment of the pipe size-up scalability of the model, a topic which is definitely 

recommended for future study. Nevertheless, the preliminary analysis described in this section 
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gives some confidence that, after calibration on experiments in a small pipe at the laboratory scale, 

the  -  model can be used to simulate the behavior of the same type of particles flowing in 

bigger pipes. 

 

3.7. Conditions for the applicability of the  -  model 

As one of the guiding principles in modelling, the applicability domain of the  -  model was 

properly defined, paying special attention to turning the applicability conditions into criteria which 

can be easily verified, ideally - if possible - before running any simulation. 

 

Fig. 21. Parity plot comparing the actual values of pd   obtained from the numerical simulations 

with the a priori estimate given Eq. 42. The horizontal bars denote the actual variability of pd   

along the pipe circumference, and the markers indicate the mean values. 

 

A first condition to be satisfied is related with the use of Eq. 27 for calculating the wall 

shear stress of the solid phase since, as already mentioned, this model requires pd   to be smaller 

than 30. In principe, this condition can be verified only a posteriori, since pd   depends on the 

friction velocity of the liquid phase, which is an output of the numerical simulation. Furthermore, 

pd   varies along the pipe wall, and, as shown in Fig. 21, a rough overestimation of this quantity 

can be obtained by dividing pd  by the wall-unit determined by applying Blasius’s formula for 

turbulent single-phase pipe flow. Such estimate, referred to as B
pd  , can be calculated a priori as 

 pB
p 0.50.25

l l m

l m l

=

0.316

d
d

V D
V
 

 




  

  
   

 (42) 

The constraint B
p < 30d   allows determining a priori whether the condition p < 30d   is fulfilled 

and, therefore, whether the  -  model is applicable. Note that, for all flow conditions addressed 

in this study, p > 5d   and, therefore, the particles are not entirely embedded in the viscous 

sublayer. 
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Table 5 

Experimentally observed deposition- limit velocities and predictions of the correlation of Thomas 

[11]. The two exp
dlV  intervals in datasets D1 and D2 correspond to transitions between stationary 

and intermittent deposit and between intermittent and no deposit, respectively. 

Dataset ID 
s   [-] exp

dlV  [m/s]  T
dlV  [m/s] 

A 

0.11  1.48 1.76   

1.33 1.62  
0.18  1.51 1.74   

0.26  1.22 1.45   

0.38  1.24 1.50   

B 

0.13  1.80  

1.56 1.91  0.25  1.70  

0.34  1.55  

C 

0.19  1.10  

0.96 1.18  
0.24  1.00  

0.29  1.05  

0.33  1.15  

D1 
0.15  1.37 1.52  

1.27 1.40  
0.30 1.10 1.22  1.52 1.83  

D2 

0.10 3.11 3.20  3.51 3.66  

2.46 3.00  

0.15 3.02 3.20  3.51 3.66  

0.20 3.05 3.20  3.51 3.66  

0.25 2.93 3.05  3.34 3.49  

0.29 2.74 2.83  3.35 3.51  

0.29 2.65 2.74  3.51 3.66  

 

Other conditions arise from the need to guarantee that the flow is fully suspended. This 

primarily implies that no solid deposit must occur at the bottom of the pipe, and therefore, that mV  

exceeds the deposition-limit velocity, dlV . Since no prediction of dlV  is achievable with the  -

  model, it was explored whether any of the correlations available in the literature could be 
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employed to define an application constraint. Particularly, the focus was on the formula for dlV  

recently proposed by Thomas [11], which substantially covers the range of testing conditions 

considered in this study and reads as follows: 

 T s
dl

l

= 2 | | 1LV F D 



 
 

 
g  (43) 

  
1.064 0.489 7

10= 2 0.305 1.1 10 0.044 10logLF


        (44) 

 
 

2
l t

s l

3=
4 | |

w
D


 


g
 (45) 

where tw  is the terminal settling velocity of a particle falling in a quiescent liquid, which can be 

evaluted from the following equation: 

 p2 s
t

l d

| |4= 1
3

d
w

C




 
 

 

g
 (46) 

Note that dC  depends on tw  through the Shiller and Naumann correlation [49] and the particle 

Reynolds number p t l l/d w   ; therefore, Eq. 46 must be solved iteratively. 

For all datasets, the values or ranges of dlV  reported by the experimenters have been 

compared against the predictions of the Thomas’ correlation, which have been attributed a 

variability of 10%  as recommended in Ref. [11] to account for the influence of solid 

concentration. The results, summarized in Table 3, indicate that, although with some degree of 

understimation for dataset D, the Thomas model provided a fairly good estimation of the 

deposition-limit velocity observed in the experiments and, thus, T
dlV  was considered an adequate 

parameter to develop an a priori applicability condition. 

 

Fig. 22. Deviation of experimentally determined hydraulic gradient as a function of the T
m dl/V V  

ratio for all numerical simulations. The values of   and   were those determined after the 

sensitivity analysis previously illustrated. 

 

As Figs. 10b,d and 19 suggest, the  -  model might tend to underpredict the hydraulic 

gradient close to or below the deposition- limit velocity. Starting from these considerations, the 
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percentage deviation between predicted and measured hydraulic gradient was graphically 

represented as a function of the T
m dl/V V  ratio for all the simulated flow conditions, suggesting that 

T
m dl>1.5V V  could be a sufficiently conservative validity constraint (Fig. 22). 

A third limit to the applicability of the  -  model is due to the fact that, as already 

mentioned at the beginning of the paper, slurry flows with mean solids concentration exceeding of 

about 0.40 are primarily dominated by particle-particle contacts and cannot be classified as 

fully-suspended. The  -  model has not been designed for application to such dense slurries 

and, therefore, the authors’ recommendation is to disregard solutions with local values of s  

above about 0.45. Unfortunately, strictly speaking, this condition can be verified only a posteriori.  

As a final note, it is recalled that, in the present study, the  -  model has been tested in 

the following conditions, namely, pipe diameter from 53.2 to 495 mm, area-averaged solid volume 

fractions between about 0.10 and about 0.36, slurry velocities between about 1.10 m/s and about 

6.0 m/s (corresponding to T
m dl/V V  ratios in the approximate range 0.8-3.5). As far as the type of 

particles are concerned, the investigation was mainly focused on natural sands with 2650 kg/m 3  

density and size ranging from 0.090 to 0.180 mm, but also spherical glass beads with 2450 3  

density and 0.180 mm size were successfully explored. 

 

4. Conclusion 

This paper focuses on the application of the Two Fluid Model for the engineering simulation of 

liquid-solid slurry pipe flows, considering the relevant benchmark of straight horizontal pipe. An 

extensive literature survey of previous numerical investigations of slurry flows in horizontal pipes 

was carried out first (Table 1). Compared to other modelling approaches (Fig. 1), the TFM allows 

the best compromise between the computational cost and the capability to capture the physical 

mechanisms governing slurry pipe flows, revealing a tool capable of satisfying essential 

engineering requirements. At the same time, several numerical and modelling factors affect the 

simulation results, making the comparison against experiments essential but not sufficient to 

guarantee the reliability of the predictions outside the specific calibration range. 

Based on these considerations, in the first part of the paper it was decided to gather further 

insight into these dependencies, with the goal of providing best practice guidelines for future 
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academic and professional use of the TFM for slurry flow modelling. The proper definition of the 

computational domain, the verification of the numerical convergence, the identification of the 

model constants and the assessment of their role, and their calibration based on experimental 

findings were carefully explored. In performing this study, reference was made to the TFM 

previously developed by one of the authors of the paper, here renamed as the  -  model to 

highlight the existence of two main tuning parameters. Anyway, it was tried to give indications 

relevant also for other TFMs. For the sake of generality and strength of the drawn conclusions, 

three different datasets were considered for the experimental verification of the model, resulting in 

108 different simulation scenarios covering a wide range of pipe diameters, solid concentrations, 

and slurry velocities (Table 2). Although only fine particles could be investigated, some 

exploration of the effects of particle material and size was allowed. Main conclusions are as 

follows. 

 Particular attention must be paid to the definition of the length of the computational 

domain needed to achieve fully developed flow, which is strictly connected to the 

parameter subject of investigation, alongside with the type of imposed boundary 

conditions. Lengths of about 50-60 diameters are suitable to attain reliable predictions of 

hydraulic gradient and mean velocity profile, but might not be enough to attain complete 

development of the concentration profile and the slip velocity from uniform inlet 

distributions (Fig. 5). Apparently, 100 diameters allow the most accurate modeling. 

 The spatial discretization of the domain must be done carefully, since some features of the 

computational mesh, such as the thickness of the near-wall cells, might produce adverse 

effects on the hydraulic gradient estimates. This behavior seems connected with the type of 

wall boundary condition for the solid phase implemented in the model, as it can be inferred 

by comparing the results of the present investigation with those of earlier papers [35, 36]. 

 It is fundamental to identify and establish the role played by the tuning parameters of the 

TFM by analyzing the influence on all output quantities of interest, thereby developing 

efficient calibration strategies. Here it was found that   affects the concentration profiles 

but it has practically no effect on the hydraulic gradient, whereas   showed an opposite 

behavior for low particle loading (Figs. 9 and 10). 

 Combinations of   and   providing overall good agreement with the experimental data 

were determined for the three datasets, suggesting that these two parameters reflect not 
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only the influence of particle material, as guessed in Ref. [38], but also other features of the 

testing conditions. 

In the second part of the paper, the model has been employed for determining 

difficult-to-measure characteristics of slurry pipe flows in the calibration range. This analysis not 

only resulted in an additional check list for the TFM reliability, but also determined the potential of 

the  -  model as a tool to get further insight into the physical phenomenon and its engineering 

implications. The key findings are summarized below. 

 The TFM could be used to obtain the distribution of the wall shear stresses of the two 

phases over the pipe walls, which is not only connected with the energy losses but also with 

other phenomena like abrasion (Fig. 13). As an additional check on the reliability of the 

numerical estimates, the fulfillment of the integral mixture momentum balance (Eq. 37) 

might be verified. Additionally, the wall shear stress profiles must be physically consistent, 

in that the influence of bulk-mean velocity and solids concentration must be properly 

justified. 

 The TFM must be capable of predicting the shift of the maximum velocity towards the pipe 

crown, which was well confirmed by the experimental evidence and properly justified 

from a physical point of view. The capability of the  -  TFM in capturing this effect 

seems related with the type of wall boundary condition imposed to the solid phase (Fig. 

14). 

 The nature of the in-plane velocity components must be carefully established, particularly 

in the presence of phase-diffusion fluxes (Fig. 15). This feature has a direct influence on 

the momentum transfer between the phases, governed by the slip velocity. The physical 

consistency of the slip velocity as a function of bulk-mean velocity and solids 

concentration might provide further confirmation to the model’s reliability (Fig. 16). 

Finally, the last part of the article was aimed at strengthening the application impact and 

usability of the  -  TFM. Particularly: 

 It was suggested that, once   and   are calibrated with respect to measurements in a 

small pipe at the laboratory scale, the same values allow for fairly good predictions of the 

behavior of the same type of particles flowing in bigger pipes, which are definitely harder 

to test experimentally (Figs. 17 to 20). 
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 Three specific and quantitative conditions for the applicability of the  -  model have 

been indicated (Section 3.7). Two of them can be easily assessed before running any 

simulation. The fulfillment of the third condition can be reasonably expected but, strictly 

speaking, it can be established only once the numerical solution has been calculated. 

Many features of the  -  model shall make it worthy of interest for scientific research 

and engineering purposes. However, two unresolved issues require further study, and they are left 

as recommendation for future improvement. Firstly, the applicability domain of the model is 

limited by several constraints (above all, on the size of the particles), thereby precluding its use for 

addressing many types of slurry flows frequently encountered in the industrial applications. 

Secondly, the model is not capable of providing estimates of the deposition- limit velocity, which, 

alongside with the hydraulic gradient, is probably the second most important requirement for 

slurry pipeline design. 
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