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ABSTRACT

Constitutive models for soils are developed and validated against laboratory tests assuming these give 

representative information on the true material behaviour. However, data from standard laboratory tests 

reflect the sample response rather than the true material behaviour, due to non-uniformities in stresses 

and strains generated over the experimental test. The work examines the implications of end restraint 

on the definition of the stress-dilatancy rule of highly compressible soils with a finite element 

numerical approach. The numerical model replicates a reconstituted peat, typically characterised by a 

combination of high compressibility and high friction angle, which increases the severity of end 

restraint effects. Simulated results show that the global measurements from standard triaxial tests with 

rough end platens would not give the proper stress-dilatancy rule, if they were interpreted as the 

response of a single soil element at the constitutive level. Both overestimation and underestimation of 

the true dilatancy compared to the material response can be observed, depending on the deformation 

mode. To support the validity of the numerical results, experimental findings from drained triaxial tests 

on reconstituted peat are presented. Practical indications are given on how the standard interpretation of 

drained triaxial tests data on peats can be improved.
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INTRODUCTION

Design and assessment procedures in many geotechnical applications require reliable constitutive 

models to describe the behaviour of the soil adequately. Constitutive models are usually developed and 

validated based on experimental laboratory tests, typically from triaxial tests. Passing from the 

laboratory scale to the constitutive equations, it is often assumed that the experimental test can be 

interpreted as a soil element test, thus representing the true material behaviour. This way of reasoning 

implicitly assumes that pore pressure, stresses and strains distributions are uniform within the sample. 

However, the boundary conditions imposed to the sample with standard laboratory devices may be far 

from being uniform.

Non-uniformities are introduced on the sample due to multiple factors. A first level of complexity and 

uncertainty comes from the assumption of uniform pore pressure both in drained and undrained tests 

when a finite loading rate is applied to soils with low hydraulic conductivity (Gibson and Henkel 1954; 

Blight 1965; Carter 1982). The result is a spurious rate effect, which is not due to time-dependent 

behaviour (i.e. creep), but simply comes from the coupled hydro-mechanical response (Herle and 

Kolymbas 2004). This problem is compounded when considering the effects of rough end platens 

usually employed in standard triaxial tests. Systematic attention has been given to investigate the 

effects of end restraint on the shear strength of both sands and clays since the 1960’s, after the 

pioneering work of Taylor (1941). Despite the general agreement on that non-uniform conditions make 

the stress-strain quantities based on averaged external measurements hardly representative of the actual 

state of the soil in the shear zone, still some disagreement persists in quantifying their effect on the 

derivation of the shear strength parameters. Olson and Campbell (1964) and Bishop and Green (1965) 

came to the conclusion that a height to diameter ratio H/D = 2 considerably minimises the effects of 
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end restraint on the shear strength from tests on sodium-kaolinite and Ham river sand, respectively. 

However, the conclusion is not confirmed by the dedicated experimental work of Shockley and Ahlvin 

(1960) and Kirkpatrick and Belshaw (1968), who measured significant non-uniformities in the stresses 

and strains fields of sand samples having H/D ranging from 2 to 2.3. Significant end restraint effects 

leading to an overestimation of the shear strength were recently found by Kodaka et al. (2007) on 

normally consolidated rectangular specimens of Fukakusa clay tested in a triaxial apparatus with rough 

ends. More consensus is found on the influence of end platens on the volumetric behaviour upon shear. 

The shear stresses at the top and the bottom of the sample generated by rough end platens confine the 

lateral displacements to the central portion of the sample, thus preventing high degree of uniformity in 

stresses and strains. This typically results in higher tendency to dilate for samples tested with smooth 

end platens (Shockley and Ahlvin 1960; Rowe and Barden 1964; Lee and Seed 1964). However, the 

experimental investigation to evaluate the effects of rough end platens on the volumetric strain gradient 

at failure for a quartzy sand and reconstituted loess by Feda et al. (1993) concluded that no significant 

effects could be observed.

The predominant attention to the effects of end restraint on the shear strength of soils from the 

experimental viewpoint is also reflected in several numerical contributions to the problem. Non-

uniformities in terms of pore pressure, stresses and strains distributions were observed from the results 

of FE analyses by Carter (1982), Airey (1991), Macari-Pasqualino et al. (1994), Asaoka et al. (1994) 

and Kodaka et al. (2007). The contributions of Schanz and Gussman (1994) and recently Jeremić et al. 

(2004) reported an increase in the shear strength with increasing end restraint for elastic-perfectly-

plastic constitutive models. A noticeable step forward was done by Sheng et al. (1997), who discussed 

the implications of the end restraint on the global behaviour of soil samples. By comparing the 

response from global stresses-strains quantities with that at the element scale in FE analyses, Sheng et 
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al. (1997) clearly showed the limitations in obtaining any information directly ascribable to the material 

behaviour from conventional triaxial tests. They also demonstrated that the effects of non-uniformities 

on the analysis of stress-strain and strength properties of the soil also depend on how the global stresses 

and strains are computed from triaxial tests data.

Despite the significant attention dedicated to the study of end restraint on the observed soil response 

and the numerical contributions which followed, the vast majority of these was devoted mainly to 

clarify their impact on the shear strength parameters and pore water pressure distribution. However, to 

the authors’ knowledge, misconception introduced by disregarding the end restraint effects on the 

stress-dilatancy relationship of soils, hence on the description of the pre-failure behaviour, has not been 

tackled systematically. The importance of a correct description of the plastic deformation mechanism at 

failure in soils, the so called flow rule, has been shown numerically by Potts and Gens (1984), Gens 

and Potts (1988) and Lagioia and Panteghini (2014), among others. However, the impact of different 

choices for the flow rule on the performance of constitutive models for soils can be extremely 

important especially in reproducing the pre-failure response.

The philosophy of the work presented in this paper is to provide an insight into the implications of end 

restraint on the standard derivation of the stress-dilatancy relationship for soils having very high 

compressibility together with high friction angle, such as organic clays and peats. To this end, a series 

of preliminary finite element analyses has been carried out by employing the simple modified Cam clay 

model, MCC (Roscoe and Burland 1968). The analyses were run to support an experimental 

programme aimed to characterise the stress-strain behaviour of peat samples. The parameters used in 

the simulations are chosen to be representative of the reconstituted peat investigated by Muraro (2018). 

The high compressibility, combined with high friction angles, makes the geotechnical description of 
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peats extremely challenging (Adams 1961; Oikawa and Miyakawa 1980; Landva and La Rochelle 

1983; Yamaguchi et al. 1985b; Farrell and Hebib 1998; Kanmuri et al. 1998; Edil and Wang 2000; 

Cola and Cortellazzo 2005; Hendry et al. 2012). Both these aspects magnify the effects of end restraint 

on the failure and pre-failure responses, with peat samples experiencing volumetric and deviatoric 

strains not comparable with any other classical soil (Den Haan and Feddema 2013; Zhang and O'Kelly 

2014).

The effects of rough end platens are quantified in terms of stress-dilatancy rule for different radial paths 

at constant stress ratio , involving both lateral contraction and expansion, by elaborating the results 

from FE analyses replicating actual triaxial tests. The difference between the pre-failure stress-strain 

behaviour derived from global measurements, as conventionally done with triaxial tests data, and the 

“true” material response of the soil is highlighted. Results from reconstituted peat samples tested in 

triaxial apparatus with rough and smooth end platens are presented, to substantiate the relevance of this 

experimental aspect on the observed response, and to quantify the error introduced in the stress-

dilatancy relationship by neglecting the stress inhomogeneities due to the geometrical constraint. 

Eventually, a suggestion is given to start reducing the error coming from the experimental constraint.

FINITE ELEMENT MODEL

The aim of this work is to investigate the direct effect of end restraint on the drained response of soils 

having high compressibility. Therefore, ideally drained analyses were performed, disregarding the 

issues possibly raised in the interpretation of experimental data by the low hydraulic conductivity 

typically shown by these soils.  In the practice, unless low displacement rates are adopted during the 

test stages, significant pore pressure gradients are generated, which cannot be disregarded in the 
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interpretation of drained as well as undrained tests (Barden and McDermott 1965; Carter 1982; Sheng 

et al. 1997).

Constitutive model of the soil

Coupled hydro-mechanical analyses were set up with the ABAQUS standard finite-element code 

(Hibbitt et al. 2009). In these analyses the available Modified Cam-Clay model was adopted to 

preliminary analyse the response of the soil sample. The properties used to describe the material 

behaviour are reported in Table 1, where  and  are the slopes of the compression and unloading-λ κ

reloading lines respectively,  is the void ratio at a mean effective stress  = 1 kPa, and  is the e0 p '
0 Mg

critical stress ratio. In the first set of analyses,  is set equal to  under the simplifying assumption of Mf Mg

associated flow rule. The parameters are based on the results of triaxial tests performed on reconstituted 

peat samples adopting smooth end platens. A hypo-elastic law with constant Poisson’s ratio, , was ν

adopted in order to avoid the unrealistic dilatant response given at low stresses by a constant shear 

modulus G. The shape of the yield surface on the deviatoric  plane is chosen in order to properly 

reproduce the differences in the ultimate deviatoric stress experimentally observed along different 

stress paths, at the same time avoiding the tensile zones which would be encountered with a von Mises’ 

criterion (K =1) for materials having high friction angle (Hibbitt et al. 2009). The resulting shape of the 

yield locus on the  plane is sketched in Fig. 1.

Insert Table 1

Insert Fig. 1
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Boundary conditions and applied stress paths

The cross-section of the sample, having a radius equal to 19 mm (x coordinate) and a height of 76 mm 

(y coordinate), was discretized with 1444 8-node biquadratic axis-symmetric elements with bi-linear 

pore pressure interpolation and reduced integration (CAX8RP) (Fig. 2a). Drainage is allowed from 

both the top and the bottom platens. 

To simulate conventional triaxial apparatus where rough porous stones are in contact with the sample, 

the horizontal displacements at these two boundaries were constrained. The hypothesis of null radial 

displacements at the top and bottom of the sample, which seems way too conservative for classical 

inorganic soils, was experimentally verified by Yamaguchi (1992) for natural peat samples in standard 

drained triaxial compression tests. However, significant constraint to the radial displacements is offered 

by O-ring sealing the rubber membrane at the extremities of the sample even if lubricated end platens, 

which have the same diameter as the specimen, are adopted (Sheng et al. 1997). 

Different radial stress paths were imposed by defining stress time histories on the top and external 

boundaries. Seven radial paths, at constant stress ratio  = , where  is the deviatoric stress and  η q p' q p'

is the mean effective stress, were simulated, after isotropic compression up to  = 35 kPa followed by p'c

isotropic unloading to  = 15 kPa, giving an  =  = 2.3. The deviatoric stress was then p'  OCR p'c p'

increased at constant  until a pre-defined stress ratio. Eventually, radial stress paths were simulated p'

up to  = 100 kPa (Fig. 2b). The stress history was meant to replicate the experimental tests carried out p'

by Muraro (2018) to characterise the stress-strain behaviour of reconstituted peat.
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Insert Fig. 2

Stress and strain measures

To provide a replica of the typical information coming from laboratory tests, global stress-strain 

quantities were calculated by elaborating the results of the FE analyses with the same corrections 

applied to the experimental data from triaxial tests. For the case of rough end platens the samples  do 

not maintain their original aspect ratio (i.e. right cylinder), but either bulge or assume a hourglass shape 

depending on the imposed stress path. In both cases, in the absence of local measurements (i.e. local 

displacements transducers), different cross-sectional area corrections can be applied to compute the 

current axial stress and the representative radial strain. A detailed description of the possibilities for the 

area correction, depending on the available measurements, is provided by Ehrgott (1971). In this study 

the global radial stress is assumed to be equal to the applied cell pressure (Sheng et al. 1997; Praastrup 

et al. 1999), while the global axial stress has been computed by dividing the axial force measured at the 

top of the specimen by four different choices for the cross sectional area, namely:

a) nominal area: current contact area at the top of the specimen;

b) volumetrically equivalent right cylinder;

c) average between a) and b);

d) area at 9/10 of the height of the sample.

The latter two choices were suggested by Sheng et al. (1997) based on a careful comparison between 

the global stresses and the local stresses at the element scale, from the results of FE analyses of 
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standard drained and undrained triaxial compression tests. In practice, the most appropriate area 

correction should be chosen on the observed specimen geometry and measurements at the end of the 

test (Germaine and Ladd 1988), which reduces the degree of arbitrariness on the possible choices. 

However, all the four possibilities were considered in the numerical exercise.

Geometrical non-linearities were accounted for in the FE model, and natural strains were used in the 

material description (Ludwik 1909; Hencky 1928). The inconsistency and severe shortcomings in 

elaborating triaxial tests by adopting linear engineering strains have been discussed by Praastrup et al. 

(1999), and great care must be taken in elaborating triaxial tests on peats, especially in drained 

conditions, due to the large displacements experienced by peat samples (Den Haan and Feddema 2013; 

Zhang and O'Kelly 2014). Natural strains were chosen as they imply the validity of the additive 

principle in eq. (1) at large strains as well as at small strains. The global axial strain in eq. (2) has been 

calculated from the current height of the sample while the volumetric strain from the volume change of 

the sample throughout the analyses. Positive compressive stresses and strains are assumed. As done in 

the normal practice, in the absence of direct measurement of radial displacements the deviatoric strain 

has been computed from the measurement of the volume change, giving the volumetric strain , and of εp

the axial displacement, related to the axial strain :εa

(1) εp = εa + 2εr = ln (V0

V )

(2) εq = εa ‒
εp

3 = ln (H0

H ) ‒
1
3ln (V0

V )
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where  and  are the height and the volume of the sample and ,  the respective initial values. H V H0 V0

Dilatancy is defined as 

 (3) d =
δεp

p

δεp
q

or equivalently (Wood 1990) by

(4) tanβ =
δεp

q

δεp
p

where  and  are the volumetric and deviatoric plastic strain increments, respectively. The plastic δεp
p δεp

q

strains were calculated step by step as the difference between the total and the elastic strains. It is worth 

noting that the use of large strains introduces further non linearity in the elastic components of strains. 

However, the use of standard description for the elastic strain component albeit with a logarithmic 

measure of the strain is substantiated by literature data (e.g. Den Haan 1996; Den Haan and Feddema 

2013).

NUMERICAL RESULTS

Representative cross sectional area

A possible way to discern the representativeness of the different methods for the area correction is to 

compare the resulting computed sample stress-strain response behaviour when rough end platens are 

adopted with the “true” material behaviour. Fig. 4 presents the comparison in terms of deviatoric stress-

axial strain for two radial paths at  = 0.35 and  = 1.40, respectively below and above the  line (η η K0 ηK0

= 0.84 for the MCC with the parameters in Table 1). It is often assumed that referring to the central 

portion of the sample, which is the farthest from the boundaries, minimises the effects of end restraint. 

Page 11 of 52

https://mc06.manuscriptcentral.com/cgj-pubs

Canadian Geotechnical Journal



Draft

12

Actually, this holds true for radial paths with , where the lateral contraction results in a rather η < ηK0

uniform deformation around the central portion of the sample (Fig. 3b). However, for stress paths 

above  this is not the case, due to the kinematic deformation mechanism showing significant bulging K0

of the sample (Fig. 3c). The result is a lateral expansion of the external portion of the sample, around its 

mid height (Fig. 3c), which hardly participate to the axial load transfer mechanism. In the latter case, 

the significant stress gradient in the radial direction makes the assumption on the central portion of the 

sample close representing the material behaviour unrealistic.

Insert Fig. 3

Insert Fig. 4

The results in Fig. 4a show that the traditional correction with a volumetrically equivalent right 

cylinder tends to overestimate the stress response for a given axial strain over radial paths lying below 

the stress ratio corresponding to . Good agreement is found by using the average between the K0

nominal area at the top of the sample and the equivalent cylinder. However, for radial paths above the 

 condition, the same correction suffers similar problems as the equivalent right cylinder correction, K0

due to an overestimation of the effective cross section area. This drawback was pointed out already by 

Sheng et al. (1997) from the simulation of the shearing stage of standard undrained triaxial tests. For 

the radial path at  = 1.40, above the stress ratio corresponding to the  condition, choosing the cross η K0

sectional area at 9/10 of the height of the sample from the FE analyses results in the closest 

representation of the material behaviour (Fig. 4b). Based on these observations, in the following 
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discussion the results will be presented by correcting the area in two different ways, depending on the 

stress ratio, :η

a) average between the nominal area and the volumetrically equivalent right cylinder for radial paths 

with ;η < ηK0

b) area at 9/10 the height of the sample for radial paths with .η > ηK0

Stress-dilatancy relationship 

The stress-dilatancy relationship (eq. (3)) obtained by elaborating the FE analyses results at the sample 

level (global quantities) is reported in Fig. 5. The “true” material behaviour, as modelled by the MCC, 

is displayed for the sake of comparison, together with numerical results of tests replicating the response 

of samples ideally tested with perfectly smooth bases. These allow validating the numerical model 

before analysing the effect of end restraint. 

The shear stresses generated at the top and the bottom of the sample tend to reduce the lateral 

contraction and expansion compared to smooth conditions. For radial paths below , higher deviatoric K0

strains are expected at a given axial stress, while the opposite occurs for radial paths above . K0

Consistently, the numerical results in Fig. 5 underestimate the dilatancy for the stress paths below  ηK0

and overestimate it for radial paths which imply lateral expansion. It is worth observing that the lowest 

discrepancy between the dilatancy derived at the sample scale and the material dilatancy occurs for a 

stress path corresponding to  ( = 0.84). Strictly speaking, it is only along a stress path implying K0 ηK0

zero lateral displacement that the end restraint effect is minimised and the true material behaviour is 
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theoretically recovered. In Fig. 5 the result for  = 0.84 slightly differs from the expected one, due to η

the previous loading history simulated in the analyses (isotropic loading and unloading) which is 

responsible for the deviation due to a small irreversible end restraint effect. 

Insert Fig. 5

A MODELLING EXERCISE

If the FE results in Fig. 5 were processed as if they were representing the material behaviour, as 

typically done in processing experimental triaxial test data, the stress-dilatancy relationship would be 

obtained by interpolating the points displayed in Fig. 6 referred to as sample behaviour. Fig. 6a shows 

that by doing so, the derived stress-dilatancy relationship has a different shape compared to the true one 

(indicated in the figure as material behaviour), and also that it tends to overestimate the critical stress 

ratio  for which  = 0. In Fig. 6a the material behaviour obeys to the MCC with  = 1.75 while the Mg d Mg

sample behaviour approaches null dilatancy for  = 2. The difference between the inclination of the Mg

plastic strain increment vectors, , predicted by the sample behaviour compared to the material ∆β

behaviour is displayed in Fig. 6b as a function of the stress ratio. Both overestimation and 

underestimation of the inclination were found for low and high stress ratios respectively, in the order of 

2° and -8°.
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Insert Fig. 6

Fig. 7 reports the deviatoric stress-strain response along two radial paths at  = 0.35 and  = 1.40 η η

predicted by using the stress-dilatancy relationship from the sample behaviour and material behaviour 

in Fig. 6a on a soil element. For radial paths below  (Fig. 7a), far from failure conditions, K0

misinterpreting the material flow rule results in overestimating the strains for a given stress level. On 

the contrary, for radial paths close to the failure state, and in general above , (Fig. 7b) the sample K0

behaviour overestimates the deviatoric stress for a given strain level compared to the material 

behaviour. The difference may reach non-negligible values, with remarkable implications on the 

assessment of ultimate limit states. However, also a bias in the deformational pre-failure response 

below the  line would be introduced by misinterpreting the stress-dilatancy relationship, which might K0

influence serviceability limit states assessment.

Insert Fig. 7

EXPERIMENTAL EVIDENCE

The numerical results offer the possibility for a critical evaluation of experimental tests aimed to 

describe the failure and pre-failure response of peats. Dedicated experimental tests were performed to 

effectively quantify the influence of end restraint on the observed response of peat samples.
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Reconstituted samples were chosen to minimise the heterogeneity of natural peats. The reconstituted 

samples were prepared by mixing the natural material with demineralised water to a slurry with water 

content of 855%, corresponding to 1.4 times the liquid limit. The material was then consolidated in a 

floating consolidometer under a total vertical stress of 10 kPa for 48 hours and eventually mounted in a 

GDS triaxial apparatus. A suction cap was used to assure perfect contact between the load cell and the 

top cap. The volume change and the axial displacement were recorded with a digital pressure/volume 

controller and an external linear transducer (the calibration of the equipment is reported in Muraro 

(2018)).

Relevant index properties of the samples are reported in Table 2, together with the isotropic pre-

consolidation stress at the start of the test, , the isotropic stress at the end of the test, , and an p'0 p't

indication of the stress path followed during each test. The specific gravity, Gs, and the organic 

content, OC, were determined in accordance with the D5550-14 (2014) and the D2974-14 (2014).

Insert Table 2

The testing programme consisted of a series of drained triaxial tests, including multiple stress paths 

which allowed to explore different loading conditions. The nominal dimensions of the specimens were 

50 mm in diameter and 100 mm in height. All the tested were performed under stress control assuring 

limited excess pore pressure generation due to the loading rate. To accelerate the consolidation process, 

lateral filter paper strips were used, with free lower ends to avoid introducing lateral constraint. The 
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resulting average axial displacement rate, , reported in Table 2, is approximately ten time lower than ua

that required to guarantee a degree of dissipation of pore pressure of 95% (Blight 1963). 

Sample 1 and sample 2 were isotropically compressed up to  = 74 kPa and  = 100 kPa, while a  p't p't K0

compression test was performed on sample 3 up to  = 70 kPa (Fig. 8a). The   compression test was p't K0

performed with a radial stress ramp with volume change and axial displacement back measurement 

allowing for automatic adjustment to guarantee negligible radial strains. Sample 4 was firstly 

isotropically consolidated up to a mean effective stress  = 32 kPa and subsequently isotropically p'0

unloaded to give an initial overconsolidation ratio  of about 2. The final shearing stage OCR = p'0 p'

consisted in a series of mixed isotropic and deviatoric loading steps as summarised in Fig. 8b. On 

sample 2 the end restraint effects were limited by interposing a perforated plastic disk and a perforated 

nitrile membrane, 0.1 mm thick, between the filter paper and the sample. 

Insert Fig. 8

Isotropic response

The results obtained from isotropic compression on sample 1 and sample 2 are displayed in Figs. 9a 

and 9b. To evaluate the deformation response of the samples, the isotropic compression was performed 

by controlling separately the axial and the radial stresses, and measuring the axial displacement and the 

volume change separately. In Fig. 9a the incremental volumetric over axial strain ratio , is δεp/δεa

given as a function of the mean effective stress.
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Insert Fig. 9

If the sample response were perfectly isotropic, the incremental strain ratio would be equal to δεp/δεa

 = 3. At the beginning of the compression stage the experimental ratio is higher due to the reorientation 

of the initial fabric, created during the 1-D preparation in the consolidometer tube under a small 

vertical stress and no lateral strain. However, the asymptotic ratio is of relevance to quantify the effect 

of the kinematic constraint imposed by the end restraint.

For sample 1, tested with rough end platens the incremental ratio between the volumetric and axial 

strain attains a value lower than that corresponding to the isotropic response. The result is due to the 

shear stresses between the soil sample and the porous stones, which constrained the lateral contraction 

during isotropic compression, hence inducing non-null deviatoric strain. The corresponding impact on 

the stress-dilatancy rule is reported in Fig. 9b, which shows that the inclination of the plastic strain 

increment vectors is about 6° to the horizontal. However, the observed inclination of the plastic strain 

increment vectors cannot be ascribed to an asymptotic anisotropic response, as the data on sample 2, 

tested with smooth end platens, demonstrate. At increasing stress, the incremental strain ratio tends to 

the expected value of 3 for the isotropic material response.

Previous tests in the literature indicate that natural fibrous peats may exhibit inherent anisotropy due to 

the orientation of the big fibres within the peat fabric (Landva and La Rochelle 1983; Yamaguchi et al. 

1985a; Yamaguchi et al. 1985b). However, the maximum length of the fibres in the tested peat was 3 

mm, and they were randomly distributed during the 1-D preparation procedure. After re-orientation of 
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the fabric from 1-D to isotropic, the true material response appears to be isotropic as well (sample 2 

Fig. 9a). However, the sample response is affected by the kinematic constraint at the top and the 

bottom, and eventually appears anisotropic. It is worthwhile remarking that the FE simulation of the 

isotropic compression test on a constrained sample of a material obeying the MCC model with the 

parameters reported in Table 1, gives a prediction of the incremental strain ratio which qualitatively 

reproduces the observed experimental response. The quantitative difference between the inclination of 

the calculated and observed vectors is mostly due to the choice for a basic MCC model to simulate the 

more complicated material behaviour of peat. Possible concomitant constraint provided by the 

connection of the external membrane with the top cap may play a small role too, which was not 

accounted for in the numerical analyses. 

Deviatoric response 

The deviatoric response was investigated by means of the  radial path (Fig. 8a) and the mixed K0

incrementally isotropic and deviatoric path on sample 4 (Fig. 8b) where rough end platens were used. 

The experimental data from the different test stages were elaborated to give a comprehensive picture of 

the stress-dilatancy rule, as it appears from the sample behaviour (Fig. 10).

Insert Fig. 10

Following the same approach described for the elaboration of the data in Fig. 6a, the experimental data 

from sample 4 are interpolated to give the sample  –  sample behaviour. To fit the experimental d η

results in Fig. 10, the generalised flow rule proposed by McDowell and Hau (2003) is used. The 

adopted equation allows high flexibility in the shape of the stress-dilatancy rule through the coefficient 
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, though keeping the formulation extremely simple. It is worth remarking that the same formulation χ

has been used by Ohmaki (1982), Alonso et al. (1990) and Yu (2007), among others. The stress 

dilatancy rule reads:

(5) d =
M2

g ‒ η2

χη

To interpolate the experimental data, the apparent critical stress ratio was set equal to the asymptotic 

stress ratio reached by sample 4,  =  = 2.57 (Fig. 8b) and the shape factor to a value  = 3.5.Mg ηu χ

DISCUSSION

Based on the numerical results reported before, it is expected that the  -  values in Fig. 10 lay below d η

the true material response for  and above it for . Also, the critical stress ratio of the η < ηK0 η > ηK0

material should be lower than the one elaborated from the triaxial tests with rough end platens. Despite 

the true  -  rule for the tested peat is not known, in principle it should satisfy three conditions:d η

(i)  for  = 0, due to the observed isotropic response in isotropic compression (Fig. 9a); d→∞ η

(ii)  = observed , for , as a  path rules out the end restraint effect;d d η = ηK0 K0

(iii)  for , where  gives the critical stress ratio.d = 0 η = Mg Mg

Based on these constraints and exploiting the fundamental information on  coming from the K0

experimental tests, the modelling exercise presented in the previous section is further exploited in an 

attempt to clean the experimental data from the effect of the end restraint. The calculated lateral 

pressure ratio derived from the experimental data along the radial path on sample 3 allows to define a 

value of  = 0.33 for the tested peat, in the range indicated by previous findings (Den Haan and Kruse K0

2007; Edil and Wang 2000; Hayashi et al. 2012). The critical stress ratio determined from the 
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undrained triaxial test with smooth end platens (TxCU) for this peat,  = 1.75 (see Table 1), gives a Mg

friction angle  = 42.6°. According to the simplified Jaky’s formula (Jaky 1948), , the φ' K0≅1 ‒ sin φ'

corresponding  value would be  = 0.32, which well matches the value determined from the  K0 K0 K0

triaxial test. If the ultimate stress ratio  = 2.57 derived from sample 4 (Fig. 8b) was used as critical ηu

stress ratio, a much lower value  = 0.1 would be obtained, in contrast to the experimental result on K0

sample 3.

Eq. (5) is now used to propose a stress-dilatancy relationship which satisfies the three conditions above. 

The value of  is chosen in such a way that the flow rule predicts zero lateral strain for a stress path χ

corresponding to the  condition expressed through the Jaky’s simplified equation asK0

(6) ηK0 =
3Mg

6 ‒ Mg

Along a  radial path, the constraint of null radial strain implies ηK0

(7) d =
3
2

λ ‒ κ
λ

if the elastic component of the deviatoric strain is neglected for the sake of simplicity (Alonso et al. 

1990). Combining eqs. (5) to (7),

(8) χ =
2
9

λ
λ ‒ κ

Mg[(6 ‒ Mg)2 ‒ 9]
6 ‒ Mg
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with the compression indexes (  = 2.0,  = 0.3) in Table 1 and the critical stress ratio  = 1.75, a λ κ Mg

value of  = 0.98 is found. The resulting stress-dilatancy relationship is plotted in Fig. 11a, together χ

with the experimental data from sample 3, sample 4 and the TxCU test with smooth end platens. The 

data from the constant deviatoric stress path “BC” and the portion of the path “CD” below the  line K0

(Fig. 8b) lie below the model stress-dilatancy relationship. At increasing stress ratio along the path 

“CD” the experimental results move to the right hand side of the theoretical response, consistently with 

the previous numerical findings.

Insert Fig. 11

The experimental data on sample 4 intersect the proposed stress-dilatancy rule for a stress ratio of ηK0

 = 1.2, as expected. If the proposed stress-dilatancy law in Fig. 11a were assumed to represent the 

“true” material behaviour and the experimental results were not corrected, an error on the inclination of 

the plastic strain increment vectors would occur. The difference in inclination between the “true” 

values and the values derived without correcting for the end restraint, , is in the range of 7° to -15° ∆β

for low and high stress ratios respectively. This is reflected in an appreciable change of the shape of the 

plastic potential, as shown in Fig. 11b. 

In the attempt to verify the validity of the proposed “true” material stress-dilatancy function for the 

tested peat, the radial paths in Fig. 2b have been reproduced numerically, by simulating the triaxial test 

and including end restraint. Compared to the previous numerical results, only the  -  relationship was d η

changed, by using eq. (5) with  = 1.75 and  = 0.98. All the other parameters were kept as in Table Mg χ
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1. As displayed in Fig. 11a, by using the proposed  -  relationship, the sample behaviour observed d η

from the experimental triaxial tests with rough end platens was recovered. The agreement between the 

numerical results and the experimental data is more than satisfactory for . For radial paths η < ηK0

above the  line, the numerical results predict a higher dilatancy than expected based on the material K0

behaviour. However, the numerical results lie below the experimental ones, due to the latter tending to 

a higher value of ultimate stress ratio, which can be ascribed to deviatoric hardening (e.g. Nova 1977). 

By introducing the latter ingredient in a constitutive model higher ultimate stress ratio could be 

reproduced (Muraro 2018).
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CONCLUSIONS

An experimental and modelling exercise was proposed to evaluate the effect of triaxial tests issues in 

the derivation of the stress-dilatancy law. The effects of the end restraint on the shear strength at failure 

obtained from triaxial compression tests have been intensively investigated in the past, both 

experimentally and numerically. However, inferring the correct stress-dilatancy relationship for the 

entire pre-failure range is essential in view of deformation analyses and of serviceability limit states 

assessment. So far, scarce attention has been given to the end restraint effects on this fundamental 

ingredient of any constitutive model. The consequences of end restraint on the derivation of the stress-

dilatancy relationship are particularly relevant for soft organic soils such as peats, where the high 

compressibility combined with the high friction angle increases the non-uniformities in stresses and 

strains within the sample during a standard laboratory test. 

Experimental results from triaxial compression tests with rough and smooth end platens showed the 

influence of the kinematic constraint on the deformation mode of peat samples. End restraint plays a 

role at any stage of the test, which clearly emerges from isotropic compression paths on isotropic 

samples. When rough end platens were used in the experimental test, the strain response appeared as if 

were anisotropic, with plastic strain increment vectors inclined of about 6° with respect to the 

horizontal.

A series of finite element analyses of triaxial tests were run to highlight the difference between the 

material behaviour at the constitutive level and the sample behaviour. The stress-dilatancy relationship 

reconstructed from global stress-strain variables in the numerical analyses differs substantially from the 

material flow rule, if rough end platens are introduced. In particular, the numerical results showed that 
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for radial stress paths below the stress ratio which corresponds to the  condition the dilatancy is K0

underestimated, while for radial path above  it is overestimated. Moreover, when the stress-dilatancy K0

relationship is derived from global stress-strain variables overestimation occurs of the critical stress 

ratio corresponding to null dilatancy. As a whole, the incorrect interpretation of the flow rule due to 

end restraint effects may have relevant engineering implications on both serviceability and ultimate 

limit states, by overestimating the displacements or the shear strength for loading paths below and 

above the  condition, respectively.K0

The analysis of the experimental and numerical data including rough end platens allowed providing a 

practical approach to correct the interpretation of drained triaxial tests on peat, in an attempt to clean 

the observed data from end restraint effects. Based on simple observations coming from a  test in the K0

triaxial apparatus and undrained compression tests with smooth end platens, a corrected stress-

dilatancy relationship for the reconstituted peat could be proposed and numerically validated.
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Table 1. Material parameters used in the numerical simulations.

Parameter Units Numerical value

 κ [-] 0.3

 λ [-] 2.0

 ν [-] 0.2

 p '
0 [kPa] 1

 at e0 p '
0 [-] 10.4

 =  (associated plasticity)Mf Mg [-] 1.75

Shape factor K of the yield locus on the deviatoric  plane* [-] 0.778

* For the analytical function used to describe the shape of the yield locus on the  plane see Hibbitt et al. (2009)

Table. 2. Index properties of the tested specimens and relevant stress levels. 

Sample
Gs

[-]

e0

[-]

OC

[-]

p’0

[kPa]

Path p’t

[kPa]

ua

[mm/min]

Sample 1 1.52 9.8 0.91 8 Isotropic 74 0.003

Sample 2 1.51 10.4 0.92 8 Isotropic 100 0.002

Sample 3 1.50 10.3 0.91 8 K0 70 0.008

Sample 4 1.46 9.7 0.91 32 Mixed 43 0.003
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Fig. 1. Shape of the yield locus on the deviatoric  plane for K=0.778 (chosen value) and K=1 (von 

Mises)

Fig. 2. Sketch of the triaxial specimen with the boundary conditions used in the finite element model 

(a); (b) stress histories imposed to the specimen in the numerical analyses.

Fig. 3. Contour plots of the axial strain from the numerical analyses: (a) undeformed configuration; 

deformed configuration for (b) stress ratio  = 0.35 and (c)  = 1.40. η η

Fig. 4. Comparison between the deviatoric stress-axial strain response after the four different cross 

sectional area corrections considered and the material response from smooth FE simulations for radial 

paths with (a)  = 0.35 and (b)  = 1.40.η η

Fig. 5. Stress-dilatancy relationship d -  from the FE results at the sample level (global quantities) for η

both smooth and rough end platens compared to the input MCC law.

Fig 6. Stress-dilatancy relationship (a) and (b) inclination of the plastic strain increment vectors 

obtained by fitting the results of radial paths from conventional triaxial tests with rough end platens.

Fig. 7. Comparison between material and sample behaviour as predicted from a single element test 

based on the results from triaxial tests with rough end platens for two radial path: (a)  = 0.35 and (b) η η

 = 1.40.
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Fig. 8. Experimental isotropic stress paths and K0-consolidation (a); (b) mixed isotropic-deviatoric 

path.

Fig. 9. Incremental volumetric over axial strain ratio (a); inclination with respect to the horizontal of 

the plastic strain increment vectors during isotropic compression of reconstituted peat samples with 

rough and smooth end platens (b).

Fig. 10. Stress-dilatancy relationship derived from the experimental results on sample 4 with rough end 

platens.

Fig. 11. Proposed stress-dilatancy relationship for the tested reconstituted peat ruled out by the end 

restraint effect (a); plastic potential derived from for the sample behaviour and proposed plastic 

potential (b).
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 sample heightH

 sample diameterD

 sample volumeV

 initial sample heightH0

 initial sample diameterD0

 initial sample volumeV0

 slope of the isotropic normal compression lineλ

  slope of the isotropic unloading-reloading lineκ

 Poisson’s ratioν

 shear modulusG

 saturated hydraulic conductivity ks

 initial void ratioe0

 specific gravity Gs

 organic content OC

 mean effective stressp'

preconsolidation mean effective stressp'c

maximum mean effective stress applied in the triaxial apparatusp't

 deviatoric stressq

 overconsolidation ratioOCR

 coefficient of earth pressure at restK0

 stress ratioη

 stress ratio along  pathηK0 K0
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 asymptotic stress ratioηu

 stress ratio associated to the horizontal tangent of the yield locusMf

 stress ratio at critical stateMg

 shape factor of the yield locus on the deviatoric  planeK Π

 axial displacement rateua

 axial strainεa

 radial strainεr

 volumetric strainεp

 deviatoric strainεq

 axial strain incrementδεa

 volumetric strain incrementδεp

 volumetric plastic strain incrementδεp
p

 deviatoric plastic strain incrementδεp
q

 dilatancyd

 inclination to the horizontal of the plastic strain vectors β

 coefficient for the stress-dilatancy relationship χ

 friction angleφ'
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Table 1. Material parameters used in the numerical simulations.

Parameter Units Numerical value

 κ [-] 0.3

 λ [-] 2.0

 ν [-] 0.2

 p '
0 [kPa] 1

 at e0 p '
0 [-] 10.4

 =  (associated plasticity)Mf Mg [-] 1.75

Shape factor K of the yield locus on the deviatoric  plane* [-] 0.778

* For the analytical function used to describe the shape of the yield locus on the  plane see Hibbitt et al. (2009)
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Table. 2. Index properties of the tested specimens and relevant stress levels. 

Sample
Gs

[-]

e0

[-]

OC

[-]

p’0

[kPa]

Path p’t

[kPa]

ua

[mm/min]

Sample 1 1.52 9.8 0.91 8 Isotropic 74 0.003

Sample 2 1.51 10.4 0.92 8 Isotropic 100 0.002

Sample 3 1.50 10.3 0.91 8 K0 70 0.008

Sample 4 1.46 9.7 0.91 32 Mixed 43 0.003
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Fig. 1. Shape of the yield locus on the deviatoric Π plane for K=0.778 (chosen value) and K=1
(von Mises)
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Fig. 2. Sketch of the triaxial specimen with the boundary conditions used in the finite element

model (a); (b) stress histories imposed to the specimen in the numerical analyses.
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Fig. 3. Contour plots of the axial strain from the numerical analyses: (a) undeformed
configuration; deformed configuration for (b) stress ratio η = 0.35 and (c) η = 1.40.
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Fig. 4. Comparison between the deviatoric stress-axial strain response after the four different
cross sectional area corrections considered and the material response from smooth FE

simulations for radial paths with (a) η = 0.35 and (b) η = 1.40.
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Fig. 5. Stress-dilatancy relationship d - η from the FE results at the sample level (global
quantities) for both smooth and rough end platens compared to the input MCC law.
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Fig 6. Stress-dilatancy relationship (a) and (b) inclination of the plastic strain increment
vectors obtained by fitting the results of radial paths from conventional triaxial tests with

rough end platens.
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Fig. 7. Comparison between material and sample behaviour as predicted from a single element
test based on the results from triaxial tests with rough end platens for two radial path: (a) η =

0.35 and (b) η = 1.40.
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Fig. 8. Experimental isotropic stress paths and K0-consolidation (a); (b) mixed isotropic-

deviatoric path.
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Fig. 9. Incremental volumetric over axial strain ratio (a); inclination with respect to the

horizontal of the plastic strain increment vectors during isotropic compression of reconstituted
peat samples with rough and smooth end platens (b).
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Fig. 10. Stress-dilatancy relationship derived from the experimental results on sample 4 with
rough end platens.
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Fig. 11. Proposed stress-dilatancy relationship for the tested reconstituted peat ruled out by
the end restraint effect (a); plastic potential derived from for the sample behaviour and

proposed plastic potential (b).
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