COMMUNICATIONS ON doi:10.3934/cpaa.2019
PURE AND APPLIED ANALYSIS
Volume 18, Number 5, September 2019 pp- —

A SYMMETRY RESULT FOR ELLIPTIC SYSTEMS
IN PUNCTURED DOMAINS

S. BIAGI

Dipartimento di Ingegneria Industriale e Scienze Matematiche
Universita Politecnica della Marche
Via Brecce Bianche, 60131, Ancona, Italy

E. VALDINOCI

Department of Mathematics and Statistics
University of Western Australia
35 Stirling Highway, WA 6009 Crawley, Australia

E. VEccHI

Dipartimento di Matematica, Universita degli Studi di Trento
Via Sommarive 14, 38123, Povo (Trento), Italy

ABsSTRACT. We consider an elliptic system of equations in a punctured bounded
domain. We prove that if the domain is convex in one direction and symmetric
with respect to the reflections induced by the normal hyperplane to such a
direction, then the solution is necessarily symmetric under this reflection and
monotone in the corresponding direction. As a consequence, we prove symime-
try results also for a related polyharmonic problem of any order with Navier
boundary conditions.

1. Introduction. In this paper we will study general cooperative systems of second-
order elliptic equations in the spirit of Troy [20]. The equations are set in a punc-
tured domain, thus allowing possible singularities; nevertheless, thee structure of
the system being (partially) cooperative, we are allowed to use the maximum prin-
ciple. Exploiting the moving plane method, we will prove that positive solutions in
a domain which is symmetric under a given reflection also possess the same type of
symmetry, and moreover they are monotone with respect to the direction of sym-
metry (in particular, if the domain is a punctured ball, the solution is necessarily
radial and radially decreasing).

We now introduce the mathematical setting in which we work.

Let © C R™ (with n > 2) be a domain (i.e., open, bounded and connected set)
satisfying the following structural assumptions, which we assume to be satisfied
throughout the paper:
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e ) is convex in the x1-direction, that is, if p = (p1,...,pn) and ¢ = (q1,- .-, qn)
belong to Q and p; = ¢; for any j € {2,...,n}, then

(1 —t)p + tq belongs to Q for all ¢ € [0, 1];
e () is symmetric with respect to the hyperplane {21 = 0}, that is,
if p=(p1,p2,-..,pn) € Q then pg := (—p1,p2,...,0n) € Q,

e (0 lies in €.

We point out that, since 2 is connected, the same is true of Q \ {0}.
Let now m € N be fixed, we consider the following elliptic system

—Au; = fi(ug,...,um), inQ\{0}
u; =0, on 09 (1.1)
u; >0, in Q\ {0}.

We consider classical solutions of (1.1), namely u; € C2(Q\ {0}) N C(Q\ {0}) for
every ¢ = 1,...,m. We assume further that f; : R™ — R satisfy

afi

fi € Lip(R™) and Du

>0, i#k, 1<ik<m, (f1)
where the sign assumption on the partial derivatives of f; has to be intended in the
L*>-sense. As anticipated, the main result of the present paper concerns symmetry
properties of the positive solutions of (1.1) and is the following

Theorem 1.1. Let Q C R™ be a domain satisfying the structural assumptions
introduced above and let f; : R™ — R satisfy (f1). Moreover, let U = (uq,...,Um) €
C2(Q\ {0} R™)NC(Q\{0};R™) be a classical solution of the elliptic system (1.1).
Then the following facts hold true: for everyi=1,...,m,
(1) wy is symmetric in x1, i.e., w;(x1, T, ..., xy) = wi(—x1,x2,...,x,) for every
x €
(2) w; is decreasing with respect to x1 on QN {x1 > 0}.

Theorem 1.1 extends a classical result by Troy [20] to the case of punctured
domains. In particular, when m = 1, our result recovers the classical result in [4];
on the other hand, when m = 2, the system (1.1) finds natural applications in
engineering, for instance in the description of “hinged” rigid plates, see e.g. [12].
This leads to consider other examples of polyharmonic operators which naturally
appear in the phase separation of a two component system, as described by the
Cahn-Hilliard equation (see [5]), and when comparing the pointwise values of a
function with its average (see [16]).

As is well-known, the literature concerning symmetry results for elliptic PDEs
is extremely wide, and is far from our scopes to present here an exhaustive list of
references. We must mention the seminal papers [3,13,18] for the use of the moving
planes method in the PDEs setting; we also highlight [4,10,15,17,19] (for symmetry
results for singular solutions of scalar semilinear equations in local and non-local set-
ting) and [2,6-9,11,20] (for symmetry results for semilinear polyharmonic problems
and cooperative elliptic systems).

To continue in the direction traced in the aforementioned papers, it is then natu-
ral to apply Theorem 1.1 to a suitable class of polyharmonic problems with Navier
boundary conditions, which comes from Pizzetti-type superpositions of polyhar-
monic operators with appropriate structural assumptions on the coeflicients. More
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precisely, given ag, ..., a, € R, we define « := (a1,...,q,) € R™ and we consider
the characteristic polynomial expansion
(651 +1t 0 N 0
0 as +t ... 0 m
det . ) ) . = Z sp() (1.2)

: : . : =0

0 0 e T
where s,, (o) =1 (independently on «) and, for every k =0,...,m — 1, we have

sp(a) = Z Qi (1.3)

1<i1 <. <i—r <m

We stress that, by the Descartes rule of signs, the positivity of so(a),. .., Sm—1(c)
is equivalent to the positivity of all «;; see also Lemma A.1 for a self-contained
proof.

Then, we consider the equation

ZZLO sk()(=A)u = f(u) in Q\ {0},
u>0 inQ\ {0},

u=—-Au=...=(=A)""tu=0 ondQ, (1.4)
inf (~A)Yu>-00 j=1,....,m—1.
Q\{o}
In this context, we require f to satisfy the following assumptions:
f€Lip(RT), f(0)>0 and fis non-decreasing. (f2)

The symmetry and monotonicity result for (1.4) then goes as follows.

Theorem 1.2. Assume that so(),...,sk—1(c) € [0,+00). Let @ C R™ be a do-
main satisfying the structural assumptions introduced above and let f : Rt - R
satisfy (2). Moreover, let u € C*™(Q\ {0})NC?*™=2(Q\ {0}) be a classical solution
of the 2m-th order boundary value problem (1.4).

Then the following facts hold true:

(1) w is symmetric in x1, i.e., uw(ry, T, ..., Tn) = u(—21,22,...,2,) for every
x el
(2) w is decreasing with respect to x1 on QN {xzy > 0}.

We notice that, if one aims to prove the existence of such a solution, some
regularity on the boundary 99 of Q must be required see e.g., [12, Theorem 2.19].
On the other hand, we do not need to take any additional assumption here, since
we are assuming a priori that a solution exists and we aim at proving its symmetry
and monotonicity properties.

We also point out that, choosing ay = - -+ = ,;, = 0 (which gives that s;(a) =0
for every i = 0,...,k — 1), the above (1.4) becomes

(=A)"u = f(u) in Q\{0},
u>0 inQ\ {0},
u=—-Au=...=(-A)""lyu=0 on 99, (1.5)

inf (—A)u>-o00 j=1,....,m—1.
Q\{O}( ) j

which can be viewed as a natural extension of the second-order PDE studied in [4].



4 S. BIAGI, E. VALDINOCI AND E. VECCHI

We now briefly describe how Theorem 1.1 can be used to prove Theorem 1.2.
First of all, if « = (a1, ..., ) € R™, we set

U = u, Uir1 = (—A + o)y (fori:l,...,m—l); (1.6)

with this notation, the 2m-th order boundary vale problem (1.4) is equivalent to
the following system

(—A—&-ai)ui:uiﬂ inQ\{O}, 1=1,....m—1,
(_A + am)um = f(ul) in €2 \ {0}7 (17)
up >0 in Q\ {0}.

We stress that (1.7) is a particular case of (1.1) with
filur, .o yum) i=wqpq (fori=1,....m—1) and fin(1,...,um) = f(u1).

In view of this, we spend few words on the relation between (f1) and (f2). The
request f(0) > 0 is closely related to the fact that in (1.4) we asked only u; >
0 and so the positivity of all the other components has to be proved. Indeed,
condition (f2) together with the weak maximum principle in punctured domains
(see [4, Lemma 2.1]), the lower-boundedness of the u;’s and the standard strong
maximum principle, yields the positivity of the components uq,...,u, of U in
Q\ {0}. If we ask immediately for u; > 0 for every ¢ = 1,...,m, we can then avoid
the extra assumption f(0) > 0, and then (f2) becomes a particular instance of (f1).

Finally, a couple of comments on the regularity assumption of f in (f2). When
m = 1, in [4] the analogue of Theorem 1.2 (in the case a1 = ... = ay, = 0) is
proved under the weaker assumption that f is only locally Lipschitz-continuous (and
possibly depending on the spatial variable z). In our case, we instead assume a global
Lipschitz assumption in (1), since boundedness issues become more involved when
m > 2 (roughly speaking, for the case of systems, the positivity of one component in
a subdomain does not imply the positivity of the other components). For a similar
reason, we also assume the bound

QI\I?(;} u; > —00. (1.8)
Indeed, when m = 1 dealing with positive solutions implies immediately the former
bound. On the other hand, for m > 2, while this is still true for u;, this is not
automatically inherited by the other components of the system. We think that
it is an interesting open problem to further investigate whether either the global
Lipschitz regularity assumption or the bound from below of the u; = (—A)7u can
be relaxed as in [4].

The paper is organized as follows. After stating some notation, in Section 2
we present the main technical results, related to suitable versions of the maximum
principle for cooperative systems; then, Theorem 1.1 will be proved in Section 3
obtaining the symmetry result by the moving plane and reflection methods.

2. Notation, assumptions and preliminary results. We introduce some no-
tation and the standing assumptions used along the paper. For a function U : Q —
R™, U = (u1,...,Un), we say that U > 0 if

u; > 0 forevery i =1,...,m.

The notation for the moving plane technique is as in the paper of Serrin [18], and
it goes as follows. Given a point € R", we denote by (z1,...,,) its components;
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moreover, when more practical, we equivalently write x = (z1,2’) € R x R"~1. For
a given unit vector e € R™ and for A € R, we define the hyperplane
T\ :={z € R": (e,x) = A}.

From now on, without loss of generality we assume that e = ej, i.e. the normal
to T is parallel to the x;-direction. To simplify the readability, we further assume
that
supx; = 1. (A1)
Q

Now, for every A € (0,1) we define
Ry :R" — R", Ry(z) =) = 2\ — 1, 2'). (2.1)

We stress that (2.1) may lead to points that do not belong to Q: for example, we
have

0x = (21,0,...,0) €Q
for A > 1, in view of (A1). Proceeding further with the notation, given any A € R,
we introduce the possibly empty set

Sx={reQ x>}
and its reflection with respect to T},
R)\(E)\) = El/\ = {CL‘)\ eR" .z € Z,\}

Since Q C R" is bounded, by (A1) we have that Ty does not touch Q for A > 1;
moreover, T} touches © and, for every A € (0,1), the hyperplane Ty cuts off from
(2 the portion ¥5. At the beginning of this process, the reflection ¥\ of £y will be
contained in .

Let now U = (ug,...,un) € C*(Q\ {05R™) N C(Q\ {0};R™) be a classical

solution of the second order elliptic system (1.1). For every ¢ = 1,...,m and for
every fixed A € (0,1), we introduce the functions on Xy \ {05} defined as follows:
ul(»'\)(x) = u;(xy) and Ul()\) (z) := ul(»’\)(:c) — ui(x).
Finally, to simplify the notation, we also define
Un(z) := (uw,ugﬂ,...,uw) zin £\ {02}, (2.2)
and
W(z) == <v§)‘),vé>‘), . 70573)) zin Xy \ {0x}, (2.3)

We observe that, since 2 is symmetric and convex with respect to Ty = {z1 = 0},
the above definitions (2.2) and (2.3) are well-posed for every A € [0,1).

We now recall the maximum principle in small domains for cooperative systems
proved by de Figueiredo in [9].

Lemma 2.1 (Proposition 1.1 of [9]). Let @ CR"™ be an open and connected subset
of R™ and let A(z) = (as;(x)) be a m x m-valued map such that a;; € L*°(Q) and

a;; >0 on Q for every i,j € {1,...,m} with i # j.
Suppose that U = (uy,...,Un,) is a vector-valued function in C?*(Q) such that
—(A+ A(z))U >0 inQ,
liminf U(xz) >0 forevery y € 0€.
T—Y

Then, there exists § = §(n,diam(Q)) > 0 such that if | < 5, U >0 in Q
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The following technical result can be seen as a slight variation of Lemma 2.1 and

as an extension of [4, Proposition 2.1] to the case of (special) cooperative systems.
Lemma 2.2. Let £ € R",r > 0 be fized and let

Qc B (2.0

be an open set. Moreover, let zg € Q be arbitrarily chosen, A(z) = (ai;(x)) be as
in Lemma 2.1 and let U = (uy, ..., upm) € C2(Q\ {x0}) be such that

—(A+A(@)U >0 inQ\{zo},

lim_jnf U(z) >0 forevery y € 09, (2.5)
Ty
info\(poyui > —00  i=1,...,m.

Then, for sufficiently small r > 0, we have
U>0, inQ\{zo}.

Proof. Without loss of generality, we can assume that £ = xg = 0. We then consider
the vector-valued function W := U + eH given by

U1+Eh

UQ-l-Eh
W .= .
Uy, + €h

where h(x) := (—In(|z]))*, with a € (0,1) to be chosen, as in [4]. Obviously, we
have that
h >0 on B,(0), and h — 400 as |z| — 0. (2.6)

Moreover, we claim that

if r > 0 is small enough. Indeed, since a;; € L>() for any ¢, j, we can define

Cij = sup{a;;(z) : x € Q)} and K := max ZCU'
Jj=1

Then, a direct computation shows that

Ah+Kh:7w(n72)+Til

(as |z| = 0).

Since n > 2 and a € (0, 1), if r < 1 is sufficiently small we obtain
Ah+ Kh <0 in B.(0)\{0}. (2.7)

Now, by definition of K and since h > 0 on R™\ {0}, from (2.4), (2.5) and (2.7) we
get

(A+Aa@)W] = [(A+A@) U] +e(Ah+ (XT aii(@) - h)

(2.8)
ge(Ah+Kh) <0 fori=1,...,m.
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Furthermore, recalling (2.6), we have that

e liminf W(z) > liminf U(z) > 0 for every y € 9€; (2.9)
Ty Ty
o Wi(x) =wu;(z)+eh(z) = +o0 as |z| = 0 (since Q\1?f }ui > —00). (2.10)
Zo

Gathering together (2.8), (2.9) and (2.10) (and by possibly shrinking ), we are
entitled to apply the weak minimum principle in Lemma 2.1, obtaining W = U +
eH > 0in Q\ {0}. From this, taking the limit as e — 0", we conclude that U > 0
in Q\ {0}. O

Theorem 2.3. Let O C R"™ be an open and connected subset of R™ and let A(x) =
(aij(z)) be a m x m-valued map such that a;; € L>(2) and
a;; >0 on Q for every i,j € {1,...,m} with i # j. (2.11)
Moreover, let U = (u1, ..., un) € C?(;R™) be such that
{AU—FA(&U) U >0, onf,

(2.12)
U<O0 on (.

If there exists xo € Q such that uk(xo) = 0 (for some k € {1,...,m}), then
u, =0 on Q.
Proof. We consider the R™-valued function V' € C?(Q; R™) defined by
V(z) :=e *1U(x) (z€Q),

where a > 0 is a suitable real constant which will be chosen later on. For every
fixed k € {1,...,m} and every z € Q we have

Avg(z) = o v (x) + e Auyg(2) — 200e™ "1 O, up(2);
thus, owing to the first inequality in (2.12) we get
m m
Avg + Z agj(x)v; = o vy 4 e (Auk + Z ag;(x) uj> —2ae” ¥ 9, ug
j=1 =1
> o? v, — 200”0 Opy U, = —a’ vy — 2 a Oy, Vg

From this, by combining the second inequality in (2.12) with (2.11) we obtain

Lok + (oz2 + ag(z))vp > Zakj(x)(fvj) >0,
prs
where L, := A 4 2a0,,. Now, since the function axy is bounded on 2 (by assump-
tion), it is possible to choose o > 0 in such a way that
a?+ap, >0 on
with this choice of o we then get (see also (2.12))
Lovi > —(a® + agk(2))vy, > 0.

We are ready to conclude: the operator L, being uniformly elliptic in €2, the classical
Strong Maximum Principle holds for L,; as a consequence, since

v = ety <0 on Q,

if ug(zp) = 0 (for some z¢ € Q) we have vi(zp) = 0, and hence vy = 0 on 2. This
obviously implies that ux = 0 on 2, and the proof is complete. O
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Finally, in order to make the paper self-contained, we state and prove a Hopf
Lemma for weakly cooperative ellitic systems.

Theorem 2.4. Let @ C R" be an open subset of R™ and let A(x) = (ai;(x)) be a
m X m-valued map such that a;; € L>=(Q) and

a;; >0 on Q for every i,j € {1,...,m} with i # j. (2.13)
Moreover, let U = (u1, ..., um) € C?(Q;R™) be such that

AU + A .U>0 Q
+A(@)-U20, on, (2.14)
U<O0 on €.

If there exists xg € O such that ug(zg) = 0 (for some k € {1,...,m}) and if Q
satisfy an interior ball condition at xq, then

Ouy,
v

provided that the outer normal derivative does exist.

(z0) > 0, (2.15)

Proof. We consider once again the R™-valued map V € C?(Q;R™) defined by
Vi=e U on Q.
If k € {1,...,m} is arbitrarily fixed and if @ > 0 is chosen in such a way that

a? + agr > 0 on 2 (remind that, by assumption ax, € L>=(Q)), by arguing exactly
as in the proof of Theorem 2.3 we infer that

Lovg >0 on 2,

where L, := A 4 2a0,,. Since the operator L, is uniformly elliptic in €2, the
classical Hopf Lemma holds for L, (see, e.g., [14, Lemma 3.4]); as a consequence,
since v, = e~ ¥ yy, < 0 on 2 (see (2.14)), if there exists a point xy € 9 such that
v (zo) = 0 (and if the outer normal derivative of uy at zq exists) we have

v o, OU o, OU
5, (@0) = o (o) v(w0) + € Z R (wp) = € R () > 0.
This obviously implies the desired (2.15), and the proof is complete. O

3. Proof of Theorem 1.1. In the present setting, we can now perform the proof of
Theorem 1.1. For simplicity we separate the proof of the first claim in Theorem 1.1,
which is the core of the argument, from the proof of the second claim, which is mostly
straightforward.

Proof of Theorem 1.1 - (1). First of all we observe that, for every fixed A € (0,1),
the functions v\ satisfy in the open set ¥, \ {04} the following (system of) PDEs

—AUZQ\) = —AuEA) + Au; = Zcij(x; )\)vl(:‘) (), i=1,...,m,
j=1

where, the ¢;;(z; ) are suitable non-negative functions bounded above by a certain
positive constant M > 0, due to (f1). Moreover, we remind that

U= (u1,...,un)=0on o (3.1)

and
U= (ug,...,up) >0 inQ\{0}. (3.2)
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We then observe that, since A is strictly positive, the reflection of 93 N 9N with
respect to the hyperplane T} is entirely contained in € (remind the structural as-
sumptions satisfied by ). As a consequence, by (3.1) and (3.2), we derive that (for
i=1,...,m)

vg/\) >0 on 0%y \ {05} but vg’\) # 0 on the same set. (3.3)
We explicitly point out that, if A # 1/2, we have that 0y ¢ 9%,.

Gathering all these facts we see that, for every fixed A € (0,1), the R™-valued
map V) satisfies on ¥y \ {05} the following elliptic system of PDEs:

AV, + A(I’7 )\)V)\ =0, in X \ {OA},
™) ) . (3.4)
v, >0, v;77/ #0, ondXy\ {0,} (fori=1,...,m),
where A(x; \) is given by
Aw; A) = (cij (@5 0); jo1 ns (3.5)
and, by virtue of assumption (1), it holds that
cij(x; X) > 0 for i # j on 35\ {0x}. (3.6)
Furthermore, since uy, ... ,u,, are positive and continuous on Q\ {0} and, for every
fixed A € (0,1), the set X is compactly contained in 2\ {0}, we also have
inf o™ > inf (—u;) > —o0, foreveryi=1,...,m. (3.7)

S0} 1 T ma\{oa}

It is immediate to check that the system in (3.4) is (weakly) cooperative and satisfies
the assumptions of Lemma 2.1. This implies that, for A very close to 1, V\ > 0 in
¥ (note that, if A ~ 1, then 0y ¢ ). Moreover, by Theorem 2.3 we have

Va>0 in X,. (3.8)
We can then define
ZT:={X€(0,1) : V; >0in 3\ {0;} Vt € (A, 1)} and p:=infZ.

We list below some useful properties of p.

(i) p €[0,1). This is a straightforward consequence of (3.8).

(if) Vi > 0 on X\ {0} for every ¢t € (u,1). Indeed, let ¢ € (u,1) be fixed. Since
u = infZ, it is possible to find A\ € Z such that 4 < A < t. As a consequence,
since A € Z, we conclude that V; > 0 on X; \ {0:}, as claimed.

(i) V, > 0 on 3, \ {0,}. Indeed, if £ € £, \ {0,} is fixed, there exists a small
€0 > 0 such that £ € ¥, \ {0y} for every € € [0,€y). Thus, by (ii) we have

Vite(§) >0 for every € € [0, €).
Taking the limit as € — 0%, we conclude that V},(§) > 0, as claimed.

(iv) If 4 > 0, then V,, > 0 on ¥, \ {0,}. Indeed, by the previous point (iii) we
know that V,, > 0 on £, \ {0,}; moreover, assuming that g > 0, we know
that V), satisfies (3.4) on the same set (which is open and connected); we are
then entitled to apply the strong maximum principle in Theorem 2.3, which
ensures that

V,>0on X, \{0,}.
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The goal is to show that
4=0. (3.9)
Indeed, if this is the case, by the above (iii) we have (for x € £y = QN {z1 > 0})
U(—21,22,...,2,) = Up(x) 2 U(x) =U(z1,...,2,).

Thus, by applying this result to the function Q > z — W(x) := U(—x1,...,2,)
(which solves the same system of PDEs in (1.1)), we conclude that, for every x €
Qn {1'1 > O},

Ui,...yzn) =W(=z1,...,20) > W(z1,...,2n) =U(—21,...,2,), (3.10)
and this proves that U is symmetric in z;, as desired.

As in [4], we prove (3.9) by contradiction considering three possible cases:

- Case I: e (1/2,1);
- Case II: ¢ =1/2;
- Case IIT: p € (0,1/2).

Case I: We note that, in this case, 0, ¢ X,, so that there is no effect of the
singularity. If § > 0 is as in the statement of Lemma 2.1, we choose a compact set
K C X, such that

1S, \ K| < 3.
By definition of 41, and since K C ¥,, is compact, it holds that
()

vz(“)ZmI}nvi =m; >0, inK (for any i = 1,...,m).

We claim that there exits a small ¢y > 0, which we may assume to be smaller than
@ — 1/2, with the following property: for every € € [0, o], one has
|- \ K| <6, (3.11)
and
V,_e>0, inK. (3.12)
While (3.11) follows by continuity, the claim in (3.12) can be proved by arguing as
follows: we set p := dist(K,0,) > 0 and we consider the compact set

K' :={zeQ: |z| > p/2} C Q\ {0}.
It is very easy to see that, if Ry is as in (2.1) and ¢y < p/4, then
R,_.(x) € K' forevery x € K and every € € [0, );

as a consequence, since U is uniformly continuous on K’, by shrinking ¢y we get

vg‘he) = (wi(2p — 26 — 21, 2") — w;i(2p — 21, 2")) —|—v§“) > % > 0,
for every i = 1,..., and every € € [0, ¢9]. In particular, this implies that
Viee >0 on 9(Z,—c\ K). (3.13)

Now, since V,_. satisfies the system of PDEs

AV +Alzp—€)Vyee=0 on X, \K CX,_\{0u—c},
on account of (3.11) and (3.13) we are entitled to apply Lemma 2.1, which gives

Viee >0 on ¥, .\ K.
By combining this last fact with (3.12) we then get
Viee>0 on X, (for e €0, 60]).
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As a consequence, taking into account (3.4) and (3.6), we infer from Theorem 2.3
that

Viee >0 on X, (for e €0, 60]),
which contradicts the definition of . This excludes the case p € (1/2,1).

Case II: In this case, we need to distinguish two possible sub-cases. If the 0 /5

does not lie in £, then there is no singularity involved and we can argue exactly
as in Case I. We then have to rule out just the case 01/, € 9. Let us consider a
positive constant p > 0 sufficiently small and let us define the set D, C ¥y /5

D, := {y € Xy : dist(y, 0% /2) > p} .
Since D, C X/, we have V; /5 > 0 in D,; We then define the set A, C Q as
Ayi={z€Q: |z2—012| =p/2}.
By definition, D, N A, = 0); moreover, it follows from the above (iv) that
Vijg>0, inD,UA,.

Now, by arguing as in the proof of (3.12), we can show that there exists ey = €(p) >
0 such that, for any e € [0, o], we have 0y/5_. € 2N B,/5(01/2) and

Vl/Q_E > 0, in Dp U Ap; (314)
as a consequence, since (3.14) obviously implies that
Vija—e 20, ond(1)a-c\ (DpUB,/2(012))),
and, by (3.4), the map V )5_, satisfies the system of PDEs
AVijpoe + A(@;1/2 = e)Vijoe =0 on By5-.\ (D, UB,2(01)2)),
by eventually shrinking p we are entitled to apply Lemma 2.1, which gives

Vija—e 20, on Xy \ (D, UB,(01)2)). (3.15)
Gathering together (3.14) and (3.15), for every € € [0, eg] we then get
Vija—e 20, in X5\ B,y2(012). (3.16)

We now proceed in this second step by showing that, setting
G :=QNB,(01/2) € Y1/,

we have V9 > 0 on G\ {0y/2_.}. In fact, G is clearly contained in Bs(0;/2);
moreover, Vi/5_ > 0o0n G C ¥q/5_, \ B,/2(01/2) and, by (3.7), we have

igfvl(”_e) > —oo for every i = 1,...,m;
we are then entitled to apply Lemma 2.2, which gives
Vija—e > 00on G\ {01/2-c},

as claimed. By combining this last fact with (3.16) we obtain

Vijp—e 20 on ¥y (for €€ [0,6)),

thus, again by taking into account (3.4) and (3.6), we deduce from Theorem 2.3
that
Vijg—e >0 on Xq/o_ (for €€ [O,eo]).

This proves that even the case y = % is not possible.
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Case III: To prove that also this case is not possible, we argue essentially as in
the previous Case II. First of all, given any p > 0 such that dist(0,,0X,) > p, we
define

Dy :={y € X, : dist(y,0%,) > p}, Kp:=D,\ Bg(0,) € Xy
Since K, is compact and, by (iv), the function V), is continuous and strictly positive
on K, C ¥, \{0,}, it is possible to find my > 0 such that
vi(“)Zmo on K, (foreveryizl,...,m).

From this, by arguing as in Case II, we infer the existence of a small g = €¢(p) > 0
such that, for every e € [0, €], the point 0,_. lies in D, and

Vi—e >0 on K,. (3.17)
In particular, since B,/2(0,) lies in the interior of D,, we get
Vi—e >0on a(z#_é \ Dp),
for every e € [0, €]. As a consequence, since V},_, solves the system of PDEs
(A+A(z;p—€)Vyee=0o0n X, .\ D,,

if p has been chosen in such a way that |¥,_, \ D,| is sufficiently small, we can
apply the weak maximum principle in Lemma 2.1 and obtain

Viee>0on X, .\ D, for every € € [0, €. (3.18)
Gathering together (3.18) and (3.17) we conclude that, for every 0 < e < ¢,
Vie 20 on X, \ Be(0,).
We now turn to prove that, for every fixed € € [0, €o], we have V},_. > 0 throughout
the punctured ball B, /5(0,) \ {0,—c}, so that (see the above (3.18))
Viee >0 on ¥, \ {0,_.}. (3.19)
To this end, we argue as in the previous case: indeed, it suffices to apply Lemma

2.2, with A(z;pu —¢) as in (3.5), on B,/5(0,). We are now ready to conclude: by
virtue of the above (3.19) and since, by (3.4), we have

v £ 0on 08, .\ {0,—c} (forany i =1,...,m),
we derive from the strong maximum principle in Theorem 2.3 that
Viee >0 on 3, \ {0,_.}.
The proof of (3.9) is therefore complete. O
Proof of Theorem 1.1 - (2). We now complete the proof of Theorem 1.1 by showing
the monotonicity of u with respect to x; (if x; > 0). First of all, by (3.9), for every

fixed A € (0,1) we have that V), > 0 on X, \ {0,}. On the other hand, since (by
definition)

vi()‘) =0on7) foreveryi=1,...,m,
we are entitled to apply the Hopf-type Lemma 2.4, which gives (note that X\ {0x}
certainly satisfies the interior ball condition at any point of T\ N )

0< aUEA) (x) =-2 Ou; (x) for every x € Thx NQ
(3'1'1 o 8931 Y A '

This ends the proof of Theorem 1.1. O
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Appendix A. A combinatorics observation. This appendix considers the set-
ting in (1.2) and (1.3), and checks the following combinatorics remark:

Lemma A.1. We have that aq, ..., > 0 if and only if so(@),...,sm(a) >0

Proof. Obviously, if ai,...,a,, > 0, we have that so(a),...,sm(a) > 0, due
to (1.3).
Now, we prove that

if so(c), ..., 8m—1(c) > 0 then necessarily oy, ..., an, > 0. (A1)
To this end, we first prove (A.1) under the additional assumption that
a; 0 forallie {1,...,m}. (A.2)

To prove (A.1) under the additional assumption in (A.2), we argue by induction
over m. If m = 1, we have that so(a) = ay, thus the claim is obvious.
Hence, to perform the inductive step, we suppose now that

(A.1) holds true for m replaced by m — 1, (A.3)

and we establish (A.1) for m > 2.
Up to reordering coordinates, we may suppose that

> > Q. (A.4)
Therefore, if a,, > 0 we are done, and we can accordingly assume also that
am < 0. (A.5)
We also set o’ := (a1,...,m—1) € R™1. We recall (1.3) and observe that, for
every k€ {1,...,m — 1},
sp(a) = Z Qe+ Z Qiy oo QG Oy
1<i1r <<t <m—1 1<i1 < <1 <m—1
=sp_1(a’) + am si(a’),

with the notation that the sum over the void set of indexes equals to 1. Conse-
quently, for every k € {1,...,m — 1},

sp—1(a’) = sp(a) — am sp(a)). (A.6)

We claim that

sk(a’) >0, for all k € {0,...,m — 1}. (A7)
To prove this, we argue by backward induction over k. First of all, we know
that sp,—1(a’) = 1. Then, suppose that s;j(a’) > 0 for all j € {k,...,m — 1},
for some k € {1,...,m — 1}. Hence, by (A.5),

QO s(a’) <0
and therefore, by (A.6),
sp—1(a) = sp(a) — am sp(a’) > sp(a) > 0.

This completes the inductive step and it proves (A.7).
Then, by (A.7), we are in the position of using (A.3) and deduce that ay,. .. ,q;,—1
> 0. Hence, by (A.2), we have that aq,...,am—1 > 0. But then

0<sola)=ay...am, <0,
which is a contradiction. This shows that (A.5) cannot hold, and so, by (A.4),
alZ"'ZamZO7
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and thus (A.1) is established, under assumption (A.2).

let

To remove the additional assumption in (A.2), let now assume that a,,_s11 =
=, =0, witha; Z0foralli € {1,...,m—/{}, for some £ € {0,...,m}. Then,

ting a* := (a1,...,Qm—¢), we have that
a1 +t 0 0
m 0 062+t 0
Zsk(a) t* = det .
k=0 :
0 0 oy + 1
ap +t 0 0
0 ag+1t ... 0
= tfdet
0 0 ce. Qg+t
m—~
=t sp(a®) th.
k=0

This gives that

0 < spte(a) = sp(a™),

for all k € {0,...,m — ¢}.

Since we have already proved (A.1) is established under assumption (A.2), we

deduce that aq,...,qm—¢ > 0, which completes the proof of (A.1). O
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