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Abstract
In this work, we first analyse the behaviour of semiconductor laser in the presence of weak-
to-moderate feedback from a single (lumped) and double external cavity setting. Analysis
of laser diode in dynamic double cavity configuration shows that the dynamic double
cavity does not disturb the stability of the laser device, but it introduces a considerable shift
in the emission frequency that is directly related to the feedback strength and the relative
phase difference between the phase of the two mirrors, and the phase of electric field inside
the laser diode. Conditions for maximum and minimum impact of the laser emission
wavelength have been derived. Addressing the issue of distributed optical feedback, optical
feedback produced by more than two external mirrors has been also studied. To this aim
we have first generalized the Lang and Kobayashi deterministic rate equations model to
arbitrary number of external reflectors and provide the corresponding steady-state solution,
which is done for the first time. To the best of our knowledge, this kind of study is carried
out for the first time.
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1 Introduction

The dynamics of semiconductor laser subject to optical feedback are explored since a long
time. Over past two decades, researchers have produced remarkable results which assist in
understanding the behaviour of other nonlinear systems, such as, fluid dynamics, biology,
and chemistry, which also exhibit similar phenomena. Nevertheless, laser diode as a source
is widely used in optical communication systems, spectroscopy, and optical measurement
systems. Therefore, understanding the behaviour of such device with optical feedback is of
prime importance. So far, several different types of feedback regimes are discovered which
strongly depends on feedback strength and length of external cavity, in addition to other
laser diode’s parameters. Beginning with Lang–Kobayashi model [1], which showed that
feedback induces irregular peaks in output intensity and shifts in emission frequency of a
semiconductor laser. Then, Tkach and Chraplyvy [2] described five distinct regimes
occurring in a laser device based on the length of external cavity and feedback magnitude.
The five regimes reveal linewidth narrowing and broadening in the first, mode hopping in
the second, locking of a laser on external cavity induced frequency in the third, coherence
collapse (CC) in the fourth, and stable operation with narrow linewidth in the fifth regime.
Following, Sano [3] demonstrated low frequency fluctuations (LFF) phenomenon in a laser
diode due to optical feedback when the external cavity is long and thus, is considered as
long cavity regime (LCR). Recently, Heil et al. [4] reported another type of regime which
they call the short cavity regime. According to their work, a laser device with short
external cavity length exhibits regular pulse packages (RPP) which form low-frequency
state with underlying fast, regular intensity pulsations. Along with examining the effects of
optical feedback on a laser device, intense research work has been carried out to control the
deleterious effects induced by feedback, such as to stabilize the laser diode, and to make
positive use of feedback in sophisticate applications such as chaotic communications [5].
The recent works considers only a single-concentrated external reflector which provides
optical feedback [6–8].

In this work, we reproduce the first four regimes of [2] as we work on weak-to-moderate
optical feedback and consider LK scheme [1, 9, 10], hence the fifth regime is beyond the
scope of our research work. Then the LK model is extended to include an arbitrary number
of mirrors and examine the effects of phase space and feedback strength of short-to-long
external cavities. Finally, distributed reflectors are inserted in the LK model to observe the
non-linear dynamics of laser system induced by distributed feedback regime and a com-
prehensive report of results along with parametric table is presented.

2 Theoretical Analysis

The configuration of a laser diode of the cavity length l with an external lumped reflector is
shown in Fig. 1a. R1 and R2 are power reflectivities of the device facets, and R3 is power
reflectivity of external mirror placed at a distance L. A single-mode semiconductor laser
subject to weak-to-moderate level of feedback can be represented in terms of Lang–
Kobayashi model [1]. In the model, evolution of the electric field in the laser device is
described and the influence of feedback is incorporated by addition of a time-delayed field
term with coupling strength k. Assuming the complex E-field of the form of an envelope
E(t) modulated by fast oscillating optical field term e(iwot), where wo is the center fre-
quency,
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The rate Eqs. (1)–(3) are known as L–K equations [1] and have been taken from [12].
The Eqs. (1)–(3) constitute our numerical model which is used throughout this research
work to study the dynamics of semiconductor laser with optical feedback and produce the
appropriate results. However, these equations take into account a single reflector and the
extension of this model for two or more (distributed) reflectors that is the focus of this
paper will be presented in the following sub-section. The description of the parameters
used in these equations is as follows; E(t) is a slowly varying electric-field inside the laser
diode cavity, N(t) is the number of carrier,Gn N;Pð Þ is the optical gain accounts for

amplification by stimulated emission mechanism, ~k is the feedback rate, s is the delay time
in the external cavity, wo is the angular frequency of the isolated-laser diode, a is the
linewidth enhancement factor, p is the pump current in the units of isolated-laser threshold
Jth, and e is the electronic charge. The effect of optical saturation of the active medium in
the laser is included by use of the nonlinear gain parameter e, and n is the differential gain.
1/c and 1/Co are the carrier and photon lifetimes and Nt is the carrier number at trans-

parency, respectively. The feedback term ~k is the significant addition made by Lang and
Kobayashi [1] that includes the effects of the time delayed optical feedback. The coeffi-

cient of coupling ~k is:

Fig. 1 a Laser cavity with feedback from a lumped reflector and b laser in distributed feedback regime with
N external reflectors
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~k ¼ c 1& R2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
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The steady state solutions of LK model can be derived from the rate Eqs. (1)–(3). The
phase condition being the important one is given in Eq. (5),

wo & ws ¼ ~k
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p
sin wssþ tan&1 að Þ

" #
ð5Þ

It is apparent from steady-state solution of Eq. (5) that the external feedback rate ~k
modifies threshold carrier density and thus the threshold gain of laser device. If feedback
rate is fixed, varying the length of external cavity changes the threshold gain and hence
increase or decrease the power output from laser diode. The individual solutions to Eqs. (5)
are called as either a mode or an anti-mode of the external cavity. Constructive and
destructive interference between the laser diode field and the field reflected from external
cavity gives rise to such modes and anti-modes of the system, which are referred to as
compound cavity modes of the system [9]. Since the phase condition (5) is a transcendental
equation which can only be solved numerically to find wss, and the amplitude of sin term is

dictated by the value of ~k, the number of solutions increases or decreases depending the
feedback strength increases or decreases. For complete derivations of the rate equations
and steady-state solutions, the reader is referred to [1, 9–12]. The numerical tool based on
above rate equations is developed using Matlab 2016b to study the nonlinear dynamics of
single longitudinal mode semiconductor laser subject to optical feedback.

2.1 Extension of LK Model for Distributed Optical Feedback Regime

Figure 1b shows a laser diode with facet power reflectivities R1, R2 and the distributed
optical feedback section which comprises of N reflectors with power reflectivitites (R3, R4,
R5,…, RN). The Lang–Kobayashi (LK) model [1] discussed so far has been shown to
address external lumped reflector as found in the literature. For the first time, we generalize
the LK rate equations [1] to include the impact of distributed feedback (N mirrors) on laser
operation and present the corresponding steady state solution,

d

dt
E tð Þ ¼ 1

2
1þ iað Þ Gn n tð Þ & gthð Þ & 1

sp

$ %
E tð Þ þ

X
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X
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~ki
ffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
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" #
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where ki and si account for feedback strength and time-delay of 1-to-N reflectors,
respectively. The carrier rate equation will remain same as the Eq. (2). The Eqs. (5) and (6)
allow to accommodate any arbitrarily number of reflectors provided that the total power
reflectivity of all the reflectors remains within the validity range of LK model
(\- 30 dB).

The analysis of semiconductor laser subject to reflections from external mirror was
peformed using the typical laser and external cavity parameters [12] given in Table 1.
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3 Results and Discussion

3.1 Lumped Reflector

Figure 2 shows the behavior of a semiconductor laser diode subject to external optical
feedback from a lumped reflector. The steady state solutions of LK model are show in
Fig. 2a. We numerically solved phase condition Eq. (5) using typical laser and external
reflector cavity parameters given in Table 1, specifically L = 8 cm and k = 0 dB, - 40 dB
and - 34 dB, respectively. As shown in Fig. 2a, the laser device operates at the solitary
laser frequency (dotted line) in absence of external feedback (HR3 = 0). With increase in

Table 1 Typical parameters of laser and external cavity used in the analysis of laser subject to optical
feedback

Parameter Description Value

k
l
g
R1;R2

/

Solitary laser operating wavelength
Laser cavity length
Refractive index of the lasing mode
Power reflectivity of laser facets
Linewidth-enhancement factor

1.54 lm
220 lm
3.8
032
& 5

e Nonlinear gain parameter 3 9 10-3

n Differential gain 2.76 9 10-6 ns-1

Nt Carrier number at the transparency 1.51 9 108

Co Losses in the cavity 158 ns-1

ss Carrier lifetime 1 ns

gext External cavity refractive index 1 (air)

L External cavity length 0–400 cm

R3 External power reflectivity variable (- 80 to - 32 dB)

Fig. 2 a Impact of feedback strength k and b length of external reflector cavity on the operation of laser
diode as predicted by steady-state phase condition (solid red line) and LK model rate equations (blue
asterisks). The results agree with each other and prove the reliability of our numerical tool. (Color
figure online)
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external feedback strength, the number of solutions increase which reveals the impact of
external reflection on the laser device operation. In addition to magnitude of reflection,
impact of the phase of the reflected signal (length of the external reflector cavity) on the
laser is studied. The output frequency of the laser shifts from the original operating
frequency on the order of hundreds of MHz as displayed in Fig. 2b, when the phase of the
reflection is varied by 2p, and k and L are taken to be -60 dB (HR3 = 0.001) and 1.54 lm,
respectively. The solutions predicted by two solvers, phase condition Eq. (5) and LK
model Eqs. (1–2), agree well as shown in Fig. 2b with solid red line and blue asterisk, and
validate our numerical tool developed in Matlab 2016b. Further, it is evident from Fig. 2
that the optical feedback interacts with the field inside the laser cavity and makes it either
stable or unstable giving rise to compound cavity modes. The first four regimes [ [1–5],
13, 14] including laser line-width narrowing or broadening, mode hopping, frequency
locking and coherence collapse were observed with change in feedback k and length L of
external cavity which are not discussed here for the sake of brevity.

3.2 Dynamic Double Cavity System

In this section, we analyse the dynamic double cavity system. The laser diode is subject to
optical feedback from two external reflectors with feedback strengths (k1 and k2) which
change position with respect to each other. Here short distance (L = 1.54 lm) is assumed
between the two reflectors and the laser diode, respectively and change the position of
mirrors step by step over 2p (k period). We consider three cases in double cavity system to
evaluate the behaviour of the laser. In the first case, feedback power of both the mirrors is
equal (k1 = k2) and set to -41 dB which makes the maximum feedback k offered to laser
device in a double cavity system equal to maximum -35 dB (k = k1 ? k2), as it depends
on the relative phase difference of the two reflectors. Further, in the following cases, we
keep the feedback power of two reflectors at different levels, k1 = k2. In the second case,
the feedback power reflectivity of reflector 1 is higher (k1 = - 40 dB) than reflector 2
(k2 = - 50 dB). In the third case, the feedback power reflectivity of mirror 1 is set less
(k1 = - 50 dB) than mirror 2 (k2 = - 40 dB). The relative difference between power
reflectivity of the two reflectors is 10 dB. The sum of feedback power offered by two
mirrors is & - 40 dB.

In Fig. 3a, two-dimensional contour map shows shift in frequency of the laser with
phase of reflector 1 and phase of reflector 2. It is noticed from numerical simulations of
double-cavity system with varying phase of the two mirrors ([1 and[2) over 2p as shown
in contour maps that the laser device is stable for all the relative phase difference between
the two mirrors and the laser diode. However, the laser locks on to a frequency induced by
external cavity configuration and the shift in frequency of laser depends on the relative
phase difference.

Figure 3b, c manifest the case 2 when k1[ k2 and case 3 when k1\ k2, respectively.
From the contour maps, it is discovered that the emission frequency of the laser is a
function of reflector with higher feedback. Nonetheless the laser is still stable for the phase
space of the two reflectors [1 and [2. Provided either k1 = k2 or k1 = k2, following two
relations are acquired based on the simulation results from contour maps.

1. When the relative phase difference between 2 external reflectors is p/2 or 3p/2, the
shift in frequency Df is ZERO
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;1 & ;2j j ¼ ) p=2; ) 3p
2

Df ! 0 ð8Þ

2. When the relative phase difference between 2 external reflectors is p or 0, shift in
frequency Df is (±) MAX.

;1 & ;2j j ¼ ) p; 0 Df ! )max ð9Þ

We observed the stable output of the laser for the whole phase space considering the
length of the two reflectors is up to 1 cm and for the range of feedback power reflectivity
from - 80 to - 32 dB that is within the validity range of LK model. In addition, the shift
in frequency Df of the laser with short-scale double cavity is proportional to the sum of the
feedback power reflectivity of the two mirrors. Furthermore, it is deduced that when the
feedback level of one of the mirror reduces considerably compared to the other, for
instance k1 * k2, the frequency shift Df becomes function of the mirror with higher power
reflectivity. This work is different from [9, 10] in a way that we consider dynamic double-
cavity system in which phase of the two reflectors change with respect to each other.

Fig. 3 Contour maps showing the shift in the laser emission frequency versus phase of reflector 1 and
reflector 2 when a k1 = k2, b k1 > k2 and c k1 < k2
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3.3 Distributed Optical Feedback Regime

The term distributed feedback is referred as the spurious optical feedback that originates
from a random number of external reflectors as shown in Fig. 1b. In a coherent optical
communication system, laser is coupled with fiber optics cable. A similar possible situation
is encountered in integrated optical circuits (OICs) in which a laser is integrated into a
waveguide on an optical chip. The end of the fiber or the roughness of waveguide in a chip
reflects a part of injected light back to the laser. Therefore, the feedback of light can take
place from any point on the end of a fiber or portion of a waveguide. All these small points
or portion can be perceived as external mirrors which provide multiple time-delays.
However, the feedback is continuous (distributed) in nature which means the length of
external mirrors is ideally infinite. Therefore, a suitable approach is required to approxi-
mate the distributed feedback using finite number of mirrors. In other words, continuous
feedback needs to be discretized appropriately, yielding a finite number of reflectors. To
achieve a finite number of reflectors, we processed the experimental data of a laser with
distributed optical feedback system as follows,

1. To generate even distribution of the experimental data, the data is interpolated, and
frequency is translated from given wavelength in the data set,

2. Portions of the broad spectrum are chosen and repeated for periodicity,
3. Fourier transform is computed of the periodic signal to discretize the distributed

feedback data,
4. A suitable threshold is set and a finite number of discretized time-samples satisfying

the threshold level are stored as external reflectors in a variable space, and the behavior
of the laser with distributed optical feedback is examined using our proposed LK
model Eqs. (6, 7).

A graphical representation of the steps (1 to 4) using the data measured at our Photonics
Devices Lab [15] is given in Fig. 4a–e.

Figure 4a shows the broad spectrum of measured distributed feedback data with the
bandwidth of & 50 nm in frequency domain, which was interpolated in Fig. 4b to make
the interval between two bins regular, and Fig. 4c shows the overlap before and after the
interpolation process. A portion from the broad distributed feedback spectra with the

Fig. 4 Processing of measured distributed optical feedback as illustrated in steps 1–4. a Original measured
data, b interpolated data, c before and after interpolation, d converted data from frequency domain (FD) to
time domain using fourier transform (TD) and e TD spectra of periodic waveform to acquire reflectors
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wavelength range of & 5 nm was selected and repeated for 8 periods. Then, the trans-
formation from frequency domain (FD) to time domain (TD) was materialized. In Fig. 4d,
TD transformation without recurrence is calculated, while Fig. 4e is transformation of
recurring distributed feedback from FD to TD which gives ideally an infinite impulse
response (FIR) like samples. Therefore, we set a threshold to acquire a finite number of
FIR samples. In order to determine the quality of approximation, these manipulated FIR
samples were converted into FD and the two signals were matched which indicated a good
agreement. The absolute threshold value of 2 9 10-5 gave 74 FIR samples (distributed
reflectors).

Our proposed LK model in Eqs. (6) and (7) allows to accommodate these 74 distributed
reflectors provided that the total power reflectivity of all the reflectors remains within the
validity range of LK model (\-30 dB). The maximum feedback generated by 74 dis-
tributed single reflections is -31 dB (when all reflections are in phase). Figure 5 shows the
laser behavior in distributed feedback regime using proposed Eqs. (6) and (7).

It is evident from Fig. 5a that the laser emission frequency is centered on 0 Hz without
feedback, and as the distributed feedback influence is turned on, the frequency of laser
shifts by 0.3 GHz. It is interesting to note that the laser subject to 74 distributed reflectors
operates steadily and locks onto a new frequency. We compared the result of proposed rate
Eq. (6) with steady state Eq. (7) of LK model which is shown in Fig. 5b, and remarkably
only one solution exists. The frequency shift produced by the two numerical solvers based
on proposed LK model are in good agreement with each other.

We took one step further and performed a comparison between distributed feedback
regime and lumped reflector by estimating distributed feedback with a single reflector. As
shown in Fig. 4e the maximum feedback power in the selected portion of broad distributed
feedback spectrum from a reflector is about - 37.5 dB which is located at time 0.388 ns.
In the comparison laser parameters as given in Table 1 were used. A single mirror having
feedback power -37.5 dB and the phase corresponding to time 0.388 ns was input in the
numerical solvers. The simulation results of the numerical solvers are presented in Fig. 6a,
b.

It became clear from the results in Fig. 6a that laser with a single reflector feedback
power of - 37.5 dB is no more stable. This condition of feedback power (- 37.5 dB) is
sufficient to induce instability in the laser [2, 13, 14] and it is confirmed by steady state

Fig. 5 Numerical analysis of laser in distributed feedback regime (74 reflectors) with a proposed LK rate
equations and b steady-state solver. The results of the two numerical solvers agree with each other
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solution shown in Fig. 6b. Thus, comparing the distributed optical feedback with single
reflector case, we conclude that laser exhibits greater stability when subject to distributed
optical feedback. The possible reason of laser stability in distributed optical feedback
regime is the effect of phase-cancellation among a large number of reflectors which have
impact on the laser emission frequency but do not disturb its stability.

4 Conclusion

In conclusion, we have presented a detailed numerical investigation of the effects of optical
feedback on the dynamics of a semiconductor laser. Addressing the issue of distributed
optical feedback, optical feedback produced by multiple external mirrors has been studied.
To this aim we first generalized the LK model to arbitrary number of external reflectors and
provided the corresponding steady-state solution, that is done for the first time. Then the
dynamic double cavity system was analyzed and conditions for maximum and minimum
impact on laser emission frequency have been presented.

It is shown that a laser system in distributed optical feedback regime operates with
greater stability and a small shift in emission frequency. However, this conclusion is based
on the very parameters used in the numerical analysis. Therefore, this research provides an
insight into a new regime of optical feedback which is beneficial for the application of
optical integrated devices and opens a new door to further understanding the dynamics of a
semiconductor laser device subject to optical feedback. The work can be extended to study
the effects of stronger distributed optical feedback ([- 30 dB) using iterative travelling
wave model that reduces to LK model in the weak-feedback regime.
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