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Abstract

Focusing on tubular reactors with continuously distributed side injections, a general procedure to evaluate

the operating mode able to reproduce the performance of a given semi-batch reactor is worked out. Namely,

such operating mode is expressed as axial pro�les of feed �owrate and temperature of the cooling/heating

medium inside the reactor jacket. This transformation procedure, previously limited to isothermal reactors,

is extended here to non-isothermal systems. The process performance (selectivity and conversion) of the

original discontinuous reactor are fully reproduced using the continuous intensi�ed reactor, while its pro-

ductivity remains a degree of freedom. Notably, like in the isothermal case, the transformation procedure is

kinetics-free, i.e. the knowledge of the reaction kinetics is not a precondition.

As case study, a copolymerisation reaction is considered to demonstrate the potential of the method.

Even though any SBR feed policy could be considered when applying this methodology, the optimal feed

policy of the semi-batch reactor evaluated according to the so-called �power feed� procedure is examined

considering the reactor non-isothermal. Afterwards, the proposed transformation method is applied and the

performance of the two systems, discontinuous and continuous, are comparatively evaluated. Finally, given

the practical di�culties associated with continuously distributed side injections, a discretisation approach

is proposed based on the use of discrete lateral feeds and more realistic reactor con�gurations.

Keywords: Semi-batch to continuous, Process Intensi�cation, Kinetics-free, Tubular reactor

1. Introduction

As part of a general framework focused on safety and production enhancement of existing processes, the

transformation of discontinuous processes into continuous ones is a trending topic of process intensi�cation as

∗Corresponding author
Email address: renato.rota@polimi.it (Renato Rota)

*Revised Manuscript (clean for typesetting)
Click here to view linked References

http://ees.elsevier.com/cej/viewRCResults.aspx?pdf=1&docID=103289&rev=1&fileID=2797096&msid={E6AE9E11-C1E7-4A8A-8A1E-E9BEBFECC7C3}


well as the so-called �ow chemistry [1, 2]. The transition to continuous processes o�ers several advantages,

such as a more e�ective temperature control [3]. In particular, thermal runaway is one major concern

in discontinuous processes when exothermic reactions are involved [4] and can be more easily handled in

continuous processes, where higher cooling capacity reactors can be exploited, e.g., using tubular heat-

exchanger-like reactors [5, 6]. This way, hazardous chemical reactions can be run using operating conditions

(e.g., temperature, pressure, reactant concentrations) which would lead to a loss of control in discontinuous

reactors, therefore improving the plant productivity. Secondly, smaller size reactors can be used at constant

production rate because of the reduction of reactor hold-up typically encountered in continuous operations

[7], with a substantial increase of intrinsic safety. Finally, larger reproducibility of the product properties

can be achieved, given the improved quality control typically associated with continuous feed �owrates in

contrast to discontinuous processes [8].

A popular example of products associated with reactions almost invariably carried out in batch (BR) or

semi-batch reactors (SBR) are the polymer materials. Given the huge market demand of plastics, optimal

operating modes (or recipes) are available for these reactors. For example, ad hoc temperature pro�les in

time were determined for polymerisations carried out in BRs to achieve given product features in minimum

time [9]. SBRs can also be optimised with respect to product quality by tuning the feed policy and/or

the operating temperature in time. In this case, the so-called �power feed� policy for the control of the

product composition in copolymerisation represents a paradigm, which enables given quality features in

much shorter times compared to industrially popular techniques like the �starved feed� policy [10, 11]. Such

extent of optimisation is actually hindering the transformation of these processes into continuous ones, since

the need to keep at least the same quality of the original (fully optimised) discontinuous process is a necessary

condition.

In a previous work [12], we demonstrated how an isothermal SBR-based process can be carried out

continuously using a tubular reactor with lateral injections (Lateral Injection Reactor, LIR) operated under

isothermal conditions. Always assuming ideal type reactors (perfect mixing inside the SBR, plug �ow in

the tubular reactor), this special type of reactor can be regarded as a Zwietering-like tubular reactor [13].

Through this approach, the developed continuous process reproduces conversion and selectivity axial pro�les

identical to those established in time inside the SBR, but with the advantage of retaining the productivity as

a degree of freedom. Therefore, using the LIR allows for keeping the same product quality while increasing

the productivity.

Since the temperature pro�le can in�uence the process performance signi�cantly, the aim of this work is
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to extend the transformation procedure to non-isothermal SBR processes (based on optimised recipes) using

LIRs. After the development of the general theoretical framework, the approach will be veri�ed through a

case study focused on a copolymerisation reaction with composition control. In particular, the optimal feed

policy of the SBR evaluated according to the so-called �power feed� procedure will be examined, considering

non-isothermal reactor. Finally, another reactor con�guration will be explored in the continuous case as a

more practical implementation of the ideal LIR.

2. Model formulation

Let us consider an industrial non-isothermal reaction carried out in liquid phase inside an ideal SBR

following a well-established recipe. The schematic representation of this reactor is shown in Figure 1, where

an initial charge with given quantity of each component, m∗
i,0 (i = 1, . . . , NC), is assumed. The di�erent

species are added in time according to de�ned mass �owrates, F ∗
i (t), while the temperature pro�le is tuned

by suitable time-variable heat �ow through the reactor wall, Q̇∗(t). Our aim is the transformation of such

discontinuous process into a continuous one while reproducing the original SBR performance in terms of

conversion and selectivity. As continuous reactor, we will consider a LIR, the tubular reactor with continuous

lateral speci�c mass �owrates for each species, fi(x), shown in Figure 2. In the same �gure, q̇(x) represents

the axial pro�le of heat �ow exchanged through the reactor wall using a cooling/heating medium �owing

inside the reactor jacket.

2.1. SBR equations

The considered SBR model is made of overall and species mass balance equations, an equation of state

(as discussed in detail elsewhere [12]), and the energy balance equation, together with the corresponding

initial conditions. According to the assumption of ideal reactors, the reacting mixture is well mixed, i.e.,

with uniform properties over the entire reactor volume.

Species mass balance equations can be written as:

dω∗
i

dt
=
F ∗
i (t)

m∗ − ω
∗
i

F ∗(t)

m∗ +
Ω̇i(ω

∗, T ∗)

ρ∗(t)
(1)

where ω∗
i is the mass fraction of species i in the SBR, F ∗

i the feedrate of species i, t the time, m∗ the total

mass inside the reactor, Ω̇i the species i mass production rate, T ∗ the temperature, and ρ∗ the density of

the reacting mixture. Note that an asterisk has been added as superscript to some variables to highlight
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m∗
i,0

Q̇∗(t)

∞

F ∗
i (t)

Figure 1: Semi-batch reactor. m∗
i,0[kg] is the initially charged amount of species i, F ∗

i (t)[kg s−1] the feed

rate of species i, Q̇∗(t)[W] the heat �ux at the heat exchange surface.

Fi,0

q̇(x)

fi(x)

Figure 2: Tubular reactor with continuous lateral injections. Fi,0[kg s−1] is the inlet �ow rate of species

i, fi(x)[kg m−1 s−1] the speci�c side feed rate of species i per unit length of the reactor, q̇(x)[W m−1] the

speci�c heat �ux per unit length at the exchange surface.
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their belonging to the SBR; note also that some notation is slightly changed with respect to [12].

The overall mass balance equation is:

dm∗

dt
= F ∗(t) (2)

where

F ∗(t)
def

=

NC∑
i=1

F ∗
i (t) (3)

The corresponding initial conditions for species and overall mass balance equations are respectively:

ω∗
i (0) =

m∗
i,0

m∗
0

(4)

m∗(0) = m∗
0 (5)

Density is given by an equation of state as a function of composition and temperature (and therefore time),

generally expressed as:

ρ∗(t) = ρ(ω∗(t), T ∗(t)) (6)

Of course, ρ∗ = const corresponds to the simplest case.

The energy balance can be expressed in terms of enthalpy:

dH∗

dt
= ḢF∗

+ Q̇∗(t) (7)

where H∗ is the total enthalpy, ḢF∗
the enthalpy �ow associated with the feed �owrate, and Q̇∗(t) the total

heat �ow through the reactor wall. Using partial molar quantities, such total enthalpies can be expressed

as:

H∗ =

NC∑
i=1

H
∗
i

m∗
i

MWi
(8)

ḢF∗
=

NC∑
i=1

H
F∗

i

F ∗
i

MWi
(9)

where H
∗
i and H

F∗

i are the partial molar enthalpies of species i evaluated at reactor and feed conditions,

respectively, while MWi is the molecular weight of species i. Combining the material balances (1) with the

energy balance (9), the following �nal form of the energy balance for the SBR is worked out:

m∗c∗p(t)
dT ∗

dt
=

NC∑
i=1

F ∗
i

MWi
(H

F∗

i −H
∗
i )−

m∗

ρ∗

NR∑
j=1

∆HR,j(T
∗)rj(ω

∗, T ∗) + Q̇∗(t) (10)
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where c∗p is the mass-speci�c heat capacity of the reacting mixture, ∆HR,j the j-th reaction enthalpy

(j = 1 . . . NR), and rj the j-th molar reaction rate. The initial condition for the last previous equation is:

T ∗(0) = T ∗
0 (11)

To evaluate the additional properties associated with the energy balance (speci�c heat capacities and par-

tial molar enthalpies of reacting mixture and feed), suitable thermodynamic equations are needed, here

generically represented by the functional forms below:

c∗p(t) = c∗p(ω
∗(t), T ∗(t)) (12)

H
∗
i (t) = H

∗
i (ω

∗(t), T ∗(t)) (13)

H
F∗

i (t) = H
F∗

i (ωF
∗
(t), TF∗(t)) (14)

where ωF
∗

i = F ∗
i /F

∗ is the feed composition and TF the feed temperature.

In the simplest case of ideal mixtures, partial molar enthalpy coincides with speci�c molar enthalpy. As-

suming also constant heat capacity of each component, the �nal energy balance equation simpli�es to:

m∗
(
NC∑
i=1

ω∗
i cp,i

)
dT ∗

dt
=

(
NC∑
i=1

F ∗
i cp,i

)
(TF∗ − T ∗)− m∗

ρ∗

NR∑
j=1

∆HR,j(T
∗)rj(ω

∗, T ∗) + Q̇∗ (15)

where cp,i is the mass-speci�c heat capacity of species i.

2.2. LIR equations

Similarly, mass and energy balance equations can be written for the considered continuous reactor. Under

the assumption of plug �ow, species mass balance equations are:

dωi
dx

=
1

F (x)

(
fi(x)− ωif(x) + Ω̇i(ω, T )A (x)

)
(16)

where ωi is the species i mass fraction in the tubular reactor, x the axial coordinate, fi(x) the continuous

speci�c lateral feed �owrate of species i, F the total mass �owrate, T the temperature, A the cross sectional

area, and f(x) is de�ned as:

f(x)
def

=

NC∑
i=1

fi(x) (17)
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The overall mass balance equation becomes:

dF

dx
= f(x) (18)

Boundary conditions for these equations are:

ωi(0) = ωi,0 (19)

F (0) = F0 (20)

where F0 and ωi,0 are the inlet mass �owrate and mass fraction of species i, respectively.

Again, an equation of state is required to evaluate the mixture density, generically expressed as a function

of mixture composition and temperature as below:

ρ(x) = ρ(ω(x), T (x)) (21)

being ρ = const the simplest case.

Moving now to the energy balance, for an open system at steady state we can consider the following enthalpy

balance:

dḢ

dx
= Ḣf + q̇ (22)

where Ḣ is the total enthalpy �ow, Ḣf the length-speci�c enthalpy �ow, and q̇ the length-speci�c heat �ow

exchanged through the reactor wall. In terms of partial molar quantities, the total enthalpy �ows can be

expressed as:

Ḣ =

NC∑
i=1

Hi
Fi

MWi
(23)

Ḣf =

NC∑
i=1

H
f

i

fi
MWi

(24)

where Hi and H
f

i are the partial molar enthalpies of species i as a function of the axial position inside the

tubular reactor and of the lateral feed, respectively. Exploiting Equation (16), the energy balance equation

becomes:

Fcp(x)
dT

dx
=

NC∑
i=1

fi
MWi

(H
f

i −Hi)−A
NR∑
j=1

∆HR,j(T )rj(ω, T ) + q̇ (25)

7



with the initial condition:

T (0) = T0 (26)

Once more, to evaluate the speci�c heat capacities and the partial molar enthalpies of reacting mixture and

feed, suitable thermodynamic equations are needed, here generically represented by the functional forms

below:

cp(x) = cp(ω(x), T (x)) (27)

Hi(x) = Hi(ω(x), T (x)) (28)

H
f

i (x) = H
f

i (ωf (x), Tf (x)) (29)

where ωfi = fi/f is the feed composition and Tf the feed temperature.

For ideal mixtures and assuming constant speci�c heats, the simpli�ed form of the enthalpy balance equation

is:

F

(
NC∑
i=1

ωicp,i

)
dT

dx
=

(
NC∑
i=1

ficp,i

)
(Tf − T )−A

NR∑
j=1

∆HR,j(T )rj(ω, T ) + q̇ (30)

Finally, the new quantity elapsed time, θ(x), is conveniently introduced, de�ned as the time spent by a

generic �uid element to reach position x after entering the reactor [12]. This quantity can be evaluated

through the following di�erential equation:

dθ

dx
=
ρ(x)A (x)

F (x)
(31)

To summarise, the LIR model is made of (3NC + 6) equations (namely, Equations (16), (17), (18), (21),

(25), (31), (27), (28) and (29)) with (5NC+ 12) unknowns: ω(x), ω0, F (x), F0, f(x), f(x), T (x), T0, Tf (x),

q̇(x), θ(x), ρ(x), cp(x), H(x), H
f
(x), A , and the reactor length L. Therefore, (2NC+6) degrees of freedom

need to be saturated in order to make the problem well-de�ned.

2.3. Proposed semi-batch to continuous transformation procedure

In order to establish a duality between SBR and tubular reactor in terms of conversion and selectivity,

equal mass fractions and temperatures are enforced at any time t = θ(x):

ωi(x) = ω∗
i (θ(x)) ∀x ∈ [0, L] (32)

T (x) = T ∗(θ(x)) ∀x ∈ [0, L] (33)
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Consequently, the same relation holds true for density and speci�c heat capacity, i.e., ρ(x) = ρ∗(θ(x)) and

cp(x) = c∗p(θ(x)). Moreover, the following equality ensures the same reaction time in both reactors:

θ(L) = trxn (34)

where trxn is the reaction time in the SBR.

Equations (32), (33) and (34) represent 2NC+ 3 additional constraints, being the formers valid not only

along the reactor but also at the inlet where the BCs (19) and (26) apply (i.e., ωi(0) = ω∗
i (0) = m∗

i,0/m
∗
0

and T (0) = T0 = T ∗(0) = T ∗
0 ). Therefore, 3 degrees of freedom remain, which can be saturated by setting

arbitrary values of F0, A (x) and Tf (x). The most straightforward choice for the latter is:

Tf (x) = TF∗(θ(x)) (35)

thus retaining consistency with Equation (33).

Exploiting the same approach reported in detail elsewhere [12], it can be easily shown that the isothermal

solution developed to compute the feed policy in the tubular reactor applies also in the non-isothermal case,

that is:

fi(x) = ρ(x)A (x)
F ∗
i (θ(x))

m∗(θ(x))
(36)

or

fi
A

=
F ∗
i (θ(x))

V ∗(θ(x))
(37)

where V ∗ = m∗/ρ∗ is the reaction volume in the SBR at time t = θ(x). Consequently:

ωf (x) =
f(x)

f(x)
=
F ∗(θ(x))

F ∗(θ(x))
= ωF

∗
(θ(x)) (38)

and therefore H
f
(x) = H

F∗

(θ(x)) when Equation (35) is applied.

Equation (25) can be recast using Equations (31), (32) and (33) (note that the explicit dependencies on

the axial coordinate and elapsed time are dropped in the following to make the equations more readable):

Fc∗p
dT ∗

dt

∣∣∣∣
t=θ

dθ

dx
=

NC∑
i=1

fi
MWi

(H
f

i −H
∗
i )−A

NR∑
j=1

∆HR,j(T
∗)rj(ω

∗, T ∗) + q̇ (39)
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By introducing Equations (10) and (36) one obtains:

q̇ =

NC∑
i=1

ρA F ∗
i

m∗MWi
(H

F∗

i −H
f

i ) + ρA
Q̇∗

m∗ (40)

Similarly to Equation (36), this equation is independent on kinetics, provided that the change in time of the

physical properties (either evaluated by suitable modelling of the SBR process or by direct measurement

of the variables in the real SBR) is known. Therefore, the following derivations are kinetics-free, i.e., the

knowledge of the reaction kinetics is not a requirement.

Using Equation (35), the last previous expression reduces to:

q̇(x) = ρ(x)A (x)
Q̇∗(θ(x))

m∗(θ(x))
(41)

which has the same functional form of Equation (36), thus implying that the heat �ux per unit volume is

preserved when the process is transformed from SBR to LIR:

q̇

A
=
Q̇∗(θ(x))

V ∗(θ(x))
(42)

This last equation can be simpli�ed and made more explicit according to the original SBR process heat

transfer method (adiabatic, isoperibolic, or diabatic reactor), as discussed in the following. Note that

Equations (36) and (41) provide a unique solution for the transformation of a SBR into a LIR. This holds

true because of the uniqueness of the relationship θ(x), provided by the applicability of the Cauchy theorem

in Equation (31). Accordingly, the LIR corresponding to a given SBR has a unique design.

It should be noted that cross sectional area and inlet axial �owrate are still degrees of freedom, so the

productivity of the equivalent tubular reactor can be arbitrarily chosen. For each component k, the massive

productivity of the SBR, P∗
k , and of the LIR, Pk, can be de�ned as:

P∗
k =

m∗(trxn)ω∗
k(trxn)

tproc
(43)

Pk = F (θ(L))ωk(L) (44)

where tproc is the overall process time required for the discontinuous process (accounting for reaction,
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cleaning, charging, and so on). The proposed procedure allows to compute the productivity ratio, RP , as:

RP
def

=
Pk

P∗
k

=
F0tproc
m∗

0

(45)

independently on the selected species k. The last equation is readily worked out by considering that θ(L) =

trxn and that [12]:

F (θ(L))

m∗(trxn)
=

F0

(
1 +

∫ θ(L)

0

F ∗(t)

m∗
0

dt

)

m∗
0 +

∫ trxn

0

F ∗(t)dt

=
F0

m∗
0

(46)

Furthermore, the hold-up (or volume) of the LIR can be de�ned as:

V
def

=

∫ L

0

A (x)dx (47)

and the volume ratio, RV , between LIR and SBR can be expressed as [12]:

RV
def

=
V

V ∗(trxn)
=

∫ trxn

0

F (θ(x) = t)

ρ∗(t)
dt

m∗(trxn)

ρ∗(trxn)

= RP
ρ∗(trxn)

F (θ(L))trxn

(
trxn
tproc

)∫ trxn

0

F (t)

ρ∗(t)
dt (48)

According to the density pro�le in time, it is possible to draw considerations on the relation between

productivity and volume ratios. If the density is constant or monotonously decreasing in time, the integral

average of the quantity F/ρ∗ in the last equation is smaller than its �nal value F (θ(L))/ρ∗(trxn), being the

�owrate F a strictly increasing function (as evident from Equation (18)). Consequently, being trxn/tproc ≤ 1,

it will be

RV < RP (49)

meaning that the hold-up is always decreased by the transformation when the productivity is kept unchanged

or, equivalently, that the productivity is increased when the hold-up is kept constant. Therefore, an e�ective

process intensi�cation can be achieved in both cases. Note that the volume ratio can be smaller than the

productivity ratio also for increasing or non-monotonously-decreasing density pro�les: even though this is

not fully general, we can de�nitely state that Equation (49) applies in most cases.
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For the particular case of constant density, after the integration of Equation (48) one obtains:

RV = RP
trxn
tproc

(
1−

∫ trxn

0
tF ∗(t)dt

m∗(trxn)trxn

)
(50)

given that [12]

F (θ) = F0

(
1 +

∫ θ

0

F ∗(t)

m∗
0

dt

)
(51)

The procedure proposed to shift from a SBR-based process into LIR-based one can be summarised as

follows:

1. compute fi(x), θ(x), and L as discussed in detail for the isothermal case in [12], using the known

values of ρ∗(t), F ∗
i (t), A (x/L), and F0;

2. �nd q̇(x) using the value of Q̇∗(t) computed using

a. Equation (40) if SBR and LIR feed temperatures are di�erent;

b. Equation (41) if SBR and LIR feed temperatures are equal according to Equation (35);

The following paragraphs discuss simpler equations arising from particular cases as well as how to apply the

proposed procedure when Q̇∗(t) cannot be measured in the SBR.

2.3.1. Adiabatic SBR process

It can be noted from Equation (41) that an adiabatic SBR is always transformed into an adiabatic LIR,

as expected. This is true if the feed temperatures are equal in the SBR and tubular reactor as required by

Equation (35). Otherwise, an adiabatic SBR is not transformed into an adiabatic Zwietering-like reactor

since the heat exchange should compensate some sensible heat arising from the feed temperature di�erence.

2.3.2. Diabatic SBR process

With reference to jacketed reactors, an energy balance can be written also for the thermal medium

(cooling/heating �uid). Assuming uniform conditions, constant properties, and single phase for the SBR

thermal medium, the energy balance equation around the jacket becomes:


m∗
tmc

∗
p,tm

dT ∗
tm

dt
= F ∗

tmc
∗
p,tm(T ∗

tm,IN − T ∗
tm)− Q̇∗

T ∗
tm(0) = T ∗

tm,IN (0)

(52)

where T ∗
tm is the thermal medium temperature,m∗

tm the jacket hold-up, c∗p,tm the (constant) medium massive

speci�c heat capacity, F ∗
tm the medium �owrate in the SBR jacket and T ∗

tm,IN the inlet medium temperature.
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The speci�c heat �ow rate of the tubular reactor, q̇, can be related to the temperature di�erence between

reactor and jacket through the well established expression:

q̇(x) = U (x)Πe(x)(Ttm(x)− T (x)) = U (x)Πe(x)(Ttm(x)− T ∗(θ)) (53)

where U is the LIR (local) global heat exchange coe�cient, Πe the LIR local perimeter of the heat exchange

area, and Ttm the cooling/heating medium temperature in the LIR jacket. Also the heat �ow through the

jacket surface of the SBR, Q̇∗, can be expressed through a similar expression:

Q̇∗(t) = U ∗(t)S∗(t)(T ∗
tm(t)− T ∗(t)) (54)

where U ∗ is the global heat exchange coe�cient and S∗ the heat exchange surface in the SBR. Plugging

Equations (53) and (54) into Equation (41), one obtains:

Ttm(x) = T ∗(θ) +
A (x)

U (x)Πe(x)

U ∗(θ)S∗(θ)

V ∗(θ)
(T ∗
tm(θ)− T ∗(θ)) (55)

By de�ning:

εR(x)
def

=

U (x)Πe(x)

A (x)

U ∗(θ)S∗(θ)

V ∗(θ)

(56)

the previous expression for Ttm(x) can be recast in the general form:

Ttm(x) = T ∗(θ) +
1

εR(x)
(T ∗
tm(θ)− T ∗(θ)) (57)

The dimensionless number εR represents the ratio of heat exchange e�ciency between LIR and SBR.

Introducing this dimensionless quantity, important conclusions on the transformation procedure can be

drawn. εR > 1 means that the SBR is less e�cient in heat removal (or supply) and the coolant temperature

will be higher in LIR than in the equivalent SBR (or, reversely, the heating temperature will be lower).

The order of magnitude of Πe/A can be estimated as 4/Dh, where Dh is the LIR hydraulic diameter, while

the one of S∗/V ∗ as 4/D∗, where D∗ is the SBR diameter. Consequently, εR will be a number larger than

unity in most cases, being the SBR diameter typically larger than that of the LIR (note that this is true

when the heat exchange coe�cients of the two reactors do not di�er too much).

Plugging Equations (52) and (53) into Equation (41) allows determining another equivalent formulation
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for the thermal medium temperature and the thermal e�ciency ratio:

Ttm(x) = T ∗(θ) +
F ∗
tmc

∗
p,tmρA

U (x)Πe(x)m∗(θ)

(
T ∗
tm,IN (θ)− T ∗

tm(θ)− m∗
tm

F ∗
tm

dT ∗
tm

dt

∣∣∣∣
t=θ

)
(58)

εR(x) =
U (x)Πe(x)m∗(θ)

F ∗
tmc

∗
p,tmρA

T ∗
tm(θ)− T ∗(θ)

T ∗
tm,IN (θ)− T ∗

tm(θ)− m∗
tm

F ∗
tm

dT ∗
tm

dt

∣∣∣∣
t=θ

(59)

With respect to Equation (56), Equation (59) represents an alternative expression for εR, which can become

more convenient according to the available data.

By de�ning the following dimensionless groups, where T ∗ is taken as a reference temperature,

τ∗(t)
def

=
T ∗
tm(t)

T ∗(t)
(60)

τ(x)
def

=
Ttm(x)

T ∗(θ(x))
(61)

Equation (57) can be recast as

τ(x) = τ∗(θ(x))
1

εR(x)
+

(
1− 1

εR(x)

)
(62)

which becomes a linear relationship between the two dimensionless quantities when εR is constant.

Together with Equation (36), this last relationship can replace Equation (41) to constitute a more

convenient design procedure for transforming a SBR into a LIR in terms of thermal medium temperature

pro�le along the axial coordinate. For example, Equation (62) can be used to draw the diagram τ vs. τ∗

reported in Figure 3, where the di�erent regions of the plot indicate whether the continuous tubular reactor

is more e�cient than the original SBR in terms of heat exchange. This �master plot� is divided in four main

quadrants, according to whether the reactor is cooled or heated via the thermal medium. When τ∗ < 1,

cooling is performed and the transformation can lead to a cooled LIR only, independently on the e�ciency

ratio. This implies that the region (τ∗ < 1, τ > 1) is unfeasible for the transformation. Similarly, a heated

SBR can be transformed into a heated LIR only, meaning the region (τ∗ > 1, τ < 1) is inaccessible to the

transformation. A generic process transformation will then be represented by a parametric curve on the

master plot, always crossing the point τ = τ∗ = 1, where the curve parameter is space (the axial coordinate,

x) or time (the elapsed time, θ). The point τ = τ∗ = 1 belongs to the curve if process temperature and

cooling/heating temperature cross one to each other or if the SBR is cooled/heated before starting and/or
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Figure 3: Master plot for the comparison of tubular reactor cooling/heating e�ciency with respect to SBR.

after ending the reaction. In typical cases, the curve τ(τ∗) is expected to fall in the white regions of the

graph, where heat transfer is more e�cient in the LIR than in the SBR, i.e., εR > 1.

2.3.3. Isoperibolic SBR process

Since T ∗
tm = T ∗

tm,IN = const in this case, the energy balance for the thermal medium is no longer required

and Q̇∗ can be computed using Equation (54). Consequently, Equation (59) can be used to compute εR and

the thermal medium temperature pro�le in the LIR becomes:

Ttm(x) = T ∗(θ) +
1

εR(x)
(T ∗
tm,IN − T ∗(θ)) (63)

Note that an isoperibolic SBR is not necessarily transformed into an isoperibolic tubular reactor. This

happens only in the case εR(x) = 1 for the entire reactor length, which is represented in Figure 3 by the

diagonal τ = τ∗.
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Figure 4: Approximation of the continuous lateral feed injections, fi(x), and thermal medium temperature,

Ttm(x), with NT isoperibolic jackets of temperature T
(l)
tm and NF discrete side injections, g

(k)
i , distributed

along each discrete jacket.

2.3.4. Batch reactor process

The batch reactor (BR) is a particular case of the SBR transformation procedure, where F ∗(t) = 0.

Therefore, no lateral feed is required in the tubular reactor and εR depends only on physical properties and

cross sectional area of the tubular reactor. If the former remain constant during the reaction and constant

cross sectional area is assumed, εR is also constant and the corresponding representation in Figure 3 is a

straight line with slope equal to 1/εR.

2.4. The master plot

The master plot represented in Figure 3 can be conveniently used to visualise di�erences between the

temperatures of the thermal media in the two reactors, SBR and equivalent LIR. However, the same repre-

sentation can be helpful in other cases, for example to assess the thermal equivalence between the �rigorous�

LIR and alternative continuous con�gurations. In fact, it is extremely di�cult to establish a de�ned axial

pro�le for the temperature of the thermal �uid and a discretisation approach (as the one previously explored

in the isothermal case with respect to the axial pro�le of the lateral feed, [12]) can be considered also in this

case. The corresponding reactor will be indicated as discretised LIR, d-LIR. Again, the assumption of plug

�ow is applied also to the d-LIR, in analogy with the LIR. This implies that the discrete injections must be

implemented such that complete radial mixing is achieved almost instantaneously.

The e�ect of the discretisation of the feed was already investigated for the isothermal case [12], showing

that a su�ciently large number of discrete injections allows a d-LIR to well reproduce the behaviour of

the LIR. In a similar way, also the jacket can be discretised through a series of independent jackets, each

one working under isoperibolic conditions as sketched in Figure 4. Namely NT isoperibolic jackets are
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Table 1: Data for the generic reaction example.

trxn [s] 1000
m∗

0 = m∗
A,0 [kg] 1000

T ∗
tm [K] 298.15
ρ [kg m−3] 900
µ [cP] 1
cp [J kg−1 K−1] 2000
Pr [-] 3.3
U ∗ [W m−2 K−1] 7000

considered, each one having NF feed injections. It should be noted that, from a practical point of view, it is

easier to discretise the lateral feed policy (e.g., with injectors), rather than the thermal medium temperature

pro�le (which requires a particular manufacturing). Similarly to the isoperibolic LIR, the transformation

of an isoperibolic SBR process into an isoperibolic d-LIR with discrete jackets can be represented on the

master plot as a set of straight lines (segments) parallel to the diagonal. Therefore, a �tting procedure

of this piecewise linear function can be performed to design a d-LIR, starting from the LIR curve on the

phase diagram. This �tting procedure is quite arbitrary and the number of discrete jackets as well as each

speci�c length can be chosen according to any criterion (practical or theoretical constraints). Given a jacket

con�guration, the di�erent jacket temperatures can be found by �tting. The use of a �nite number of jackets

results in discrepancies between the original LIR and the speci�c d-LIR; of course, such di�erence is expected

to vanish when NT approaches in�nity.

As an example, let us consider a generic (unknown) reaction of two species, A and B, carried out in a

SBR with the following feed policy:

F ∗
A(t) = 0, F ∗

B(t) = 1 kg s−1 (64)

Moreover, let us assume that the measured reactor temperature pro�le of the hypothetical process can be

approximated by:

T ∗[K](t[s]) = 298.15 + 10e−0.003t(1− e−0.01t) (65)

and that the heat exchange surface changes in time according to a linear law:

S∗[m2](t[s]) = 3 + 5× 10−4t (66)

All other parameters of the hypothetical process are given in Table 1.
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d-LIR using two di�erent jackets; (b) LIR heat exchange e�ciency ratio as a function of the axial coordinate.

A pipe of diameter 5 cm is available for the transformation procedure. According to the inlet �owrate,

di�erent pro�les will be obtained in the master plot as the local heat exchange coe�cient in the LIR

depends on the �uid velocity according to well known relations [14].

Figure 5a is the master plot of a LIR where the inlet �owrate was set to 0.085 kg s−1 (thin curve) and a

possible discretisation (thick straight lines) using two di�erent isoperibolic jacket portions (NT = 2) working

at two di�erent temperatures. The LIR curve is labelled by the values of the corresponding axial coordinate.

Note that the initial and �nal points of LIR curve and d-LIR lines are not coincident. Figure 5b reports the

values of εR as function of the axial coordinate and it can be seen that most of the LIR is more e�cient in

heat exchange than the SBR (εR > 1). In order to trace the d-LIR curve, only the value of NT is required,

while the one of NF is not necessary (and was arbitrarily set equal to 7 in the �gure for illustrative purposes

only). Notably, the whole procedure is kinetics-free, as only some measured values (such as T ∗ and S∗)

were needed to transform the discontinuous process into a continuous one, without knowing the reaction

mechanism.

3. Case study

To illustrate potentials and limits of the proposed procedure, a case study involving a copolymerisation

process was investigated. Note that the knowledge of the chemical kinetics is exploited in the following

only to develop the optimal reaction path in the SBR. If such a recipe is already known (for instance,
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from laboratory tests or even from the industrial plant experience), no kinetic information are required, as

already mentioned. This is evident from the two Equations (36) and (62) which constitute the proposed

set of equations aimed to evaluate the side feed policy and the cooling temperature pro�le along the axial

coordinate of the equivalent tubular reactor.

3.1. SBR feed policy design

As discussed in detail elsewhere [12], the optimal feed policy to obtain constant product composition

in a free-radical copolymerisation process carried out in solution using a SBR can be computed through

the power feed technique [10, 11]. Monomer A (the most reactive) is continuously fed to the reactor, while

monomer B is initially fully charged into the vessel. Molar balance equations can be written in terms of

number of moles of the two species, nA and nB , and for the total mass, m∗, as follows:



dnA
dt

= ṄA(t)−RAV ∗

dnB
dt

= −RBV ∗

dm∗

dt
= ṄA(t)MWA

(67)

where ṄA is the unknown feed policy of A, Ri (= k∗picR•ci) the species i molar production rate, ci the

species i molar concentration, cR• the total concentration of radicals (=
√
RI/k∗t ), and MWi the molecular

weight of species i. Using the long chain approximation (LCA) [15] and the pseudo-kinetic approach [16],

k∗pi can be computed from the monomeric composition as summarised in Table 2. All kinetic constants are

assumed to depend on temperature according to the Arrhenius law:

k = k0 exp

(
− Ea
RT

)
(68)

where k0 is the pre-exponential factor, Ea the activation energy, and R the ideal gas constant.

Since temperature can change during time, the Mayo-Lewis plot [17] of the considered system varies in

time as well, even if it is well-known that this variation is frequently minor. Accordingly, in order to produce

a copolymer with prescribed molar monomeric ratio, φA, the monomeric fraction, XA, in the reacting mass

must be properly controlled, accounting also for the temperature change. Note that, while in the isothermal

case constant monomer fraction or constant polymer monomeric ratio can be used interchangeably, this is

not true in the non-isothermal case.
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Table 2: De�nitions for the non-isothermal copolymerisation case study.

Variable De�nition

RI 2ηkdcI2 ≈ const
k∗pA kpAApA + kpBApB
k∗pB kpBBpB + kpABpA

pA
kpBAcA

kpABcB + kpBAcA

pB
kpABcB

kpABcB + kpBAcA

k∗t ktAAp
2
A + 2ktABpApB + ktBBp

2
B

The energy balance equation in this case is:

m∗cp
dT ∗

dt
= ∆H̃ARAV

∗ + ∆H̃BRBV
∗ + ṄAcp,A(TF∗ − T ∗) + U ∗S∗(T ∗

tm − T ∗) (69)

where cp is the average massive heat capacity, and ∆H̃A and ∆H̃B are the polymerisation heats for monomer

A and B, respectively. The heat exchange surface is assumed to vary with the reaction volume in a cylindrical

reactor of given diameter D∗ = 1 m according to:

S∗ =
πD∗2

4
+

4

D∗V
∗

= 0.7854 + 4V ∗ = 0.7854 + 4
m∗

ρ

(70)

while, for the sake of simplicity, it is assumed that the global heat exchange coe�cient and the thermal

medium (coolant) temperature remain constant throughout the (isoperibolic) process, as well as all physical

and chemical properties.

In order to guarantee a polymer with constant composition, the following algebraic constraint has to be

ful�lled:

φA(t) = φA(0) (71)

where the instantaneous value of the polymer composition is given by the Mayo-Lewis equation:

φA =
(rA − 1)X2

A +XA

(rA − 2)X2
A + 2XA + rB(1−XA)2

XA =
nA

nA + nB

(72)

20



Table 3: Data for the non-isothermal copolymerisation.

A B

MWi [kg kmol−1] 50 80
ρ [kg m−3] 900
µ [cP] 1
cp [J kg−1 K−1] 2000
Pr [-] 3.3
k0pii [m3 kmol−1 s−1] 1.0× 106 1.5× 106

Ea,pii/R [K] 1400 1800
k0pij [m3 kmol−1 s−1] 1.0× 105 1.0× 105

Ea,pij/R [K] 2000 1200

∆H̃i [kJ mol−1] −20 −20
k0tii [m3 kmol−1 s−1] 1.0× 108 1.0× 108

Ea,tii/R [K] 600 600
k0tij [m3 kmol−1 s−1] 1.0× 107

Ea,tij/R [K] 500
ηkd [s−1] 5× 10−4

U ∗ W m−2 K−1 3000

where ri = kpii/kpij is the reactivity ratio of species i.

Initial values for molar, mass and energy balances are ni,0, m0 = nA,0MWA + nB,0MWB , and T ∗
0 ,

respectively. Species initial quantities are once more obtained from the Mayo-Lewis plot, given the desired

copolymer productivity and monomer ratio. The aforementioned Equations (67), (69) and (71) constitute

a DAE system, which can be solved numerically to �nd, among the others, the unknown feed policy ṄA(t).

The system integration stops when the fed quantity of A corresponds to the one necessary to achieve the

desired polymer amount.

The values of all model parameters are summarised in Table 3. Assuming a required production of 1 t

of copolymer made of 70 wt% of A (corresponding to φA = 0.79), one obtains nA,0 = 1.26 kmol, nB,0 =

3.75 kmol, and m∗
0 = 363 kg. An initiator concentration of 0.5 mol% is used, while initial temperature,

coolant and inlet temperatures are assumed to be the same and equal to 25 ◦C. Setting a process time of

1000 s, the overall fed quantity is 1.20 kmol (the Mayo-Lewis plot would have imposed 1.27 kmol, requiring

a much longer time, as discussed elsewhere [12]). The power feed policy is shown in Figure 6 along with the

monomer fraction, reactor temperature and cooling temperature pro�les in time. Notably, the feed policy

is no more a decreasing exponential function of time (as it was in the isothermal case [12]). Furthermore,

even though the copolymer composition is constant, the monomer mixture composition is changing in time

due to the temperature variation.
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Figure 6: (a) SBR monomer feed policy, FA (solid curve), and monomeric fraction, XA (dashed curve), in

time according to the power feed procedure; (b) SBR temperature, T ∗ (solid curve), and coolant temperature,

T ∗
tm (dashed curve).

3.2. Transition to a continuous tubular reactor

The aforementioned procedure for the transformation of the copolymerisation reactor is adopted assuming

that the feed temperature is uniform along the axial coordinate and equal to the SBR feed temperature (i.e.,

25 ◦C). The Churchill equation [14] was used to estimate the global heat transfer coe�cient, considering

internal convection as the heat transfer limiting phenomenon. Reactor diameter of 8 cm is assumed for

design. The inlet �owrate can be set to guarantee the same productivity of the SBR (tproc = 1.3trxn is

assumed). This would lead anyway to a very long (140 m) reactor, becoming impractical. Therefore, the

inlet �owrate is reduced to shorten the LIR while the productivity is matched by using several reactors in

parallel. For example, selecting two reactors, each having half the productivity of the original SBR, one

obtains about-half-long reactors, each one with inlet �owrate equal to 0.14 kg s−1, according to Equation

(45).

Feed policy and coolant temperature along the axial coordinate computed through Equations (36) and

(62) are reported in Figure 7. Solving the mass and energy balance equations for the LIR together with

these feed and cooling temperature pro�les leads to perfectly overlapping temperature and composition

pro�les of LIR and SBR, thus producing constant composition copolymer throughout the entire reactor

at φA = 0.79. As already mentioned, the isoperibolic SBR is transformed into a non-isoperibolic tubular

reactor. The �nal con�guration will then be made of two tubular reactors in parallel, each one 70.8 m long

and with volume of 0.36 m3. Therefore, the total reaction volume is 0.72 m3, corresponding to RV = 0.72
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Figure 7: (a) LIR monomer lateral feed policy and (b) thermal medium temperature along the axial coor-

dinate.

(SBR volume was close to 1 m3). A reduction of the hold-up by almost 30 % is achieved even when using

two LIRs in parallel, with an appreciable process intensi�cation: the LIR con�guration allows increasing

the volume speci�c productivity by about 40 % with respect to the SBR one. The corresponding master

plot is shown in Figure 8. Notably, the transition from SBR to LIR results in a tubular reactor which is

initially less e�cient than the SBR in terms of cooling (the LIR coolant temperature is below that of the

SBR along the �rst 4.7 m). As the velocity in the tubular reactor increases due to the lateral injections,

the LIR cooling e�ciency increases and the coolant temperature of the tubular reactor becomes higher than

that of the SBR.

To better assess the power of the developed transformation approach, an isoperibolic LIR was also

simulated assuming the same coolant temperature as in the SBR (an approach which could be thought as

an attractive short-cut to implement the transition to a continuous reactor). In this case, composition and

temperature pro�les signi�cantly di�er from those of the original SBR, leading to a cumulative composition

of the outlet copolymer that di�ers of about 6 % with respect to the desired value. Furthermore, along the

axial coordinate, local (instantaneous) deviations as large as about 15 % in the monomeric ratio were found.

This heterogeneity can be detrimental for the copolymer quality, thus proving the superior performance of

the proposed approach.

Finally, let us explore the performance of a more practical version of the designed LIR, that is the use

of NT isoperibolic jackets in series (the previously de�ned d-LIR) also discretising the feed �owrates into

NF equally spaced injections per single reactor portion. As shown in Figure 4, this approach results in a
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total number of feed injections equal to NTNF . In order to estimate the performance of the d-LIR, mass

and energy balance equations were solved for each portion of the tubular reactor without side injections.

The generic i-th portion has a length of δL = L/(NTNF ) and is fed with a �owrate equal to the sum of the

�owrates leaving the previous section and the one which should be fed laterally (see Figure 4). The latter

is given by:

g
(k)
A =

∫ kδL

(k−1)δL

fA(x)dx (73)

where k = 1, . . . , NTNF . Every jacket has a length of NF δL and the coolant temperature of each jacket can

be arbitrarily chosen. Even though multiple choices of the coolant temperature are possible, a reasonable

value could be the integral average of the predicted coolant temperature pro�le of the LIR:

T
(l)
tm =

1

NF δL

∫ lNF δL

(l−1)NF δL

Ttm(x)dx (74)

where l = 1, . . . , NT . Whatever are the selected T
(l)
tm values, the impact of the discretisation on the reactor

performance can be expressed as percentage deviation from the desired molar monomeric ratio, ∆φ, which

can be computed as:

∆φ =
1

L

∫ L

0

∣∣∣∣ (RA +RB)φA − (RdA +RdB)φdA
(RA +RB)φA(L)

∣∣∣∣ dx · 100 (75)

where φA is the (constant) desired value of the monomer ratio, φdA the actual pro�le of the same quantity
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in the d-LIR, and Ri and Rdi are the production/consumption rate of species i in the LIR and d-LIR,

respectively. This quality parameter accounts for the entire pro�le of the monomer ratio in the discretised

reactor and weights it according to the sum of both monomer consumption rates, which is equivalent (except

for the sign) to the production rate of the polymer. Consequently, ∆φ is a representation of the quality of

all the polymer produced in the reactor in terms of cumulative composition.

The results are reported as parametric curves ∆φ(NT , NF ) with parameter NF in Figure 9. As expected,

the performance di�erence between the continuous and the discretised reactors decreases at increasing num-

ber of discretisations, following an almost linear trend on logarithmic scale (i.e., it follows an exponential

decrease). From a practical point of view, it will be preferable to choose a con�guration with low NT so that

the number of di�erent jacket temperatures is low. The con�guration with three jackets and �fty injections

each (which means one injection every 47 cm) is an acceptable compromise to obtain deviations below 3 %.

4. Conclusions

The previously developed procedure for the transformation of an isothermal SBR-based process into

a LIR was extended to non-isothermal processes involving single-phase reactions. The lateral feed policy

can be computed as in the isothermal case, while a suitable thermal medium temperature pro�le must be

enforced to guarantee equal performance. The continuous tubular reactor, with the rigorously computed

pro�les, guarantees the same performance as the original SBR. Furthermore, its productivity can be chosen
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arbitrarily.

In addition to the information required for the isothermal case (i.e., the density and the feed policy

as a function of time in the original SBR process), information on the heat exchange rate in the original

SBR are required. These can be given as coolant/heating medium temperatures, heat exchange coe�cient

and exchange area in time, or directly as heat �ux in time. Such information can be derived from a

numerical model of the SBR process once all the kinetic parameters involved in the chemical mechanism

are known, but they can be obtained by on-line measurements on the industrial SBR process, therefore

making the proposed procedure kinetics-free. Moreover, the developed procedure is applicable to any kind

of homogeneous reaction without requiring information on the speci�c chemical mechanism.

Finally, the case study of an industrial copolymerisation demonstrated how the proposed method can be

adopted to successfully transform even very complex systems. The rigorously computed feeding policy and

coolant temperature pro�les were compared to the more trivial solution of an isoperibolic tubular reactor,

which was not successful in reproducing the desired monomeric ratio. A parametric analysis on the number of

discrete side injections and cooling jackets used to mimic the continuous pro�les demonstrated the relevance

of approximating correctly both the lateral feed and the thermal medium temperature pro�les.
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Nomenclature

A LIR cross sectional area [m2]

c Molar concentration [kmol m−3]

c∗p SBR mass-speci�c heat capacity [J kg−1 K−1]

cp LIR mass-speci�c heat capacity [J kg−1 K−1]

c∗p,tm SBR thermal medium mass-speci�c heat capacity [J kg−1 K−1]

cp,tm LIR thermal medium mass-speci�c heat capacity [J kg−1 K−1]

D∗ SBR diameter [m]

Dh LIR hydraulic diameter [m]

Ea Activation energy [J mol−1]
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F ∗ SBR feedrate [kg s−1]

F LIR �owrate [kg s−1]

F ∗
tm SBR thermal medium �owrate [kg s−1]

Ftm LIR thermal medium �owrate [kg s−1]

f LIR distributed feedrate [kg s−1 m−1]

g d-LIR discrete feedrate [kg s−1]

H∗ SBR enthalpy [J]

Ḣ LIR enthalpy �ow [W]

ḢF∗
SBR feed enthalpy �ow [W]

Ḣf LIR feed enthalpy �ow [W]

k Reaction rate constant

k0 Reaction rate pre-exponential factor

kd Dissociation rate constant [s−1]

k̃d Decay rate [s−1]

kp Propagation rate constant [m3 kmol−1 s−1]

kt Termination rate constant [m3 kmol−1 s−1]

L LIR length [m]

MW Molecular weight [kg kmol−1]

m∗ SBR mass [kg]

m∗
tm SBR jacket hold-up [kg]

Ṅ SBR molar feedrate [kmol s−1]

NF Number of discrete feeds per jacket [-]

NT Number of discrete jackets [-]

n SBR molar quantity [kmol]

NC Number of components (species) [-]

Pr Prandtl number [-]

Q̇∗ SBR heat �ow [W]

q̇ LIR speci�c heat �ow [W m−1]
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R Ideal gas constant, 8.314 J mol−1 K−1

Ri i-th species molar production rate [kmol m−3 s−1]

RP Productivity ratio [-]

RV Volume ratio [-]

r Molar reaction rate [kmol m−3 s−1]

ri i-th species reactivity ratio [-]

S∗ SBR heat exchange surface [m2]

T ∗ SBR temperature [K]

T LIR temperature [K]

TF∗ SBR feed temperature [K]

Tf LIR feed temperature [K]

T ∗
tm SBR thermal medium temperature [K]

Ttm LIR thermal medium temperature [K]

t Time [s]

tproc Overall process time [s]

trxn Reaction time [s]

U ∗ SBR global heat exchange coe�cient [W m−2 K−1]

U LIR (local) global heat exchange coe�cient [W m−2 K−1]

V ∗ SBR volume [m3]

V LIR hold-up [m3]

X Monomeric fraction [-]

x Axial coordinate [m]

Greek symbols

∆HR Reaction enthalpy [J mol−1]

εR Heat exchange e�ciency ratio [-]

η Initiator e�ciency [-]

µ Dynamic viscosity [Pa s]
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φ Monomer molar fraction in copolymer [-]

Ω̇i i-th species massive production rate [kg m−3 s−1]

ω∗ SBR mass fraction [-]

ω LIR mass fraction [-]

ωF
∗

SBR feed mass fraction [-]

ωf LIR feed mass fraction [-]

Πe LIR perimeter of heat exchange area [m]

ρ∗ SBR density [kg m−3]

ρ LIR density [kg m−3]

τ∗ SBR dimensionless temperature [-]

τ LIR dimensionless temperature [-]

θ Elapsed time [s]

Other symbols

0 Initial value (subscript)

IN Inlet value (subscript)

i Relative to species i (subscript)

j Relative to reaction j (subscript)

(k) Discrete feed index (superscript)

(l) Discrete jacket index (superscript)

· Vectorial quantity ·

· Partial molar quantity ·
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