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Abstract: A long-term iterative wear model is proposed to predict the development of polygonal wear of railway wheels. 

To improve the simulation accuracy, the time step for numerical integration, wheel profile updating strategy and curve 

fitting methods are analysed. Then a metro vehicle with 8th to 9th order polygonal wheel is presented as a case study where 

critical vehicle speeds leading to a peculiar growth of wheel polygonization is identified by simulation and validated 

through field tests. Based on the simulated polygonal wear evolutions and analyses on vehicle vibrations, the mechanism 

of wheel polygonization is explained. Finally, two new strategies to investigate wheel polygonization are proposed.  

 

Keywords: polygonal wear; metro; iterative long-term wear; resonance speed 

 

1. Introduction 

Polygonal wheels are observed in a broad range of railway vehicles, including metro vehicles [1,2], high-speed vehicles [3-

4], locomotives [5] and freight wagons [6]. They are cause of increased dynamic forces and impacts at wheel-rail contact 

that have been investigated widely by means of simulation and field tests [7-9] and produce a very significant increase of 

vibration both in the vehicles and in the track, especially in vertical direction, ultimately resulting in reduced ride comfort, 

increase of noise and shorter life cycles of rails and vehicles. The explanation of the mechanism and causes for the 

formation and growth of wheel polygonization has challenged many researchers and still represents an open problem in 

railway engineering. 

 

Some previous work [1,3,10] studied the relationship between bending resonances of wheelset and the development of 

polygonal wheel wear in high-speed vehicles, locomotives and metro vehicles. In fact, one mechanism proposed for wheel 

polygonization is based on the excitation of resonances in the vehicle and the track [4,11]. Other factors deemed to possibly 

affect the formation and growth of polygonal are the effects of wheel mass unbalance, inhomogeneity of wheel material 

properties, re-profiling tolerances. Due to the many factors potentially affecting the problem, systematic consensus on the 

causes of wheel polygonization has not been reached so far and a comprehensive understanding of the mechanism and 

remedies for this phenomenon is still lacking.  

 

The various attempts proposed to explain wheel polygonization generally share a similar approach where a resonance 

frequency from the vehicle/track system is excited by the polygonal wheel and a wavelength fixing mechanism leads to 

the selective growth of some particular wavelengths of corrugation in the circumferential profile of the wheel. In these 

studies, the variation of the vehicle speed is often neglected or regarded as a minor effect, but it is an important and 

indispensable factor to get the excitation frequency from polygonal wheels, because in real operation the vehicle is seldom 

running at constant speed, so it may be difficult to identify the speed regimes actually leading to wheel polygonization. 



 

This effect is particularly crucial for metro vehicles which are operated according to a speed profile characterised by 

frequent accelerations and decelerations. 

 

One of the primary barriers to investigating wheel polygonization is the difficulty to define a comprehensive numerical 

model for the formation and growth of polygonal wear, capable to simulate the initiation phase and the subsequent 

polygonal wear evolution process. This requires that a short-term model for vehicle dynamics and train-track interaction 

is coupled to a long-term model of wheel wear, representing the evolution of polygonal wear on the surface of the wheel. 

The short-term model works on a timescale of some seconds and should be able to describe motion components happening 

at frequencies in the order of hundreds of Hz, i.e. with periods of oscillation of few milli-seconds. The formation of 

polygonal wear requires weeks or months to take place, so there can be 6 orders of magnitude difference in the times 

involved in the model. Establishing such a model requires therefore that suitable simplifying assumptions are made, whose 

impacts on the model’s accuracy are discussed in this paper. Once the simulation model is available, wheel polygonization 

can be analysed quantitatively and a growth mechanism can be proposed and compared with field tests, which is the 

second main aim for this paper.  

 

The paper is organised as follows. In Section 2, we propose an iterative simulation approach in which a wear model is 

used to calculate wear depth along the wheel circumference after each short-term simulation and Fourier series expansion 

function is used to smoothen the curve. To ensure the accuracy of the model, three important simulation settings are 

investigated in Section 3: the time step for numerical integration, the method for smoothing the worn profile and wheel 

profile updating strategy. In Section 4, a case study of a real metro vehicle with 8th to 9th order polygonal wheels is 

presented. In this case study, the simulation work and field tests lead us to identify a ‘resonance speed’ at which a peculiar 

growth of wheel polygonization takes place. Based on the simulation on wear evolution and the case study of the metro 

vehicle, new general strategies for investigating the wheel polygonization are summarized in Section 5. Finally, Section 

6 provides a concise discussion of the results obtained and the final conclusions. 

 

2. Simulation model for polygonal wear of railway wheels 

 

2.1. Assumptions and a general scheme for polygonal wear model 

The long-term iterative wear model in this work is based on three assumptions. Firstly, in a single short-term calculation, 

the variation of wheel and rail profiles is negligible, so that the wheel and rail profiles are assumed to be constant. The 

second assumption named multiple timescale means that scaling coefficients are applied to the short-term simulation to 

simulate wear effects taking place over a much longer timescale. The third assumption is about the three-dimensional 

wheel contact surface. The wheel circumferential profiles that are measured at different datum points on wheel tread are 

very similar as shown in Reference [1]. According to this, we assume that wheel circumferential profiles are the same no 

matter where measure datum points on transversal wheel tread are selected. In order words, the wear on the transverse 

profile is not considered. Hence the three-dimensional wear problem is simplified as a two-dimensional problem. In this 

paper, an averaged lateral position of contact patches on the wheel tread is used as the datum point to measure the profiles. 

It should be noted that in this paper ‘profile’ refers to the shape of the wheel out-of-roundness in circumferential direction 

instead of the wheel’s transversal profile. 

 

The general idea of simulating wear evolution is schematically illustrated in Figure 1 where the iterative calculation is 

divided into four basic parts. At the beginning, a profile of an initial polygonal irregularity that can be derived from the 



 

manufacturing process, inhomogeneous materials or some other reasons is fed in a short-term vehicle dynamics model 

whose outputs in terms of creepages and creep forces are used by a wheel wear model to obtain a distribution of wear 

depth along the wheel circumference. This curve is processed by fitting methods to make it smooth and differentiable and 

is then subtracted from the circumferential profile of the wheel, resulting in an updated wheel profile which is fed back 

in the short-term vehicle dynamics model, so that the next calculation of material removal can be started. The procedure 

is iterated several times, providing the evolution of the wheel profile with cumulated service.  

 

 

Figure 1 Schematic simulation flowchart 

 

2.2. Wheel wear model 

The wear of wheel tread in transversal direction has been studied for a long time and several wear models have been fully 

studied[12-14]. These models include, among others, the Archard model and the wear law based on frictional power. Since 

the wear mechanism taking place in the contact patch is identical for transversal and circumferential wear, it is natural to 

apply the same wear models to study polygonal wear.  

 

Archard model, as a classical material wear model, has been widely used in railway engineering to predict wear at the 

wheel/rail interface. It is based on the following expression: 
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where Vwear is the volume of abraded material; N is the normal force applied on the surface; 𝑑 is the sliding distance 

between two surfaces; H is the material hardness, and 𝑘𝑤 is a wear proportionality coefficient. This model was 

implemented in the two recent studies for the polygonal wear simulation [15,16]. 

The wear model based on frictional power between wheel and rail has also been applied to study polygonal wheel wear 

[3,11,17,18,19]. This model assumes the excavated mass 𝛥𝑚 is proportional to the wear energy 𝑊𝑅 dissipated at wheel/rail 

contact due to friction. Equation (2) gives the basic calculation principle: 

𝛥𝑚 = 𝑘(𝑃𝑅𝐴) ⋅ 𝑊𝑅                                                                              (2) 

where k is a proportionality factor depending on 𝑃𝑅𝐴 [W/𝑚2] which is the wear energy at unit contact area [3]. The wear 



 

energy 𝑊𝑅 is the product of integration step Δt and frictional power 𝑃𝑅 which has three components in longitudinal, lateral 

and spin directions as is shown in Equation (3).  

𝑊𝑅 = 𝛥𝑡 ⋅ 𝑃𝑅 = 𝛥𝑡 |𝑇𝑥𝑣𝑟𝑒𝑙,𝑥 + 𝑇𝑦𝑣𝑟𝑒𝑙,𝑦 + 𝑀𝜁𝜑𝑟𝑒𝑙,𝜁|                                                                (3) 

𝑇𝑥𝑣𝑟𝑒𝑙,𝑥  𝑎𝑛𝑑  𝑇𝑦𝑣𝑟𝑒𝑙,𝑦 are products of creepage forces and relative velocities between wheel and rail in longitudinal and 

lateral directions. 𝑀𝜁𝜑𝑟𝑒𝑙,𝜁 is the product of the spin moment and relative rotational velocity between wheel and rail. The 

relative velocities between wheel and rail here are calculated as the product of corresponding creepages and vehicle speed.  

Equation (4) provides the method for computing the wear depth Δr  at each contact patch:  

𝛥𝑟 =
𝛥𝑚

𝜌𝐴
=

𝑘|𝑇𝑥𝑣𝑟𝑒𝑙,𝑥+𝑇𝑦𝑣𝑟𝑒𝑙,𝑦+𝑀𝜁𝜑𝑟𝑒𝑙,𝜁|𝛥𝑡

𝜌𝐴
                                                             (4) 

where 𝜌 is the density of wheel material and A is the area of the contact patch.  

It is worth mentioning that this wear model does not consider the local distribution of stresses and creepages inside the 

contact patch as is done in the “local wear” model described in the reference [20]. By contrast, in this “global wear” 

model, a mean value of the wear depth over the entire contact area is obtained from “global” quantities such as the 

creepages and creep forces. In reference [20] “local wear” and “global wear” models are compared and a good agreement 

is found, resulting in a maximum 4% difference between them. Because of the small difference of results provided by the 

two models, the approach of using a “global wear” model is adopted in this work as it enables a drastic reduction of the 

calculation time, given that it is not required to perform a local contact analysis to derive the distribution of stresses and 

slip in the contact patch. To summarize, in this work, the FASTSIM algorithm is used as the method to compute wheel-

rail contact outputs and Equation (4) is implemented as the wear model.  

 

2.3. Smoothing of the wear depth curve 

The original curve of excavated material obtained from the short-term simulation of the vehicle dynamics model has 

spikes because of the rectangular element on the contact patch introduced from wheel-rail contact calculation and 

discretised distribution of contact patches around the wheel circumference. Smoothing is therefore required before wheel 

profiles are updated. Differently from the case of analysing the formation of tread wear, when polygonal wear is studied 

,it has to be considered that the wheel circumferential profile is a closed line. The comparison of the two cases can be 

seen in Figure 2. Many traditional curve fitting methods like cubic interpolation and polynomial fitting cannot smooth a 

closed profile whilst ensuring that the curves are continuous and differentiable over the entire circumference. Continuity 

and differentiability are actual features of wheel profiles and are required in the simulation of wear formation since even 

a small discontinuity at the point connecting two ends of the curve will lead to impacts and result in wrong estimation of 

the polygonal wear pattern. 

                                               

                                                                             (a)                                                                                                     (b)  

Figure 2 Comparison between (a) Closed wheel profile in circumference direction and (b) Unclosed wheel tread profile in transversal direction 



 

In this work, a fitting method based on Fourier Series is introduced to solve the problem. Equation (5) presents the 

truncated Fourier expansion used for curve fitting, where x and y are original data of wheel profile, and variables 𝑎𝑖 and 

𝑏𝑖 are parameters to be identified. The linear combination of trigonometric functions can approximate any shape of wear 

curves if the number of harmonic terms considered is large enough. For a polygonal wear profile, the magnitude of the 

𝑖𝑡ℎ polygon order is expressed by 𝑑𝑖 defined according to Equation (6). 
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Before applying Fourier series expansion function to fit the wear curve, the ‘smoothing spline’[21] is applied to filter out 

the effect of numerical disturbances introduced by the short-term simulation. Figure 3 compares the original curve of 

excavated material, the curve filtered by the ‘smoothing spline’ and the Fourier series expansion function.  

 

Figure 3 Fitting effect for curves of excavated material       

 

2.4. Example of polygonal wear simulation 

We built a dynamics model for a metro vehicle in SIMPACK where a sine function curve was applied to simulate the 

initial polygonal wheel irregularity. The number of wave crests around the wheel circumference equals to the wheel’s 

polygon order and the amplitude of sine wave is the polygonal wear depth. In the simulation example, an initial wheel 

irregularity was configured as a 3rd order polygon with 0.1 mm depth. The evolution of wheel wear on a tangent track at 

speed 80km/h is shown in Cartesian coordinate and Polar coordinate in Figure 4 (a) and (b) respectively. 

 



 

 

(a)                                                                                                          (b) 

 

(c)      

Figure 4 Development of polygonal wear curves in (a) Cartesian coordinate, (b) Polar coordinate and  (c) its polygonal wear depth over 

running distance 

With the progress of wear, the depth of the polygon increases, and new wave crests gradually appear. In order to explore 

the wear rate over the running distance, the simulated vehicle running distance is recorded before the wheel profiles are 

updated. The half of the distance from the absolute maximum to the absolute minimum value of the radius is defined as 

the polygonal wear depth. The wear rate is expressed as the gradient of polygonal wear depth vs. distance run, see Figure 

4 (c). A scaling coefficient is applied to consider timescale effects in short-term simulation. This coefficient is estimated 

according to empirical observation on the polygonal wear. In this stage, it is impossible to get an accurate estimation for 

the scaling coefficient as detailed measurement data on wheel profiles are unavailable, but this only affects the total 

distance run by the vehicle to reach a given amplitude of irregularity, whilst it does not affect the evolution of the profile 

in terms of relative importance of the harmonic components of polygonization. Despite any possible uncertainty in the 

magnitude of the scaling coefficient, it is still meaningful to compare the relative growth rate of wear in different phases 

of the process. From Figure 4 (c), the slope of the curve illustrates that the growth rate increases with rising polygonal 

wear depth.  

 

The development of polygon order in Figure 4 can be briefly explained by the phase difference between the time history 

of wheel circumferential profile and wheel-rail contact parameters as obtained from the short-term simulation. The time 

histories of wheel rolling radius, frictional power, wheel-rail normal force and vertical acceleration of linear motor are 

compared in Figure 5 (a). The frictional power directly reflects the location and amount of wear produced on the wheel. 

By comparing the values of three components of frictional power according to Equation (3), the lateral creepage 

dominates the contribution to the frictional power. The product of lateral creepage force and lateral relative velocity 



 

between wheel and rail (i.e. 𝑇𝑦𝑣𝑟𝑒𝑓,𝑦) has the same variation frequency as the radius curve. However, for the frictional 

power curve, the wave crests are doubled of wheel radius curve as the positive and negative peak values of 𝑇𝑦𝑣𝑟𝑒𝑓,𝑦 form 

the two crests in each cycle. The normal force between the wheel and rail affects the size of contact patch area and also 

the amplitude of frictional power. The normal force changes according to the variation of wheel radius and also the 

vibration of its connected components. In this simulation model, the vibration of the linear motor significantly affects the 

normal force, as shown in Figure 5(a), where the normal force fluctuates according to the vertical acceleration of the 

linear motor.  

The phase difference between the frictional power curve and wheel radius curve is essential to the development of 

polygonal wear. In our work, the variation of the phase difference is found at different speeds with different polygon 

orders, as shown in Figure 22 and Figure 23. In Reference [3], this varied phase difference was also observed and analyzed 

with a rigid and flexible track. The track property has an effect on the phase shift, but this phenomenon was not fully 

explained and cannot be precisely predicted. It should be noted that in our work, the vibrations of track components are 

not considered. 

Four typical points are labelled in Figure 5 (a) and (b) to illustrate the change of polygon order. At time ①, wheel radius 

is at wave trough where the frictional power takes the lowest value, so the material loss in position ① is smaller than 

other positions. As a result, a new crest is formed in the updated profile as shown in Figure 5 (b).  For time point ③, an 

original crest on wheel radius curve remains as less wear takes place. At time ② and time ④, the frictional power reaches 

peak values, so the amount of removed materials is larger than those of the positions around and hence two troughs are 

formed.  

        

(a)                                                                                                                                

 

 (b)  



 

Figure 5 Investigation for increase of polygon order: (a) Time histories of wheel radius, frictional power, normal force and vertical acceleration of 

linear motor and (b) Initial profile and worn profile after the first iteration          

 

3.  Effects of simulation parameter settings and calculation error analyses 

Even though the simulation approach for polygonal wear evolution has been introduced in the section above, some 

parameter settings can change the simulation results and because of considerable errors. In order to improve the reliability 

of the model, we studied three key settings: time step used for numerical integration, curve fitting method and wheel 

profile updating strategy.   

 

3.1.  Time step for numerical integration  

 

The size and number of time-integration steps influence the simulation accuracy. If a large step size and a small number 

of integration steps are set, the contact patches calculated around the wheel will not be fully overlapped. It causes 

disturbance on material excavation curve, resulting in short-wavelength components of the out-of-roundness that are of 

artificial nature. The original excavated material curve in a single short-term simulation with different simulation time 

and numbers of integration steps are shown in Figure 6. The disturbance will be effectively eliminated when the number 

of steps is greater than 10000. We don’t give a general standard for integration number, because the disturbance could be 

larger if a higher order wear curve appears in the subsequent iterations. To ensure the calculation accuracy, the number 

of integration steps for the following simulations in this paper is greater than 20000.  

  

Figure   6 Original curves of excavated material with different calculation steps 

 

3.2. Curve fitting methods  

The second error of wear calculation comes from curve fitting methods. As is described in Section 2.3, a smoothing spline 

followed by a truncated Fourier series expansion of the wear depth function is performed to eliminate discontinuities 



 

arising from the short-term simulation process. The parameter settings adopted in the two smoothing methods have an 

influence on the smoothed wear depth profiles.   

 

For the smoothing spline, it is not difficult to set a suitable ‘Smoothness’ to recognize real polygonal wear curve from 

disturbance when the number of numerical integration steps is large enough and the order of polygon is not so high, but 

in adverse cases, the error cannot be fully avoided. 

 

                                   (a) n =20                                                                   (b) n =40                                                               (c)  n =100               

Figure7  Polygonal wear curves at simulation speed 80km/h, with different harmonic function number n: (a)n=20, (b)n=40                                                               

and (c) n =100 

 

As far as the truncated Fourier series expansion is concerned, the number of harmonics n (see Equation 5) determines the 

level of detail to which the input profile is approximated. Theoretically, n should be selected as large as possible to reduce 

the curve fitting error and n is also the upper limit for the maximum orders that the simulation model can analyse. 

However, numerical disturbances not sufficiently filtered by the smoothing spline could be retained and would then affect 

the next iteration of the calculation, see Figure 1. Hence, it could be advisable to apply a relatively small n when low 

order polygons are studied. Figure 7 shows wear development curves when n is configured to 20, 40 and 100 respectively. 

The main evolution features are similar, but the wear profiles additionally show some short-wavelength fluctuations when 

n is equal to 100. In the following simulations in this paper, n is configured to 100.   

 

3.3. Wear profile updating strategy 

The criterion for updating the wheel profile is another important setting in the long-term wear model. In this work, a 

constant depth ∆D is used to control the maximum wear depth between successive profile updates. Figure 8 compares the 

results of polygonal wear of a metro wheel with an initial triangle irregularity at 50km/h for depth ∆D varying from 

0.2mm to 0.05mm.  

 

A simulation with too large ∆D may lead to a divergence of the simulated wear process from the real one. However, too 

small depth ∆D means a large number of iterations in the iterative process illustrated by Figure 1 and hence entails a more 

intensive use of computing resources. Furthermore, when too many iterations are applied a small error, arising for instance 

from curve fitting methods, could be gradually magnified. Hence too small ∆D should also be avoided. The comparison 

of Figures 8 (a), (b) and (c) shows a converging trend in the shape of the polygonal profile with reducing the ∆D parameter. 

Despite a difference between Figure 8 (b) and (c) is still visible, wear patterns in these two plots are quite similar. 

We ,therefore, consider ∆D=0.1mm as the standard depth value to be used for profile updating in our work. But it is noted 

that when wear evolution starts from an initial profile for which the polygon depth is lower than 0.1mm, a smaller ∆D 

would be recommended.  



 

 

(a) ∆D=0.2mm                                                          (b) ∆D=0.1mm                                                       (c) ∆D=0.05mm                                                 

Figure 8 Polygonal wear curves at simulation speed 50km/h with different profile update depth ∆D: (a) ∆D=0.2mm, (b) ∆D=0.1mm and  

(c) ∆D=0.05mm                                                 

 

4. Case study: wheel polygonization of a metro vehicle 

4.1. Brief introduction of the metro vehicle and its dynamics model  

A metro vehicle with the linear motor traction technology is found to have mainly 8th to 9th orders polygonal wheel when 

running several months after wheel re-profiling, leading to poor ride comfort. A unique feature of this bogie architecture 

is the linear motor which is connected to the bogie frame in lateral and longitudinal directions by several rods with elastic 

bushings. In the vertical direction, five rods attach the linear motor on two beams which are mounted on axle-boxes 

through stiff bush components [22]. Figure 9 presents the suspension structure of the linear motor. The wheels have an 

initial 4th order polygon after re-profiling. This initial out of roundness originates from the technology adopted for wheel 

re-profiling where geometric eccentricity of wheel centre cannot be completely avoided in the turning process [23].    

Simulation work and long-term field tests were carried out to investigate this problem.   

   

Figure 9 Suspension structure of the linear motor 

 

The vehicle dynamics model was built in software SIMPACK. This model considers the flexibility of the wheelset by 

means of a modal synthesis derived from a finite element model of an unconstrained wheelset. The finite element model 

of the wheelset and mode extraction was performed in ANSYS, showing that the frequencies of the first torsion mode, 

the first bending mode and the second bending mode are 78.0Hz，83.0Hz and 195.9Hz respectively. Figure 10 displays 

the shape of the first bending mode.  



 

 

Figure 10. Shape of the first bending mode 

 

Track flexibility also affects wheel/rail contact forces at relatively high frequencies with possible effects also on 

polygonal wear. However, considering the additional complexity entailed by a model considering track flexibility and 

especially the lack of experimental data regarding the track system, in this work the track is considered as a fixed 

system.  

 

For this metro vehicle, the frequency range of excitation caused by 8th to 9th order polygonal wheel in normal running 

speeds (20-90km/h) is 22-98 Hz approximately. The rigid mode frequencies of the vehicle model were calculated in 

SIMPACK and all the interested vehicle vibration modes are listed in Table 1.  

Table 1 Vibration modes and their natural frequencies  

Vibration modes Natural frequency 

Bogie frame rolling 11.1Hz 

Bogie frame bouncing 22.0Hz 

Bogie frame yawing 32.5Hz 

Bogie frame lateral oscillation 33.2Hz 

Linear motor bouncing 41.7Hz 

Linear motor pitching 58.3 Hz 

Linear motor rolling 78.5Hz 

Wheelset first torsion mode 78.0 

Wheelset first bending mode 83.0 

Wheelset second bending mode 195.9 

 



 

 

Figure 11. PSD analysis of vertical acceleration measured on the bogie frame ∙ 

The vehicle on-track tests were carried out with new re-profiled wheels and worn wheels 6 months after reprofiling. 

Accelerations were measured on the car-body and on the bogie frame. The 20-second acceleration on the bogie frame is 

analysed when the vehicle speed kept at around 80-85km/h. Figure 11 shows the PSD (Power Spectral Density) of the 

vertical acceleration on the bogie frame. The comparison of the measured bogie acceleration in the two tests with new 

and worn wheels illustrates that with the progress of wheel wear, bogie vibration becomes more intense. Four peaks are 

observed in the measurement performed with worn wheels. The peaks are at 10.4Hz, 20.9Hz, 31.1Hz and 41.4Hz which 

are in line with the natural frequencies corresponding to frame rolling, frame bouncing, frame yawing and linear motor 

bouncing as shown in Tab. 1. Since the vibration of the linear motor is attenuated by the primary suspension (vertical 

stiffness: 1.2MN/m per axle-box), the peak at 41.4Hz is not as high as the other ones which are related to bogie frame 

vibration. The small discrepancies between the measured and calculated frequencies could come from errors in model 

parameters, such as stiffness of springs and mass of the frame. 

 

4.2.  Dynamic performance of the vehicle and resonance speed identification  

 

As poor ride comfort is one main issue of concern, we assessed the lateral and vertical ride comfort through Sperling ride 

index 𝑊𝑧. This factor is calculated in the SIMPACK built-in Post-Processing Program where the standard algorithm 

considers the frequency weighting functions defined in ISO 2631[24] to reflect the effects of vibrations at different 

frequency range on the ride comfort. The values of index 𝑊𝑧 should be lower than 3 which represents the “tolerable level” 

for the ride comfort and in the metro company they use the value 2.5 as a criterion for “excellent level”. The verbal 

description of different values of 𝑊𝑧 and further explanation can be found in Reference [25].  

 

The simulations were performed to analyse the ride index of the vehicle travelling at different speeds with 8th and 9th order 

polygonal wheels as shown in Figure 12 and Figure 13.  



 

                

                                                                               (a)                                                                                     (b)  

Figure 12   Sperling ride index of the vehicle with 8th order polygonal wheel at different speeds in (a) vertical direction and (b) lateral direction  

 

                                                                               (a)                                                                                     (b)  

Figure 13   Sperling ride index of the vehicle with 9th order polygonal wheel at different speeds in (a) vertical direction and (b) lateral direction  

The ride indexes in both lateral and vertical directions show particularly large values when the vehicle speeds are close 

to 40km/h, and these peak points become higher with the increase of polygonal wear depth. This peculiar phenomenon 

suggests that a resonance phenomenon occurs at this speed. Indeed, when the vehicle speed is 40km/h, the 8th and 9th 

order harmonics of wheel polygonization produce a forcing effect at 38.8Hz and 43.6Hz respectively, which are close to 

the natural frequency of the linear motor’s bouncing motion, 41.7Hz. Therefore, the motor resonance is excited, resulting 

in significant degradation of both vertical and lateral ride indexes.  

 

A series of long-term field tests were carried out in the first month, the second month and the sixth month after wheel re-

profiling. The vehicle was tested on the main metro line in tare condition and was operated in the driverless mode which 

is the normal way in standard service. Because of this, the time histories of the vehicle speed between any two stops are 

the same in all tests, so the accelerations measured at the same location in different tests can be thoroughly compared. In 

this paper, measured data on a typical straight track zone between two adjacent stations is used for analysis where the 

vehicle accelerates to 85km/h and then decelerates to zero within around 90 seconds. The vertical and lateral ride indexes 

are processed over records of car body acceleration having a duration of 5 s each and the results of this analyses are 

presented in Figure 14 and Figure 15.   



 

 

 

      (a) 1 month after wheel re-profiling                                               (b) 2 months after wheel re-profiling                      

 

 (c) 6 months after wheel re-profiling    

Figure 14   Vertical ride index and speed time history curve measured between two metro stations 

 

       (a) 1 month after wheel re-profiling                                                 (b) 2 months after wheel re-profiling 



 

 

 (c) 6 months after wheel re-profiling    

Figure 15   Lateral ride index and speed time history curve measured between two metro stations 

 

Based on these figures, some features can be summarised as follows: 

 

(a) When the vehicle travelled at a speed of approximately 40km/h during the acceleration and deceleration transients，

the vertical ride index became very large and sometimes unacceptable, as pointed by the blue arrows in Figure 14 (c). 

This feature became more apparent in later months with the development of wheel polygonization. 

 

(b) The vertical ride index over the whole track zone was relatively good after re-profiling, but became increasingly worse 

in later months. 

 

(c) The lateral ride index was poor after wheel re-profiling, especially when running speed was close to 80-85km/h. 

However, in the following months, the ride index in the high-speed range was improved.   

 

The above concluded three features were also observed in other test zones with a similar track layout and time history of 

vehicle speed.  Namely, points (b) and (c) were noticed and claimed by the staff in the metro company even before the 

tests were carried out. As far as point (a) is concerned, it validates the simulation results in Figure 12 and Figure 13, 

confirming bad ride comfort at the speed of 40 km/h, and this is much likely related to the resonance of the linear motor. 

Evidences (b) and (c) require a more detailed discussion which is provided in Section 4.3.  

 

 

4.3. Polygonal wear for the metro vehicle  

Besides the resonance condition at speed close to 40km/h generated by 8th and 9th orders of wheel polygonization, a 

second critical speed is found at 85km/h that can cause resonance of the linear motor in presence of a 4th order of wheel 

polygonization. 

 

Figure 16 (a) presents a typical time history of speed from field tests in a straight zone. Although the vehicle travels at 

non-constant speeds, the discrete speed data in Figure 16 (b) shows that the most frequent running speed is around 85km/h. 

According to this analysis, polygonal wear development at speed 85km/h could be of great importance.   



 

      

                                                                               (a)                                                                                     (b)  

Figure 16  (a) Typical speed time history and (b) its speed distribution 

 

The development of polygonal wear for this running condition was simulated using the iterative wear model described in 

Section 2. An initial 4th order polygonal irregularity with a depth of 0.1mm arising from the wheel turning process is 

considered and parameter ∆D defining the profile updating criterion is set to 0.1mm.  In Figure 17, the wheel profiles 

obtained in fifteen successive iterations of the simulation are shown to describe wear evolution at speed 85km/h.   

 

Figure 17 Evolution of polygonal wear of the metro wheel at speed 85km/h; ∆D=0.1mm, harmonic order n=100 

 

From this representation, an increase of polygonal wear depth and the presence of higher orders of polygonization can 

be noticed, but the contributions of different orders to the wheel profile cannot be assessed on quantitative grounds. In 

order to quantify the components of different orders, the roughness level 𝐿𝑟
𝑘 is calculated according to Equation (7) 

𝐿𝑟
𝑘 = 20𝑙𝑜𝑔10

𝑟�̃�

𝑟𝑟𝑒𝑓
                                                                                       (7) 

where 𝑟�̃� is the amplitude of different wavelengths in one-third octave band and the 𝑟𝑟𝑒𝑓  is the reference value of wheel 

roughness set to 1 𝜇𝑚[26,27]. Figure 18 shows the development of roughness levels for the first 30 polygon orders in the 

wear evolution with 15 iterations. Except for the initial fourth polygon order, the 7th to 9th order components show the 

largest amplitude, followed by the 11th to 13th order components. 

 



 

 

Figure 18. Roughness level over the first 30th orders. 

In order to further investigate what happened in this wear evolution process, the frictional power is firstly analysed and a 

few of other simulations in different configurations are calculated for comparison. Six simulation configurations are 

designed and listed in Table.2. 

Table.2 Simulation cases 

Simulation cases Configuration  

Case 1 Vehicle speed: 85 km/h； Polygon order: 4th order     

Case 2  Vehicle speed: 90 km/h； Polygon order: 4th order     

Case 3 Vehicle speed: 70 km/h； Polygon order: 4th order     

Case 4 Vehicle speed: 85 km/h； Polygon order: 3rd order     

Case 5  Vehicle speed: 68 km/h； Polygon order: 5th order     

Case 6 Vehicle speed: 85 km/h； Polygon order: 8th order     

 

For the above-mentioned simulation scenarios, the time histories of wheel frictional power and the corresponding PSDs 

are presented in Figure 19 (a) and (b).  

 

The amplitude of the frictional power in time domain reflects the intensity of the wear. In Case 1 (4th order, 85km/h), the 

wheel generates intensive wear, because the 4th order polygonal wheel produces excitation at around 41Hz and excites 

the resonance of the linear motor. For this case, in Figure 19 (b), the frequency component at 41 Hz is clearly noticed 

together with a double frequency vibration at around 82Hz. This component at double frequency mainly comes from the 

positive and negative peak values of  𝑇𝑦𝑣𝑟𝑒𝑓,𝑦 in each vibration cycle, as was explained for Figure 5, in Section 2.4. The 

presence of a peak at double frequency of with respect to the main excitation is hence visible not only for case 1, but for 

all cases, as is pointed by the red arrows in Figure 19 (b). 

 

 Case 2 (4th order, 90km/h) and Case 3 (4th order, 70km/h) are characterised by the same initial wheel out of roundness, 

but vehicle speed is different so that the resonance effect arising at 85 km/h is much attenuated. 

 

Case 4 (3rd order, 85km/h) also supports the conclusion that vehicle speed is not the dominating reason for severe polyonal 

wear. In order to ensure that the intensive wear is related to the vertical vibration of the linear motor, in Case 5, an initial 

out of roundness with a 5th order component is considered together with a vehicle speed of 68 km/h so that again the 

forcing frequency is set at 41Hz. The results show a level of frictional power very similar to the one shown in Case 1. 



 

Altogether, Case 1 and Case 5 prove that a 41Hz excitation from the initial wheel out of roundness excites the resonance 

of the linear motor thus increasing wear drastically, but a significant component of frictional power is also found at 82 

Hz, which is close to 83Hz, the frequency of the first bending mode of the flexible wheelset. Then, it becomes doubtful 

whether the severe wear comes from the vibration of the linear motor or the first bending mode of the wheelset. 

  

 

        (a)                                                                                               (b) 

Figure 19.  (a) Time history of wheel frictional power and (b) PSD of wheel frictional power  

 

In Case 6, the vehicle speed is again 85km/h, but the polygon order is doubled from 4th to 8th order. By doing so, the wheel 

excitation shifts from 41 Hz to 82 Hz. This frequency is much higher than the resonance frequency of the linear motor 

and consequently the motor resonance will not be excited, but a more intense excitation is expected for the first bending 

mode of the wheelset. The PSD analyses of vertical and lateral accelerations on axle-box are displayed in Figure 20, 

comparing cases 1, 4, 5 and 6. Among all cases considered in this figure, Case 6 shows the highest value of vertical 

acceleration at around 82Hz, confirming intense excitation of the wheelset first bending mode for this case. Nevertheless, 

in Figure 19 (a), the frictional power in Case 6 is still much less than the ones in Case 1 and Case 5. The frictional power 

is mainly contributed by the lateral slip and Figure 20 (b) shows that the maximum lateral acceleration at 82 Hz is still 



 

obtained in Case 1 and Case 5 where the resonance of the linear motor takes place, in agreement with the results shown 

in Figure 19. In conclusion, despite the first bending mode of the wheelset can be excited through a proper combination 

of the initial wheel out of roundness and vehicle speed, it is confirmed that the resonance of the linear motor is the 

dominating factor for the drastic increase of the polygonal wear. 

  

           (a)                                                                                          (b) 

Figure 20 PSDs of (a) Vertical acceleration on the axle-box and (b) Lateral acceleration on the axle-box 

The analyses above studied polygonal wear evolution started from the initial 4th order polygon. In this part, a wear 

simulation focuses on the phase after the 8th order polygonal wheel is formed. A new wear evolution is simulated with 

an initial 8th order polygon, at speed 85km/h, the same as the configuration in Case 6. The wear evolution in Figure 21 

clearly shows the increase of polygonal wear depth but no change of polygon order, differently from the wear pattern 

arising from an initial 4th order polygonal wheel as shown in Figure 17.  

 

Figure 21 Evolution of polygonal wear started from 8th polygon, at speed 85km/h; ∆D=0.1mm, harmonic order n=100 

 

In order to investigate the difference between the two wear patterns, the time histories of the wheel radius, frictional 

power, wheel-rail normal force and vertical acceleration of the linear motor in two cases are presented in Figure 22(a) 

and (b). In Case 1, with the initial 4th order polygon, the maximum frictional power takes place in the centre between the 

crest and trough of wheel radius curve and the minimum power occurs at the crest and trough of the radius curve. This 

feature is similar to that of Figure 5(a) and the worn profile performed after the first iteration in Figure 23(a) looks like 

Figure 5(b). By contrast, with an initial 8th order polygon, the maximum frictional power appears at the trough of wheel 

radius curve. In these positions, much material is removed, resulting in the increase of polygon depth, as shown in Figure 

23(b). In case 6, the lateral slip is reduced as you can see that the amplitude of frictional power in Figure 22(b) is smaller 

than that in Figure 22(a). In Figure 22(b), the second maximum power is much lower than the first one because a smaller 

normal force in the corresponding position reduces the interaction forces between wheel and rail. The variation of the 



 

normal force is caused by the shape of the wheel and also the vibration of the linear motor. These parameters interact with 

each other in a complicated way and result in the phase shift between the wheel radius and frictional power which 

principally decides the evolution of the polygon order.  

 

(a) Case 1 (initial order:4th order; speed: 85km/h) 

 

(b) Case 6 (initial order:8th order; speed: 85km/h) 

Figure. 22 Time histories of wheel radius, frictional power, wheel rail normal force and vertical acceleration of the linear motor for (a) simulation 

Case 1 and  (b) simulation Case 6 

    

(a) Case 1                                                                                                      (b) Case 6 

Figure 23 Worn profile after the first iteration of wear evolution with  (a) the initial 4th order (Case 1) and (b) the initial 8th order (Case 6)  

 



 

Based on these wear simulations and field tests, the following mechanism is proposed to explain the formation of the 

polygonal wear starting from an initial 4th order polygon and finally resulting in the 8th and 9th order polygonization.  

 

In the initial phase, with the 4th order polygonal irregularity, the wheels will produce around 41Hz excitation at speed 

85km/h, which causes the resonance of the linear motor. The vibrations of the car-body, linear motor and wheelset in this 

situation become severe. According to the speed distribution, keeping the running speed at 85km/h for a long time 

accelerates the polygonal wear development from the initial 4th order into the 8th and 9th order.  

 

When the 8th and 9th order polygonal wheels appear, the wear enters into the second phase, in which the new order 

polygonal wheel at 85km/h produces frequency higher than 80Hz. Hence it will no longer cause the resonance of the 

linear motor. In this stage, the order of polygon will not change dramatically, but the depth of polygonal wear will continue 

increasing. 

 

This mechanism is in accordance with some peculiar phenomena observed in field tests, which have been introduced in 

Section 4.2, see particularly points (a) to (c). For point (b), the deterioration of vertical ride index from the first month to 

the sixth month, came from the increase of polygonal wear depth in both phases, especially in the second phase after the 

8th and 9th order polygon was formed. For point (c), the improvement of lateral ride index at maximum speed 85km/h 

observed in the next months, could be due to the fact that after the initial 4th order polygonization is transformed in the 

8th and 9th polygonization the resonance of the motor is no longer excited at 85 km/h. Instead, a different resonance speed 

at around 40km/h was observed, which is consistent with the explanation provided here.  

               

4.4. Possible solutions to eliminate polygonal wheels  

According to the analyses above, the development of polygonal wheels comes from three interactive conditions. They are 

initial 4th order polygonal wheel, the natural frequency of the linear motor and the vehicle speed. Thereby, the mitigating 

solutions could be proposed from three aspects.  

 

(1) Adjusting the natural frequencies of the linear motor: The suspension parameters and mass properties of the linear 

motor determine its natural frequencies. Increasing the vertical stiffness of rubber components in the rods suspending the 

linear motor by 150% would result in an increase of the linear motor natural frequency by approximately 22.5% and avoid 

the resonance of the motor in the speed range from 0 to 90km/h. (2) Adjusting speeds: Changing the vehicle speed has 

limited effects if the resonance speed cannot be avoided in real operational service. However, reducing the time spent by 

the vehicle travelling in the resonance speed range can still alleviate the polygonal wear. (3) Improving the wheel re-

profiling technology: Re-profiling machine and process could be improved to reduce initial wheel irregularity.   

 

5. New strategies for investigating wheel polygonization  

The exploration of the case study inspires new strategies for investigating wheel polygonization, which could be applied 

generally in other types of railway vehicles.  

 

(1) Identifying resonance speed(s) 

Speed is an extremely important factor when polygonal wear is investigated since it determines the frequency of wheel 

excitation. In analyses for the metro vehicle, a resonance speed is identified through simulation and validated by field 

tests. Identifying a resonance speed points the investigation towards a specific frequency range, facilitating a better 



 

understanding of the causes of polygonal wear and the search for remedies. An approach to identify this speed could be 

testing dynamic behaviours of vehicles at varying speeds. A simulation example to identify the resonance speed for the 

metro vehicle can be seen in Figure 24. In this simulation, an initial 4th polygon order and increasing speed are applied 

and the resonance speed is identified by looking for peaks of the ride index.       

 

Figure 24   Resonance speed identification in varying speeds 

 (2) Dividing the development of polygonal wear into phases  

In the case study for the metro vehicle, the long-term field tests validate that the dynamic behaviours of the vehicle have 

different features in different stages. The polygonal wear simulation also shows that the wear evolution in different phases 

has different wear patterns. We divide the polygonal wear evolution into two phases as shown in Figure 25. In phase 2, 

the wear pattern tends to a stable waveform and only grown in amplitude. Instead, the essential process determining the 

order of polygon occurs in phase 1. However, when wheel polygonization is observed, the studies usually started with 

phase 2 which may provide very useful insight on the mechanisms of wear depth growth, but the evolution in the 

waveform of polygonal wear in phase 1 is disregarded.   

 

Figure 25 Developing phases of polygonal wear 

 

6. Conclusions  

In this work, a long-term iterative wear model is proposed to study the evolution of the polygonal wear. Integration steps, 

curve fitting methods and wheel profile updating strategy are three crucial factors that will affect the accuracy of the 

simulation. Through the wear model, the evolution of polygonal wear is studied quantitatively providing an effective 

approach to investigate the mechanism of wheel polygonization. The results of numerical investigations are shown in the 



 

paper to be consistent with measurements from line tests and support the conclusion for the case study that the process of 

formation and growth of polygonal wear consists of two phases: a first one in which an initial small amplitude 4th order 

out of roundness evolves in a corrugation profile where 8th and 9th order polygons are dominating, and a second one in 

which the amplitude of polygonal wear keeps growing without significant changes in the waveform. Both phases are 

profoundly affected by the excitation of resonances in the vehicle, particularly in the linear motor and wheelsets, resulting 

in intense resonance effects at some speeds.  

 

Apart from the reason explained in this work, some other factors could contribute to the evolution of polygonal wear to 

some extent. High-frequency vibration of the track is not considered in this paper but could play a role, especially when 

high-order polygonal wear has developed and particularly for the case of high-speed trains where excitation frequencies 

are higher. These factors could be analysed in future developments of this work.  

 

Future extensions of this work can also be addressed to assessing the effect of using a more accurate “local wear” model 

instead of the “global wear” model used in this paper, although this would increase substantially the computational effort 

required, and to considering other models for wheel/rail contact as an alternative to FASTSIM.  

 

Finally, further comparison with measurements from line tests, especially increasing the frequency of wheel profile 

measurements during the phase of polygonal wear development would allow a more thorough validation of the model 

and of the proposed two-phase mechanism for polygonal wear proposed in the paper. 
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