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Abstract: The development of wheel-rail contact models is an active topic of railway research with
the dual objective of improving the accuracy of multibody simulations and reducing its
computational effort. This paper extends the online Hertzian contact model, proposed by Pombo et
al.[1] to propose a non-Hertzian contact model. The new methodology presented here includes the
following steps: (i) search of the points of contact; (ii) identification of the undeformed distance
function; (iii) evaluation of the contact patch; (iv) calculation of the normal and tangential contact
forces; (v) application of the contact forces in the multibody vehicle model. Among several contact
models available in the literature, this non-Hertzian contact approach uses the Kik-Piotrowski
model for the normal contact force, while the tangential forces are obtained from the interpolation
of the available Kalker Book of Tables for Non-Hertzian (KBTNH) contact. With the purpose to
demonstrate the proper implementation and selection of parameters that define this new model,
several contact analysis and dynamic simulations are performed in which the wheel S1002 and the
rail UIC50 are considered. First, the contact analyses that determine the contact condition of
different wheel-rail interactions serve to assess the accuracy of the Hertzian and non-Hertzian
models with respect to the software of reference CONTACT. Second, the Hertzian and non-
Hertzian models are utilized to perform dynamic simulations of a wheelset, a bogie and a vehicle
running in tangent and curved tracks. In short, this work provides, not only a complete description
of the implementation of a non-Hertzian contact model in a multibody code, but also suggests for
the proper selection of the parameters that promote better accuracy and optimal computational

efficiency.
Nomenclature
()ep Subscript to identify the contact patch
(Dw Subscript to identify the wheelset w
()r Subscript to identify the rail
() Superscript to identify the left and right side
a Length of semi-axes of SDEC or elliptical contact patch in longitudinal direction
A Curvature of the contact point in the lateral direction
Aep Area of the contact patch




A Transformation matrix

b Length of semi-axes of SDEC or elliptical contact patch in longitudinal direction
b Binormal vector

B Curvature of the contact point in the longitudinal lateral
d Distant vector

D Damping coefficient for the normal contact force
e Restitution coefficient

E Young Modulus

e Ordinate of the profile that represents the rail cross section
o Ordinate of the profile that represents the wheelset w cross section
Jx Normalized longitudinal creep force

Iy Normalized lateral creep force

Fy Longitudinal creep force

Fy Lateral creep force

g Aspect ratio

Gund Undeformed distance function

g External generalized forces vector

G Shear Modulus

H Hertzian

H Distance between the left and right wheel profiles
K Contact stiffness

KBTNH Kalker Book of Tables for Non-Hertzian

L Left side

m;, Normalized creep moment

M, Spin creep moment

M Mass matrix

n Hertz nonlinear exponent

n Normal unit vector

NH Non-Hertzian

N Normal force magnitude

PS Primary Suspension

P Potential point of contact in the rail

Do Maximum normal pressure of the KP model

Prmax Maximum normal pressure

q System generalized coordinates

0 Potential point of contact in the wheel

r Radial coordinate

r Position vector

Sy Arclength coordinate of the rail surface

Sy Angular coordinate of the wheel surface

SS Secondary Suspension

SDEC Single Double Elliptical Contact

R Right side

v Velocity vector

t Tangential vector

Ur Lateral coordinate of the rail surface




Uy Lateral coordinate of the wheel surface
XL Length of the strip

Xz Cartesian coordinates

o One dimension of the SDEC

o Direction of the linear creepage

y Tangent angle of the cross-section

04 Right-hand side of the acceleration constraint equations vector
0 Penetration magnitude

Smx Maximum penetration velocity

AFy Deviation of the longitudinal creep force
AF Deviation of the lateral creep force

AM, Deviation of the spin creep moment

Ar Step size for the radial coordinate

As Width of the strip

AO Step size for the angular coordinate

€ Parameter that takes into account the existing deformation
n Normalized lateral creepage

% Angular coordinate

K Curvature

A Lagrange multipliers vector

U Friction coefficient

% Magnitude of the linear creepages

¢ Normalized longitudinal creepage

o Poisson ratio

Dx Longitudinal creepage

Dy Lateral creepage

o Spin creepage

D, Jacobian matrix of the constraint equations
X Normalized spin creepage

v Shape factor of SDEC

® Angular velocity vector

1 Introduction

In railway dynamics, the vehicle-track interaction has been studied mostly through multibody simulations
where railway vehicles, running in tracks with realistic operation conditions, are analysed in a virtual
environment [2]. By using these tools, virtual homologation [3—6], prediction of wear and rolling contact fatigue
of wheels and rails [7-12], among other studies can be performed. A key ingredient in all these case studies is
the wheel-rail contact model, which evaluates the contact reactions forces developed over the wheel-rail
contacting area [13—19]. The calculation of these forces, in a multibody code, involves four steps, namely, (i)
identification of the contact patch, (if) evaluation of the creepages, (iii) assessment of the normal and tangential
contact forces in the wheel-rail interface, and (iv) application of the contact forces in the wheelsets and rails.
Since the assessment of the wheel-rail contact is one of the most time-consuming processes in railway
multibody simulations, the development of faster, yet accurate wheel-rail contact models is still a challenging
and active topic of research [20-25]. The use of ‘in-house’ programs, in contrast to commercial software, has the
advantage of allowing a complete control over of the implementation of the wheel-rail contact methodologies,
hence allowing to adjust the simulation code to specific problems. However, even when the multibody
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formulation is established [26, 27] the implementation of the wheel-rail contact is still a complex task. Few
works present complete formulations for the implementation of wheel-rail contact models in multibody codes
[1, 28-33], being common the use of commercial software codes that are used even for benchmarking processes
[34, 35]. This work aims at presenting a new methodology for non-Hertzian contact models as well as its
implementation in general multibody codes.

To perform a multibody simulation of a railway vehicle running in a track, the vehicle, track and vehicle-
track interaction models are required. The multibody model of the vehicle consists of a set of bodies that are
constrained by kinematic pairs and/or force elements that represent the suspension system of the vehicle [36—
38]. The track model is composed by two surfaces, representing the left and right rails, which control the motion
of the wheels with the forces developed in the wheel-rail interfaces. The track modelling consists of a geometric
parameterization problem where the rails positions and orientations are defined as function of selected
parameters [39—41]. If the track flexibility is an important issue, the material and mechanical properties of the
infrastructure must also be taken into account [42—45]. In turn, the wheel-rail contact model represents the
interaction forces developed in the wheel-rail contact interface. The result of the simulation of a general railway
dynamic problem includes the time history of vehicle kinematics and the forces developed in the multibody
system, including the joint reaction and the wheel-rail contact forces.

The first step to solve the wheel-rail contact problem is the contact detection, when contact exists, the
calculation of the wheel-rail contact patch which is generally considered non-conformal if it lies in a flat plane
and treated as conformal when it lies in a curved surface. Several different approaches can be considered for the
evaluation of the contact patch, which can be more or less accurate and computationally expensive. In any case,
the parameterization of the wheel and rail profiles is always required. Due to the axial symmetry of the wheel,
the revolution of its profile around its axis defines the wheel parametric surface, being the angle of revolution
the first parameter while a second parameter is used to describe the transversal wheel profile. In turn, the rail
surfaces are described as an extrusion of the rail cross-section, being the arc length of the sweep the first
parameter while a second parameter defines the transversal rail profile. Thus, the contact detection problem can
be solved as a constraint approach or as an elastic approach [46, 47]. The constraint approach, used by some
researchers to represent the wheel-rail contact, does not consider pseudo-penetration between the profiles, only
allowing for one contact point per each wheel-rail pair [48, 49]. The unilateral constraint approach eliminates
three relative degrees-of-freedom of the wheelset, being the contact points dependent on the longitudinal, lateral
and yaw motions. In the elastic approach, two methods can be used, namely, the algebraic approaches [1, 28, 50]
and the nodal search method [30, 51, 52]. In the algebraic approach, normal and tangential vectors at the wheel
and rail surfaces are defined to describe geometric constraints that define potential points of contact, where the
minimum distance condition is imposed. In turn, the nodal search method is defined by discrete profiles where
the penetration of each node of a profile inside the other profile is monitored and associated with a contact force.
In any of the elastic approach, the six degrees-of-freedom of the wheelset are preserved. The resolution of the
contact detection problem is one of the most time-consuming tasks in a multibody simulation. The use of lookup
tables is a strategy to improve the computational efficiency by substituting the search by the interpolation of a
table given the relative kinematics of the wheel and rail. This is mostly applied in constraint approaches [30, 48].

After the contact detection, the assessment of creepages is performed based on a kinematic analysis of the
two contacting surfaces [1]. In this analysis, three creepages are typically considered, i.e., the longitudinal,
lateral and spin creepages. While the longitudinal and lateral creepages are straightforward to understand, the
spin creepage requires a more detailed description. The spin creepage consists of a rotation around the direction
normal to the contacting area divided by the wheel’s forward speed. Since the direction of the angular motion of
the wheelset is not perpendicular to the normal of the contact area, spin creepages exist. Special emphasis is put
in the flange contact, which occurs mainly in curve negotiations, where the spin creepage can increase
significantly. In the case of a conformal contact, in which the contact slope varies considerably, large variations
of the creepages over the contact area are expected [53—57].



The normal contact force developed in the wheel-rail interface results from the integral of the normal
pressure distribution over the contacting area. Hertzian contact theory [58] has been widely used in multibody
simulations due to its easiness of implementation and representativeness in a very wide number of contact
conditions existing in engineering systems of interest. Among other conditions, this model assumes that the
curvature at the contacting area is constant leading to an elliptical contact patch where a semi-ellipsoidal normal
pressure distribution is considered. Due to the geometry of actual wheel and rail profiles, the Hertz model can be
inaccurate for some wheel/rail pairs and relative wheel/rail portions. In these cases, a more accurate description
is required. In this context, the CONTACT program [58], based on the Kalker rolling contact theory, uses much
more refined rolling contact model providing results of reference. However, the online use of this program is too
time-consuming to be applied in multibody simulations.

Contact models that consider virtual penetrations between wheel and rail have been proposed, being their
accuracy compared with benchmark codes, such as CONTACT, or finite element methodologies [22, 24, 25, 59—
61]. These simplified models find the contact area as a portion of the interpenetration that is determined by the
undeformed distance function, that is, the separation distance between the wheel and rail profiles. Numerical
issues can arise during the implementation of such elastic contact models, such as, the numerical instability that
can occur when considering multi-Hertzian contact, which leads to multiple elliptical contact patches, namely, in
the case of overlapping contacts. This difficulty can easily be overcome by considering an equivalent and single
Hertzian contact. However, this approach is not suitable to evaluate the distribution of pressure in the contact
area. In turn, to simulate a wheelset running on a rigid track it is of crucial importance to include energy
dissipation in the normal contact problem. For this purpose, Pombo et al. [1, 28] proposed a modified version of
the Hertzian contact model with hysteresis damping, known as the Lankarani-Nikravesh (LN) contact model
[62, 63]. This model uses the relative velocity between two surfaces and the restitution coefficient, not only to
incorporate the energy dissipation that exists in the normal contact, but also to mitigate numerical instabilities
when simulating wheelsets running on rigid tracks.

The tangential forces, namely, the longitudinal and lateral forces and spin moment, are of utmost importance
for the lateral stability and longitudinal dynamics. Their calculation is typically based on the identification of the
contact patch, creepages and normal contact force. An interesting comparison between different contact models
used in multibody simulations has been presented by Vollebregt et al. [64], where the Kalker linear theory [65],
Vermeulen-Johnson model [66], Shen-Hedrick-Elkins model [67], FASTIM [68], Polach model [69] and
USETAB [70] are analysed and discussed against CONTACT. In their work, the VAMPIRE software has been
used to perform dynamic simulations with realistic contact conditions, leading to the observation that FASTSIM
and USETAB provide good results with respect to CONTACT, with root mean square differences in the range 5-
10%, while the other models exhibit higher deviation in the range of 15-60%. More recently, a method named as
FaStrip [71], which combines the FASTSIM and the stripe theory has been proposed. This method is an
alternative to FASTSIM and requires a similar computational effort, while representing more accurately the slip
velocity distribution. In this paper, particular attention is put in the USETAB that determines the creep forces by
interpolating pre-calculated tables that have been generated by running CONTACT, considering different
elliptical shapes and different creepages. Similarly, Piotrowski et al. propose the generation of the Kalker Book
of Tables for Non-Hertzian contact (KBTNH) [20, 21]. This pre-calculated table is used to obtain creep forces
and spin moment, being the non-Hertzian contact patch approximated to a Single-Double Elliptical Contact
(SDEC) patch. With the intention of enhancing KBTNH, a new generation of the lookup table is proposed by
Marques et al. [72]. Here, a detailed analysis of the interpolation error over the KBTNH has been presented
either to reduce the refinement of the KBTNH, while maintaining appropriate accuracy, or to maintain the
refinement while increasing accuracy. The interest on the KBTNH can be observed on a scientific discussion that
is reported in [73] and [74], where Vollebregt and the authors of the KBTNH discuss the implications of
considering the origin of the contact patch when defining the spin creepage.

This work presents the detailed formulation to implement a non-Hertzian contact method developed under
the framework of multibody system methodologies. The ‘in-house’ multibody code used here, which follows the
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approach presented in [26], has been widely used not only in railway applications [4, 5, 28, 39, 75-77], but also
to analyse other multibody mechanical systems [78]. The new non-Hertzian method can be understood as an
extension of the Hertzian contact approach proposed by Pombo et al. [1, 28], with the addition of a strategy to
determine the undeformed distance function to allow for the determination of non-elliptic contact patches.
Among other contact models for non-Hertzian conditions, the Kik-Piotrowski (KP) model [59] and KBTNH [20,
21] are used to find the normal and tangential contact forces, respectively. Additionally, it is also proposed to add
the dissipative term of the normal contact force of the LN model [62, 63] in the KP model with the intention of
improving the realism of the simulations, namely, of a wheelset negotiating a rigid track. The proposed non-
Hertzian approach and the Hertzian contact model [1, 28], which is also briefly revisited here, have been
compared with the software of reference CONTACT [58], considering different conditions for the wheel-rail
interaction. Then, multibody simulations are performed for selected railway dynamic scenarios not only to
demonstrate the effectiveness of the new wheel-rail contact method and the identification of appropriate
parameters that lead to good results and faster simulations, but also to analyse the influence of the different
modelling approaches of the wheel-rail contact presented in this work. The wheel and rail profiles S1002 and
UICS50 are utilized since the contact developed is mainly elliptical, being the comparison between the Hertzian
and non-Hertzian methods for this scenario done in the process.

2  Multibody simulation

The dynamic analysis of a multibody system involves the study of its motion and of the forces transmitted
during a given time period, as a function of the initial and operation conditions. In railway applications, the
vehicle model is defined by a set of bodies, such as, the carbody, bogie frame and wheelsets which are
constrained by kinematic joints and force elements that represent the vehicle suspension system [5, 28, 42]. The
track, considered in this work as a rigid system, is represented by two databases that describe the position and
orientation of the left and right rails as a function of their arclength [39, 40]. The vehicle-track interaction is
represented by forces developed in the wheel-rail contacting surfaces which are obtained from the wheel-rail
contact module [1] described by the five tasks included in Fig. 1. The inputs for the wheel-rail contact are the
states of the wheelsets being the force vectors and respective points of application the outputs of the analysis. A
detailed description of these tasks is presented throughout this paper.

{ Y

Wheel-Rail Contact Module llnput: Wheelset statesJ Multibody Simulation

----- Solve Contact Detection

Y
Determine Contact Patch and Creepages

AV

- Solve Normal Contact

|
Solve Tangential Contact

Yy v

Apply Contact Forces on Wheelsets

( Output: Contact force vectors; )
L Points of application. J

Fig. 1: Wheel-rail contact module of a multibody code where the interrupted and solid arrow paths refer to the Hertzian and non-Hertzian

methods, respectively.



In this work the multibody formulation is based on a Cartesian formulation where each body has six
degrees-of-freedom described by the three translation coordinates (x/y/z) and by four orientation coordinates
represented by Euler parameters [26]. The governing equations of a railway vehicle system are written as [26]:

S NEH ®
®, 0 |[A] LY

where M is the mass matrix, ¢ is the vector of the system generalized accelerations, g is the external
generalized forces vector, @4 is the Jacobian matrix associated with the kinematic constraints, A is the vector of
Lagrange multipliers, which are related to the joint reaction forces and 7y is the right-hand side of the
acceleration constraint equations. The forces developed at the contacting surfaces, represented in Fig. 1 by the
vector fwrc, are included in the term g as external forces.

It should be noted that, depending on the methods used, the interaction between system components can be
set as kinematic constraints, therefore involving Jacobian matrix and acceleration equations right hand side, or
contact forces may develop. For instance, the wheel-rail contact can be done modelled as a unilateral constraint
as in or as a contact point as in this work. Also, the motor wheelset velocity may be controlled via a kinematic
constraint or with applied moments. In this work, due to the short distances of circulations, large inertias
involved and very low dissipation in the wheel-rail contact, no provisions are made to maintain the vehicle
velocity constant, although it is basically unchanged in all studies shown here. Also, only the wheel-rail elastic
contact is considering its description with unilateral constraints not addressed.

3 Wheel and rail surface parameterization

Since the forces developed in the contacting surfaces interface depend on the wheel-rail interference, the
parameterization of the wheel and rail surfaces is required, that is, the position, tangent and normal vectors, and
surface curvatures at any point of the surface must be defined as function of appropriate parameters. It should be
noted that, in the formulation presented throughout this work, the superscripts ‘L’ and ‘R’ refer to the left and
right side, respectively, while the superscript ‘side’ is used as a replacement for ‘L’ or ‘R’ when a generic left
and/or right side is considered.

side side side side side side side side side side side side side
Sr,l r><,1 Iry,l rz,l 1:x 1 t 1:z 1 nx,l ny,l nz,l b b b

side side side side side side side side side side side side side
St T Iy Nz tx,J’ ty,j tz,j 'y Ny.j Nj b by j by ;

side side side side side S|de side side side side side S|de side
Sr,end r><,enu| ry,end rz,end tx,end ty end tz,end n><,end ny,end r]z,end bx end by end bz end

Tab. 1: Rail database that defines its position and orientation as a function of its arclength parameter [39, 40]

The wheel surface is obtained by the revolution sweep of the wheel cross-section, represented in Fig. 2(a),
around its axis. In turn, the rail surface is described by the translational sweep of the rail cross-section shown in
Fig. 2(b) along the rail path, which leads to a database that reflects the discretization of the rail and comprises a
set of nodal points with the structure listed in Tab. 1. Each nodal point includes the position and orientation of
the rail as a function of sf'® which is a coordinate that defines the rail arclength shown in Fig. 3. The position of
the rail profile origin is given by r¥%=[rS% rs% %] the unitary vector normal to the rail cross-section is
defined by ti%=[t;' t% t°], while ns'de =[ nS%, nf,'de, nS%®] is the unitary vector that corresponds to the
transversal coordinate us'de and the unitary vector b$®=[b{®,by® bS®] defines the coordinate f5*, as shown
in Fig. 2(b). Note that, the subscripts ‘1’ and ‘end’ refer to the initial and terminal nodal points of the data bases,
respectively, while ¢j° refers to a generic nodal point of the rail database. This database is obtained with the pre-
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processor tool that uses the nominal track design geometry, namely, the curvature and cant angle, and the track
irregularities to generate the current track geometry used in the railway dynamic analyses [39, 40]. Thus, the

linear interpolation at s¥® provides the position and orientation of the rail profile for the rail section located at
the given arc length.

f\:ideA brside = eride
—
L side

u, =ny ,
R _

. . (uw = _le) uside f side

(u5|de fSIde) P lep

wQr wQ side

w,.Q side __ ,~side
ro=n
(a) (b)

Fig. 2: (a) Wheel and (b) rail profiles defined by a set of nodal points

Once the wheel and rail cross-sections are specified by a set of nodal points, as illustrated in Fig. 2, the
interpolation of this information provides a continuous description of the wheel and rail surfaces. Since the

position, tangent and normal vectors, and the curvature at any point of the surfaces are required, the profiles are
interpolated by cubic splines [1].

O* 0
»

\

L_ el
b= fr
/]

L2 L\
n =y, 4%

Fig. 3: Parameterization of the wheel and rail surfaces

The position of point Q in the left or in the right wheel surface of wheelset w, that is, the vectors ré and rg
shown in Fig. 3, can be written as:



% =1+ 4o )
where r,, is the position vector of the wheelset w, ri%® defines the relative position between the wheelset centre
of mass, where the body fixed coordinate system is located, and the wheel profile origin, and r\f,'%e defines the

relative position between the wheel origin profile and the point Q, as shown in Fig. 3. Vector ri% is written as:

w

r-=A,[0 H/2 o] , rR=A,[0 -H/2 o] (3)

where A, is the transformation matrix of the wheelset w that also defines the local reference frame attached to
the wheelset (&./n4/Cy), as depicted in Fig. 3, and H is the distance between the left and right wheel profiles. The

vector ry¢ is defined as:

- ) ) AT
it = A0 ults 1] )

in which (ujv'dQe fvﬁfge) are the coordinates of point Q the two-dimensional reference frame (ujvide/ fvﬁide), as
shown in Fig. 2(a). The rotation matrix AS® is defined as

cos(s'm','Q) 0 sin(s\';,’Q) —cos(stj’Q) 0 —sin(sﬁQ)
Al = 0 1 0 or AR = 0 -1 0 (5)
—sin(s\,Lle) 0 cos(s\,Lva) —sin(stij) 0 cos(sﬁQ)

where SVLva and SVF;Q are the angular coordinates of point Q in each wheel shown in Fig. 3. Thus, the two

parameters vai%e and uj,ifjé define any point of the wheel surface. For the wheel, two vectors tangent to the wheel

surface must be defined [1, 28]. The tangent vectors t\s,jfjse and tﬁ\',due , depicted in Fig. 3, are used for the purpose.
The tangent vectors parallel to the rolling motion of the left and right wheels are defined as:
the=AAL[L 0 0] |, R =AAR[-1 0 0] (6)

w

while the transversal tangent vectors are defined as:

_ ) ) AT
e = A AL [0 cos(y\fv'f’Qe) sm(yjfé )} (7
where ;qfv'dQe is the angle shown in Fig. 2(a) that can be determined by:
df side (uside)
id ] W w,Q
Ywg =tan T (8)
w

The curvature of the wheel in the longitudinal direction is defined by:

i 1
Kus = —— ©)
df side (uj;f‘g )

duside

f Side (uj}%‘) 1+

while in the transversal direction is expressed by:



' ' ' R L
A (un S df (ug's
Kvsvl,%e = ( 2 ) 1+ d gide ) (10)

d(uj;de) Uy

The position of point P in a rail surface is written as:

réide _ rrside + rrs’ige (1 1)

where r®® defines the position vector of the rail profile for a given s$®, which is interpolated from the rail
database, and r:'ge is the position vector between the rail profile origin and the point P of the rail, as shown in
Fig. 3, is defined as
) . . —
r:lge =A?'de |:0 Urs,lge f:ge} (12)
where (uf'%, f ¢ is the position of point P measured in the profile reference frame (u$® / f %) as indicated in
Fig. 2(b), and the transformation matrix AS%® —[t3% nside pside] ag50ciated to the local reference frame of the
profile, as depicted in Fig. 3. The unity vectors of the tangent, normal and binormal of the rail at s$® are
obtained from the interpolation of the rail database.
For the rail, the normal vector to its surface is required [1, 28], being the normal vector at point P written as:

nffge:Afide[O —sin(yﬁ}é’e) cos(yﬁi;,’e)JT (13)

side

where 5,5 is the angle shown in Fig. 2(b) that can be determined by:

df side (uside)
ide 1 r r,P
yop =tan W (14)
The curvature of the rail in the longitudinal direction is defined by:
K¢ =0 (15)
while in the transversal direction is obtained as:
‘ _ _ _ ,3/2
i d2 erIde (Urs,lge) derIde (urs’lge)

T 2 1+ side (16)

' d (U ?ide ) dur

It must be noted that the assumption expressed by Eq. (15) is acceptable since in real tracks slope variations are
very low.

4 Geometry and kinematics of wheel-rail contact

4.1 Contact detection

For the wheel-rail elastic contact models considered in this work, forces are transmitted between surfaces if
virtual penetration between wheel and rail occurs. Note that the virtual penetration is understood as a local
deformation of the surfaces. In the contact detection problem, it is necessary to use the tangent vectors tj\',df and

t\s,jf’j, the normal vector n$®, and the distance vector d, defined as:
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dside — I,Side _réide (17)

where points Q and P are defined by the parameters (vaiije , u\fjfj(g ) and (sf’ige , uf’ige ), respectively, as shown in Fig. 4
(a). In non-conformal scenarios, that is, when the contacting surfaces are convex, solving the contact detection
problem consist of solving the system of four non-linear equations written as [1, 28]:

(n?ide) tys = 0
side \T _
Fo (s, usits 5%, use*) =0 & )Ttw‘“_o (18)
(dfide) tys = 0
(dfide )T Ly = 0

The solution of this problem defines two potential points of contact, one in the wheel and another in the rail, for
which vectors n®® and d¥* are collinear and perpendicular to the vectors tf,;dse and t\f\:due , respectively. To verify
that the contact between the wheel and rail exists, it is assessed the direction of vectors n¥® and d*“, as shown
in Fig. 4(b). If the nfiderSide >0, then the surfaces are in contact, otherwise, no contact exists, being d¥* the

vector of the closest proximity between the surfaces.

No contact

ral

Contact

(@ (b)
Fig. 4: (a) Vectors used for the contact detection between two surfaces and (b) the ‘Contact’ and ‘No contact’ configurations

The contact between the wheel tread and rail is searched independently of the contact between wheel flange
and rail, as in both cases the contact is, generally, non-conformal. However, the interaction between the wheel
and rail at the tread-flange transition cannot be identified by this search method since the non-conformality
assumption is not valid in this region, that is, there is no guarantee that a solution for the problem defined by
expression (18) exists. Moreover, the contact existing in this concave region would lead to a contact patch
observed in a curved plane, for which there are no published contact models implemented in multibody codes
that represent accurately the normal and tangential forces. Thus, two independent convex profiles are considered
to describe the complete wheel profile, the tread and the flange profiles, and only two points of contact for a
wheel-rail pair are possible at any particular instant, being one located in the tread and other in the flange.

4.2 Contact patch

When Hertzian contact is considered, the contact patch is assumed to be an ellipse that can be defined by the
semi-axis [1]:
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a=mgl>E e , b=n3‘/3—7[MN (19)
4 A+B 4 A+B

where m and n are tabulated values [1], /. and A represent material parameters of the wheel and rail,
respectively, NV denotes the normal contact force, and 4 and B are the curvatures written as:
Ao 1( Side K,side) B 1( Side K,side) (20)
2 ru w,u ' 2 rs w,s
in which curvatures 3%, x3%, x7%, and " are determined by equations (9), (10), (15) and (16),
respectively.
In the non-Hertzian contact, the shape of contact patch does not depend only on the properties of the main

point of contact, being necessary to evaluate the undeformed distance function in a ‘potential contact’ region
enclosing the geometric contact point in order to calculate the contact patch. This task requires the definition of

the wheel and rail profiles with respect to the contact patch reference frame defined here by (x¢ S'de / ys'de / gs'de
whose origin is the point of contact in the wheel, as shown in Fig. 5, and for which xs'de =155, yg;)de t\s,\',df and

gcsr')de =n’®  Note that only a portion of the wheel and rail profiles must be considered, namely, the region where

virtual penetration occurs, being its domain shown in Fig. 5. In Fig. 5, the dots represent points in the contact
region, while the crosses represent points where no interference occurs, being out of the domain of interest. The
domain of axis y‘°"de is discretised by points equally spaced by As, in which yf,i)d,e
Moreover, since the wheel and rail profiles are projected onto the plane ( ys'de S'de
for any point of the undeformed distance function.

=0 is included in the domain.
side
cp

), the coordinate xg,~ is null

side

(ysme gsmeg)cp A

e

T T >5|de
ycp
~_As
E -
@
side side
yPe, o)

Fig. 5: Definition of the wheel and rail profile in the contact patch reference frame

The points Q and P, in the reference frame ( ys'de S'de) are defined as 0=(0,0) and P=(0,5"%), where 6" is
the maximum penetration defined as:

5side _ (dside )T dside (21)
In order to determine the coordinates from any other point of the wheel and rail, namely, at ycsl';,de yi%® 20, a

transformation from the profile reference frame to the contact patch reference frame is required. For the wheel,
the position vector of a point of the surface can be defined according to two different alternatives:

side 5|de side
ryi =r,+r, r‘W’yi

5|de <y|5|de ) =1, + r.slde S|de et A5|de |:0 y5|de g\fvl?e :|T (22)
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where the relation of these equations leads to:

[0y gite] =% [0 (us% —ugts) (1% - 1% | (23)
with:

B = [ AG" ]71 A, Ade (24)
being Azipde =[t5% 5% n® ]. Note that the pair (u\fv'dye fvif‘;e) must be found by solving the non-linear equation
written as:

BiyS) (uny —ung ) + B35 (- ) ~Yai® =0 (25)

where uS% s the only unknown since 5% = f (uS%®). Then, the ordinate of the wheel point at y*® is defined
W,y y w,y W,y p i

as:
o3 = B (i vt ) Bk 13— 135 26)

For the rail, the same procedure presented above is pursued. In this case, the two alternatives to define the
side side

position of a point of the rail at yg,"~ =y; are:
r;iide —pside | r:i;iie
re < e A3 [0y gites]' 7
where the relation of these equations leads to:
[0y gie] =%*[0 (ufte—uite) (r3% 1)) +[o o o%*] (28)
The parameter uf'ige is obtained by solving the non-linear equation written as:
B (e —usie )+ Bl (159 — 1.%) -y 0 29)
and hence the ordinate of the rail point is defined as:
7 = B (uFe U )+ B (150 — 138 ) 5% (30)

Since both profiles are defined with respect to the contact patch reference frame, the undeformed distance
function is obtained as [58]:

gj:]dde (yiside ) _ g‘?Vide (yiside ) _ grside (yiside ) 4 gside (31)

Fig. 6(a) shows an example for the undeformed distance function. Thus, the contact patch can be determined,
being the positive edge of the contact patch defined as [59]:

K (579) = [2Ro (20 - g3t (5" ) (32)

where ¢ is a parameter that takes into account the existing deformation to estimate the contacting area [59] and
Rp denotes the radius at the contact patch in the rolling direction in point Q, written as:
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(33)

side

Note that the contact patch consists of a set of strips, being the contact patch symmetric with respect to the yg,

axis, as shown in Fig. 6(b), also called semi-Hertzian contact patch.

Special emphasis is put in the two points shown in Fig. 6 with a circle ‘0’, which represent the limits of the
undeformed distance function. These points correspond to the value of the undeformed distance function as gig,de
=¢d, as depicted in Fig. 6(a), and obtained via linear interpolation between the point outside the contact and the
closest point in the contact region. Thus, the intersection of the line edge of the contact patch in the axis yﬁ:]de is
ensured, as shown in Fig. 6(b). A strip, with a width smaller than As, is added at each extremity of the contact to
account for the correct limits of the contact patch. When these two limiting strips are not considered, the
continuity of the contact patch is not ensured during the dynamic simulation leading to numerical instabilities
that ultimately lead to a degradation of the dynamic response.

side

Qund A

585

== side

ycp

—_
side

ycp

__<As As __<As

Y
I
Y
A
Y
!

(@) (b)
Fig. 6: (a) Undeformed distance function and (b) contact patch

It is worth notice that the undeformed distance function shown in Fig. 6(a) consists of a generalized case
that represents the contact in the concave region of the wheel. Here, the non-conformal assumption is not valid
since more than one solution exists for the contact detection problem expressed by equation (18), namely, the
two minima and the maxima of the undeformed distance function satisfy the conditions to be a potential point of
contact. In this work, the concave region of the wheel is neglected by modifying slightly its profile in the
transition between the tread and flange, namely, the curvature in this concave region is forced to be null. Thus, a
unique solution is ensured for the contact detection problem proposed in this work. To deal with the conformal
contact that would determine an undeformed distance function as the one shown in Fig. 6(a), a different contact
detection method would be required. This method must allow determining multiple contacts and contact patches
in curved planes. Because accurate contact models for conformal contact in multibody applications is still a gap
in the literature, the simplification of the wheel profile is considered in this work as it is made by other authors
[1, 34, 47]. The extension of the wheel-rail contact model proposed in this work in order to deal with conformal
contact is the aim of future developments.

4.3 Creepages

Once the contacting patch area is identified, a kinematic analysis in this region allows to find the
longitudinal, lateral and spin creepages, defined as:
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= LW 34
b= (34)
T
t
Uy _ Vrel w,u (35)
(Dan
=Y 36
v (36)

where V,, and o, are the absolute longitudinal velocity and the angular velocity of the wheelset w, respectively,
and v is the relative speed at the contacting points defined as:

Viel =Vq —Vp (37)

where vp is null since the track is considered rigid, and:
Vo =Vy + 0, (r\f,ide + rvf,i,dQe) (38)

Note that the spin creepage is expected to be not null, in normal conditions, since the normal vector n; of the
contacting region and the angular speed vector ®,, are not necessarily perpendicular.

5 Normal contact

This section provides a brief description of the LN model [62, 63] for the Hertzian contact model [1], and a
detailed description of the KP model [59] for the non-Hertzian contact method. A discussion on the application
of these models is presented in section 7, included in the study of a demonstration case.

5.1 Lankarani-Nikravesh model

According to the Hertz theory, the normal contact force between two isotropic and elastic spherical bodies
made of metal follows the relation [58]:

NP = K& (39)

where parameter K is a generalized stiffness coefficient that depends on the geometry of the surfaces in contact
and on their material properties. An extension of this theory has been proposed to include a damping force [79]:

N =NH +Ds (40)
where § denotes the normal contact relative velocity. According to Hunt and Crossley [80], the term D depends
on the deformation and, based on this idea, Lankarani and Nikravesh defined the damping term as [62, 63]:

) 3K (1-¢?)

D= 5" (41)

450
where e is the restitution coefficient that reflects the type of impact, in which for a fully elastic contact e=1 and

for a fully plastic contact e=0. The parameter $U)is the relative approach velocity, or normal contact velocity,
between the bodies immediately before the impact. Thus, the normal contact force model is written as [62, 63]:

a2) .
3(1 e)i W)

NN = K™ |1+ .
4 50
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This model has been adapted by Pombo et al. [1, 28] for railway applications, being proposed that the
normal wheel-rail contact force is defined as:

é'-max

NN = max| N" |1+ ,0 (43)

where ™ is defined as the maximum value § during the contact such that the ratio §/36™ <1. Note that the
damping effect is not only used to represent the restitution effect, but also to mitigate high frequency behaviour
due to the wheel-rail interaction. Thus, the damping in the normal contact helps the numerical integration by
mitigating numerical instabilities when no other source of damping in the multibody model exists besides that

naturally associated to the wheel-rail contact, such as in the case of a wheelset negotiating a rigid track.

5.2 Kik-Piotrowski model

For the non-Hertzian contact, the normal contact pressure proposed by Kik and Piotrowski is used [59]. In
this model, a semi-elliptic normal pressure distribution is assumed in the rolling direction, as depicted in Fig.
7(a) and which can be expressed as [59]:

Po
x_(0)

where po is the maximum normal pressure. Since during the multibody simulation po is not known, the Kik-
Piotrowski model estimates the maximum pressure as [59]:

p(xcp 1 Yep ) = XE (ycp ) —Xep (44)

-1

_ 7E8x%_(0) T ) [ -

Py = ——————= -~ dx_,d
o 2(1—0‘2) yLXL.([ycp) [xczp-i-yCZp Xep@Yep

where £ and o are the Young’s modulus and the Poisson’s ratio of the wheel and rail materials, respectively. For
the multibody simulation, the normal contact force is required. This normal contact force results from the
integration of the pressure distribution over the contacting area, written as [59]:

-1
Yr XL(ch) 2 2 Yr XL(ycp)
KP 7ES XL(pr)_XCp 2 2
NKF = m J. e dxcpdyCp I .[ XL (ycp ) —Xep dxcpdyCp (46)
o ) =% (Yep) Xep * Yep YU (Yep)

Note that the first integral contains a singularity at (xcp,Vep)=(0,0), namely, at this point the first integrating
function tends to infinity. By using a numerical integration method based on Cartesian coordinates, the result
would strongly depend not only on the points where the function is evaluated, but also on the discretization of
the integration area. To overcome this difficulty, a polar coordinate system is used to perform the integration, as
shown in Fig. 7(b). In this conversion, the following relations are used:

2 2
r =ﬂ/xcp + Yep

Xep = Tsin(6) @7
Yep = cos(0)

dXgpdye, = rdrd@

being the normal contact force of the KP model obtained in polar coordinates as:
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r.(0)

J. ryx? rcos rsm( ))Zdrda
0

N

(43)

n.(6)
I \/xf r cos( r5|n(9))2drd9
0

|_\
Q
o t—y °"—'

In the evaluation of the integrals, for the 6 coordinate, only half of the contact area is considered due to the
symmetry of the contact patch with respect axis y.. Moreover, the limits for the » coordinate depends on 6,
namely, only the area contained within the thick line show in Fig. 7(b) is considered. To speed up the
calculations, the trapezoidal integral method is used, being NX* obtained as:

N, Ni(4)

Z r; \/xﬁ(rj cos(6))—(r; sin (6 ))ZArAe
N 2(Z_E . ] @) @)
’ Z Z \/xf(rj cos(6))—(r; sin(ei))zArAa

where A8 and Ar are the step sizes for the coordinates 6 and r, respectively. Note that Ny=n/A8 which is the
number of angular sectors used to discretize the contact patch, while N; is the number of steps considered for a
given 6.

Area to integrate;
P, (X% Y) ) X ) Area to ignore

Fig. 7: For a rolling direction along xcp: (a) Normal pressure distribution of the KP model and (b) integration area defined by a polar

coordinate system

An alternative to the original KP model consists of adding a dissipative term to KP model, maintainning the
equivalent feature in the LN model. This proposed alterantive model is written as:

N KP,d
5’max

=max| N"| 1+ ,0 (50)

Note that the introduction of the dissipative term not only reflects the mechanics of the normal contact but also
contributes to the numerical stability of the time integration process of the dynamic equations of motion of the
railway dynamics system.

17



6 Tangential contact

This section provides a brief description of the Polach model [69] for the Hertzian contact model [1], and a
detailed description of the KBTNH model [20, 21] for the non-Hertzian contact method. A discussion of these
models presented in section 7 in the framework of the demonstration case.

6.1 Polach model

For the Hertzian methodology, the Polach model is used to determine the longitudinal and lateral creepages,
neglecting the spin creep moment [69]. These forces are defined as:
Y

)
’ FyPoIach _EY L Fs K , I\/le’olach -0 (51)
Uc Ue Ye

FXPoIach -F

where F' is the tangential contact force caused by longitudinal and lateral creepages, vc is the modified
translational creepage, which accounts the effect of spin creepage, and Fys is the lateral tangential force caused
by spin creepage. The reader is referred to reference [69] for more details on the calculation of F, vc and Fs.

6.2 KBTNH model

For the non-Hertzian approach to wheel-rail contact, the so-called Kalker Book of Tables for Non-Hertzian
(KBTNH) contact, proposed by Piotrowski et al., is used here [20, 21]. This model approximates the non-
Hertzian contact patch by a single double-elliptical contact (SDEC), as shown in Fig. 8. To interpolate the
KBTNH and hence to obtain the tangential contact forces, five regularized inputs must be determined. Three of
the inputs are related to the normalised longitudinal, lateral and spin creepages being defined as:

N N (52)

pe e p

where p is a characteristic length of the elliptical contact patch, u is the friction coefficient and ¢ =+/ab [20, 21].
The normalised creepages ¢ and # are alternatively defined by:

v=yEi+n® | a:tan_l(gj (53)

where v is the translational creep magnitude and o is directional angle with respect to the rolling direction,
respectively. The pair v and a is considered to define the domain of the KBTNH. Two input parameters related to
the shape of the contact patch are defined as

where a, b and y are the dimensions of the SDEC region, shown in Fig. 8(b), obtained as:

r W+W,) T W, 0T W,

ﬁ W3 b= A:P (Wl +W2) _ le _WZ (55)

where A, is the area of the contact patch, and Wi, W, and W3 are the dimensions depicted in Fig. 8(a). The
outputs of the KBTNH are the normalised creep forces f; and f, and the normalised creep moment m,, obtained
from linear interpolation of the pre-calculated lookup table. The creep forces are obtained as:

FKBTNH _ NF, FyKBTNH = uNf M KBTNH _ icNim, (56)

y i
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The discretization and the number of points considered for each input of the KBTNH are listed in Tab. 2.
Note that, owing to the symmetry properties of the SDEC shape, a only covers the domain [—n/2; /2], while
only positive values of y are considered. To determine contact forces for the remaining cases, not comprised in
the KBTNH domain, the symmetries listed in Tab. 3 are used. The right column of this table represents the
domain described in Tab. 2. In each cell of this table, it is described not only the sign of the interpolated
variables & #, y and w, but also by the outputs of the lookup table. For example, for a set of inputs that fits the
conditions <0, n>0, y<0 and >0, which is defined by the cell in the top left, the outputs are obtained based on
the ones listed in the cell in 3" row of the right column, that is, f, =—f2, f, =—f} and m, = -m?. Therefore, the
lookup table constituting the KBTNH has to be generated only for the sign combinations shown in the right
column of Table 3, whilst the other cases can be obtained based on symmetry relations.

92{2%212345} ng=8
y={-09 -08 —06 -04 —02 00 02 04 06 08 0.9 na=11
{00 01 02 03 04 05 0.7 09 11 L4 17 20
"7 25 30 35 40 50 60 7.0 80 90 100 120 =23
a:{_z Z T,z z} =T
2 3 6 6 3 2
7={000 025 050 1.00 125 150 175 2.0} =8

y
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1 g YA
v
1% — “
W 77 “ VvV o b
1 s I
s oo A
N T X
2 Y LV —
! LT a a
B W3 - m, - o
(@) (b)

Fig. 8: (a) Simple double-elliptical contact patch and creepages, and (b) input and output of the KBTNH

7 Demonstration cases

With the purpose of analysing the wheel-rail contact models presented in this work, static contact and
dynamic analyses have been performed in selected applications cases. The contact analysis, or static analysis, in
which the wheel and rail are tested for different pseudo-penetrations and creepages, serves to validate the contact
models by comparing with software CONTACT. The dynamic analysis consists of multibody simulations where
the Hertzian and non-Hertzian contact models discussed in this work are used to represent the wheel-rail contact
forces. The results obtained from the multibody simulations are used not only to assess the wheel-rail
interaction, but also to analyse the computational efficiency of the procedures proposed. The ML95 vehicle,
operated by the Lisbon Metro has been considered in all cases [1, 28], whereof the wheel and rail profiles are
shown in Fig. 9 and the modelling parameters of the application cases are listed in Tab. 4.
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Tab. 3: Symmetries of the KBTNH [20, 21]




Three multibody models are considered in this work to represent the wheelset, the bogie system and the
whole vehicle. The bogie system comprises a bogie frame and two wheelsets that are interconnected by the
primary suspension. The vehicle comprises a carbody and two bogie systems that are interconnected through the
secondary suspension. Both suspensions are represented by linear spring-damper elements that are described in
references [1, 28, 81]. The wheel profile is defined by the two set of nodal points shown in Fig. 9(a) which are
obtained based on the S1002 profile. The tread and flange profiles are extended, crossing each other as shown in
Fig. 9(a). This is done to ensure a solution for the contact detection problem during the multibody simulation,
meaning that potential points of contact that lie in these segments do not represent points contacting the rail.
Note that the deviation from the real profile is acceptable according to the results presented hereafter, meaning
that no contact is expected at the flange-tread transition. In turn, the rail profile UIC50 is obtained without
introducing any approximation. The analyses presented throughout this section are intended not only to
demonstrate the wheel-rail contact models and discuss their accuracy, but also to identify proper parameters for
the Hertzian and non-Hertzian contact models, namely, e, As, Ar and Af. The relation As=Ar, for the quantities
defined in Fig. 7, is used throughout the study to decrease the number of parameters required to define the
contact models.

Parameter Value
Mass of the vehicle and weight per wheel 19560 kg and 23985 N
Mass of the bogie system and weight per wheel 4200 kg and 10301 N
Mass of the wheelset and weight per wheel 1109 kg and 5440 N
Nominal wheel radius, R 0.430 m
Distance between wheel profiles, H 1.500 m
Distance between points of contact, 1.525 m
Young modulus, £ 208 GPa
Shear modulus, G 80 GPa
Friction coefficient, u 0.3
Restitution coefficient, e 1or0.75
Poisson ratio, o 0.3
Parameter for the undeformed distance function, ¢ 0.55 [59]
Rail cant 1/20 or 2.87°
Gauge 1.435m
Longitudinal stiffness of PS 12.420 MN/m
Lateral stiffness of PS 2.060 MN/m
Vertical stiffness of PS 1.280 MN/m
Longitudinal damping of PS 172.580 kNs/m
Lateral damping of PS 70.290 kNs/m
Vertical damping of PS 55.410 kNs/m
Longitudinal stiffness of SS 0.075 MN/m
Lateral stiffness of SS 0.750 MN/m
Vertical stiffness of SS 0.250 MN/m
Longitudinal damping of SS 26.038 kNs/m
Lateral damping of SS 26.038 kNs/m
Vertical damping of SS 68.538 kNs/m

Tab. 4: General characteristics of the ML95 vehicle [1, 28]
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Fig. 9: (a) Tread and flange profiles that represent the wheel S1002 and (b) rail profile that represents the rail UIC50

7.1 Contact Analysis

The contact analysis serves to study the contact conditions of different wheel-rail interactions. In the static
analysis, the wheelset is kept centred with the track, being prescribed its height and its relative motion with
respect to the track to reach specified normal and creep forces. Quantities, such as, the contact patch, maximum
normal pressure and creep forces are evaluated with the CONTACT software and with the non-Hertzian and
Hertzian models presented in this work. A discussion addressing the comparison of results obtained and the
influence of selected input parameters is carried hereafter.

The CONTACT formulation used in this work is described in reference [82]. Briefly, the inputs for the
CONTACT software are: the undeformed distance function, which is determined with the non-Hertzian contact
method, the refinement for the discretization of the contact patch, namely, Ax and Ay that are set equal to As, the
creepages that are determined using the procedure described in section 4.3, and the material properties G and u
that are listed in Tab. 4.

7.1.1 Normal Problem

In order to assess the normal contact, three wheel-rail interactions are considered, in which a wheelset, a
bogie and a vehicle run in a track with no initial lateral misalignment with respect to the track centreline. To
represent such scenarios, the wheelset height is prescribed such that the normal force is similar to the weights
per wheel, listed in Tab. 4. In addition, the parameter As is tested for the values 0.1, 0.2 and 0.3 mm, while the
parameter Af is tested for the values 10°, 5° and 2.5°. These values, which span a wide area of applications, are
selected based on the experience gained in this work. For each case study, the wheelset height is adjusted, with
exception for the cases that use the non-Hertzian method, namely, when A# is 5.0° and 2.5°, the wheelset height
corresponds to the height considered in case AG=10°. This exception allows to study the impact of A8 on the
normal force, V.

Simulations have been carried out, with the different methodologies, namely: 9 simulations with
CONTACT; 27 with the Non-Hertzian method; and 3 simulations with the Hertzian method. The results of these
simulations are shown in Fig. 10 where the contact patches, the pseudo-penetration, normal force and maximum
normal pressure are presented. Fig. 10 shows that the contact patch size is proportional to the normal force. The
contact patches obtained with CONTACT, non-Hertzian and Hertzian exhibit similar contact areas. The non-
elliptic shapes obtained with CONTACT and from the Non-Hertzian model are identical to the SDEC shape
presented in section 6.2. Generally, the contact patch obtained with CONTACT is larger in the x direction and
shorter in the y direction when compared with the shape obtained with the non-Hertzian method.
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x [mm] x [mm] X [mm]
S[pm] N[N] p,,[MPa] S[um] N[N] p,,[MPa] S[pm] N[N] p,,[MPa]
CONTACT 18.004 5439 755 18.035 5442 755 18.092 5439 754
Hertzian 12,616 5440 757 12,616 5440 757 12.616 5440 757
NH(A0=10°) 17.552 5440 677 17.561 5440 680 17.671 5440 691
NH(A0=5°) 17.552 5448 676 17.561 5431 681 17.671 5467 689
NH(A0=25°) 17.552 5445 676 17.561 5432 681 17.671 5458 690
3 3 3
(d) Bogie As=0.1mm (e) Bogie As=0.2mm (f ) Bogie As=0.3mm
E E E
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-3 -3 3
-6 0 6 -6 0 6 6 0 6
X [mm] X [mm] x [mm]
S[um] N[N] p,,[MPa] S[um] N[N] pyu[MPa] S[um] N[NJ Py [MPa]
CONTACT 27.492 10300 931 27.525 10300 931 27.581 10300 931
Hertzian 19.311 10301 937 19.311 10301 937 19.311 10301 937
NH (A6 =10°) 26.756 10301 829 26.826 10301 835 26.819 10301 838
NH (A6 =5°) 26.756 10291 830 26.826 10291 833 26.819 10293 838
NH (A6 =25°) 26.756 10287 829 26.826 10297 834 26.819 10303 838
3 3 3
(h) Vehicle As=0.2mm (i) Vehicle As=0.3mm
€ E E
£ 0 E 0 E 0
> > >
-3 -3 3
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X [mm] X [mm] x [mm]
§[um] N[N] Pmax[MPa] §[um:| N[N] pmax[MPa:I 5[pm:| N[:N] pmax[MPa]
CONTACT 48.055 23990 1226 48.080 23980 1224 48.130 23980 1224
Hertzian 33.925 23985 1242 33.925 23985 1242 33.925 23985 1242
NH(A0=10°) 46.717 23985 1082 46.712 23985 1084 46.790 23985 1089
NH(Af=5°) 46.717 24002 1082 46.712 23983 1084 46790 23992 1090
NH(Af=25°) 46.717 24006 1082 46.712 23963 1085 46790 24013 1089

Fig. 10: Contacting areas obtained from the CONTACT, non-Hertzian and Hertzian contact models

The pseudo-penetrations J obtained with CONTACT and with the Non-Hertzian are similar, not deviating
more than 0.7 pum. For the Hertzian method, lower penetrations than those obtained with CONTACT are
observed. In particular, a decrease of 4, 8 and 14 um in the penetration for the wheelset, bogie and vehicle case
studies, respectively, are observed. The larger deviations are due to the Hertzian model being stiffer. Regarding

23



the maximum normal pressure, CONTACT and the Hertzian method are in a good agreement, while the non-
Hertzian contact method exhibits values about 10% lower in all cases. This is due to the larger contact patches
obtained from the non-Hertzian method, thus requiring lower pressure for the same contact force.

The variation of parameter As requires an adjustment of the pseudo-penetration to maintain the normal load
similar. Since the CONTACT software exploits a discretisation of the contact area, it is not possible to reach
exactly a specified normal force by adjusting the pseudo-penetration. However, the maximum deviation from the
force of reference is about 5 N, as observed in Fig. 10. On the contrary, the non-Hertzian method can reach any
normal force by adjusting the pseudo-penetration. Although the contact patch is discretized by strips, the width
of the strips in the extremities of the contact area can vary and hence the continuity of the normal force as
function of the pseudo-penetration is ensured. When the limiting strips, shown in Fig. 6(b), are not considered,
the continuity of the contact patch is not ensured during the dynamic simulation, leading to numerical
instabilities and hence degradation of the dynamic response.

The effect of parameter Af can be assessed by comparing the normal loads obtained from the non-Hertzian
method. Here, the same pseudo-penetration is considered for all values of Af. From the results shown in Fig. 10,
the largest scatter obtained among, the different values for the normal load, is 28N. The amount of the scatter can
be considered negligible, compared to the reference value provided by the non-Hertzian model with AG=10°,
which is 23985N.

7.1.2 Tangential Problem

Different relative motions between the wheel and rail are tested to analyse the creep forces. Thus, for the
wheel-rail interference described in Fig. 10, three different states of the wheel are considered, as described in
Tab. 5. The longitudinal and lateral velocities, Vx and Vy, and the pitch and yaw angular velocities, wy and w,, are
varied according to three combinations and the resulting creepages are listed in Tab. 5. In each case study, one
single creepage component is emphasized. Note that the spin creepage is not zero in the longitudinal and lateral
slip cases since the normal vector of the contacting surface is not perpendicular to the axis of the wheelset. Here,
[ is a prescribed parameter to promote the slip, in particular, positive values, increase the creepage in study.
Parameters R and H" are listed in Tab. 4.

Case study p Vx Vy wy OF Ux Oy 7

[m/s] | [m/s] | [rad/s] [rad/s]
Longitudinal slip | 0.000770 | 10 0 (1+p)V/R | O -0.00077 | 0.00000 -0.01983
Lateral slip 0.000745 | 10 —BVx | ViR 0 0.00000 -0.00074 | -0.01981
Spin slip 0.396000 | 10 0 (1+8)Vx/R | -BV/H" | 0.00000 0.00000 -0.54706

Tab. 5: Motions of the wheelset to emphasize longitudinal, lateral and spin creepages, one at a time

The results obtained from the longitudinal, lateral and spin slip case studies are shown in Fig. 11, Fig. 12 and
Fig. 13, respectively. The creep forces obtained from CONTACT with As=0.1 mm are given in absolute values,
whereas the creep forces of the other simulations are given in relative errors defined as:

Fyret —F Fyrer — F M, et —M

AF. = x,ref — Tx,sim , AF. = y,ref = Ty,sim , AM. = z,ref = Wiz sim 57
X = % E z Mz,ref ( )

x,ref y,ref
where Firefr, Fyrer and M, refer to the creep forces obtained from CONTACT with As=0.1 mm, while Fyim,
Fysm and M, refer to the creep forces obtained from another simulation, sim. In Fig. 11, Fig. 12 and Fig. 13,
the maximum absolute relative error for each force in each case study is also given. There, the grey band plotted
in each column are related to the relative errors. Bars directed to the left correspond to negative values, whereas
bars directed to the right refer to positive values, and the largest bar observed in each column refers to the
highest relative error in absolute terms.

24



Creep forces obtained from simulation of reference

Case Study Wheelset Bogie Vehicle

Simulation of reference  |F, [KN] F,[kN] M,[Nm] |F,[kN] F,[kN] M,[Nm]|F,[kN] F,[kN] M,[Nm]

CONTACT As=0.1mm | 1.002 0.034  0.063 1.622 0.067 0.152 | 3.023 0.159 0.518
Relative errors with respect to the simulation of reference

Case Study Wheelset Bogie \ehicle

Comparative simulations

AF, [%] AF,[%] AM, [%]

AF, [%] AF,[%] AM, [%]

AF, [%] AF,[%] AM,[%]

CONTACT As=0.2mm -0.6 -1.4 -6.5 -0.7 -1.0 -5.0 -0.8 -1.6 -2.8
As=0.3mm -3.6 -6.0 -9.9 -15 -2.8 -10.6 -1.2 -2.0 -6.2

Hertzian -3.6 91.1 - -4.5 89.3 - -4.4 86.2 -
As=0.1mm, A6=10° 19 10.3 -12.2 21 10.2 -16.7 2.0 10.2 -22.1
As=0.1mm, AO=5° 19 10.3 -12.2 21 10.3 -16.6 2.0 10.2 -22.1
S As=0.1mm, A0=2.5° 19 10.3 -12.2 21 10.2 -16.7 2.0 10.2 -22.1
5 As=0.2mm, A6=10° 13 92 -14.4 20 100 [ -174 19 100 | -225
£ As=0.2mm, AG=5° 13 9.2 -14.4 19 10.0 -17.5 19 10.0 -22.5
g As=0.2mm, A6=2.5° 13 9.2 -14.4 19 10.0 -17.5 19 10.0 -22.5
Z As =0.3mm, A9=10° 15 9.6 -15.0 12 8.8 -19.6 24 10.8 -21.6
As=0.3mm, AG=5° 14 95 -15.1 12 8.8 -19.6 24 10.8 -21.6
As=0.3mm, A0=2.5° 14 95 -15.1 1.2 8.8 -19.6 24 10.8 -21.6
Max. abs. relative error 3.6 91.1 15.1 45 89.3 19.6 4.4 86.2 225

Fig. 11: Comparison between creep forces obtained from the longitudinal slip case study described in Tab. 5

Creep forces obtained from simulation of reference

Case Study Wheelset Bogie Vehicle
Simulation of reference  |F,[kN] F, [kN] M,[Nm]|F,[kN] F,[kN] M, [Nm]|F,[kN] F,[kN] M,[Nm]
CONTACT As=0.Imm | 0.000 1001 -0.561 | 0.001 1626 -1.294 | 0.007 3.045 -3.626
Relative errors with respect to the simulation of reference
Case Study Wheelset Bogie Vehicle
Comparative simulations [AF, [%] AF, [%] AM,[%]|AF,[%] AF,[%] AM,[%]|AF,[%] AF,[%] AM,[%]
CONTACT As=0.2mm | -199.0 -0.5 1.0 -17.8 0.6 11 -6.7 :1.0 1.0
As=0.3mm | 195.9 -34 6.2 -121.7 -14 2.2 -37.2 -1.3 14
Hertzian 99.7 -2.0 - 100.0 -3.1 - 100.2 -3.7 -
As=0.1mm, A6=10° | :116.8 4.8 6.4 -127.5 4.4 7.5 -76.0 4.1 8.6
As=0.1mm, AG=5° -117.1 4.8 6.3 -127.3 4.4 7.6 -76.1 4.0 8.6
S As=0.1lmm, AG=2.5° | -117.0 4.8 6.3 -127.4 4.4 7.5 -76.1 4.0 8.6
I As=0.2mm, A6=10° | -120.5 4.1 6.0 -128.9 4.3 7.4 -716.7 3.9 85
£ As=0.2mm, A=5° =120.2 42 6.1 -129.2 4.2 7.2 -76.7 3.9 85
g As=0.2mm, A§=2.5° | -120.3 42 6.1 -129.1 4.2 7.2 -76.6 3.9 8.6
Z As=0.3mm, AO=10° | 1222 44 6.1 -132.7 35 6.6 -75.5 4.4 8.9
As=0.3mm, A§=5° -123.2 43 5.7 -132.6 35 6.6 -75.6 4.4 8.9
As=0.3mm, A§=2.5° | -122.9 4.3 5.8 -132.7 3.5 6.6 -75.6 4.4 8.9
Max. abs. relative error | 199.0 4.8 6.4 132.7 4.4 7.6 100.2 4.4 8.9

Fig. 12: Comparison between creep forces obtained from the lateral slip case study described in Tab. 5

In general, the spin creep moments are negligible for all cases considered in this work, being null for the
Hertzian method, since the spin moment is neglected in the Polach model [69]. In turn, high relative errors are
observed. For instance, Fig. 12 shows an error of 199.0% for the longitudinal creep force, nevertheless, these
forces are very low compared with the lateral creep forces. Thus, special attention is put in the deviation of the
creep forces that show higher absolute values, with particular focus on the longitudinal creep forces shown in
Fig. 11 and on the lateral creep forces shown in Fig. 12 and Fig. 13. In these cases, it must be noted that: (i) the
relative errors obtained from the wheelset, bogie and vehicle case studies are similar, meaning that the normal
load has a small impact on the relative errors of the creep forces; (ii) for the longitudinal and lateral slip, the
Hertzian method shows the higher absolute relative errors of 4.5% and 3.7%, respectively, while for the spin slip
case, the non-Hertzian contact reaches an absolute error of 14.8%; (iii) the parameter A6 does not have much
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influence on the deviations of the creep forces, meaning that, increasing Af up to 10° does not degrade the
results; (iv) increasing the parameter As can degrade significantly the accuracy of the results obtained from
CONTACT, as shown in Fig. 11, namely, the deviation increases from 0.6% to 3.6% when As is increased from
0.2 up to 0.3 mm. Nevertheless, in the non-Hertzian method, the increase of As from 0.1 to 0.3 mm has no
significant impact.

Creep forces obtained from simulation of reference
Case Study Wheelset Bogie Vehicle
Simulation of reference  |F, [kN] F, [kN] M,[Nm] |F,[kN] F,[kN] M,[Nm]|F,[kN] F,[kN] M,[Nm]
CONTACT As=0.1mm | 0.032 1.000 0.369 | 0.075 1898 0.879 | 0.239 4394 2812
Relative errors with respect to the simulation of reference

Case Study Wheelset Bogie Vehicle
Comparative simulations |AF, [%] AF, [%] AM,[%]|AF,[%] AF,[%] AM,[%]|AF,[%] AF,[%] AM,[%]
CONTACT As=0.2mm || -5.8 0.9 -6.4 -1.9 13 -4.9 -2.4 0.6 -4.0
As=0.3mm | -11.7 2.4 -15.3 -5.5 2.6 -9.5 -3.2 15 -6.8
Hertzian 99.9 6.8 - 100.0 7.0 - 100.1 6.5 -
As=0.1mm, AB=10° -7.8 14.8 -30.1 -33.8 14.3 -30.3 -37.4 12.6 -30.8
As=0.1mm, AO=5° -7.9 14.8 -30.1 -33.8 14.3 -30.3 -37.4 12.6 -30.8
S As=0.1lmm, A0=2.5° -7.9 14.8 -30.1 -33.8 14.3 -30.3 -37.4 12.6 -30.8
N As=0.2mm, A6=10° | -9.7 139 | -3825 | -346 | 140 | -308 | -37.8 | 124 | -311
£ As=0.2mm, AG=5° -9.6 13.9 -32.5 -34.8 14.0 -30.8 -37.8 124 -31.1
ZS As=0.2mm, A6=2.5° -9.6 13.9 -32.5 -34.7 14.0 -30.8 -37.8 124 -31.1

As=0.3mm, A6=10° -10.8 14.2 -31.6 -36.5 13.0 -33.4 -37.3 13.1 -29.5
As=0.3mm, AG=5° -11.0 14.1 -315 -36.5 13.0 -33.4 -37.3 13.1 -29.5
As=0.3mm, A6=2.5° -10.9 14.1 -315 -36.5 13.0 -33.4 -37.3 13.1 -29.5
Max. abs. relative error 99.9 14.8 325 100.0 14.3 334 100.1 13.1 31.1

Fig. 13: Comparison between creep forces obtained from the spin slip case study described in Tab. 5

7.2 Dynamic Analysis

The non-Hertzian and Hertzian methods are considered in the multibody simulations that represent three
case scenarios: a wheelset negotiating a tangent track; a bogie negotiating a tangent track; and a vehicle
negotiating a curved track with the geometry shown in Fig. 14. In all cases, an initial lateral misalignment of 2
mm is considered to promote the hunting motion, while the height of the bodies is adjusted so that no wheel-rail
contact exist in the beginning of the simulation. Thus, these simulations are characterized by a first period in
which the wheels fall over the track and, due to the lateral misalignment, the wheel-rail contact is initiated in the
left wheels and then in the right wheels. The initial longitudinal speed for the wheelset is 10 m/s, while for the
bogie and vehicle is 18.3 m/s in both case scenarios. The initial rolling angular speed of the wheelsets is defined
according to the longitudinal speed and wheel nominal radius. The multibody code is implemented in MATLAB
and the numerical integration handled by ‘odel5s’, being the absolute and relative tolerances set to 107 with the
maximum integration step size of 10 s. The results are reported with a sampling frequency of 200 Hz. The
simulation times for the tangent and curved track scenarios are 10 and 41 s, respectively.

7.2.1 Efficiency and accuracy analysis

The non-Hertzian contact model presented in this work requires the selection of parameters As and A@ to
determine the undeformed distance function, which is illustrated in Fig. 6, and to discretize the contact area, as
shown in Fig. 7(b). Since parameters As and A8 impact the accuracy of the solution and the computational cost,
a batch of simulations has been performed considering several combinations of As and Af. The simulations
performed in this analysis consider the bogie negotiating a tangent track.
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Fig. 14: Curvature and cant angle of the curved track

To analyse the simulations in terms of computational cost and accuracy, the computational time of the
simulation and the normal contact force of the left leading wheel, are used. Here, the Hertzian method is also
considered in this batch of simulations only to compare the computational effort with respect to the non-Hertzian
method. In addition, the impact of considering dissipation in the normal contact is assessed by setting parameter
e to values 1 and 0.75 in different simulations of the same test case. Thus, the time and error ratios are assessed

by:
Lsim B I'Nsim (t)_ N ef (t)|dt

tratio :t y EITONg, =
fastest J.| Nmax — Nief |dt

(58)

where #, is the computational time of simulation sim; fasest 1S the lowest computational time obtained from this
batch of simulations; N is the normal force obtained from simulation sim; Ner is the normal force obtained
from simulation of reference; and Nmax is the normal force of simulation that shows lower accuracy with respect
to the simulation of reference. The normal forces are reported to the left wheel of the leading wheelset, i.e., to
the outer wheel when negotiating the curve, and the simulation of reference is the one that utilizes the non-
Hertzian method with As=0.1 mm and A8=2.5°, which corresponds to the more refined combination. Despite of
a good agreement between the results obtained for the cases that use the non-Hertzian method, the calculation of
errormio allows to sort the applications by accuracy.

Quantities Time ratio Error ratio
Case study e=0.75 e=1.00 e=0.75 €=1.00
Hertzian 1.000 1.018
As =0.1mm; A6 =10° 5.158 5.228 0.059 0.068
As =0.1mm; AG =5° 6.146 6.152 0.048 0.063
g As=0.lmm; A§=2.5° 8.031 8.055 0.000 0.000
N As=0.2mm; AG=10° 3.395 3.542 0.260 0.273
£ As=0.2mm; AQ=5° 3.797 3.870 0.084 0.108
g As =0.2mm; AG =2.5° 4,787 4.750 0.087 0.093
Z As=0.3mm; A9 =10° 2.654 2.709 0.434 0.447
As =0.3mm; AG =5° 2.961 3.060 1.000 1.000
As =0.3mm; AG =2.5° 3.609 3.706 0.928 0.951

Fig. 15: Time and error ratio of the batch of simulations that consider the bogie negotiates a tangent track for elastic wheel-rail contact,

e=1, and slightly damped contact, e=0.75

Fig. 15 shows the time ratio and error ratios, being bars plotted in each column related to the magnitude of
the obtained values. From these results, the non-Hertzian method shows to be 2.6 to 8.0 times slower compared
to the Hertzian method. The use of damping in the normal contact decreases slightly the computational cost. The
parameters As and A6 show a significant impact on the time ratio, namely, higher values lead to slower
simulations. In turn, an increase of these parameters leads to a higher error ratio as shown in Fig. 15. Note that
As=0.3 mm exhibits error ratios much higher when compared with the others. Among the simulations
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performed, the combination As=0.2 mm and A6=5° is selected as the best trade-off between efficiency and
accuracy.

7.2.2 Wheelset negotiating a tangent track

The normal force of the left wheel tread is shown in Fig. 16. Since the wheelset lands in the track, impacts of
the wheel with the rail are observed in the first period of the simulation, which lead to high normal contact force
when compared to the weight per wheel. The initial part of the simulation, when the wheels falls over the track,
does not correspond to any realistic condition and is used only to initialise the model simulation being the results
obtained during the stabilization period not considered. When e=1, the stabilization period is 0.8 s while a
shorter period of 0.3 s is observed when e=0.75. After the stabilization period, the normal contact force exhibits
high frequency varying between 0.5 and 13 kN when e=1, as shown in Fig. 16(a). In turn, a nearly constant
force similar to the weight per wheel of 5.4 kN is observed in Fig. 16(b) where e=0.75. The hunting motion of
the wheelset is related with the oscillatory motion of the normal contact force, observed in the detailed graphic
shown in Fig. 16 (b). Thus, it is demonstrated the importance of considering energy dissipation in the normal
load, represented by the restitution coefficient e<1, which not only reduces the computational cost but also
smooths the contact forces.

H:e=1.00 H: e=0.75
15 - NH: As=0.2 mm; AB=5°; e=1.00 15 “ NH: As=0.2 mm; AB=5°; e=0.75
5.45
Z‘ 12 A g 12 4
< 9 € 99 543 =
g § 0 2 4 6 8 10
|: 6 T |: 6 T
k5 k5
4 3 1 4 31
0 - 0 T T T T
0 0 2 4 6 8 10
t[s] t[s]
(a) (b)

Fig. 16: Normal contact forces of the left tread obtained from the simulations that represent the wheelset negotiating a tangent track, (a)

when the dissipation is neglected, e=1, and (b) when dissipation is considered, e=0.75

7.2.3 Bogie negotiating a tangent track

In the case of the dynamics of a bogie, the stabilization of the contact in the wheel-rail contact model occurs
even when no energy dissipation is considered in the normal contact, as shown in Fig. 17(a). In this case, the
stabilization is ensured by the energy dissipation performed of the primary suspension by vertical dampers that
constrain the motion of the wheelset. In addition, the parameter e does not play a key role, as it can be observed
from the results shown in Fig. 17(a) and Fig. 17(b). Also, the non-Hertzian model shows a slightly higher
amplitude of the normal force comparing with the Hertzian model, which can be due to the lateral motion of the
wheelsets, as shown in Fig. 18. The small difference of the wheelset motion obtained with the non-Hertzian and
Hertzian methods is caused using different tangential contact models.
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Fig. 17: Normal contact forces of the left tread obtained from the simulations that represent the bogie negotiating a tangent track, (a)

when the dissipation is neglected, e=1, and (b) when dissipation is considered, e=0.75
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Fig. 18: Lateral motion of the leading wheelset obtained from the simulations that represent the bogie negotiating a tangent track, (a)

when the dissipation is neglected, e=1, and (b) when dissipation is considered, e=0.75

7.2.4 Vehicle negotiating a curved track

In the curve negotiation scenario, tread and flange contacts are expected to occur simultaneously in the outer
wheels. To assess the impact of the simplification in the wheel profile, the contacting points in the tread and
flange are shown in Fig. 19. This result is obtained from the simulation that considers the Hertzian method with
e=0.75, however, a similar result is obtained from the other simulations that represent this case study. Fig. 19
shows that the points of contact in the tread span the portion of the profile ranging from u,=5.5 mm to u,=18.0
mm, whereas the contact in the flange occurs around u,=-38 mm. Here, the tread and flange profiles represent
well the S1002 wheel profile, since the contact points lie in segments where the real and simplified profiles are
equal or very similar, as shown in Fig. 19.

In a curve negotiation, the flange contact is observed especially in the outer wheels. Fig. 20 shows the
normal contact forces in the flange contact in the leading wheelset of the front bogie. These results are obtained
with the Hertzian and non-Hertzian models in which parameter e is set equal to 1 and 0.75. In both simulations,
a sudden increase of the normal contact force is observed when the flange contact initiates, which indicates the
beginning of the curve negotiation. Then, another sudden variation of the normal contact force occurs at /=8.3 s
which is related to the initiation of the flange contact in the leading wheelset of the rear bogie. Note that, due to
the suspension system of the vehicle, only the leading wheelsets of each bogie exhibit the flange contact during
the whole curve negotiation. It is worth noting that the normal contact force reaches a constant value of 11.2 kN,
during the curve segment negotiation, which is approximately one half of the centrifugal force. A similar
magnitude of the normal contact force is developed in the flange contact in the rear bogie. Thus, the equilibrium
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between the centrifugal force and the two flange contacts is verified. Moreover, by comparing the Hertzian and
non-Hertzian models and the effect of parameter e, the main difference is observed when drastic variation of the
normal contact force occurs.
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Fig. 19: Contact points in the tread and flange of the outer wheel of the leading wheelset
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Fig. 20: Normal contact forces of the outer leading flange obtained from the simulations that represent the bogie negotiating a curved
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Since high creepages are expected in the flange contact due to the high angle between the normal of the
contacting area and the wheel axis, the tangential contact model defined by the KBTNH is analysed. Fig. 21
shows the inputs of the KBTNH of the outer leading flange obtained from simulations that consider ¢=0.75 and
e=1. From the analysis of these results, it is observed that the contact shape is nearly elliptical since the higher
value of y is never higher than 0.05, in absolute terms. However, g reaches values higher than 5 and, since
extrapolation of the KBTNH is not considered, the input g has been truncated when the boundaries of the table
are exceeded. The variation of parameter e has impact not only on the normal force, but also on the creepages v
and y, namely, in the curve transition negotiation, which can be related to variation of the velocity of penetration
due to approximation and separation of the wheel and rail in the flange contact. Finally, the angle o reaches
values around 45° meaning that the longitudinal and lateral creep forces are of the same order of magnitude.
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Fig. 21: Inputs of the KBTNH of the left tread obtained from simulations (a) with no damping (e=1) and (b) with damping (e=0.75)

8 Conclusions

A detailed description of a non-Hertzian contact model and its implementation in a multibody code is
presented. The wheel-rail contact method proposed in this work consists of an enhancement of the Hertzian
contact model proposed by Pombo et al. [1, 28] by introducing a strategy that determines the undeformed
distance function and the corresponding non-elliptic contact patch. To solve the normal contact problem, the KP
model has been selected [59]. In addition, the hysteresis damping considered in the LN model [62, 63], which is
used in the Hertzian contact, is proposed to be introduced in the KP model. In turn, the tangential forces are
estimated by interpolating the KBTNH [20, 21], whereas the Polach method [69] is used for the Hertzian contact
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model. To show the impact of considering the Hertzian and non-Hertzian contact models, contact analyses and
multibody simulations of selected case studies are performed, being the wheel profile S1002 and the rail UIC50
considered. For the contact analysis, the CONTACT program is also used to provide results of reference. Here,
the normal contact force has been prescribed, and the differences between the three methods are analysed in
detail. Comparing the contact patches obtained from CONTACT and the non-Hertzian method, it is concluded
that the SDEC shape is capable of accurately reproducing the non-Hertzian contact patch, which is formed by
the wheel and the rail. Thus, the KP and the KBTNH models are suitable to handle the wheel-rail contact
problem considered in this work. From the multibody simulations, several conclusions have been drawn. First,
the parameters of the non-Hertzian method have been selected to solve the trade-off between accuracy and
computational cost, namely, the non-Hertzian method can be 2.6 to 8.0 times slower than the Hertzian contact.
Second, the hysteresis damping in the normal contact plays a key role in the simulation of a wheelset negotiating
a rigid track, namely, the absence of energy dissipation in the normal contact leads to a stiff problem that
provides unrealistic results. For the multibody models that comprise damping in the suspension system, the
dissipation in the normal contact model effect is only perceived when the flange contact initiates. Overall, this
work suggests that the non-Hertzian contact model obtained combining the KP method to solve the normal
problem and the KBTNH to solve the tangential problem provides numerical results that are more accurate than
those obtained from traditional Hertzian contact models yet leading to an acceptable computational effort.

Future developments are suggested by the results presented in this work. First, different normal and
tangential contact models can be used in the non-Hertzian method, being possible to improve the accuracy and
efficiency. Second, extending the domain of the KBTNH is required since the parameter g exceeds its upper
limit as observed in the multibody simulations performed in this work. In turn, a different work [72] has
demonstrated that the parameterization of the KBTNH domain plays a key role on the accuracy of its
interpolation. Thus, the accuracy of the tangential forces obtained from this model can be improved. Third,
although the non-Hertzian contact model proposed here determines non-elliptical contact patches, these are
symmetry with respect to the rolling direction. The improvement of the strategy used to determine the strips of
the contact area is intended to obtain non-symmetric contact patches as observed for higher yaw angles [25].
Then, the extended Kik-Piotrowski model can be applied to solve the normal contact [25], corresponding to an
improvement of the estimation of the wheel-rail contact forces. Fourth, an enhanced strategy to solve contact
detection is envisaged so that the conformal contact can be tackled while ensuring the reliability of the
multibody simulations. In this way, the simplification of the wheel profile is no longer required, making it
possible to consider worn wheels.
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