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Navigation satellites are known from numerical studies to reside in a dynamically sensi-
tive environment, which may be of profound importance for their long-term sustainability.
We derive the fundamental Hamiltonian of GNSS dynamics and show analytically that
near-circular trajectories lie in the neighborhood of a Normally Hyperbolic Invariant Man-
ifold (NHIM), which is the primary source of hyperbolicity. Quasi-circular orbits escape
through chaotic transport, regulated by the NHIM’s stable and unstable manifolds, follow-
ing a power-law escape time distribution P(¢) ~ =%, with a ~ 0.8 — 1.5. Our study is

highly relevant for the design of satellite disposal trajectories, using manifold dynamics.
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Chaotic transport of navigation satellites

Global Navigation Satellite Systems (GNSS) reside on quasi-circular Medium Earth Orbits
(MEO), largely inclined with respect to the Earth’s equator. Resonant gravitational interac-
tions with the Moon and the Sun can significantly increase GNSS eccentricities on decadal
time-scales, leading to ‘Earth-crossing’ orbits, but this depends sensitively on initial condi-
tions, as shown in numerical studies. Here we derive the fundamental Hamiltonian of GNSS
dynamics and show analytically that operational trajectories lie in the neighborhood of a
normally hyperbolic invariant manifold. Chaos becomes prominent precisely at Galileo alti-
tudes, where two lunisolar resonances cross; this is a consequence of the exact value of the
well-known period of precession of the Moon’s orbit about the ecliptic (18.6 years). Inside
the tangle of stable and unstable manifolds that encompasses circular orbits, short-lived tra-
jectories alternate with long-lived ones in a fractal pattern and transport is characterized by
a power-law distribution of escape times. As shown here, knowledge of the local manifold dy-
namics can be used to target the ‘fast-escaping’ trajectories. Thus, apart from explaining a
long-known phenomenology, our study opens a new path for the efficient design of end-of-life

(EoL) disposal strategies, which is important for GNSS sustainability.

I. INTRODUCTION

GNSS are constellations of ~ 30 satellites each, residing on almost circular (eccentricities
are e ~ 107%), inclined MEO. They include the Russian GLObal NAvigation Satellite System
(GLONASS) (semi-major axis a = 25,500 km, inclination i = 65°), GPS (a = 26,560 km, i = 55°),
Beidou (a = 27,900 km, i = 55°) and Galileo (a = 29,600 km, i = 56°) systems. Constellation
design requires multi-objective optimization, Earth coverage and cost being the primary con-
straints. For MEOQ altitudes, optimal solutions yield i ~ 52 — 58 degrees with respect to the Earth’s

equator%; for GLONASS, sufficient coverage at high latitudes requires i ~ 62 — 68 degrees.

Long-term sustainability of GNSS calls for the development of efficient EoL disposal strategies
that will safeguard the constellations from defunct ‘debris’>"®. However, the chosen optimal incli-
nations induce complications, as they coincide with the phase-space loci of gravitational lunisolar
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resonances> 12, The celebrated Lidov-Kozai resonances , occurring for all values of a but at

specific and nearly fixed values of i, are commensurabilities between the precession rates of the ar-
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Chaotic transport of navigation satellites

gument of the perigee, g = @, and the right ascension of the ascending node, 1 = Q, of a satellite’s
orbit. The relevant terms of the perturbing potential can be identified using Legendre-type expan-
sions and analytically tractable, averaged (over short-periods) Hamiltonians can be defined!®1%.
At i = 56°, the dominant term is associated with the 2¢ + & = 0 resonancel 22" (%2g+1), Which is

the focus of this study.

Several numerical studies have highlighted the significant eccentricity boost received by MEOs

4I8I21H23

in this resonance and the emergence of chaotic transport, associated with the precession

of the lunar nodes**2°

and with the influence of multiple resonances®2”. Eccentricity growth
offers a natural disposal solution, as lowering of the satellite’s perigee can lead to atmospheric
re-entry. Previous studies suggest that this mechanism is very sensitive to the choice of initial
conditions?*%%. Since chaos prevents us from accurately predicting when a defunct satellite will
actually evacuate the e ~ 0 operational zone, understanding the mechanism of chaotic transport

and identifying possible ways of controlling it, is important to EoL strategies design.

II. ANALYTICAL THEORY

MEO satellite dynamics can be modelled by the following Hamiltonian

t%ﬂ:%(ep‘i‘%z‘F%Sa (1)
where
vV e
=22 2
Hiep =5~ (2)
R2 o (3sin® ¢ — 1
My === @(2r3 ), 3)
Mg rq r-rq Mo o r-ro
g = ——C _ __( — ) (4)
¢ <||l'—l’q|| rg ) ro \|lr—roll 3

FH¥kep corresponds to the Kepler problem, with g the gravitational parameter of the Earth, and
r, v being the geocentric distance and velocity of the satellite. 777, is the perturbation caused
by the Earth’s oblateness, with J; the oblateness parameter, R the mean equatorial radius of the

Earth, and ¢ the geocentric latitude of the satellite. 77 is the lunisolar perturbation, with r¢ ,rg
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Chaotic transport of navigation satellites

the geocentric vectors of the Moon and the Sun respectively, r¢ ,r the corresponding geocentric
distances and g ,U: Moon’s and Sun’s gravitational parameters.

In celestial mechanics, following the Keplerian notation, we express the Hamiltonian in terms
of canonical functions of the orbital elements. A Legendre-type expansion of .77 s up to quadrupo-
lar terms in the geocentric distances of the Moon and the Sun is performed and 77 is averaged
over the mean motions of all objects. Thus, the secular Hamiltonian reduces to a time-dependent,
two degrees-of-freedom model. The Delaunay momentum L = ,/liga is preserved, while time
enters through the precession of the ecliptic lunar node, Q¢ =~ Q¢ (+no « 1%, with frequency
nQq that corresponds to the known lunar nodal precession cycle of 27/ |ng « | ~ 18.6 years. We

adopt the value i¢ = 5°.15 for the Moon’s inclination to the ecliptic plane.

We apply the canonical transformation defined in [12] to resonant variables (Jg,Jr,ug,ur),

appropriate for the resonant argument ug = —g — h/2, through (G,H,g,h) = (L—Jg,L—Jg —

Ir, up/2 — ug,—ur), where (G,H) = (\/ugpa(l —e?), \/ugpa(l —e?)cosi) are the expressions
of the norm and the z-component of the satellite’s angular momentum in orbital elements. An
additional Taylor expansion around the unperturbed, exact resonance (Jg,Ir) = (0,1 ), with I; =
VHza(cosi, —1) and i, = 56°.06, followed by a transformation to non-singular Poincaré variables

(X,Y) = (V/2Jgsinug,/2Jg cosug) leads to the final reduced Hamiltonian

H = A+ Hew + He, (5)
where,
%:C20X2+C02Y2—|—622X2Y2+C40X4+604Y4+..., (6)
Ty = ijM,O + L%ﬂCM_‘] with
Femo = bioJr + bz()JIZ: + bo1 cosur + bgr cos2up + .. ., @)
%M,l = nQC( J@ +dp cos (ZMF —f-.Q@ ) +d;cos (MF —|—.Q.<( ) + ... (8)
and
%:C120JFX2—|-C102JFY2—|—.... 9)

where Jp = Ir — I, X ~ —esin(g+h/2) and Y ~ ecos(g+h/2) are O(e) and Jg is a dummy

action conjugate to Q¢ . The coefficients in Egs. @—@) are expressed in terms of the relevant
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TABLE 1. Coefficients of the leading terms in 7. The values of the parameters are y. = 1.32712-
101 km /5%, ug = 4902.8 km?/s*, ue = 398600 km?/s*, J, = 1.082- 1073, Ry = 6378.1 km, re =
1.49579 - 108 km, rq = 384157 km. Cig +Sig are the sine and cosine of the inclination of the Moon to
the ecliptic ig = 5°.15, c¢, s¢ the sine and cosine of the obliquity of the ecliptic € = 23°.44, s; , c;, the sine

and cosine of i, = 56°.06 and n = \/ s /a® the mean motion of the satellite.

Terms Coefficients Values
1507 (14ci, )cesiyse(357 —2)
2 y2 15us (14-ciy )cesi, s (( !
X%y €20, €02 + <16n’r*,3? et 320y <

35R2 (10¢;, —1) + Ue (18—54¢;, £30(2¢;, —1)cesi, se+27(3¢i, —1)s2

) ) 8at 32a2n2r3 (ci, —1)
JEX=, JpY €120,C€102 3ug (352 —2)(18ci, —6+£10(1-2ci, )eesi, se+9(1—3ci, )s2)
g
+ 64a2n2r3@ (ci,—1)
.. 2 _ 2_
b 3hnRci, | 3ueci, (2—3s2) 3hq Ll*(3s'( 2)B3se=2)
Tr 10 2a? + 8nr3, + 16nr’
X , e W05, D 3ug (5 2)65-2)
— & —
JF 20 i T 16a2n2r, 32a2n2r3(
3a’ug ciysiycese(3s7 —2)
3Q2UCi. Cosi. S GI*Z*SE i
COSUr b01 _2a I'b;;*{sél*bs + — q
2 b 3‘12#@(012**1)“% 3a2ﬂ( (C?*il)(’jsiz(( 72)%
cos cur 02 16r3) 32y
3612[.1( ((,‘12*—1)(,‘,' (1+CS)S,' Se
cos(2ur +Q ) doy 16% s
3a2/,t@ c,-*s,-*c,-(( s,« (14ce—2s2)
cos(ur + Q¢ ) dn - By

physical and dynamical parameters in Table

Note that .7#% and J#¢ are both & (ez), while .7y, does not depend on X, Y. As a consequence,
circular orbits satisfy for all time the invariance equations X =Y = 0 = X =Y. For these orbits,
the evolution of Jr is given by ¢y = Hcm o + cm,1, which defines an invariant subset of
the phase space of JZ, the center manifold (CM). The term ‘center manifold’ here denotes an
invariant manifold embedded in the phase space, whose tangent dynamics is neutral. The CM is
not associated with an exact equilibrium point of the flow and it is not isoenergetic. Neglecting
“wu.1, the CM would be foliated in rotational tori, describing small oscillations with amplitude
equal to the inclination of the Laplace plane*®+%, Ai ~ 0°.5 — 1°.7 for MEO satellites. However,
for a ~ 29,930 km, which is slightly above the Galileo altitude, cos(2ur + Q¢ ) becomes near-

resonant (%o Q ) and this can increase significantly Ai. To lowest order, the Hamiltonian of
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Galileo dynamics becomes

HGal = %M70+n9(( J@ 4+ d>j cos (2”17—1—9( ) (10)

Defining the slow angle u; = ur + QC( /2, we can eliminate up using a canonical transformation,

such that the Hamiltonian reduces to a pendulum form

%al 2%10.]1—{-(520]12%—(501 cos2uj, (11)

where J1 = Jp + %cos ur + i—?écosZuF + ﬁ(J,%), 10 = b1o +nQ@ /2, 620 = by and 6 = dy;.
The secular variations of Jr can now be approximated by the pendulum solutions. Its average value
over a phase torus, (Jr), defines an approximate integral of motion, namely a proper inclination

for circular orbits on the CM, given by

L—({J I
ip:arccos< (Jr) + F)), (12)
L
where, for librations of u;
€10
IRy = ———, 13
(JF )i o (13)
and for circulations
(510 + 4% ‘%ﬂC(}) I
(JF)cire = JF)ip £ <, (14)
2620

with %Z((;)al equal to the value of Eq. for a given a set of initial conditions (X =Y =
0,Jr0,ur0,um0o). Hence, (Jr) is a function of the initial conditions (Jr,ur,u,) on the CM.
This allows us to compute the inclinations range, for which the CM becomes a normally hyper-
bolic invariant manifold (NHIMY*?. Substituting (Jr) in the Hamiltonian % = . + H#¢, we
characterize stability in the neighborhood of the CM (X =Y = 0), by an approximation based on

the eigenvalues of the linearized variations matrix %, associated with the flow of p

0 2co2 +2c1024/,
P — 02 102(JF) ' (15)
—2¢20 —2¢120(JF) 0
Note that 7 depends on the initial conditions on the CM via (Jr). The NHIM corresponds to the

subset of points (Jr,ur,u,) on the CM, for which the (Jr) leads to real eigenvalues of %.

Chaotic transport is, now, expected to be regulated by the stable and unstable manifolds of

the NHIM>1"3%_ The motion transversely to the CM is approximately described by ./, with Jr in
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¢ substituted by Jr(t) = J; (1) — Z% cos(byot) — Z% cos(2bjot) and Jj (¢) taken from the integrable
. Then, the JpX? and JpY? terms in % give O'(sin iq ) oscillations of the separatrix of .
In fact, if the Moon ‘is set’ on the ecliptic in a numerical simulation (i.e. sinig = 0), chaotic

transport disappears.

III. MANIFOLD DYNAMICS AND CHAOTIC TRANSPORT

As can be seen in Fig. [I] the eigenvalues of Eq. (I5) are real and the CM is normally hyperbolic
for 53° <ip < 59° at Galileo altitude. The largest eigenvalue maximizes for ip = 56°, giving an
e-folding time of ~ 36 years. Close to this maximum, the extent of the separatrix of /% is O'(1).
This is a direct consequence of the near preservation of Jr, which results into coupled oscillations

of eand i, as G— H — Iz = Jr = 0. Hence, inclination variations of size Ai lead to

2 sini Aj 1/2
SN 1,Al
— /S €max, (16)

%—cosi*

e =

and quasi-circular orbits can reach epax > 0.7 and become ‘Earth-crossing’ (shaded area in Fig.[I)),
as seen in numerical simulations. Similar behavior has also been reported about the %>, Lidov-
Kozai resonance®>29. As discussed below, the trajectories of Eq. (1)) follow closely the manifolds
of our double-resonance Hamiltonian (Eq. [5)), shown in Fig [I] Note the near-perpendicular in-
tersections of the manifolds close to the origin, which results in a disc of size de ~ 0.2 being

immersed in the chaotic tangle.

Fig. [2|is a map of angles-averaged A¢%®, as computed for a dense grid of initial conditions in
(a,i), under Eq. . The width, Ai,.,, of the high-Ae region found at any given altitude, corre-
sponds to the region of real eigenvalues of Eq. (I3). The seemingly uniform increase of Aiy.s with
a is interrupted at 29,930 km, where the %»;,_¢ ( Tesonance Crosses the domain of the %5, . Its
importance is clearly seen in the phase-diagrams of the CM dynamics, attached to the eccentricity
variations map. The addition of ¢y 1 to 2y leads to the appearance of a separatrix, which
results to substantial increase of Ai, as opposed to ¢y 0; in Fig. [I} this corresponds to a large
area of the (X,Y) plane occupied by the stable and unstable manifolds of the NHIM. Note that,
similarly to the Galileo %5, o ( fesonance at a = 29,930 km, the %)_o ( Tesonance becomes

important at 24,270 km. However, a similar analysis as above shows that the cos (ur +Q¢ )
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FIG. 1. (left) Composite phase portrait for Galileo dynamics. The separatrix is taken from % (black
line); stable (S) and unstable (U) eigendirections are shown with blue and red arrows. The light blue/red
dotted lines are a numerical realization of parts of the stable and unstable manifolds of the NHIM, computed
from a periodic orbit of .. Two nearby trajectories of .7# are shown, one driven to atmospheric re-entry,
following the unstable manifold (green), whereas the second is trapped in a recurrent motion about the
center (orange). (top-right) The eigenvalues of %, as functions of ip, for different altitudes. (bottom-right)

Dependence of the unstable eigendirection on the initial phase of the lunar node.

harmonic actually restores elliptic stability of the CM in two zones, immediately above and below
24,270 km; this is confirmed by computing the eigenvalues of the %Z;,_q « -dependent Hamiltonian

analogous to 7.

The effect of the manifolds structure on the escape dynamics of Galileo satellites is shown
in Fig. |3 We study a dense grid of initial conditions in (X,Y), for a = 29,600 km and i = 57°
using two numerical models: (DA) is based on the doubly-averaged formulation of Eq. 26 and

(HF) is a non-averaged symplectic propagator-~ of the complete model of Eq. . A short-time
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FIG. 2.  (left) Phase diagrams of %y o (left column) and JZ¢u o + #2cp,1 (right column) at three alti-
tudes. The difference in these plots clearly marks the importance of the 2 — Q¢ (24,270 km) and 2/ — €
(29,930 km) lunisolar resonances. As seen also in the corresponding Ae map of Eq. (I) (right), these two
resonances actually have opposite effect on the stability of the CM. The positions of the GNSS constella-

tions are also shown (orange circles).

Fast Lyapunov Indicator (FLIY*® map was computed, to depict the (X,Y)-projection of the stable
manifolds emanating from the NHIM>?., We then extended our integrations to ~ 465 years and
computed maps of escape time, 7,4, defined here as the time taken for an orbit to enter the shaded
area of Fig. (I). The T,,-maps are practically identical for (DA) and (HF), which reflects the

quality of approximation of the mean, secular flow of Eq. (T)) by Eq (3)).

There is a remarkable similarity between the spatial distribution of 7,,. values and the man-
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FIG. 3. (top-left) Short-time FLI map of the entire grid, depicting the stable manifold of the NHIM.
Attached, a zoom of the central region (top-right), whose T, map is also shown (bottom-left). Green
and orange crosses mark the initial conditions of the two trajectories of the same color in Fig. [} The

distributions of T, follow power-laws (bottom-right).

ifolds structure, depicted in the FLI map. Zooming in the low-e domain of interest for actual
satellites, a fractal-like*®*3 stratification of short/long T, ‘stripes’ is seen in Fig fore <0.1,1in
striking correspondence with the oscillations of the stable manifold of the NHIM*649. The direc-
tion of the stripes in (X,Y) remains very close to the one given by the analytically computed stable
eigenvector. Computing the histogram of 7. for this region, we find that it follows a power-law,

P(t) ~t~ %, with a ~ 1.5. Extending our grid to the whole disc of initial conditions e < 0.8, we
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find & = 0.8. These statistics are indicative of anomalous transport0-=0.

IV. DISCUSSION

Resonance width — Our analytical model allows accurate estimate of the extent of the regions
of hypebolicity of quasi-circular GNSS orbits around Lidov-Kozai resonances; it coincides with
the range of Jr values that give real eigenvalues of (I5). Depending on ip, resonant variations
of Jr can maximize the extent of this domain at Galileo altitudes; conversely, at 24,000 km the
double-resonance reinstates elliptic stability of the CM. Our approximations were validated in a

series of numerical experiments.

Role of lunar node regression — The harmonics in JZ¢y,1 would not exist if the Moon’s ecliptic
inclination, i¢ , was zero — their coefficients are proportional to sinig . The %»,_q ( fesonance
occurs precisely at Galileo altitudes, because of the value of the lunar nodal precession period
(18.6 years). Our analytical model confirms previous numerical simulations, which have at-
tributed the chaos observed to the regression of the lunar nodes®2%. Moreover, it predicts a chaotic
region of size Ae = 0.2 around the circular orbit, from which transport to ‘Earth-crossing’ orbits
emanates. We also explain the existence of a significant fraction of long-term stable, high-e orbits

(those with ug ~ +m/2 in Fig. 1), as found in [§]].

Manifold design of EoL — Using the hyperbolicity of the GNSS region for designing EoL tra-
jectories, possibly in synergy with a low-cost impulsive maneuver to a sizeable eccentricity (i.e.
0.01 —0.05), is appealing. An e-folding time of 36 years implies T,, ~ 120 years for e ~ 0.05.
The re-entry trajectory of Fig. 1 has T,, = 125 years, as do all orbits inside the same ‘turquoise’
strip (see Fig.[3). The next, nearly parallel, turquoise strip towards the origin has T, ~ 160 years,
i.e. an additional e-folding time, while 7, ~ 80 years for e ~ 0.1 have been found by [8]. Given
the fractal distribution of manifolds crossings, chaotic trajectories adjacent (but not inside) these
stripes may wander inside the chaotic region for hundreds of years, without evacuating the opera-

tional zone (see Fig. [I).

Safe prediction of the re-entry time is important for EoLL design but, particularly for Galileo,

this is apparently hindered by the intricate manifolds structure in the double-resonance domain.
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Nevertheless, insightful maneuvering, guided by an accurate model of the local manifold dynam-
ics is, in principle, feasible. In our model, this would correspond to targeting one of the turquoise
strips, encircled by the stable manifold, by maneuvering along the nearly perpendicular unstable

eigenvector, i.e. such that ug = 7/4 or 5 /4 for Q¢ = 7.
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