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Abstract

Sound transmission through infinite planar multilayered structures charac-
terized by in-plane periodicity is accurately and efficiently predicted by ex-
ploiting free wave propagation and Bloch modes. A through-thickness transfer
matrix is derived for each layer by manipulating the dynamic stiffness matrix
related to a finite element model of a unit cell. The transfer matrices of all
the layers composing the structure account for the Bloch modes generated in
heterogeneous layers. The proposed technique is equally appealing for in-plane
homogeneous structures since few elements and no Bloch modes are needed in
this case, ensuring high efficiency. In such a framework, the acoustic radia-
tion or transmission of multilayered systems excited by a plane wave can be
assessed. The proposed approach is validated in case of structures consisting of
heterogeneous layers by comparison with alternative approaches.

Keywords: Transfer Matrix Method, Periodic Structures, Bloch Modes

1. Introduction

Most of the models proposed in the last decades to face the problem of sound
propagation in complex structures involve the characterization of the wave prop-
agation using a wave and finite element method (WFEM). The WFEM combines

conventional Finite Element (FE) models and the theory of wave propagation in
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periodic structures. The mathematics of wave propagation in periodic systems
has been discussed by Brillouin [I] in the field of electrical engineering. Mead
[2] and Abrahamson [3] have involved the Rayleigh-Ritz technique in order to
treat non-uniform periodic structures. Afterwards, Orris and Petyt [4, 5] have
employed the FE technique for wave propagation analysis.

An alternative approach to model the sound propagation in complex struc-
tures is the Transfer Matrix Method [6] (TMM). Matrix representation of sound
propagation is an efficient and largely used tool for modeling plane acoustic fields
in stratified media. The problem is formulated in the frequency domain and
layers are assumed to be laterally infinite. In the classical TMM, all the waves
propagating within each layer of the structure are assumed to have the same
in-plane wavenumber components of the plane wave excitation coming from a
bounding semi-infinite fluid. Analytical expressions for the Transfer Matrices
(TMs) are only available for homogeneous media [6]. The TM of a periodic
layer is obtained in [7] by manipulating the Dynamic Stiffness Matrix (DSM)
of a layer’s periodic Unit Cell (UC). However, because of the aforementioned
assumption regarding the in-plane wavenumber components, the approach pro-
posed in [7] fails to fully capture the physics of sound propagation in periodic
structures when the in-plane dimensions of the UCs are similar or greater than
the excitation wavelength. In fact, within a heterogeneous layer, a plane wave
excitation can produce different waves because of the periodicity. These addi-
tional waves are the Bloch modes and can propagate within the structure, thus
contributing to the sound propagation. This paper proposes a generalization of
the TM approach proposed in [7]. Bloch modes are considered in heterogeneous
layers and their propagation is modeled within each layer composing the struc-
ture, including the homogeneous layers. As a consequence, the dimensions of
the resulting TMs depend on the number of Bloch modes considered.

The paper is composed of two parts. First, the theory on the basis of the
proposed approach is derived. The plane wave excitation and the coupling with
the semi-infinite fluid media are modeled, the TMs of both homogeneous and

heterogeneous layers are derived, the global system is assembled and the acoustic
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indicators are evaluated. Then, the proposed approach is validated in case of
structures consisting of heterogeneous layers by comparison with alternative
approaches. Results are presented in the case of an oblique plane wave acting
on the bottom surface of the multilayered structures for both semi-infinite fluid

and hard-wall terminations.

2. Theory

Let us consider a multilayered structure with infinite lateral extent sur-
rounded by two semi-infinite non-dispersive media, i.e. ideal fluids, or backed
by a hard wall. The structure lies on the xy-plane and the sound propagation
through its thickness (z-axis) is studied. Subscripts B and T indicating values
at the bottom and top surfaces of the structure or properties of the lower and
upper fluids. The fluids have thus densities and wave speeds pp r and cpr
respectively. Throughout the analysis we assume time-harmonic motion of the

form exp(jwt).

2.1. Acoustic Excitation

The structure is excited by a plane wave traveling in the lower fluid and
impinging its bottom surface with an incident angle, 6, with respect to the z-
axis and a heading angle, ¢, with respect to the xz-axis. The incident pressure
field can be expressed as

PI _ poej(wtszxfkyyfkrzz), (1)

where pg is the wave amplitude and the wavenumber components are

k, = isin@cos¢

CB

ky = ad sinfsing . (2)
CB

k., = Rl cos
CB

The blocked-wall pressure (i.e. the real excitation seen by the structure) is ob-

tained by assuming a Neumann boundary at the blocked bottom surface, thus
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obtaining the total pressure field produced by the incident plane wave at the

bottom surface:

Pb — 2poej(wt—kmz—kyy) — pbej(wt—k'm:c—kyy). (3)

2.2. Transfer Matriz of a Layer

In order to simplify the following exposure, only layers defined by a single
physics (solid, fluid or porous) are considered. Details on the mixed formulation
can be found in [7]. Anyway, different phases of the same nature are allowed
within a layer. Porous media can also be represented as equivalent fluids [6, 8 [@].
The periodic UC of a layer is represented by a right cuboid modeled using FEs

and the related dynamic problem can be written as
D(w)g=f+e, (4)

where D(w) is the DSM of the UC, q is the vector of generalized displacements
or pressures, f is the vector of generalized internal forces, i.e. due to adjacent
UCs, and e is the vector of generalized external forces, i.e. due to bounding
media. In the following, degrees of freedom (dofs) related to a node are supposed
consecutive in vector q. On the other hand, TMs are built to have Bloch

coefficients for a single dof arranged consecutively.
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Figure 1: Partitioning of a UC into an internal region (I), surfaces S1—_4 and edges F1_4.

Homogeneous layers and heterogeneous layers are treated differently. Let us

start with heterogeneous layers. Figure [I| depicts the UC of a heterogeneous



layer. In order to apply periodic boundary conditions, the UC is partitioned in
an internal region (I), four surfaces (S7_4) and four edges (F1_4). It should be
noted that all the heterogeneous layers of the structure must have the same in-
plane dimensions (L,L,) and shape (0) in order to grant compatibility between
all the Bloch modes throughout the whole structure. Bloch’s theorem must be

applied to the generalized displacements vector as
a= (Ao + Agelebe 4 Ayebvls 4 A clbthl) ) o = Aq, (5)

where Ax are linear interpolation matrices linking nodal displacements and
pressures at the slave boundaries (S3_4, Fa_4) to the nodal values at the master
boundaries (S1_2, F1), I~cy = ky, + k, tané and the wavenumber components, k,
and k,, are defined in Eq. . Interpolation matrices allow to handle UCs with
different meshes at opposite boundaries, making the procedure less restrictive
in terms of mesh requirements. Thus, the equation of motion, Eq. 7 can be

reduced as

APD(W)AQ = D'(w, ks, k) = A (f+e) . (6)

Under the assumption of real wavenumbers, the forces due to neighboring cells

disappear from the dynamic problem [7] and the equation of motion becomes
D'(w, ks, ky)q =€ . (7)

In order to evaluate the TM of the heterogeneous layer, the problem must be
partitioned in top (T"), bottom (B) and internal (I) sets along the thickness.
Since no internal forces are applied, the set of internal dofs, g7, can be removed

and the problem can be arranged as
'_1 1
BB~ ZBIDIII D}z Dpr - ,BIDII] Dir| Jdp —C ap _ ep
D7 — D7Dy 'Dig Dip —DyD'Dir| | ar ar er
To build the corresponding one dimensional model, we first define the matrices

Lp = {AB@)ImJ AB®Im,m:|
(9)
LT - |:AT X Im,l e AT X Im,mi|
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where I, ; is the i-th column of the identity matrix of size m, m is the number
of dofs for each node (1 for fluid layers, 3 for solid layers, 4 for porous layers),

® denotes the Kronecker product, matrices Ap and Ar are defined as
Ap =exp (jxpX +jypY) , Ar =exp (jxrX +jypY) , (10)

x|y g|r are column vectors collecting nodal coordinates, X and T are row vectors

collecting the wavenumber components of the Bloch modes as

2 2
X=ky+—n,, T =k, +—

2
I L—yny — —n,tand , (11)

Ly

n, and n, are row vectors defined as
n; = Ogy, 11 ® [ —N, ... Nx} , Ny = [—Ny Ny} ®Oon,+1, (12)

N, and N, are the maximum orders of Bloch modes selected and O, is a
row vector of ones of size n. It should be noted that the M-th column of
matrices Ap and Ap represents the exciting plane wave (n, = n, = 0), with
M = 2N;N, + N, + N, + 1. Thus, the through-thickness one dimensional

dynamic problem can be derived as

LiChplp LEChyLr| ag _C dap _ €p . (13)
LYCrzLp LYC Lr| | ar dr ér

Finally, the problem can be rearranged in terms of a transfer matrix as

(o} resmf}-{a)
er er €p
(14

The TM, T', of a heterogeneous layer is a 2Nm x 2Nm full populated matrix
where N = (2N, + 1)(2N, + 1) is the number of Bloch modes.

~CrpCrr Crp
Cpr — CppCr5Crr CppCrp

The TM, T’, of a homogeneous layer must now be evaluated. Since waves
with different wavenumbers propagate independently within homogeneous me-
dia, the TM of a homogeneous layer is a 2Nm x 2Nm sparse matrix composed
of elementary TMs. For the selected ordering rule, the elementary TM related
to the i-th Bloch mode, T}, is the sub-matrix of T with row indices and column

indices equal to the vector [N(r — 1) 4 ] where vector r spans from 1 to 2m.



In order to achieve the higher possible efficiency and to simplify the following
exposure, homogeneous layers are modeled with cubical UCs having nodes lo-
cated only at the vertices. The discretization along the thickness of the layer is
handled within the TM context. The edge of the UC, I, is selected as a fraction
of the layer thickness, h, (I = h/n,) and the layer TM is obtained as power of
the UC TM (Tiayer = T1%)- In order to obtain the i-th TM of the layer, T}, the
generalized displacements vector must be reduced according to the i-th Bloch

mode as
q:(AU+A¢““+»%é“V+AwéW“”m)q5:Amﬁ (15)

where X; and Y; are the i-th elements of vectors X and Y. Because of the

simplified UC model, we obtain directly

and
—C75Crr Crp

T)(w, X;, T;) = _ _
il ) Cpr — CppCr5Crr CprCrp

2.83. Modifying Interface Variables

The TM, T’, is now modified in order to simplify the inter-layer boundary
conditions. For each Bloch mode, new state vectors, V; and Vg, are related
to the original state vectors, Vi = [q; ér|T and V) = [qz ép]T as

Vi =ArVy, Vp=ApVy, (18)
thus obtaining the final form of the TM of a heterogeneous layer as

T=((Ap@In)T'(Ar @ 1Iy))"™ | (19)

where Iy is the identity matrix of size N and n, is the ratio between the layer

thickness and the UC thickness, and the i-th TM of a homogneous layer as

T, = (ApTiA7)"™ . (20)



The original and the chosen state vectors for a fluid layer are respectively
, T T
b= lp —warf]  Vi=[p o] (21)

where v is the (outward-pointing) normal velocity and the area of the UC, A,
is equal to L,L, for heterogeneous layers or I? for homogeneous layers. As a

consequence, the related transformation matrices are
Ap = diag {1 1/JMA} R Ar = diag {1 —ij} . (22)
The state vectors for a solid layer are

V’ — r — s s s T
s T Uz Uy Uy F, Fy F, , Vs = v Uy U Ozx Ozy Ozz
(23)

and the related transformation matrices are
Ap =diag[Osjw ~0s/A] , Ar = diag [Os/iw 0s4] - (24)
The state vector related to the chosen porous formulation [I0] is

T
Vi=lu wg ow op B OFy P —jwA(]+vii/e?)|  (29)

where ® is the layer porosity and 7 is a coupling coefficient between the solid
and the fluid phase of the porous media. On the other hand, the chosen state

vector is

V, = |v? v; v D O

s s o8 O.t w (26)

zx 2y zz
where w = ® (v — v?) is the flux per unit area at the interface, ot = 0%, + a7,
is the total normal stress and of, = —p® is the equivalent normal stress due to

the fluid. The related transformation matrices are

Mfiw 0 0 0[]0 0 0 0 7
0 1fjw 0 0|0 0 0 0
0 0 1fjw 00 0 0 0
0o 0 0 1]0 0 0 0
Ar=1149 0 0 0|4 0 0 0 (27)
0 0 0 0]0 A 0 0
0 0 0 ®A|0 0 A 0
L0 0 —gA 0|0 0 0 —jwA/®]



and

w 0 0 0] 0 0 0 0 7
0 jw 0 0] 0 0 0 0
00 jw 0] 0 0 0 0
0o 0 0 1] 0 0 0 0
As=1g o 0o 0 |-1/4 o0 0 0 (28)
0O 0 0 0] 0 —1/4 0 0
00 0 —®| 0 0 —1/A 0
0 0 ¢ 0| 0 0 0 ®/jwA

where g = jw(1 + 7/®?).

2.4. Inter-Layer Boundary Conditions

This section is devoted to the continuity conditions between adjacent layers.
In case of a solid-fluid interface the following conditions must be imposed
-1
0 In| V= 2
0

LV + 3V, = ([0 L]oIy)V, +

— O OO

Matrices Is¢ and Jsr must be interchanged for a fluid-solid interface. The state
vector V,, defined in Eq. considerably simplifies the porous-porous and
the porous-fluid interfaces, making interface conditions independent from the
porosity, ®. In fact, all the components of V,, are equal at each side of the
boundary between two porous layers with frames bonded together. On the
other hand, the following boundary conditions must be set for a porous-fluid

interface

0 -1
-1

Ipfvp+']pfvf == ([0 I5 15,1] ®IN)VP+ ®IN Vf - 07 (30)

—_— o O
[N e NN en)

where I ; is the first column of the identity matrix of size 5. Matrices I,y and
J,7 must be interchanged for a fluid-porous interface. In case of a porous-solid

interface the following boundary conditions must be set

_16

I O
I;DSV;D +JpsVs = ( 03 I ®IN> Vp + ( ®IN> V,=0. (31)
4

Matrices I,; and J,, must be interchanged for a solid-porous interface.
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If two or more adjacent layers have the same nature (including porous layers)
the global TM is simply equal to the product of the TMs of the layers. Alterna-
tively, the interface matrices I; = Iony, and J;; = —Iany, can be used to fulfill

continuity conditions, thus retaining the state variables at the i-j interface.

2.5. External Boundary Conditions

The structure if bounded by a semi-infinite fluid on its bottom surface. For

the i-th Bloch mode, the spectral pressure acting on the surface due to the

bottom (up-pointing) normal spectral velocity, vg ;, is given by pp ; = —Zp,;vB.;
where
wpB
Zpi = 32
O Wikl — Sk, (32)
and
e
kpi= |- — X2 — T2 (33)
CB

It should be noted that Zp s = ppep/ cosé.
In case of a semi-infinite fluid termination and for the i-th Bloch mode,
the spectral pressure acting on the top surface of the structure due to the top

(up-pointing) normal spectral velocity, vr ;, is given by pr; = Zr ;vr,; where

wpT
Zri = 34
B0 Rlkr] — sSkr] 34
and
W2
kri = 4| — X2 -T2, (35)
CT

It should be remarked that the negative imaginary parts in Eqgs. and
ensure evanescent waves in the semi-infinite fluid media.
In case of a hard-wall termination, all the velocity components at the top

surface must be set to zero. To this end, the following termination matrices are

defined:

10000000
01000000

Yr=[0 eIy, Yo=[1 085y, Yo= |0 01 0 0 0 o ol®W
00000O0GO0GO 01

(36)

10



2.6. Assembling

Stacking all the inter-layer continuity conditions we obtain

Iy JyTy 0 - 0 0
O Do vioo. e
0 0 0 T I(nfl)n J(nfl)nTn

where matrices I;; and J;; depend on the nature of the ¢-th and j-th layers, the
suffix f denotes the fluid at the excitation side and n is the number of layers. In
case of a semi-infinite fluid termination, impedance conditions must be applied

at the top surface as

B/// O

0 7IN dlag(ZT)

In case of a hard-wall termination, termination conditions must be added as

BV = [ B” ] V' =0. (39)
o v

By applying impedance conditions at the excitation side we obtain

B’V’:{ I diagB(”ZB) 0 }V’:o. (40)

2.7. Solution

In order to solve the problem, Eq. , one component of vector V' must
be fixed. We choose to fix arbitrarily the value of the M-th pressure to 1,
i.e. the component related to the incident plane wave. As a consequence, the
M-th row of matrix B’ must be removed because the M-th impedance condi-
tion is involved to obtain the amplitude of the incident plane wave once the
corresponding velocity is determined. Thus, we obtain the new linear system
BV’ = 0 with V}; = 1, which can be rearranged in a square linear system with
C unknowns as

[Biv—1 Bugros1] V=-Buy, (41)

11
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where B; is the i-th column of matrix B, B;.; is the matrix ranging from the
i-th to the j-th column of B and V is a vector of size C' obtained by removing
the M-th component from vector V’. Solving the system, Eq. (41, for V we
obtain all the Bloch components of the normal velocity at the bottom and top

f_ fo_ :
surfaces as vi; = Vy.an—1 and v, = Vo_n41:¢ respectively.

2.8. Acoustic Indicators

Once fluid velocities at boundaries are determined, all the acoustic indicators
can be evaluated. The blocked pressure can be evaluated by accounting for the

M-th impedance condition as
Py =1+ Zparvh o (42)

and the amplitude of the incident plane wave is pg = pp/2. Thus, the incident
acoustic power per unit area on the bottom surface of the structure is given by

_ p3cost

Wi(6) = 2ppep

(43)

The sound power per unit area exchanged between the structure and the bottom
(source) semi-infinite fluid can be expressed as

N
1 1
Wi (w.60.0) = SRk ) = 5 D R(Zp.a)lvp I - (44)

i=1
In case of a semi-infinite fluid termination, the sound power per unit area radi-
ated by the top surface in the receiver fluid can be expressed as

1 N

wmwnggw%m%m. (45)
Thus, we obtain the power transmission coeflicient 7 = Wy /W, the transmis-

sion loss TL = —101log,,(7), the power absorption coefficient « = Wg /W7, the

power reflection coefficient R = 1—« and the dissipation coefficient d = 1— R—7.

12
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3. Applications

The first case concerns the sound absorption at normal incidence of a 20
mm thick foam plate with infinite cylindrical void inclusions backed by a rigid
wall. Inclusions are parallel to the y-axis, have diameter of 15 mm and are
20 mm spaced along the z-axis. The foam has properties: & = 0.95, ¢ =
8900 Nsm ™, aoe = 1.42, A = 180 pm, A’ = 360 pm, E = 224 kPa, v = 0.4,
w=17 %, p = 6.1 kgm™>. It is modeled as an equivalent fluid according to
the Johnson—Champoux—Allard rigid model [6, [8, [O]. The bottom fluid has
properties cg = 340 ms~! and pp = 1.284 kgm ~>. The structure is modeled as
a single layer with a Tetra4 mesh depicted in Figure [2l Figure |3| presents the
comparison of the dissipation coefficient predicted by the proposed approach
(GTMM) with the result produced by a double porosity analytical model [IT]
and also with an alternative numerical approach based on a WFEM applied to a
Periodic Unit Cell of the structure (PUC) [12]. It should be noted that, contrary
to the proposed approach, the alternative approach uses a UC representing the
whole multilayered structures, adds fluid layers in front and back of the structure
and solves directly the coupled fluid-structure problem making it much less
efficient compared to the presented method. It can be observed that Bloch
modes are essential to capture the physics of the problem above 17 kHz, where
they produce propagating (non-evanescent) waves in the fluid. An excellent
agreement is observed between all methods over the whole frequency range
by using just the £1 Bloch modes along the z-axis in the GTMM. In order to
assess the effect of the frame dynamics on the sound absorption, the foam is now
modeled with a full Biot formulation [I0] and the same Tetra4 mesh depicted
in Figure 2} Figure [4] shows the related dissipation coefficient predicted by the
proposed approach (GTMM) along with the reference solution which employs a
rigid frame model for the foam [I1]. It is confirmed that the solution converges
for N, =1 and it can be observed that the frame dynamics significantly affects

the solution, especially above 10 kHz.

13
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Figure 2: UC of a 20 mm thick foam plate with cylindrical inclusions.

1 T T T T T T - T T
\ /7 N\
I \ / \
\
08l 1 \ / i
= 1 Yo ,
0 I \ -
2 1 S ;
gosf ' % A
O 1
g 1
To4r 4 i
fe3 /4
] /2
é’ - =-GTMM N, =0,N, =0
02k ——GTMM N, =1,N, =0 |
......... PUC
o Reference
0 1 1 1 1 1 1 1 1 1 1

0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2 2.2
Frequency (Hz) x10%

Figure 3: Dissipation coefficient at normal incidence of a 20 mm thick foam plate with cylin-

drical inclusions backed by a rigid wall modeled with a rigid frame model.

14



115

120

125

1 —O
o
?;" 3
0.8 F| %
5 J 3
ks i
© 06 i
o H
S of
g 0.4 r ; \ ,I B
@
2 Oj; <7 - =-GTMM N, =0,N, =0
02l ——CGTMM N, = 1,N, =0 |
3/ GTMM N, = 2,N, = 0
y4 o Reference (Rigid Frame)
0 v I I I I I I I I I

1
02 04 06 08 1 12 14 16 18 2 22
Frequency (Hz) x10*

Figure 4: Dissipation coefficient at normal incidence of a 20 mm thick foam plate with cylin-

drical inclusions backed by a rigid wall modeled with a Biot formulation.

The second case concerns a doubly periodic coated sphere in a host rubber
backed by a 15 mm thick steel plate with water on the incident side and air
behind the steel plate. The core of the sphere is made of aluminum alloy while
its coating is made of a soft silicon rubber. The coating has internal diameter of
10 mm and external diameter of 15 mm. The spheres are 19 mm spaced along
both the z-axis and the y-axis. The host rubber is 19 mm thick. The materi-
als properties are listed in Table 1. The fluids properties are cg = 1489 ms™!,
pp = 1000 kgm ™3, ¢p = 340 ms™', pr = 1.29 kgm™>. The structure is modeled
in two layers. Half of the Hexa27 mesh of the UC for the heterogeneous layer
is depicted in Figure The steel plate is modeled with one Hexa8 element
and n, = 15. Figure [f] compares the dissipation coefficients at two oblique inci-
dence (0 = 45|75°, ¢ = 0°) predicted by the proposed approach (GTMM) with
the result produced by an alternative numerical approach (PUC). An excellent

agreement is observed between the two methods over the whole frequency range

in case of few Bloch modes used in the GTMM.

15
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Figure 5: Half UC of a heterogeneous layer made of aluminum alloy (yellow), silicon rubber

(blue) and host rubber (Green).
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Figure 6: Dissipation coefficient at oblique incidences of a 19 mm thick rubber plate with

spherical inclusions backed by a 15 mm thick steel plate.

The third case concerns a 40 mm thick polyurethane plate with infinite

rectangular inclusions immersed in water on both sides. Inclusions are parallel to

16



130

135

140

145

the y-axis, have dimensions 15 x 20 mm?, are 50 mm spaced along the z-axis and
are filled with a soft polymer (modeled as a linear elastic solid). The materials
properties are listed in Table 1. The fluid properties are cg = ¢ = 1489 ms~!
and pg = pr = 1000 kgm 2. Figure depicts the UC of the plate. The
structure is modeled in three layers, the external 10 mm thick homogeneous
layers and the intermediate 20 mm thick heterogeneous layer. The homogeneous
layers are modeled with one Hexa8 element and n, = 20. The heterogeneous
layer is modeled with the Hexal8 mesh (quadratic along the x and z-axes and
linear along the y-axis) depicted in Figure and n, = 4. Figurecompares the
TL at normal incidence predicted by the proposed approach (GTMM) with the
result produced by an alternative numerical approach (PUC) which uses a UC
representing the whole plate. A perfect agreement is observed between the two
methods over the whole frequency range in case of (2 x 8+ 1) Bloch modes along
the z-axis (N, = 8). Figure @] shows the ratio between the smallest and largest
eigenvalue of the matrix in Eq. for different values of the maximum order of
Bloch modes along the z-axis, N, (IV, = 0) and for two frequencies. It should
be noted that for N, > 8 the problem becomes ill conditioned, regardless of the
frequency value, thus revealing that the adopted discretization is adequate to

resolve the Bloch modes till N, = 8.

0
X

(a) Geometry of the global UC (b) Hexal8 mesh for the intermediate layer

Figure 7: UC of a 40 mm thick polyurethane plate with infinite rectangular inclusions.

17
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Figure 8: TL at normal incidence of a 40 mm thick polyurethane plate with infinite rectangular

inclusions.
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Figure 9: Inverse of the condition number of the matrix in Eq. 1' for a polyurethane plate

with infinite rectangular inclusions (Ny = 0).
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The last case concerns a doubly periodic Helmholtz resonator immersed in
air on both sides. The resonator consists of a 25 mm long cylindrical neck with
internal diameter of 30 mm located inside a 50 mm thick cylindrical chamber
with internal diameter of 60 mm. The neck and the chamber are delimited by
2 mm thick rigid walls. Additional 2 mm thick air layers are locate on the top
and on the bottom of the resonator. The resonators are 80 mm spaced along
both the z-axis and the y-axis. The fluids properties are cg = c¢p = 340 ms™!
and pp = pr = 1.284 kgm 2. A 0.1% of damping is applied to the air inside
the resonator. The structure is modeled as a single layer. A quarter of the
Tetrad mesh of the layer UC is depicted in Figure [I0] Figure [I1] presents the
TL at normal incidence of the resonator. It can be observed that Bloch modes
are essential to capture the physics of the problem, in particular the resonance

frequency value.

0.05
0.04
0.03
0.02
0.01

0 0.04
0.04

Y X

Figure 10: A quarter of the UC of a panel consisting of Helmholtz resonators.
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Figure 11: TL at normal incidence of a Helmholtz resonator with rigid walls.

Density Young’s modulus Poisson’s ratio Damping

p (kgm™?) E (MPa) v () p(-)
Steel 7890 209000 0.275 0
Aluminum alloy 2690 74400 0.334 0
Host rubber 1100 29.7 0.498 0.30
Silicon rubber 1300 2 0.462 0.30
Polyurethane 1100 281 0.479 0.45
Polymer 12 0.8 0.1 0.30

Table 1: Properties of elastic materials.

4. Conclusions

An accurate and efficient generalized TMM for planar structures character-
ized by in-plane periodicity is proposed. The accuracy of the model in pre-

15 dicting acoustic indicators has been verified through agreement with alternative
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approaches. It has also been proved that sound propagation may be strongly
affected by Bloch modes, even in the low-frequency range, where the excitation
wavelength is much larger than the periodic unit cells. The computational effort
related to the proposed procedure depends on the adopted FE models and on
the number of Bloch modes. However, in case of heterogeneous layers denoted
by a through-thickness homogeneity, as in the third application discussed, a
large number of Bloch modes allow to considerably reduce the number of dofs
in the FE models, thus reducing the overall computational cost with respect to
a solution achieved without Bloch modes. Moreover, homogeneous layers are
modeled efficiently with a few finite elements by exploiting the ability to model
only a portion of the thickness and by recovering the overall transfer matrix as
power of the elementary one. Ultimately, the proposed approach could represent
an effective acoustic tool for planar periodic non-homogeneous structures in a
FE analysis environment, due to its versatility and efficiency. This will be in
particular of value to the extensive work currently done by the vibro-acoustic

community to develop metamaterials.
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