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21 We characterize generators of quantum Markov semigroups leaving invariant a maximal

22 abelian purely atomic algebra and certain operator subspaces associated with it in a

23 natural way. From this result, we also establish a characterization of generators of quan-

24 tum Markov semigroups of weak coupling limit type associated with a nondegenerate

25 Hamiltonian.
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29 1. Introduction

30 Weak coupling limit-type (WCLT) quantum Markov semigroups (see Ref. 2)) are
31 semigroups of completely positive maps, closely related with a discrete spectrum
32 Hamiltonian Hg with remarkable structural properties. Their invariant states sat-
33 isfy the local Kubo-Martin-Schwinger (KMS) condition, see Ref. 2| that distin-
34 guishes, among the states of the dynamics (i.e. functions of the invariants of motion
35 in the commutant of the Hamiltonian {Hg}’), those which are functions of the
36 Hamiltonian, i.e. in the von Neumann algebra p € {Hg}”, the double commutant
37 of Hg. Generators of these semigroups are written as the sum of other generators,
38 one for each Bohr frequency, with completely positive part with multiplicity one (in
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the zero temperature case) or two (in the positive temperature case). Their struc-
ture is simple enough to allow explicit computation of their stationary states, but
rich enough to exhibit detailed balance (equilibrium) as well as nondetailed balance
(but local equilibrium) invariant states. Moreover, WCLT generators leave invari-
ant, not only the commutant of the system Hamiltonian, but also a multiplicity of
operator subspaces of B(h). In Ref. 2, we conjectured that this property charac-
terizes WCLT generators. This paper is aimed at investigating this conjecture for
QMSs with nondegenerate Hamiltonian Hg.

With this motivation, as a first step, we characterize QMSs leaving invariant the
maximal abelian purely atomic algebra Dy generated by the system Hamiltonian
Hgs and the operator subspaces D,, (Z7) (Property P in Sec. Bl associated with
it in a natural way. Theorem B.I] shows that one can find a Gorini-Kossakowski—
Sudharshan—Lindblad (GKSL) representation of their generators with all operators
Ly in the completely positive part of the generator belonging to some D,, and all
the other operators in the maximal (diagonal) algebra Dy.

This shows that the conjecture as stated in Ref. [Z, in general, is not true.
As a matter of fact, one could consider generators with all operators in a GKSL
representation belonging to Dy which are not of WCLT but leave invariant all the
operator spaces D,, for all n. However, if we further detail a bit the properties of
the operators in the GKSL representation as in Theorem E.1], we can prove the
conjecture with a slightly different formulation.

We would like to emphasize here that Property P is very useful in the study
of several QMSs because, roughly speaking, it allows one to reduce the dimension
of the space where the semigroup acts, slicing up it into its subspaces D,,. This
happens, for instance, in the study of the spectral gap (see Refs.[5 and [7) and the
entropy production rate (see Ref. [6]).

QMSs leaving invariant a maximal abelian algebra have been studied in Ref. 4l
This property, however, is much weaker than Property P considered here and does
not allow to draw conclusions on the shape of the operators in a GKSL represen-
tation of the generator.

2. Semigroups of WCLT

Let Hs be a positive self-adjoint operator (reference Hamiltonian) acting on a
separable complex Hilbert space h with discrete spectral decomposition

Hs= Y emP.,, (2.1)
em ESp(H)

where €,,, with €,,, < &, for m < n, are the eigenvalues of Hg and P. , are the corre-

sponding eigenspaces. We consider WCLT-bounded generators of QMSs, associated
with the Hamiltonian Hg, of the form

L= L., (2.2)

weB
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A characterization of quantum Markov semigroups

where By is the set of all Bohr frequencies (Arveson spectrum)
By :={(en,em) i €n — m > 0}. (2.3)

For every Bohr frequency w, L, is a generator with the GKSL structure
r_,

L,(x) =i[Hy,,z] — T(DZDwx —2D}xD,, + xD,D)
- %(przx —2D,aD}, + 2D,Dy,) (2.4)
for all x € B(h), with Kraus operators D,, defined by
D,= >  P,DP.,, (2.5)

(51L75171)€B+,w

where By o, = {(n,€m) : €n — €m = w}, D belongs to B(h), the von Neumann
algebra of all bounded operators on h, I'_,,, ', are nonnegative real constants
with I'_, + 'y, > 0 and H,, is a bounded self-adjoint operator on h commuting
with Hg.

In the case when the set of Bohr frequencies is infinite, for £ to be the generator
of a norm continuous QMS, the series

Z (F—wD:Dw +r+waD:;) (26)

weB L

must be strongly convergent in B(h), see Corollary 30.13 on p. 268 and Theo-
rem 30.16 on p. 271 of Ref. [T0.

The class of WCLT generators leaves invariant the commutant {Hg}’ of the
Hamiltonian as well as several subspaces of off-diagonal operators, see Corollary 3.2
in Ref. [2] where it was conjectured that this property characterizes the WCLT
generators.

In this paper, we suppose that the Hamiltonian Hg is also nondegenerate,
namely, in the spectral representation (2.1l), spectral projections P._ are one-
dimensional.

In order to introduce our framework, we denote by (em)m>0 an orthonormal
basis of h of eigenvectors of Hg, i.e. Hge,, = e, for all m > 0. Consider the
operator subspaces D,, with n € Z defined by

D, = Z zilei)(eixn| |2zi €C,  sup  |z| < o0 ). (2.7)

i>max(0,—n) 1>max(0,—n)

Clearly, Dy is the mazimal abelian von Neumann subalgebra of B(h) generated by
one-dimensional projections |e;)(e;|.
Under the above assumptions, WCLT generators enjoy the following.

Property P. For everyn € Z and for every Bohr frequency w, the operator subspace
D,, is invariant under the action of L.
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Proof. Indeed, if z € D,,, denoting by eiiw the eigenvector of the eigenvalue ¢; £ w,
an easy computation yields

DzDi= 3 ziles Del)elt D eisnlled) (el

i>max(0,—n)

DizDo= Y zlen D e )ers. Devnlled) (eiral,

i>max(0,—n)

DiDuz= Y. zles Def“) e, D ei)lei)(esinl;

i>max(0,—n)
D,D}z = Z ziles, D e; “)(e;, De;)lei) (€t
i>max(0,—n)
and, taking the adjoint, similar formulae hold for 2D} D,,, zD,D}. As a conse-

quence, all the above operators belong to D,, for all w. O

The family of subspaces D,, has a rich structure. One can easily verify that each
D,, is a pre-Hilbert Dy-module with the inner product defined for z,w € D,, as
(z,w) = z*w € Dy.

Moreover we have the following.

Lemma 2.1. (i) Every element X € B(h) can be represented as X = Y ., X,
with X,, € D, the series being strongly convergent,

(i) IfW =3 coWm andV =3 Vy are two bounded operators, then
W Dy Vi C Dy
if and only if m =m/’.
Proof. (i) It suffices to note that 1 = > ., P.  and the series is strongly con-

vergent. Since the product (A, B,), of two strongly convergent sequences (A, )y,
(By)n in B(h) is a strongly convergent sequence because, for all u € h,

[AnBnu — ABul| < [|An(By — B)ul| + [|(An — A)Bul,

and (B, ), is uniformly bounded in norm by the uniform boundedness principle, we
have

X=> P XP, =) > P. XP.,,

m,m’ W {(enEm) | Em—E, =w}

where the sum on w is on all differences ¢,, — €, of eigenvalues of Hg (not only
strictly positive Bohr frequencies).

1950008-4
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A characterization of quantum Markov semigroups

(ii) Now, for every k, k', we have that
W;l|€k><€k/ |Vm/ = Z <W€j+m, €j><6j/ y Vej’+m’>6j,k5j’,k’ |6j+m><6j/+m/|
7,20
= (Wektm, ex)(Vew tms, err)|ektm) (€ +ms| € Dir—

if and only if m = m/. This proves the lemma. O

3. Characterization of QMSs Leaving all D,,s Invariant

In this section, we prove that invariance of the operator spaces D,, for the generator
L implies that it can be decomposed as the sum of other generators, each one of
them with completely positive part with multiplicity one and leaving all operator
spaces D,, invariant with a special GKSL representation. More precisely, we prove
the following.

Theorem 3.1. Let L be the generator of a norm continuous QMS on B(h) such
that L(D,,) C D,, for all n and operator spaces Dy, as above determined by a given
orthonormal basis (€n)n>0. Then there exists a GKSL representation of the gener-
ator L

1
L(w) =i[H,2] - 5 > (LiLex —2L;xLe + wLjLy) (3.1)
>1

with Ly € Dy, for all £ and some ng, the series Y, Ly L, strongly convergent and
H = H* e D,.

The first step in the proof is the following.
Lemma 3.1. Under the assumptions of Theorem B.1l, there exists a decomposition
L(z) =Gz + ®(x) + G (3.2)
with G € Dy and © a completely positive map on B(h) such that ®,(1) = -G — G*
and ®(D,,) C D,, for alln € Z.

Proof. It suffices to recall (see, e.g., Theorem 3.14 and Eq. (3.11) of Ref. 0) that
we can find a GKSL decomposition of the generator by fixing a unit vector e and
taking as operator G the adjoint of the operator G* defined by

N 1
Gru = L(lu){e])e — 5 (e, L(e){el)e)u
for all u € h. Therefore, if we choose e = eq, then, putting 2¢o = (eg, L(]eo){eo|)eo),

G*ei = £(|€¢><60|)60 — Cp€;
= zijleir;) ejleo — coes

Jj=0
= (Zu - CO)ei
for all 7. In other words, each vector e; is an eigenvector for G. |
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Now, we consider the completely positive part of the generator.

Theorem 3.2. Let ® be a completely positive map on B(h) such that ®(D,,) C D,
for all n. Then there exists a Kraus representation ®(z) = 3,5, LjzLy in which
each Ly belongs to some Dy, .

Proof. Let ®(z) = " ,.; ViV, be a minimal (i.e. with the minimum number of
operators V;) Kraus representation of ® with operators V; € B(h) such that the
series Y o, ViV;" = ®(1) is strongly convergent.

For all j, k, define ve(j, k) = (ej, Vrex). Collections of complex numbers v(j, k) =
(ve(4,k))e>1 can be viewed as vectors in the multiplicity space k of the Kraus
representation of @, indeed,

oG R =D el k)P = D ew, Vites) (Ve en) = (er, ®(lej) {ejl)er) < oo

0>1 >1

Writing Vye; = >, ve(k, i)ex, a straightforward computation yields

®(lei)(ej)) = D wvelk, i)ve(m, j)lex) (eml, (3-3)

lk,m

so that ®-invariance of D,, implies

(v(k,i),v(m, 7)) = ng(k,i)w(m,j) =0,

L

whenever j —i#m —k, ie j—m#i—k.

In other words, vectors v(k, ), v(m, j) in k are orthogonal if j —m # i — k.

It follows that one can find a new basis of k and a family of disjoint (possibly
infinite) subsets I(k —¢) of the set of indices (each difference is associated with one
and only one subset!) such that, denoting by U the unitary operator of the change
of basis, the following property holds:

for each ¢ and differences k' — i’ # k — 1,

(3.4)
either (Uv(k,i))e =0 or (Uv(k',i))¢=0. :
(Uv(k,i))e (Un( ))é\_AQ: Kindly check
Clearly, coordinates of vectors v(k, i) in the new basis are given by the insertion of

bracket.

(Uo(k,i))e =Y Usorver (k, ).

e/

For all £ > 1, let

Ly =Y (UK, ))elew) (e |- (3.5)

Iy
ki
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Since Lj =), UV, the operator ), LjzLy is given by
S Ueve (Ko om (7, ews) s |zlein ) ep |

Iy ey ’ ’
k' k30 m! e

= Z (Z UEZ’UEm’> vpr (K" Yogs (K47 |egs ) (eir [z eqr ) (exr |

kil ki 0 m! Vi

= Y w7 ew ) e |alea ) er|

e/,k/’i/’k://,,i//

= Z |w/ei/><ei/|x|ei//><w16iﬂ|
e/,,i/’,i//

= Y Viles)ew|zle) (e |V
VRIR

=> VaVp.
4

Moreover, L; belongs to some D,,, because, by ([B.4)), there is one and only one
difference m = k' — i’ (but possibly infinitely many pairs (i, k) with &' — i’ = m)
for which (Uv(k’,4")), may be nonzero. O

We denote by S the right shift operator Se,, = e,+1. The following corollary
immediately follows.

Corollary 3.1. Let ® be a completely positive map on B(h) such that ®(D,,) C D,
for all n. Then there exists a Kraus representation ®(x) = 3,5, LjzL, in which
each Ly can be written in one of the following forms:

S"M  or S™M

for some n > 0 and some multiplication operator M.

Proof. Clear from the definition of Dy. Indeed, if Z = ", . (0, _n) Zil€i){€itn]
and n > 0, say, so that Z = > .5 2;lej){€jtnl|, considering the multiplication
operator M = 7., zjlejin)(€jtnl, we have Z = S*"M. In a similar way, if n <
0, Z = > ;50%j-nlej-n)(e;| and so, defining M = 37, zj-nle;){e;|, we have
Z=8"M. O

Proof of Theorem [3.1} Consider a representation of £ as in ([B:2), Lemma B],
and a Kraus representation of the completely positive map ® as in Theorem B.2]with
all Ly in some D,,. Since G € Dy, we have also G* € Dy so that its anti-self-adjoint
part H = (G* — G)/(2i) belongs to Dy. m|

1950008-7
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4. Characterization of QMSs of WCLT
The following result gives our characterization of QMSs of WCLT.

Theorem 4.1. Let L be the generator of a norm continuous QMS on B(h) such
that L(D,,) C D,, for all n and operator spaces D,, as above determined by a given
orthonormal basis (en)n>0 and consider a GKSL representation (31)) by means of
operators H = H* € Dy and Ly = S*™* M, for ng >0, Ly =S~ ™My forny < 0. L
is a generator of WCLT if and only if

(1) ng #0 for all £ > 1.

(2) The function £ ny is injective.

(3) For all pair (£,1) such that ng = —mny, there exist complex constants z¢, w; such
that zeMy = w; M (i.e. zgMy = wiM;* since My and M; are diagonal).

Proof. Generators of WCLT clearly enjoy the properties (1)—(3). Conversely, if
these properties hold, let K =3 - ;m |em)(en| and let

A~ ={¢>1:L;=8*") M, with ny < 0},
AT ={0>1:L,=8"M,; withng >0and Ak s.t. L, = S*") M}

(recall the convention S*” = S~™ for m < 0). In other words, A~ is the set of
indices corresponding to operators Ly which are of annihilation type, mapping each
level j into the lower level j+n,, AT is the set of indices corresponding to operators
Ly of creation type, mapping each lower level j into the upper level j+ng, for which
there exists no another associated operator Lj of annihilation type mapping the
same upper levels j + ny into the same lower levels j.

The sets A~ and AT form a partition of the set of indices ¢. Define

D= Z S*=nd) Z S M,

leEN— leATt
Clearly,
S*(fw)Mg if ng <0,
P, DP,, =
*Mp * :
{(m7m/):m_m/:‘n[‘} S MZ lf Ny > 0

Recalling that, for all £ € A™, z,M, = w; M;" for another index [ such that n, = —ny,
with z, = 0 if and only if there is no creation type operator associated with L, it
follows that the generator £ is of WCLT with By = {|ng| : £ > 1} and

o for { € A=, Ly = S*(=0 My, Cojn =1 Ty, = ww[l if there is an associated
creation type operator, I'y,,,| = 0 if not,

o fort e AT, Ly=S5""*M; Ty, =1,T_,, =0.
This completes the proof. O
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Remark 4.1. It is worth noticing here that a system with a generic Hamiltonian
Hg, weakly coupled with a reservoir with an interaction like D® A(g)+ D*® A*(g),
gives rise to a generic QMS (see Refs. [l and [§ and the references therein). However,
a highly degenerate system Hamiltonian such as the number operator on the one-
mode Fock space I'(C) ~ ¢2(N) with a suitable interaction operator D may give rise
to a generic QMS as well. Indeed, if we consider the canonical orthonormal basis
(én)n>0, the system Hamiltonian N and interaction operator D

N = Zn|en><en|, D = Z legr—1)(egr ],
n>0 k>1
then one immediately sees that the only nonzero Dys (see (Z3)) are those corre-
sponding to frequencies w = 2¥ — 2#~1 = 2k=1_Choosing constants I'_,, > 'y, > 0
in such a way that the series (2.8]) is strongly convergent, we find a generic QMS.
Indeed, this QMS could also arise from the weak coupling limit of the system
Hamiltonian

HS = 22k|6k><€k|

k>1

and 2% — 27 = 2K — 27" if and only if k = &’ and j = j/. This can be seen supposing
that k > k' (if not exchange k and k') and k > j (if not exchange k and j) to fix
the ideas. In this case, the identity 2¥ — 29 = 2% — 29 with k = &’ implies j = j'.
Moreover, it cannot hold for k > k' because it is equivalent to o=k _ oj—k" —
1 —2"~* and one can see that 28K — 21—+ > 1 > 1 — 24"~

Remark 4.2. The class of WCLT generators introduced in Ref. [2] correspond to
the case when the interaction is of multiplicity one. More general interactions are
possible, like those of dipole type >, (D} ® A(g;) + D; ® A*(g;)), studied in Ref.[3,
where D; are operators acting on h and A(g;), A*(g;) are annihilation and creation
operators of a quantum field. WCLT generators with interaction of multiplicity
greater than one will be considered in the nearest future.

4.1. Circulant generators are not WCLT

Circulant generators are another class of finite-dimensional generators simple
enough to allow explicit computation of their invariant states but rich enough to
go beyond detailed balance, see Ref. [6. They leave invariant operator subspaces
(Bn)o<n<d—1 similar to our subspaces (D,)_q<n<a but with a cyclic (or circu-
lant) structure. Due to this fact, they are not generic WCLT with a nondegenerate
Hamiltonian.
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