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Saturated granular flows: constitutive modelling under steady simple shear
conditions

D. VESCOVF, P. MARVEGGIO* and C. DI PRISCO

In this paper, the authors analyse numerical and experahessults concerning either dry and saturated granular
flows under steady, simple shear conditions. A new consiuodel is introduced, on the base of the mixture
theory, according to which granular and liquid phases aresidered separately. The constitutive relationship
refers to the Representative Elementary Volume and asstima@sean values of all kinematic variables, of both
granular and liquid phases, to coincide. For the two phasparallel scheme is chosen. As far as the granular
contribution is concerned, the authors employ an alreadge&iged constitutive model where the critical state
concept and the kinetic theory of granular gases are meggetin which the granular temperature plays the
role of state variable for the material. Under saturateddit@mms, the new model accounts for granular-liquid
coupling effects. In fact, the liquid viscosity results te & function of granular concentration, whereas the
evolution of granular temperature is influenced by the tiqublecular viscosity. The model is validated against
numerical results and critically discussed. For suffidiesmall values of concentration, the transition from
Newtonian to Bagnoldian regime, for increasing values i@istrate, is correctly reproduced.

KEYWORDS: constitutive relations; theoretical analy$sidslides

INTRODUCTION the coupling between the liquid and the grains cannot be
Fast landslides are mass movements of natural materialdisregarded.
propagating over long distances. They involve mixtures of
fine and coarse grains under saturated and/or unsaturatedIn the framework of continuum mechanics, the goal of the
conditions. At the inception, very often, the soil behavestheoretical approach discussed in this paper is to desaritle
like a solid (quasi-static conditions), whereas, duringto predict the mechanical behaviour of the whole medium,
propagation, part of the material flows like a granular starting from the physics of the grain-grain and grain-wate
mixture (dynamic conditions), strains stop localizing and interaction. The constitutive model is based on the dediniti
the system is dramatically agitated. In contrast, in case obf a Representative Elementary Volume (REV) for the system,
flow-slides, fluidization takes place at the beginning of flagv  in which boundary effects are disregarded since the medium
and transition from fluid-like to solid-like conditions aos  is assumed to be homogeneous in space. Within the REV,
only when the soil mass stops propagating. whenever grains interact, each other or with water, parhef t
energy is dissipated, transferred to heat and then digpénse
In the context of granular materials, the problem of boththe environment. In this perspective, the analysis of stead
defining unified stress-strain relationships under any flowstate conditions allows to focus on the dissipative mecmasi
conditions, and reproducing the transition of a solid-like governing the process. In fact, under steady and homogseneou
granular mass into a fluid-like flow, and vice versa, seemsconditions, the stored energy is constant, the diffusedggne
to be still unsolved. Commonly, the propagation phase haswullifies and all the energy produced is entirely dissipated
been largely investigated by employing theoretical/nicaér Under dry conditions, the collective mechanical behaviour
tools, according to which the rheology does not take intoof a granular system is governed by the properties of the
consideration the two distinct phases (grains and liglidgse  individual particles and the interactions among them. At
approaches assume the moving mass to be a single-phatee micro-scale level, the particle interactions develap t
incompressible material, characterized by a rate-depgnde dissipative mechanisms: enduring contacts among grains
mechanical behaviour. In contrast, according to the asthor which are involved in force chains, and inelastic collision
in order to describe both inception and propagation stage¥Vhen the first mechanism prevails, the material behaves like
of fast landslides, the two-phase nature of the material ané solid, whereas when the particles interact only under the
form of collisions, the material response can be assintilate
to that of a fluid. Under saturated conditions, the preserice o
Manuscript received. . . water changes the dynamics of the grain-grain interactiod,
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2 SATURATED GRANULAR FLOWS: CONSTITUTIVE MODELLING

In particular, the grain-grain interaction is damped by theoriginality of the approach proposed in this paper derivesf
presence of the liquid phase, then the energy dissipation dathe extension of the dry model to saturated conditions. gbéd
the granular phase increases since the particle movements as achieved by: (i) considering the additional balance &qoa
bounded by the liquid. As will be discussed in the following, for the liquid phase (two-phase mixture theory), (ii) irailg
from the liquid phase point of view the presence of immersedadditional dissipative contributions accounting for thegence
grains produces three effects: (i) the liquid streamlinestm of water, and (iii) adopting a suitable definition for thedid
deviate from their original path in proximity of the grains, viscosity depending on the granular concentration.
behaving these like obstacles for the flow; (ii) lubrication

effect. When two or more particles approach each other, the

liquid in the region in between them is squeezed out, and itPRY AND SATURATED GRANULAR, STEADY FLOWS
pressure locally increases. (iii) If the grains are not yjure Experiments and numerical simulations performed to study
transported by the stream, but their motion deviates froen th the mechanical behaviour of granular media under both
mean flow, the grain velocity fluctuations generate velocitydry (Babicet al, 1990 Campbel] 2002 Ji & Shen 2006
fluctuations in the liquid, which are associated with laoadi 2008 Hatang 2008 Otsuki & Hayakawa2009 Chialvoet al.,
energy dissipation. All the three effects are present eéfrei 2012 Vescovi & Luding 2016 and saturated steady shear
mean velocities of the granular and the liquid phase coencid  conditions Huanget al, 2005 Fall et al, 201Q Boyeret al,
2012, Parede®t al, 2013 Dinkgreveet al,, 2015 Ness & Sun
Numerical simulations and experiments are powerful tools2015, have shown that granular matters can behave like solids
to investigate the rheology and the dissipative mechanismsr fluids according to the shear rate and the concentration
of granular mixtures. In the recent years, several papers ha imposed. In the former case the relationship may be assumed t
been published concerning experimentérfiugo & Ishihara  pe strain rate-independent, whereas in the latter one tafme
1996 Huanget al, 2005 Falletal, 2010 Boyeretal, 201%  presence of force chains distinguishes solid-like frontflike
Fernandeetal, 2013 Parede®tal, 2013 Dinkgreveetal,  mechanical responses. Force chains are related to the game
2015 Lin etal, 2015 Panetal, 2015 Clavaudetal, 2017 arrangement of contacts, which can be characterized bysnean
and numerical Kernandeetal, 2013 Setoetal, 2013  of the fabric tensor. In particular, under homogeneouspm
Mari et al, 2015 Ness & Sun2015 Singhet al, 201§ results  shear conditions, force chains have been observed to ahise w
on saturated granular mixtures. Although these result® havthe first invariant of the fabric tensor, i.e. the coordioati
improved consistently the current state of knowledge onnumber, is larger than a critical valu®egscoviet al, 2018.
wet granular behaviours, they present some limitations. InVioreover, under steady, simple shear conditions, there is
particular, laboratory experiments cannot perfectly gnt&e  a one-to-one relation between the coordination number and
homogeneous conditions within the specimen and theahe concentrationy (Sun & Sundaresgn2011), where, for
results are affected by boundary conditions. In contrast, i a granular material composed of identical particles,is
numerical simulations, the liquid phase is not realislical defined as the ratio of the the solid volume of the particles
reproduced but only its effect is simulated through theover the total volume of the system (dry or saturated).
implementation of lubrication forces at the contacts beftwe Then, in the case of steady, homogeneous shear flows, the
grains Kim & Karrila, 1991, Ball & Melrose, 1997). concentration determines whether the granular systemigs so
like or fluid-like, with the phase transition occurring ateth
The goal of this paper is to propose a constitutive modelcritical concentration.. For sufficiently small values of shear
capable of simulating the behaviour of a mixture of grainsrate, the stresses are rate-independent when the cortmmtra
saturated with water, under homogeneous and steady shegf larger thanv.. Then, a solid-like behaviour may be
conditions. The model is formulated within the context expected forv > v., whereas fluid-like behaviours develop
of the two-phase mixture theory and, in order to accountwhen v < v.. v. depends on the internal micro-structure of
for the dissipative mechanisms of grain-grain and grain-the system $un & Sundaresan2011, Vescoviet al, 2018,
water interaction, the energy balance equation for the twahe poly-dispersity @garko & Luding 2013 Kumaret al,
phases is used. Under dry conditions, the model resumesn14) and the inter-particle frictiony, (Chialvoet al, 2019.
the theory proposed iBerzi & Jenkins(2019, in which a  |n particular, in their numerical simulations on steady,
unique formulation allows to continuously describe botk th homogeneous shear flows of dry, mono-dispersed particles,
solid- and the fluid-like phases. The dry model is based orChialvoet al. (2012 have measured the critical concentration
a parallel scheme, as was proposedBerzietal. (2011);  based on the observation that the pressure fluctuations
Vescoviet al.(2013; Redaelliet al.(2016), according towhich  peak at the phase transition. Similarfun & Sundaresan
the granular stress tensor is calculated as the sum of a-quag2017) identified the critical concentration governing the same
static and a collisional contribution. The two contribut$o transition by extrapo|ati0n to zero of the relation betwdsm
to the stress tensor represent the two previously mentionegressure and the concentration. By fitting the results af the
dissipative mechanisms, that is force chains and collssibhe  numerical simulation$Sun & Sundaresaf2011) obtained the
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D. VESCOVIET AL. 3

following relation: for different values of/, beingd, p, andk, diameter, density
and contact elastic stiffness of particles, respectiv@lye
ve = 0.582 + 0.058¢ . (1) contact stiffness is related to the particles Young moduys
by the following relation:k, = 7dE,/4 (Ji & Shen 2008.
For the sake of clarity, it is fundamental specifying that  Under both dry and pseudo-saturated conditions, at lowrshea
defined in equationl is the critical concentration under very rates, there are two families of curves, distinguishedvby
specific conditions: For v < v, 7* continuously decreases for decreasing shear
- . rates (fluid-like behaviour), whereas such a dependeneé of
e the granular material is mono-dispersed, x i .
« allthe grains are spherical, on « .normally reduces and nullifies fgr > v (solid-like
. . . . behaviour). For very large values 6f*, in both cases the
e steady, simple shear conditions are imposed (different . .
values for v. are obtained in the case of either dependence on the concentratlor? vanishes and all the curves
compression or extension triaxial tests). a.lpproach an asymplote cha.rac.terlzed by a.slc?p¢2)ﬂn bo.th
figures 1(a) and (b), the fluid-like and solid-like behaviours
In general, under steady state conditions, for a well détexch ~ Merge aty™ = 1072
granular material, the concentrations at which the mdteria Since the inter-particle friction coefficient adopted in
stops behaving like a solid and starts transforming in athe two sets of simulations does not coincide,is slightly
fluid-like material, is varying according to the type of cait ~ different. Nevertheless, the solid-fluid transition occim a
imposed Kumaret al, 2014 Luding, 2016, that is on the Very narrow range of concentration around the critical ®alu
Lode angle defined in the strain rate space. and in figuresl(a) and (b) the value of. (which, according to
equation {) should bev. = 0.587 and0.582, in the two cases,
To underline the role played by the liquid in affecting respectively) cannot be quantitatively measured.
the mechanical behaviour of the material on both solid- An interesting re-interpretation of the data in figureis
like and fluid-like responses, in figurke the numerical data reported in figure2, where the apparent viscosity, that is the
of Chialvoet al. (2012 and Ness & Sun(2015 concerning, ~ ratio 7*/4* = 7/v/+/ppdkn, is plotted against. The three
respective|y, dry (a) and saturated (b) granu]ar Systemgiﬁerent sets of numerical data in figu@are obtained by
are compared. All their data are obtained by performingimposing different values of the (dimensionless) sheae, rat
Discrete Element Method (DEM) numerical simulations of Which are almost the same in the dry and saturated cases. In
steady, homogeneous, shearing flows, under constant volum®@th cases, for < v., the apparent viscosity increases with
conditions, on an assembly of particles. The data fromshear rate, whereas for> v. it decreases. In the context
Chialvoet al. (2019 concern a mono-disperse, dry system Of non-Newtonian fluid mechanics, the two rheologies are
of spherical grains (= 0.5). The results fromNess & Sun ~ commonly called shear thickening and thinning, respelgtive
(2015 are relative to an ideal suspension (i.e., completelyFigure2 clearly highlights the phase transition between fluid-
saturated granular material) of spherical particles=(1) like and solid-like behaviours, occurring at~ v. where all
in a fluid of molecular viscosityn,. In particular, the the curves corresponding to different shear rates inteeseh
introduction of lubrication terms into the interaction des  Other, providing also a quantitative tool to numericallgess
among particles mimics the presence of the liquid (“pseudove. Independently of whether the granular material is eitimgr d
saturated” conditions). Since lubrication forces are gmes Or saturated, solid-like behaviour appears if the pagicee
only when particles interact among each other, when the soli packed densely enouglr & v.) that a network of persistent
concentration is sufficiently low the liquid response carme  contacts develops within the medium, resulting in a jammed
simulated properly. In such conditions, the mixture bebavi Mechanically stable structure. On the other hand, when the
is dominated by that of the liquid, as it will be describedtat  system is so dilute that persistent force chains cannotajeve
then also its response may be not realistically simulatethisy ~ (¥ < vc), the medium is unjammed and reveals a fluid-like
numerical approach. In order to obtain a more refined set ofésponse\(escovi & Luding 2018.
results, one should consider the application of other nigaler
techniques, such as Lattice Boltzmann Method (LBM) coupled Dry and saturated steady, homogeneous, granular flows
DEM or Computational Fluid Dynamics (CFD) coupled DEM. behave differently only in the fluid-like regime, for< v, at
LBM and CFD simulate the liquid phase dynamics and,small dimensionless shear rates’  1072). In fact, in the
together with DEM, could realistically couple liquid anchgrs, ~ solid-like regime, dry and saturated systems seem to éxhibi
but in the authors knowledge, up to now, these approachete same rheology (figurg), that is the liquid phase seems
have not yet been employed to investigate steady, simpler shenot to affect the granular response. When< ve and 4*
conditions. is sufficiently small, in the case of dry systems, the shear
In figure 1, the dimensionless shear stress= rd/k, ver-  Stress scales quadratically with shear réte- 4** (“Bagnold
sus the dimensionless shear rate= 4d,/ppd/k, measured scaling”, Bagnold 1954 figure 1(a)). Conversely, when the
by Chialvoet al. (2012 and Ness & Sun(2015, are plotted ~ System is saturated, as is evident in figu@®), the shear
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Fig. 1. Dimensionless shear stress versus dimensionless shear rate different values of v, in case of (a) dry granular systems
(Chialvo et al., 2012 and (b) non-Brownian suspensions with liquid viscosity /y/ppdy = 2.15 - 10~% (Ness & Sun 2015
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Fig. 2. Apparent viscosityr* /4* = 7/4/+/ppdkn versusv for different 4* values, in case of (a) dry granular systems (b{hialvo et al.,
2012 and (b) non-Brownian suspensions with liquid viscosity /y/ppdy = 2.15 - 10~% (by Ness & Sun 2015

stress scales linearly with shear raté ~5* (Newtonian

like regime) at very low shear

rates"(< 107%). In this

case, the coefficient/inclination is a function:afin contrast,

for moderate shear rateslo(® < 4* < 1072), 7% ~ 4

(Bagnoldian like regime). This is

- %2

emphasized in figug¢a)

and (b): forv < v, viscosity curves at different shear rates
maintain the same separation distanéé) (in the dry case
(figure 2(a)), whereas in saturated systems tend to get closer
for decreasing shear rates (fig@(@®)).

If the apparent viscosity is plotted againgt for v < v,
(figure 3), it becomes apparent that in the saturated system
7*/4* is almost rate-independent fei < 102 (Newtonian
regime), and then follows the same trend as in the dry case

for 4* > 1073, In the case of dry systems, the apparent

viscosity depends linearly o#*

for 4* <1072, and for

4* > 1072, continuously decreases untif'/5* ~ 5*~1/2 at

T/
w1/, dk,

o

12
\Y
.aab.d’. 50‘6 Id 4

o v=0.56 Dry
v =0.55 Pseudo-saturated

4 10°

10
7'=7dVp,d/k

107 10 10
n

Fig. 3. Comparison of apparent viscosityr* /¥* = 7/%/+/ppdkn
of both dry and saturated granular systems, forv < v,

large shear rates. In figurg the dry and pseudo-saturated where 4* < 1072 and v < v.. In this regime, the viscous
data sets compared are characterized by concentratios whiforces, due to the presence of the liquid, dominate the respo
differ similar quantities from the corresponding criticallue,
ve — v ~ 0.03, then a quantitative comparison is possible.

As a consequence, the influence of the liquid in which thedominant, and the mixture response is equivalent to that of
particles are immersed is limited to the Newtonian regime,a dry granular system. It is worth emphasizing that, in the
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Newtonian regime, the response of the mixture is also erpect 107 . . — Ness & Sun 2015
L i L K i Numerical simulations V=047
to coincide with that of a pure liquid without suspended iggai el v 049
when the concentration is small. As a consequence, the shear V=g-§;
5 o v=0.
stress should not be affected by the concentration, as for a 1 ¢ = v=055
. A . . . . =0.57
Newtonian liquid. As noticeable in figurg&b), this expected =10*l  Experiments @ X=0.59
behaviour is not simulated by the numerical data. In fact, £ y Bovzoe
L LET .
all the curves maintain the same distance each other in both w0’ " *Q&&é} i = v=065
&
Bagnoldian and Newtonian regime, then the dependence of 10" f X o oxE { Fall etal. 2010
7* on v does not decreases for decreasing values.ofn R - | * v=02568
) ] o ) 10 & v=0.593
the simulations ofNess & Sun(2019, the liquid phase is not E.nmﬂ”#] * v=0600
realistically simulated, and the liquid presence is actedin 10759 0" 07 0 0 20
. . . . 2
for only by adding lubrication forces at the contacts betwee St=yp,d’/n,

particles. This simplification seems to be unable to mime th
4. Comparison between numerical and experimental datani

Fig.
mixture rheology in the Newtonian regime, when the systeMerms of relative viscosity (r/4) /7o versus Stokes numberst =
is dominated by the viscous effects due to the liquid phage on §ppd* /10

If the numerical results, discussed here above, are comhpare
In the experiments. Considering for example a cluster ftavin

with the laboratory experimental test results available in
an equivalent diameter ten times greater than the one of the

the literature concerning shear flows of saturated mixfures . .
. particle, the experimental data set would be scaled by arfact
the theoretical framework becomes further more complex.

Experimental tests have been performedHay et al. (2010 of 10°, almost overlapping with numerical data.
by using polyethylene spherical particles, & 1050 kg/m?,

Ep = 3000 MPa), of diameter € 40 um, suspended in water
(no = 1072 Pas). A wide-gap Couette geometry was in this
case used to avoid confinement effects. The authors inagstig
dense suspensions at concentrations below the criticakyal
identified asv. = 0.605, where the material response is fluid-
like. The authors observed the transition from the Newtonia
to the Bagnoldian regime in the imposed range of shear rate
(¥ =10"2=10% s~1). To qualitatively compare numerical
(Ness & Sun 2015 and experimentalHall et al,, 2010 data,
quantities made dimensionless with liquid molecular visiyo
particles diameter and density are here adopted, as isdtad

in figure4, where the “relative viscosity{;r/%) /no, is plotted
versus the Stokes numbest = 4ppd? /1o, for the two data
sets. The Stokes number represents the ratio of partiatgane
to the viscous forces, and allows to distinguish betwee
Newtonian and Bagnoldian regime. The range of Stokes

MODEL THEORETICAL ASSUMPTIONS
In this paper, a two-phase (grains and liquid) material is
considered. For the sake of simplicity, the granular phase i
assumed to be an assembly of identical spheres of diameter
d and constant density,, immersed in a liquid of constant
densityp; (where subscript/® stands for liquid). The density

of the granular phasge, can be computed as, = p,v (Where
subscript §” stands for granular).
In order to clarify the rheological approach proposed, the
energy balance equation for the mixture is here below takten i
consideration. In contrast, the standard mass and momentum
balancesrew, 1983 Jackson2001, Pitman & Le 2009 are
not reported for the sake of brevity, since these latter ate n
employed in the following.
he energy balance for the mixture can be written as follows:

number adopted in the experiments is 4 orders of magnitude

smaller with respect to the simulations. This seems to be due o & =ppv ( o e ng)

to the fact that, in laboratory tests, apparatus and pesticl @)
have small dimensions, whereas in simulations large values +o(l-v) < o T VXZ) +

of 4 are usually imposed to avoid Iarg_e F:omputatlonal costs. 4 (ug—w) - B+V-q+T,
Nevertheless, the two data sets show similar featuressogl

a factor of10~>. whereo stands for the total stress tensor arfdr the strain rate
According to the authors, the quantitative discrepanciesensor, unique for both phases since no mean relative mistion
between experimental and numerical data could be ascribegdssumedu; = u,, whereu, andu; are the local velocities of
to the dimension of the particles to be employed to define thehe granular and liquid phases, respectively. In equa@png(
dimensionless Stokes number. In the plot of figlyrthe length  stands for the energy fluB is the buoyancy forceyy andy;
scale of the problem is assumed to be the particle diametegre the internal energies ands the system dissipated energy.
as each particle behaves independently without formindlsmaowing to the assumption of considering steady state,

clusters. Though, each polyethylene particle is crodetito  homogeneous and simple shear conditions, equat®n (
the others forming polymers and therefore cluster fornrma8o  pecomes

expected, although this phenomenon has not been investigat 4 =T, (3)
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6 SATURATED GRANULAR FLOWS: CONSTITUTIVE MODELLING

wherer and+ are the shear stress and the shear strain rategontribution is assumed not to be negligible. Analogously,
respectively. By separating the two contributions (granahd  according to the effective stress principleg coincides with

liquid), equation 8) may be written as follows the stress associated with the arising of force chains, eetser
in the model illustrated hereafter,, does not nullify even if
(rg +7)¥=Tg+ 1. (4)  force chains disappear, that is wher: ve.

According to the assumption of considering simple shear
In particular, Iy accounts for the energy dissipated at the conditions, only the shear and the normal stress components

contacts between two or more grains, wheldeagpresents the  of the stress tensor, and o, respectively, have to be defined,
energy dissipated by the liquid: that is:

I, =TF +1rf+19, (5) T=T144m7, (10
B o o oc=0g4+0. (12)
where:T'}” is the energy dissipated by the liquid due to the

presence of the immersed grains which behave as obstacles

for the liquid flow Einstein 1909; I'- is the additional ~Cranularphase o _
dissipation associated with particle collisions. The iiqu To model the granular contribution, the theoretical appioa

is squeezed out from the space between the surfaces &roposed byBerzi & Jenkins(2019 for dry granular systems
the colliding particles and its pressure locally increases'® herle adopted. TE'S is based on the standard.klnenctt)hriiory
This phenomenon is known in the literature as lubrication9"antar gaseslgnkins & Savage 983 Lun, 1991 Campbel)

effect (Stachowiak & Batchelgr2013 Fernandeet al, 2013. 1??(0 G"_Jlmh& D_ufty, 1999 G_c_>|dh||rs_ch 200?' In the cqntext
Finally, Flgl is a further contribution due to the grain agitation Oh |net|c|t eories, "fm. add(;tlonz;. |:terna sltate variatde
(fluctuations of grain velocities) within the liquid phasedanot the granular system is introduced: the granular tempeazatur

. . The granular temperature represents a measure of the system
directly correlated to collisions.

According to the authors, for the sake of clarity, equati@hs agitation, and is defined as:

(5) may be written as: 1 5
T'=3((lug —vpl|"). (12)
9y — A =Ty, (6) . . . . o
) 5 L g wherev,, is the instantaneous single-particle velocity,is the
ny+A=T7 + Iy + 17, (7)

mean velocity of the granular phase definedugs= ((vy)),
where((-)) designates the average obtained by using the single-

where A stands for the energy transferred by the granular to . T .
9y y g particle velocity distribution function.

the !IQUId pha§e. Equatiors) implies the agitated, quctuatl'ng. The model of Berzi & Jenkins (2019 is developed as an
motion of grains to be damped by the presence of the liquid.

i o . ol extension of the standard kinetic theory to account for
In equation {), A coincides, by assumption, witf{". In other . . .
b the deformability of particles, and works according to a
words, the granular phase transfers part of its kineticangy)

to the liquid oh Wwhich dissinates it as thermal enerav: “parallel scheme” Berzietal, 2011 Vescovietal, 2013
0 the flquid phase which dissipates It as thermal energy. Redaelliet al,, 2016. According to this approach, at the micro-

scale two are the possible dissipative mechanisms due to
the interaction among particles: (i) the former one assedia
with enduring contacts among the grains involved in force
chains, and (i) the latter one with nearly instantaneoakaistic
collisions. When the first mechanism prevails, that is whmen t
concentration is sufficiently high, the dry granular matki$
assumed to behave like a solid (quasi-static regime). On the
THE CONSTITUTIVE MODEL other hand, when the medium is dilute, a stable contact mktwo
As is commonly assumed in the geomechanical community, theannot develop in the system and particles interact maiply b
“total” stress tensor of the granular-liquid mixture, can be  means of collisions. In this case, the material responséean
written as the sum of the granular and the liquid contrimgio  assimilated to that of a fluid (collisional regime).

The energy dissipation related to the granular phges thus

o=04+ 0. (9)  assumed to be the sum of two contributions:

ny=TF 41k (8)

Equations §) and @) will be employed in the following
sections to define the rheologies for both granular anddiqui
phases.

Equation @) can also be interpreted as a generalization of Ty =Tgs+ Teol, (13)
the effective stresses definitiomefzaghj 1943, according to

which, the stresses attributed to the granular phase appsag  whereI'gs is the rate at which energy is dissipated by enduring
to work in parallel with the liquid contributiosr;. Differently contacts, andl'c is the energy dissipated by collisions.
from the original principle, here the deviatoric liquid Analogously to what already done for the grain-liquid mnetu
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D. VESCOVIET AL. 7
the strain rate tensor is assumed to be unique and the granulBerzi & Jenking2015:

stress tensor is split as it follows:

(14)
(15)

Tg = Tgs + Tcols

0g = 0gs+ Ocol-

Subscripts §s” and ‘col” stand for quasi-static and collisional,
respectively. By substituting equatiorns3j-(14) into equation

Ocol = Fl (V7 T) T7 (20)

Teol = Fa(v, T) T4, (21)
Fy(v,T) T?

Teol = 21—~ —| 22

col (1/) 5 ( )

whereF;, F, and F3 are characterized by a similar definition:

(6) and by assuming the energy produced by the quasi-static

contribution to be completely balanced by the quasi-static

dissipated energysy = I'qs), the energy balance equation for
the granular phase reduces to:

Teol¥ = Leol + A (16)

£i(v) gj()T /2
Fi (W) + g;(v)T=1/2
g; ()T,

if v <

Ve,

Fj(v,T) = (23)

if v> e,

with j =1,2,3. Function L in equation 22) is named
correlation length and accounts for the presence of cleistier

According to the model, the rate-independent contribistion particles occurring at sufficiently large concentratiaziese to
of the stresses are associated with the development of force:- In particular, for small values of, L tends tod (diameter
chains within the medium. Only when a contact network Of grains), whereas for > v, L is constant and equal to its
originates in the system, the material behaviour is solid-value atv = vc. The expressions fof;, g;, for j = 1,2, 3, and

like, rate-independent and quasi-static stresses aribes T
occurs wherv > v; i.e., vc is assumed to be the minimum

concentration allowing the contact network to develop unde

steady conditions. In contrast, when< v., force chains are
inhibited, the material response is fluid-like since p#&tacan
interact only by means of collisions, and stresses showexsev
rate-dependency.

At the steady state,

kn
o4 = Fo(v) @an
qu = O'qstan (ﬁlsm (18)

where ¢ is the internal friction angle of the material under
simple shear conditions. In equatidtv], £y is a dimensionless
function defined as:

0, if v <uwe,

) )
uc)2/3 , ifv >,

Fo(v) (19)

ao (v —

beingag a dimensionless material parameter. The dependence

onv is taken fromChialvoet al. (2012.

According to this approach, the critical stateoscoeet al.,
1958 Schofield & Wroth 1968 Muir Wood, 1990 is inter-
preted as the steady state fprgoing to zero. In fact, as it
will be described in the following, in the limit of — 0 o¢g
vanishes in equatiorif). Then, in such conditions, the granular

L are listed in the Appendix to the paper.

The collisional terms of the constitutive relationship are
function of granular temperatur€. To evaluate this latter,
the collisional part of the granular energy balance equnatio
equation 6), is employed. In particular, the first term right
of equation {6) is a function ofv andT' as in equation4?2),
whereas\ is a priori unknown. As was previously mentioned,
A is expected to be defined as a functiofdince it represents
the part of fluctuating energy of grains transferred to theid,
and there dissipated.

Since the approach introduced assumes:

e a collection of particles immersed in a Newtonian liquid
characterized by a molecular viscosigy,

e No mean relative motion among the granular and liquid
phasesi; = uy),

e inertial effects not to affect the system behaviour (Stokes
regime),

then:

n

A:ZFiD |lll 7Vp,i’:

i=1

(24)

stress component of the normal stress coincides with thei-qua where

static one and depends only on the concentration, accdyding

to equation {7). Under this conditiong, plays the role of the
classical soil mechanics effective normal stress, astsabigith
the solid skeleton contact network (force chains activgtio
As far as the collisional contribution is concerned, acoaydo
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FP = 3mwdno ’ul — Vp’i‘ (25)

is the Drag force on théth spherical particleStokes 1851)
andn = 6v/(wd?) is the number of particles per unit volume.
Sinceu; = ug, by substituting equatior2p) into equation24),
and from the definition of granular temperature, equatidi), (

it follows:
54

A:d72

vnoT. (26)
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By substituting equation2(), (22) and @6) into equation {6),
the dependence @f onv and+ is derived:

F3(v,T)
L(v)

Equation 27) does not include singularities, but cannot, in
general, be solved explicitly fof". This derives from the
assumption of Stokes regime. As is evident,f@oing to zero,

T nullifies, and, consequently, alsgy andrg vanish.

4
72 4 200 my - By, TYTY 258 = 0.

- 7

Liquid phase

: CONSTITUTIVE MODELLING

— FW/Cy
cmm £4(W)/Cyy

0.50

0.45

70.40 0.65

Fig. 5. Non-dimensional viscosity function, F,,/C,, (solid line,
equation (30)), and f,/C), (dashed line, equation(35)) versusy

As was previously mentioned, the liquid phase is assumed to b

Newtonian and incompressible, so that:

n =), (28)
beingn a suitable defined viscosity for the liquid, depending on
the concentration, accounting for the dissipation of epelge
the presence of the suspended granular phase.

The authors assume:

n(v) = noky(v), (29)
where )
fo(v -
Cp—1W) i .,
By = TR o, TS (30)
Cy, if v>wve

is the non-dimensional viscosity function, wheréasis a non-
dimensional constitutive parameter afids a non-dimensional
function describing the dependencypbn the concentration
for sufficiently small values of.

In equation 80), f,(v) and theC, value are filleted according
to an expression analogous to that used for the collisi@nalg

in equation 23).

For v > v., force chains develop within the granular phase,

For v values sufficiently small, this relationship asymptofigal
tends to the well knowiinstein(1909 function:

T =m0 (1+2.5v)7. (32)
According to equationslQ) and (L4):
T = Teol + Tqs + 7. (33)

Since the previously mentioned experimental results rifer

v < v andy — 0, equation 83) reduces to:
T =T (34)

in fact the collisional shear stress depends{omore than

linearly, whereas; ~ 4.

From equations48)-(31) and @4):

v

1- =
Ve

(35)

)72‘51&.

As an example, in figuré, the complete evolution af;, with
v is plotted.

faw) = (

therefore the number of grains experiencing collisions maysTeaADY SIMPLE SHEAR CONDITIONS

be assumed to be constant withThis implies that even the
dissipation of energy related to the inertial contacts inithe
liquid phase gets a constant value, too. It is worth notireg th
at any rate the quantitative value af for v > v, is totally
negligible with respect toy, which is lower bounded bygs.
Therefore, according to equatioQj, F; gets the constant
valueC;, whenv > ve.

For v < v, to define f;,(v) the authors decided to employ
the experimental results oEilers (1941); Roscoe (1952);
Krieger & Dougherty(1959; Chang & Powell(1994) accord-
ing to which, if¥ — 0 and the mixture is interpreted as a one-
phase material:

14

1- 2=

Ve

rem (1= ), (31)
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Calibration

The constitutive parameters can be distinguished in mend-
macro-mechanical. In particular, micro-mechanical patens
relative to the granular phase are: particle diamétetensity
pp, Young modulugz,, coefficient of normal restitutioa,, and
inter-particle friction coefficient;; whereas macro-mechanical
parameters are: the critical concentratiop, the internal
friction angle of the material under simple shear condgion
#%s, and the dimensionless coefficients and C;, appearing
in equations 19) and @0), respectively. Solid phase micro-
mechanical parameters and the liquid molecular viscagjty
do not require any calibration, while. and/,, can be put in
relation with the micro-parameterns; is given by equationslj

as a function of. and an expression fef,, has been provided
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Table 1. List of material parameters. First and second lines: pareeter to simulate numerical results of Chialvo et al. (2012 and
Ness & Sun (2015 on dry and pseudo-saturated granular systems, respectively. Thd line: parameters simulating the mechanical

behaviour of an ideal water saturated soil (critical discussion)

Material en Ve tan ¢ ao no/+/ppdkn | Cy
Dry simulations 0.7 05| 0587 | 0.386 | 0.20 - -

Pseudo-saturated simulations0.7 1 0.582| 0.393 | 0.25| 2.15-10"¢ 247
Saturated soil T 0.7 05| 0587 | 0.386 | 0.20 10-6 247

z v=0.59 . . X

o v=06] | ~- - Linearinterpolations

s v=063 Theoretical lines (equation (40))
s v=065 for C, =247

0.024
0.022

0.020 - 0.0173+0.180}"

0.018 | -
A\f 0016 =[0.0126 +0.148 7"
T o014t . '
AYSPRE =/0.0078 +0.196
[

0.010

0.008 F

-=[0.0033 + 0.265 1"
0.006 E

0.004 F

0.002 0.004 0.006 0.008 0.010 0.012 0.014 0.016 0.018 0.020

'=7dVp,d/k,

Fig. 6. Calibration of C;, for v > v,

in Berzi & Jenkins (2019, as reported in the Appendix. In
contrast, the unique parameters to be calibrated@sndC,.

In this paper,ag has been derived from the numerical data
of Chialvoet al. (2012, who performed 3D DEM numerical
simulations on granular assemblies of identical spherdis wi
different i values. Therefore, here below only the calibration
of C,, is discussed.

To this goal, the authors used the numerical results olitdigie
Ness & Sun(2015, for v > v, reported in figurés in terms of

7* against/*.

According to equations2(l), (23), (28)-(30) and @3), for v >

Ve

T = 195+ [g2(v) + Cymol 7, (36)
and, under non-dimensional form:
7 = 1as- 4 [g2(v) + Como] ———5".  (37)
gs . g2 1710 \/M’Y .

In equation 87), from equations X8)-(19) and considering
kn = wdEp/4,

d
quf

kn

= ag (v — ve)*/ tan ¢, (38)

whereas, from the definition gk (v) reported in the Appendix,

92(v) 2

\/ Ppdkn - 3vm
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vd(v), (39)

where J(v) is given in the Appendix. Then, equatioB7]
becomes

X 2/3 / 2 0 Cx
T =ag (Vv —v, tan + | —=vJ(v) +Cp—— .
0( C) ¢ss 3\/7? ( ) n ppd/fn Y

(40)
By imposing the angular coefficients of equatiof0)( to
coincide with the angular coefficients of the interpolating
straight lines of figures (dashed lines), and by averaging over
the values obtained for the differentit resultsC,, = 247. The
solid lines in figures represent equatiort() whereC,, = 247
and the micro- and macro-parameters are those corresgpndin
to the simulations olNess & Sun(2015, as listed in Tabld.

Validation

The dry, theoretical model has been validated against
numerical results ofli & Shen (2006, Chialvoet al. (2012

and Chialvo & Sundaresa2013 in Berzi & Jenkins(2015.
Here, for the sake of brevity, only the numerical simulasion
performed byChialvoet al. (2012 on steady, homogeneous
shear flows of spheres (micro-parameters reported in Tgble
are compared with the model results (figufg in terms of

(a) 7" versusy* for different imposed concentrations, and (b)
apparent viscosity* /4" versusy for different dimensionless
shear rates. The constitutive parameters employed in the
theoretical model are listed in Tablé. The predictions
satisfactorily fit the numerical data in both the fluid-like
and solid-like regimes, fos* < 1072, At large shear rates
(%* > 1072, figure7(a)), the theory over predicts the numerical
data, and, in particular, does not reproduce the dependsnce
7* on 4*1/2, already commented with reference to figure
Nevertheless, this range of non-dimensional shear ratesal
corresponds to unrealistic values of dimensional sheas fat
rigid particles, as soil grains are.

In order to test the theoretical model under saturated
conditions, its predictions are compared with the DEM
numerical data obtained hyless & Sun(2015, described in
the previous section. In figur€(a), model predictions are
plotted together with the DEM results in terms of versus
4* for different values of concentration (as in figuir@)). The
constitutive parameters employed by the authors are listed
Tablel.

From both qualitative and quantitative points of view, the
theoretical predictions are in good agreement with the DEM
results. The model correctly describes the transition betw
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—e— v=0.50
1o v=0.52
v =054
v=0.55
| —o—v=056
—0— v=057
v=0.578
—a— v=0.584
1 —o—v=0.588
—o— v=0.594
—o— v=0.60
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w www
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Fig. 7. Comparison between numerical data (symbolsChialvo et al., 2012 concerning dry granular flows and model predictions (lines)
(a) Dimensionless shear stress versus dimensionless shear rate fdfetent values of v. (b) Apparent viscosity versusv for different ~+*
values

—o— v=047
v =049
v=0.51

| —o—v=053

—=—v=0.55
v=057

1 —=—v=059

—— v=0.61

4 —=—v=063

—s— Vv =0.65

f
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@ag
(LTIl
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10° o 100 02 o 10 045 050 055 060 065
Y*‘=«'{d\/ppd/kn v
(@) (b)
Fig. 8. Comparison between numerical data (symbols\ess & Sun 2015 concerning saturated granular flows and model predictions

(lines). (a) Dimensionless shear stress versus dimensionless she#e far different values of v. (b) Apparent viscosity versusv for different
4* values

the different macro-responses mentioned in the previousn figure 8(b), for three values of* the comparison between
section. In particular, forr < v. the model is capable of modelpredictions and the numerical dat&efss & Sur(2015
capturing the transition from Newtonian to Bagnoldianmegi  is done in terms of apparent viscosity' /4" versus solid
Nevertheless, by comparing numerical data and modetoncentration. The model is capable of capturing the paculi
predictions, some discrepancies appear evident For 10~ response of the material for values of concentration vesgec|
the model overestimates the shear stresses, whereas, for  to v.. Nevertheless, even in this figure the above mentioned
10~3, when the concentration is sufficiently small, the model discrepancy is evident far < 0.5.
predicts a less pronounced influence of the concentration
on 7*. As far as the first item is concerned, the authors
observed that the same discrepancy is evident even undésritical discussion
dry conditions (figure7(a)) and it is a consequence of the In this section, the theoretical model is numerically sdlve
limitation of the original constitutive model. As far as tlagter ~ order to illustrate some of its features. The material patans
one is concerned, the authors think that the numerical datadopted for the granular phase are listed in Tabénd refer
of Ness & Sun(2019 for these values of are not reliable, to an ideal soil ¢ = 1 mm, p, = 2500 kg/n?®, £, = 400 MPa)
since in the numerical analyses the liquid is absent and itsaturated with water = 10~ Pas).
effect is taken into account only by introducing equivalent In figure9, the dimensionless granular temperatiye(d?+?)
lubrication forces. According to the authors, this apptoac predicted by the theoretical model is plotted against
cannot realistically reproduce the response of the systeerav ~ concentration, for both dry (dotted lines) and saturated
the liquid governs the material behaviour, i.e. for suffitie  (solid, dot-dashed and dashed lines) granular materialdet)
small values ofs and+. dry conditions,T is proportional to the square 6f in fact all

the lines at different shear rates are superimposed, aneh) wh
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v > v¢, T is not affected by the concentration. If the granular 10°
system is saturated]’ does not scale quadratically with .
At low densities { < vc) and low shear ratesj{ < 107°), e =T

the granular temperature is smaller than in the case of dry 10"} et
systems, and the difference increases for decreasing shear_
rates. The presence of the viscous dissipation makes sadura Ng
systems less agitated with respect to the dry ones, at the sam ~ 10” |

shearing velocity. On the other hand, at large concentrsitio

—— Saturated7"=10"°
- . - Saturatedy'=10"

- - Saturatedy’=10"
6

or large shear rates, the influence of the viscous dissipatio . gryvﬁlg;
. . e N =

can be neglected, so that saturated and dry responsesdeninci wr | Drﬂ»_ 10°

This implicitly suggests that the system is dominated by 040 045 050 055 060 065

the interactions among grains. In particular, when- v, v

the presence of force chains dominate the response of the )
Fig. 9. Dependence of granular temperature on concentratio for

system, whereas whefi* > 10", the granular temperature gitterent +* values (dry - dotted lines, saturated - solid, dot-dashed
is sufficiently high and the particles are so agitated thatand dashed lines)

collisions become so frequent that their dissipating ¢ffec

results predominant with respect to the viscous one. As was expected, by increasing, the Newtonian regime
The effect of the liquid phase is reflected on the shear stres?T* ~ 4*), governed by the liquid viscosity, spans over a wider

whose _trend is plotted in figuréQ(a). As for T, _thpf shear range of shear rates and the global shear stress increases at
stress Is not aff_ected by the presence of the liquid p,h ase %tmallﬁ*. For low values ofjy (the dry case can be interpreted
large concentrations/(> v.) or large shear rateg{ > 107°).

- as a saturated case for nullifying), the behaviour of the
The differences between dry and saturated responses b €COturated system deviates from the dry case (dotted lifg) on

evidentin the fIU|d-I|k§ reg|mg(< ve), gt sma.ll shearrates, in at very smalk*, since the granular phase mainly dominates the
the so called Newtonian regime previously introduced. Wnde material response.

such conditions, the shear stress predicted in saturadeadigir
flows is larger with respect to the dry case. In figli&b),
the granular (dash-dotted line) and the liquid (dashed) line CONCLUSIONS

contributions to the shear stress are illustratedifor= 10, The authors have analysed numerical and experimentatsesul
At v <., the granular phase contribution reduces to theconcerning either dry and saturated granular flows undadgte
collisional part,7y = 7¢01, since the quasi-static term vanishes. simple shear conditions, for different values of both shear
g is smaller than under dry conditions (dotted line), sincerate and concentration. A new constitutive model has been
the granular temperature is reduced by the presence of th@troduced on the base of the mixture theory, according to
liquid (figure 9). The agitation of grains is damped by the which the granular and liquid phases are considered separat
liquid phase, and this is reproduced in the model by means ofhe constitutive relationship proposed by the authorsefgrs
the energy transferred by the granular to the liquid phase, to the Representative Elementary Volume and assumes the
appearing in the granular energy balance. On the other handhean values of all kinematic variables, of both granular and
the |IQUId phase contributiony, is responsible for the increase liquid phase, to coincide; (ii) assumes the two phases tdwor
in the shear stress, and dominates the global response of th¢ parallel, as it is according to the well known effectiveess
mixture atr < v.. When a contact network deVElOpS within the princip]e in case of quasi_static conditions.
medium, i.e. fo > v, both the granular temperature and the As far as the granular, solid fraction is concerned, the@sth
|IQUId phase do not affect the behaviour of the mixture, \whic emp|oy an a|ready conceived constitutive approach Capab|e
is completely governed by the quasi-static contributiothef  of describing, at the same time, the mechanical behaviour
granular phase, that is, in this regime the previously noeetl  of agitated granular flows (fluid-like regime) and soliddik
effective stress principle holds. granular systems. The approach followed by the authors is
based on the introduction of an additional state varialile, t
Figure 11 highlights the role played by the liquid molecular granular temperature, describing the system agitationcand
viscosity on the shear stress of the mixture. As was alreadyhe assumption that the well known critical state for highly
pointed out, the behaviour of the system is not influenced byconcentrated granular materials is the limit of steadyestat
the liquid phase, and consequently by its viscosity, in liels  conditions for shear strain rates going to zero. Under dry
like regime ¢ > vc). Thisis evidentin figuré1(b), wherer* is  conditions, the dissipation of energy may be due either to
plotted against for different values of molecular viscosity, in  frictional contacts belonging to force chains, which cavediep
a system sheared 4t = 107°. In figure11(a), the mechanical only if the concentration is larger than a critical value, or
behaviour of a fluid-like system at small concentration=  to instantaneous collisions, these latter dominating seaaf
0.58) is illustrated in terms of* versusy™, for differentno.  small values of concentration and large values of shear rate
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“““ Dryy'=10"
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(a)

SATURATED GRANULAR FLOWS: CONSTITUTIVE MODELLING

-6

7'=10

— Saturated7"=10"°
- - - - Granular contr.
e - - Liquid contr.
Dryj’'=10"

]

0.50 0.55 0.60 0.65

(b)

Fig. 10. (a) Dimensionless shear stress as a function of for different 4* values, in the case of dry (dotted lines) and saturated (solid,
dot-dashed and dashed lines) granular systems. (b) Granular (dashetted line) and liquid (dashed line) contributions to the sheastress
under saturated conditions (solid line) compared with the sheastress under dry conditions (dotted line)

v =0.58

Saturated n =10'Pa-s
Saturated n =10"Pa-s
— Saturated n,=10"Pa-s
- - - Saturated n = 10°Pa-s
- - Saturatedn = 10°Pa-s

......... Dry n,=0 Pa-s
10" |
-16
10 . . . ' .
10° 107 10° 10° 10" 10° 10°
1'=1dVp,d/k,
(a)

0.45 0.50 0.55 0.60 0.65

Fig. 11. Influence of the liquid molecular viscosityyo, on the dependence of * on 4* (a) and v (b)

Under saturated conditions, additional dissipation ¢buations

critically discussed. The proposed framework seems to be

arise in the liquid phase. These are associated with theapable of correctly reproducing the reality by capturiiy:

following effects: (i) deviation of the liquid streamlinesie to
the presence of particles, behaving as obstacles; (iiidation;
(iii) liquid velocity fluctuations due to grains agitatiomhese
dissipation contributions involve the liquid phase andtaken
into consideration to define its constitutive relationsip

for sufficiently small values of concentration, the traiosit
from a Newtonian to a Bagnoldian regime, when the shear
rate is increased; (ii) the independence of the shear maian
behaviour of the mixture when the concentration is suffityen
high and the material behaves like a solid.

introducing a phase viscosity depending on the conceotrati

according to a suitably calibrated function and on the mdhac

viscosity of the liquid. On the other hand, the presence oiACKNOWLEDGEMENTS

water plays a damping role in reducing the fluctuating energyThis work has been supported by Fondazione Cariplo, grant n.
of the granular phase. The energy balance has thus be&916'0769'

used by the authors to describe the coupling. In fact, the

granular temperature results to be influenced by the liguésp  AppENDIX: EXPRESSIONS FOR THE GRANULAR

molecular viscosity. CONTRIBUTION
The model requires the calibration of only two macro- In Tables2 and 3, e,

parameters. The first one influencing the critical statedlope,
which governs the material response in the solid-like regim

is the normal coefficient of restitution
of the patrticles. It is a micro-mechanical parameter defaeed

i i the ratio of pre-collisional to post-collisional relativelocity
The second one governing the coupling between the g-:Jra‘nL”""lfetween colliding particles in the normal impact direction

a_nd th.e “qu'd_ phases, which affects _the change in the IIqUId1\/Ioreover, e is an effective coefficient of restitution which
viscosity for high values of concentration. accounts for the rotation and contact friction of the péetic
The model has been validated against numerical results, aqgs expression has been proposed ®yialvo & Sundaresan
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Table 2. List of expressions for the granular contribution NOTATION
ag, C,  dimensionless material parameters

f1(v) = A1vPgo(v)F(v), B buoyancy force
fa(v) = A2v2go(v)J (v), d particle diameter
g;gz; — g‘l‘z go(v), E, particle Young modulus
92(v) = BavJ (v) en  coefficient of normal restitution
g3(v) = Bsv FP  Drag force on the-th particle

{1 n 26(1 — €) max (v — 0.49; 0)] iy < e, Fj—o,1,2,3 functions in the collisional contribution
L) = a2 /15?;](”)62) 26(115— . (i)g‘ig—) v) F - viscosity function

{1 + 5 (0641 Vc)] , if v>ve. fjr95J, fn auxiliary functions

kn  particle elastic stiffness
Flv)y=A

4t dvgo(v) L correlation length
J) = Ay 4 = BE20 +en)Ben — Drgo(@)] (5 + 401+ en)vgo ()] n  number of particles per unit volume
32 [24 — 6 (1 —en)® — 5(1 — €2)] v2go(v)? q energy flux
Ve+v—08)(ve —v)(2—v
90(v) _( ;( ) ( a )Jr T granular temperature
2(1—v)° (ve—04) t  time
1— (ve +v—0.8) (1;6 —v) 2 ug, u; local velocity of the granular/liquid phase
(ve — 0.4) (ve —v) vp  single-particle velocity

vp,i i-th particle velocity
Xg, X1 granular/liquid internal energy
€ strain rate tensor
s internal friction angle under simple shear conditions
I' system dissipated energy
I'y, Iy granular/liquid dissipated energy
I'E liquid dissipated energy due to the presence of grains
Ffl liquid dissipated energy due to the grains agitation

't liquid dissipated energy due to lubrication effects

Table 3. List of material parameters for the granular contribution

A= 4p§ I'gs, ol quasi-static/collisional dissipated energy
Ay = ——p.d .
2 5ﬁpp o shear rgte
N 12 - 4*  dimensionless shear rate
R~ (=) pp n  liquid viscosity
Ay — (1+en) no  molecular viscosity of the liquid
5 2 A energy transferred by the granular to the liquid phase
By = — 7 (1+en) (Eppp)*/? : R e
1= 19 n) (EpPp u  inter-particle friction coefficient
d .
By = & (Byp,)t/? v co.r?centratlon .
g ve  critical concentration
1/2 . . .
Bs =3 (1 =€) (Eppp)"/ pg, p1 density of the granular/liquid phase

pp  Pparticle density
o stress tensor
o normal stress
og4,0; granular/liquid normal stress
ogs 0col  Quasi-static/collisional normal stress
T  shear stress
7* dimensionless shear stress
19,71 granular/liquid shear stress
(2013, on the base of numerical simulations, as a function 7,5 r.,; quasi-static/collisional shear stress
of the coefficient of normal restitution and the inter-paeti
friction coefficientu:
REFERENCES
—3/2u Babic, M., Shen, H. & Shen, H. (1990). The stress tensor in
’ granular shear flows of uniform, deformable disks at high solids

. . . . concentrations]. Fluid Mech.219, 81-118.
Finally, in the model proposed Berzi & Jenkins(2015, ¢}, ' u ) ) )
Bagnold, R. (1954). Experiments on a gravity-free dispersidarge

IS. evaluated as a function of the concentration, the partlc?l solid spheres in a newtonian fluid under sh@aoc. Royal Society
diameter, the shear rate and the granular temperaturegederi A 255 No. 1160, 49-63.

using discrete numerical simulations of unsteady, homeges: || R. & Melrose, J. (1997). A simulation technique for many spser

€=en — le

shearing at large concentratiorsun & Sundaresgn2011; in quasi-static motion under frame-invariant pair drag and biaw
Berzi & Vescovij 2015. The expression afan ¢} is forces.Physica A: Statistical Mechanics and its Applicatidiy,
No. 1, 444-472.
tan ¢, = 4J dy Berzi, D., di Prisco, C. & Vescovi, D. (2011). Constitutive ttéas for
5¢7(1+ en) T1/? steady, dense granular flowhys. Rev. B4, No. 3, 031301.
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