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Abstract

An original full orthotropic model for in-plane linear elasticity is proposed in the micropolar peri-

dynamic analysis framework. The analytical formulation is derived from the definition of a specific

microelastic energy function for micropolar nonlocal lattices which allows to obtain, for the first

time, an orthotropic bond-based model characterized by four independent elastic moduli.

An important feature of the model is that the bond properties, i.e. the elastic constants, are con-

tinuous functions of the bond orientation in the principal material axes. The introduction of the

bond shear stiffness and the definition of a bond shear deformation measure which accounts for

particle’s rotation, on one hand eliminates the restriction of two independent constants that affects

other bond-based orthotropic peridynamic formulations, and on the other makes the model suitable

in predicting the mechanical behavior of a wide variety of Cauchy orthotropic materials undergo-

ing homogeneous and non-homogeneous deformations. The accuracy of the proposed model in

linear elasticity has been verified through simulating uniaxial extension test of a composite lamina

with a central circular hole and natural frequency analyses considering different orientations of the

principal material reference system.

Keywords: Non-local lattice, Peridynamics, Orthotropy, Micropolar, Elasticity

1. Introduction

Peridynamics is a nonlocal theory of mechanics in which material points in a continuum or in a

group of discrete particles interact with each other through forces that are functions of material and

kinematic variables [1, 2]. Peridynamic (PD) theory replaces the differential equations of classical

continuum mechanics with integro-differential equations without spatial derivatives and this aspect5

is particularly important for describing discontinuities in solid mechanics such as cracks. Much

attention has been paid to isotropic materials, in order to solve the problem of the fixed Poisson’s

ratio. In fact, the PD model, as originally proposed (bond-based PD, i.e. BBPD) is a central force
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model, and therefore as in the rari-constant theory [3, 4], the Poisson’s ratio is restricted to ν = 1/4

for 3D and plane strain problems, and ν = 1/3 for plane stress problems. To overcome this short-10

coming, various efforts have been made. Silling et al. [5] introduced a more general formulation,

coined state-based PD (SBPD) in which the pairwise forces between the particles are functions of

the deformations of all nodes within the neighborhoods of the particles and the non-ordinary state-

based model (NOSB), a tool for adapting classical material models for use with peridynamics and

for simulating the material with advanced constitutive models [6]. In the context of bond-based15

models, instead, Liu and Hong [7] proposed an approach based on a force compensation scheme,

Wang et al. [8, 9] derived a conjugated bond-pair-based peridynamic formulation in which the in-

teracting forces between two material points within the horizon are not only related to the stretch of

the bond, but also related to the rotation of the conjugated bond angles, and Zhu et al. [10] derived a

PD formulation which accounts for single bond shear deformation to handle with different values of20

Poisson’s ratio. Gerstle instead, introduced a two parameters micropolar isotropic PD model with

Euler-Bernoulli beam-like microstructure [11]. PD theory has been used so far to model a wide

variety of problems involving fracture [12, 13, 14, 15, 16], plasticity and viscoelasticy [17, 18, 19].

Anisotropic peridynamic models have been proposed by Colavito et al. [20], Xu et al. [21], Hu

et al. [22], Hu and Madenci [23], and Oterkus and Madenci [24] to simulate crack propagation in25

unidirectional fibre-reinforced composites. These models are based on a homogenization approach

in which the stiffness of the peridynamic bonds parallel to the fiber direction (fiber bonds) is fitted

to the elastic modulus of the lamina in the same direction. All other bonds (matrix bonds) have their

stiffness fitted to the lamina properties along the direction perpendicular to the fibers orientation.

However, according to macro-mechanics of composite laminates, the stiffness (off-axis modulus)30

changes continuously with respect to the fiber orientation in a unidirectional lamina. Kilic and

Madenci [25] developed a microscale PD model with fiber and matrix in separated material points,

and predicted the matrix damage in laminated composites, accounting for the inhomogeneous dis-

tinct properties of the fiber and matrix. These models have been able to provide predictions of

fiber/matrix fracture and delamination, which had good agreement with experimental observations.35

However, the model proposed in [25] requires a very detailed discretization of the spatial domain

of interest, whereas the models presented in [21] and [24] require a uniform grid of particles and

can be used to model plies with a certain mesh-friendly orientation of the fibers. The model pre-

sented by Hu et al. [26] for unidirectional fiber-reinforced composites can be used for any grid

orientation relative to the fiber direction, however, like the other aforementioned orthotropic BBPD40

formulations, is characterized by fixed values of Poisson’s ratio and shear modulus. In fact, they
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stated to be effective to match modulus E11 and E22 and with the two remaining constants to be

preset. Another anisotropic peridynamic model was described in Askari et al. [27], where the

results of crack propagation in a poly-crystalline microstructure were also presented. Ghajari et

al. [28] proposed for the first time a continuous model for orthotropic media with an eighth-order45

sinusoidal function and studied the failure modes of anisotropic materials. Similar PD formulations

for orthotropic material were also proposed by Zhou et al. [29] and by Hu et al. [30]. However,

since such orthotropic models are based on a classical bond-based PD formulation, only two inde-

pendent material moduli can be chosen, whereas the other two result to be fixed. Recently, in the

context of state-based peridymanics SBPD, an orthotropic PD model for linearly elastic solids was50

introduced by Mikata [31]. Another orthotropic SBPD model was proposed by Zhang and Quiao

[32]. It can be seen that one limitation in SBPD or classical BBPD is that the bond force does

not depends on the specific bond shear deformation but only on the bond extensional deformation

[33, 34]. Moreover, state-based PD models come with a larger computational cost with respect to

bond-based models [35].55

In this paper, an original 2D generalized bond-based micropolar peridynamic formulation (MPPD)

recently presented by the authors [36], is extended to orthotropic materials. Differently from other

bond-based orthotropic peridynamic models with two independent material constants, the con-

ceived model is based on the definition of a microelastic energy function which depends on three

deformation parameters: the bond stretch, the bond shear deformation accounting for the rotational60

degrees of freedom, and the particles relative rotation. In this way, a bond-based peridynamic

model for 2D Cauchy’s orthotropic materials characterized by four independent material moduli,

is obtained for the first time. Since three different stiffness parameters for each peridynamic liga-

ment can be defined and calibrated separately, the model can be also useful to modelling Cosserat

orthotropic materials. However in this paper we focus the attention on classical orthotropic mate-65

rials. A distinctive aspect of this formulation is that all the bond stiffness constants are continuous

functions of the bond orientation with respect to the principal material axes. The introduction

of the bond shear stiffness and the definition of a bond shearing deformation measure which ac-

counts for particles rotation enables the model to predict the mechanical behavior of a wide variety

of Cauchy’s orthotropic materials undergoing homogeneous and non-homogeneous deformations70

[36].

This paper is structured as follows. In Section 2, an analytical implicit linearized formulation of

the proposed micropolar peridynamic model is given, handing particular attention to the numerical

implementation aspects of the model. The novel generalized three parameter micropolar model is
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derived starting from the definition of specific deformation measures related to shear and particles75

relative rotation deformations. In this way, the microelastic energy function is written, and the

generalized bond stiffness operator for MPPD is obtained. The analytical expression of the four

independent peridynamic constants for orthotropic materials are thus derived. The two parameter

isotropic micropolar PD model is then obtained as a special case, by simply considering the shear

and the axial stiffnesses as independent with the angle of inclination of the bond. In Section 3,80

we investigate the effectiveness of the MPPD formulation in elasticity and its capabilities in simu-

lating the mechanical behavior of an orthotropic solid under homogeneous and non-homogeneous

deformation fields, comparing the results with those obtained by FEM analyses. To this end, a

natural frequency study and static analyses on a rectangular lamina with a central hole considering

different orientations of the principal material reference system, are carried out. Finally, we resume85

the findings of this study and we discuss the results obtained. A MATLAB [37] computing on an

UNIX OS is used to generate the results presented in this study.

2. Linearized Micropolar Peridynamics

In micropolar Peridynamics (MPPD) the particles translational degrees of freedom are aug-

mented to include a rotational degree of freedom θ in two dimension [38]. In this way, the original

equations of motion for any infinitesimal material particle at X in the reference configuration at

time t are found from

ρü(X, t) −

∫

HX

f(u′ − u,X′ − X)dVX′ − b(X, t) = 0 for X ∈ Ω, (1)

Jθ̈(X, t) −

∫

HX

m(u′ − u,X′ − X)dVX′ − c(X, t) = 0 for X ∈ Ω, (2)

where Ω is the domain occupied by the body, whereas X′ − X = ξ and u′ − u = η are the relative

position (i.e. reference bond) and the relative displacement between the material points X and X′

(see Fig.1). The body force vector is b, and f is the pairwise force in the peridynamic bond. The

applied body couple is indicated by c, and θ̈ is the angular acceleration vector, while J denotes

the mass moment of inertia per unit volume tensor. The integrals are defined over a region HX

of radius δ (i.e. the horizon) [2]. The discretized form of the linear and angular momentuum

equilibrium equations at time t are:

∑

j=1

f(u j − ui,X j − Xi)∆V j + bi = ρüi (3)
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∑

j=1

m(u j − ui,X j − Xi)∆V j + ci = Jθ̈i (4)

where subscript j denotes a particle within the horizon δ of particle i. Thus the sum in Eq. (3)

is taken over all nodes j such that |X j − Xi| ≤ δ (i.e. neighboring particles of particle i). The

computer code performs the discretization of the PD body using mesh generation tools developed

for finite-element analyses. Then, the structure is discretized into a set of subvolumes, each of

which has a single PD particle located at its centroid. Subsequently an algorithm determines the

neighboring particles (i.e. the connections) of each particle of the discretization. A quadrature

scheme in which partial neighbor intersections are also considered has been implemented. This

aspect adds complexity to the creation of neighbor lists (Fig.2) but it increases the precision of

the quadrature. The results of the partial neighbor intersection computation (i.e. the value of the

volume correction coefficient α) is calculated by [7]

α(|ξ|) =











































ξ−δ+0.5∆x

∆x
if (δ − 0.5∆x) < |ξ| ≤ δ

1 if |ξ| ≤ (δ − 0.5∆x)

0 otherwise

(5)

where ∆x is the grid spacing. In the present implementation, the volume method for correcting

the peridynamic surface effect is adopted [39, 40], thus the dimensionless correction factor for the

micromoduli of the bond connecting two particles i and j is computed with

λ =
2V0

V(Hi) + V(H j)
(6)

where V0 is the ideal volume of HX, whereas V(Hi) and V(H j) are the real volumes associated with

Hi and H j, respectively.

Figure 1: a) Undeformed and deformed configuration of a BBPD bond; b) Linearized BBPD (the pairwise force is

directed along the line connecting the two particles in the undeformed configuration).
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In micropolar peridynamics each bond connecting two particles i and j can be idealized as an as-

semblage of two translational spring and a rotational spring. The bond particle’s force vector and

the displacements in local coordinate system (e.g. quantities evaluated at the reference configura-

tion aligned with the horizontal axis, as in Fig.3) are

{ f }T = { f i
n f i

t mi f j
n f

j
t m j} (7)

and

{u}T = {ui
n ui

t θi u j
n u

j
t θ j} (8)

This being a linearized micropolar peridynamic formulation, normal and tangential displacements

are given with respect to coordinate axes that are aligned with the undeformed configuration. In this

way we can define three bond deformation parameters, that are functions of the relative displace-

ments in the normal, tangential, and rotational sense, respectively (see Fig. 3). The deformation in

the normal direction is the bond stretch s,

s =
|ξ + η| − |ξ|

|ξ|
(9)

which in a linearized theory is written as

s =
1

|ξ|

(

η ·
ξ

|ξ|

)

=
ηn

|ξ|
=

(u
j
n − ui

n)

|ξ|
(10)

where ηn is the component of η along the undeformed bond of unit vector ξ/|ξ|. The shearing

deformation or bond sliding is

γ =
(u

j
t − ui

t)

|ξ|
−

(θ j + θi)

2
(11)

Figure 2: (sx) Proximity search procedure for neighboring list identification (in gray the full neighboring particles with

α = 1 and in black the partial neighboring particles);(dx) Volume correction coefficient α within the horizon. The ratio

decreases to 1/2 at the border of a horizon.
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defined as the difference between the rotation angle of the beam chord and the particles average

rotation. This latter reduces or increases the bond sliding depending on the mutual rotation sense

of the particles itself. In particular, if the two particles rotate with an equal and opposite angle θ,

the rotation contribute to the bond sliding is null. We can also introduce a deformation parameter

Figure 3: Sketch of the interactions between two particles: a) due to normal spring, b) due to shearing spring, c) due to

rotational spring.

for the rotational bond spring which is defined by the relative particles rotation measure, or in other

words the difference between the rotation angles of the two connected particles

ϑ = (θ j − θi) (12)

This parameter can be used to improve the bond stretch measure in such a way that

s =
(u

j
n − ui

n) + κϑ

|ξ|
(13)

where κ is a scaling parameter which regulates how much bending is considered in the bond stretch

measure (usually, for simplicity is set to zero)[41, 42, 43]. In this way we can write the kinematic

relations between the particles displacements and the bond deformation parameters

{h} = [B]T {u} (14)

where {h} = {s γ ϑ}T is the vector of the springs deformation measures and [B]T is defined as

[B]T =
1

|ξ|



































−1 0 0 1 0 0

0 −1 |ξ|/2 0 1 |ξ|/2

0 0 −|ξ| 0 0 |ξ|



































(15)

The constitutive behavior of the model is defined by the following relation

{q} = [D]{h} −→



































fn

ft

mθ



































=



































kn 0 0

0 kt 0

0 0 kθ





































































s

γ

ϑ



































(16)
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where [D] is a diagonal matrix 1 containing the bond normal, tangential, and rotational spring

equivalent stiffnesses, and relates the pairwise forces and microcouple, (i.e. the peridynamic ac-

tions between two particles) to the parameters of bond deformation defined above. The pairwise

bond couple and forces can be viewed as the springs reactions to the bond deformations s and

γ and r, respectively. In particular, the bond forces are equal in modulus to the particles forces

( fn = f
j

n = − f i
n and ft = f

j
t = − f i

t ) but this is not true for bond and particles couples. In fact,

for example, happens that mi and m j could assume the same nonzero value leading to a bond mi-

crocouple mθ equal to zero. This because, mθ represents the self-equilibrated part of the particles

microcouples in a specific ligament.

It is worth noting that this is a general micropolar Peridynamic formulation which leads to differ-

ent centrosymmetric models depending on the specific constitutive parameters laws kn, kt and kθ

adopted.

The general form of the microelastic energy density Φ(X) for micropolar peridynamics is obtained

by considering the contribution of the three springs and their corresponding deformation measures

Φ(X) =
1

2

∫

HX

kns2|ξ|

2
+

ktγ
2|ξ|

2
+

kθϑ
2

2
dVX′ (17)

In this way, considering the definition of the macroelastic potential energy for a micropolar peridy-

namic body

Φ̂(X) =
1

2

∫

Ω

∫

HX

kns2|ξ|

2
+

ktγ
2|ξ|

2
+

kθϑ
2

2
dVX′dVX (18)

for a single bond of length |ξ| between two particles i and j (see Fig.4), we can write a discrete form

of the balance of the variation of the total macroelastic energy and the work W done by the external

nodal forces {p} (in the hypothesis of small deformations, i.e. linearized PD) as

Φ̂ =
1

2
{u}T

1

2
[B][D]∆Vi|ξ|α∆V j[B]T {u} =

1

2
{u}T {p} = W (19)

1When considering orthotropic materials, the [D] matrix which describes the constitutive behavior of the bond is

dependent on the orientation (ψ) angle of the ligament.
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In this way the bond stiffness matrix in global coordinate system can be expressed in the following

form90

[K]bond = α|ξ|∆Vi∆V j[R]T [B][D][B]T [R] =

=
α

|ξ|
∆Vi∆V j[R]T



















































































kn 0 0 −kn 0 0

0 kt −kt|ξ|/2 0 −kt −kt|ξ|/2

0 −kt|ξ|/2 kθ|ξ| + kt|ξ|
2/4 0 kt|ξ|/2 −kθ|ξ| + kt|ξ|

2/4

−kn 0 0 kn 0 0

0 −kt kt|ξ|/2 0 kt kt|ξ|/2

0 −kt|ξ|/2 −kθ|ξ| + kt|ξ|
2/4 0 kt|ξ|/2 kθ|ξ| + kt|ξ|

2/4



















































































[R]
(20)

where [R] is a rotation matrix. It can be noted that in Eq.17, the factor 1/2 is included because the

energy stored in each bond is associated equally with the two particles connected by the ligament.

In this way, following Eqs. 18 and 19 one can derive the expression of the half-bond stiffness ma-

trix. For this reason, being Eq.20 referred to the entire bond, the factor 1/2 is removed from that

equation. In any case on has to consider this aspect in order to avoid double-counting of the bonds

i − j and j − i. After the assembly of the global structure stiffness matrix, the displacements and

forces can be determined in the usual manner.

Figure 4: Schematics of bond configuration connecting two particles i and j in the local coordinate system for bond-

based micropolar peridynamics. The bond can be idealized as a set of three (axial, shear and rotational) equivalent

springs placed in midpoint of the ligament.

Since the introduction of rotational degrees of freedom into the lattice spring models provides the

stiffness matrix resembling the beam stiffness matrix, beams come as a natural choice to represent

(non-local) lattice elements[44]. The micro-elastic energy of a micropolar peridynamic solid with

frame-like ligaments connecting particles, thus a 2D non-local lattice with Euler-Bernoulli beam-

like microstructure (i.e. Gerstle’s micropolar model [11]), is a special case of the model described

here by Eqs.(17) and (20).
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It is worth noting that in bond-based micropolar isotropic Gerstle’s model, any bond shear defor-

mation parameter is directly defined and the microelastic energy density Φ(X) can be written in the

form

Φ(X) =
1

2

∫

HX

kns2|ξ|

2
+

kχχ
2|ξ|

2
dVX′ (21)

where kn = c and kχ = d, are the axial and bending micromodulus functions defined in [11],

whereas χ is a bond deformation parameter associated to the bond curvature. However, by using

the bond deformation parameters introduced by the authors and defined in Eqs. (11)-(12) and the

constitutive law of Eq. (16), Gerstle’s model can be derived assuming

kn = c

kt = 12d/|ξ|2

kθ = d/|ξ|

(22)

where, differently from the conceived model [36], the independent elastic constants are only two,

since kt = f (kθ). In other words the rotational stiffness kθ of the bond is directly determined by the

shearing stiffness kt of the ligament, and thus its value cannot be changed.

In this specific case Eq.(20) becomes

[K]bond =
α

|ξ|
∆Vi∆V j[R]T



















































































c 0 0 −c 0 0

0 12d/|ξ|2 −6d/|ξ| 0 −12d/|ξ|2 −6d/|ξ|

0 −6d/|ξ| 4d 0 6d/|ξ| 2d

−c 0 0 c 0 0

0 −12d/|ξ|2 6d/|ξ| 0 12d/|ξ|2 6d/|ξ|

0 −6d/|ξ| −2d 0 6d/|ξ| 4d



















































































[R] (23)

thus the same expression of the bond stiffness matrix described in [45] is obtained.95

2.1. A full orthotropic peridynamic model

In the classical theory of elasticity, the stress-strain relations (Hooke’s law) for an orthotropic

material under plane-stress or plane-strain conditions in the principal material system, inclined at

angle ζ with respect to the horizontal, can be written using the Voigt notation as:

{σ} = [C]{ϵ} −→



































σ1

σ2

τ12



































=



































C11 C12 0

C12 C22 0

0 0 C66





































































ϵ1

ϵ2

γ∗
12



































(24)

where

C11 =
E11

1 − ν12ν21

; C22 =
E22

1 − ν12ν21

; C12 =
ν21E11

1 − ν12ν21

; C66 = G (25)
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with ν12 = ν21E11/E22. Assuming here for simplicity that ζ = 0 and thus considering a generic

coordinate system xy rotated by ψ with respect to the horizontal, Eq.(24) can be rewritten as

{σ}ψ = [C]ψ{ϵ}ψ (26)

being [C]ψ defined as

[C]ψ =



































Cxx Cxy Cxs

Cxy Cyy Cys

Cxs Cys Css



































= [Q]−1[C][Q]−T = [Q]−1



































C11 C12 0

C12 C22 0

0 0 C66



































[Q]−T (27)

where [Q] is

[Q] =



































cos2ψ sin2ψ 2cosψsinψ

sin2ψ cos2ψ −2cosψsinψ

−cosψsinψ cosψsinψ cos2ψ



































(28)

Thus, the off-axis axial Cxx and shear Css moduli can be written as function of the direction defined

by ψ, in terms of the four material constants defined in Eq. (25) as

Cxx(ψ) = C11cos4ψ + C22sin4ψ + 2C12sin2ψcos2ψ + 4C66sin2ψcos2ψ (29)

Css(ψ) = C11sin2ψcos2ψ + C22sin2ψcos2ψ − 2C12sin2ψcos2ψ + C66(cos2ψ − sin2ψ)2 (30)

By analogy with the continuum, we can assume for instance that in an orthotropic peridynamic

solid, kn and kt follow a law of variation with respect to ψ similar to that of Cxx and Css described

by Eqs. (29) and (30), respectively, in such a way that

kn(ψ) = kn1
cos4ψ + kn2

sin4ψ + 2kvsin2ψcos2ψ + 4kt1sin2ψcos2ψ (31)

kt(ψ) = kn1
sin2ψcos2ψ + kn2

sin2ψcos2ψ − 2kvsin2ψcos2ψ + kt1(cos2ψ − sin2ψ)2 (32)

where kn1
and kn2

are the peridynamic axial micromoduli along principal material axes, kt1 is the

shear micromodulus along one of the principal material axis 2 and kv is a parameter which regu-

lates the ratio between kt(ψ) and kn(ψ) in each direction. Thus we have defined four peridynamic

micromoduli for describing the mechanical behavior of a 2D orthotropic solid. In order to obtain

the relation between the orthotropic peridynamic bond stiffness constants, kn1
, kn2

, kv and kt1 and

2In Cauchy orthotropic materials in fact, G11 = G22 = G, hence kt1 = kt2 [46].
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the classical continuum elastic moduli defined in Eq. (25), the approach introduced by Gerstle et

al.[45] is used. Given a specific strain state, the strain energy density in a specific point was deter-

mined from the peridynamic formulation and it was set equal to the strain energy determined from

the classical theory of elasticity. To obtain the bond stretch and the bond shear deformation along

a specific bond direction, the strain vector

{χ} = {s1 s2 γ}T (33)

that defines a specific deformation state of HX, is transformed into a coordinate system whose first

axis is aligned with the bond and the second axis is orthogonal to the bond. In this way, being ψ the

angle of inclination of a specific bond with respect to the horizontal direction we can write

s(ψ) =
1

2
[s1 + s2 + (s1 − s2)cos 2ψ + 2γsin 2ψ] (34)

γ(ψ) =
1

2
[(s1 − s2)sin 2ψ − 2γcos 2ψ] (35)

It is worth noting that when a PD unit cell (the neighborhood of X or the family of X) is sub-

jected to a specific deformation state defined by Eq.(33), s1 and s2 are equivalent to ϵ1 and ϵ2 of the

Figure 5: Schematics of region Hi subjected to: χ1) isotropic expansion field of orthogonal PD stretch components

s1=s2=s, γ = 0; χ2) simple extension field of orthogonal PD stretch components s1=s, s2 = γ = 0; χ3) simple

extension field of orthogonal PD stretch components s2=s, s1 = γ = 0; χ4) pure shear field of orthogonal PD stretch

components s1=s2=0, γ = s.
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continuum. However γ in our model is a single bond deformation measure, thus in a pure shear de-

formation state, γ=γ∗/2, where γ∗ is the shear deformation of the continuum. The four deformation100

states considered are presented in Fig. 5, can be described by the following deformation tensors:

[F]1 =





















1 + s 0

0 1 + s





















; [F]2 =





















1 + s 0

0 1





















; [F]3 =





















1 0

0 1 + s





















; [F]4 =





















1 γ

γ 1





















(36)

which lead to the strain vectors

{χ}1 = {s s 0}T (37)

{χ}2 = {s 0 0}T (38)

{χ}3 = {0 s 0}T (39)

{χ}4 = {0 0 2γ}T (40)

where s << 1 and γ = s. The conventional linear elastic strain energy density functions of the

orthotropic continuum are obtained by

ϕ(X)1 =
1

2
Ci jϵiϵ j =

1

2



































C11 C12 0

C12 C22 0

0 0 C66





































































s

s

0



































·



































s

s

0



































=
s2

2
(C11 +C22 + 2C12) (41)

ϕ(X)2 =
1

2
Ci jϵiϵ j =

1

2



































C11 C12 0

C12 C22 0

0 0 C66





































































s

0

0



































·



































s

0

0



































=
s2

2
C11 (42)

105

ϕ(X)3 =
1

2
Ci jϵiϵ j =

1

2



































C11 C12 0

C12 C22 0

0 0 C66





































































0

s

0



































·



































0

s

0



































=
s2

2
C22 (43)

ϕ(X)4 =
1

2
Ci jϵiϵ j =

1

2



































C11 C12 0

C12 C22 0

0 0 C66





































































0

0

2γ



































·



































0

0

2γ



































= 2γ2 C66 (44)
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The peridynamic microelastic energy functions corresponding to the four deformation states de-

scribed by Eqs. (37)-(40) are obtained substituting Eqs. (31)-(32) and Eqs. (34)-(35) in Eq.(17)

Φ(X)1 =
1

2

∫

HX

kn(ψ)s2 |ξ|

2
dVX′

=
1

2

δ
∫

0

4

π/2
∫

0

kn(ψ)ts2 |ξ|2

2
dψdξ

=
tπs2δ3

48
(3kn1

+ 3kn2
+ 4kt1 + 2kv)

(45)

Φ(X)2 =
1

2

∫

HX

kn(ψ)s2(1 + cos2ψ)2 |ξ|

8
+

kt(ψ)s2(sin2ψ)2 |ξ|

8
dVX′

=
1

2

δ
∫

0

4

π/2
∫

0

kn(ψ)ts2(1 + cos2ψ)2 |ξ|2

8
+

kt(ψ)ts2(sin2ψ)2 |ξ|2

8
dψdξ

=
tπs2δ3

768
(38kn1

+ 6kn2
+ 24kt1 + 4kv)

(46)

110

Φ(X)3 =
1

2

∫

HX

kn(ψ)s2(1 − cos2ψ)2 |ξ|

8
+

kt(ψ)s2(sin2ψ)2 |ξ|

8
dVX′

=
1

2

δ
∫

0

4

π/2
∫

0

kn(ψ)ts2(1 − cos2ψ)2 |ξ|2

8
+

kt(ψ)ts2(sin2ψ)2 |ξ|2

8
dψdξ

=
tπs2δ3

768
(6kn1

+ 38kn2
+ 24kt1 + 4kv)

(47)

Φ(X)4 =
1

2

∫

HX

kn(ψ)γ2(sin2ψ)2 |ξ|

2
+

kt(ψ)γ2(cos2ψ)2 |ξ|

2
dVX′

=
1

2

δ
∫

0

4

π/2
∫

0

kn(ψ)tγ2(sin2ψ)2 |ξ|2

2
+

kt(ψ)tγ2(cos2ψ)2 |ξ|2

2
dψdξ

=
tπγ2δ3

192
(6kn1

+ 6kn2
+ 24kt1 + 4kv)

(48)

The system of four equations ϕ(X)i = Φ(X)i, i = 1...4


















































































s2(C11 +C22 + 2C12) = tπs2δ3

24
(3kn1

+ 3kn2
+ 4kt1 + 2kv)

s2 C11 =
tπs2δ3

384
(38kn1

+ 6kn2
+ 24kt1 + 4kv)

s2 C22 =
tπs2δ3

384
(6kn1

+ 38kn2
+ 24kt1 + 4kv)

2γ2 C66 =
tπγ2δ3

192
(6kn1

+ 6kn2
+ 24kt1 + 4kv)

(49)
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was solved, which resulted in:

kn1
=

12 (C11 −C66)

πtδ3
(50)

kn2
=

12 (C22 −C66)

πtδ3
(51)

kv =
12 (3C12 −C66)

πtδ3
(52)

kt1 =
3 (8C66 −C11 −C22 − 2C12)

πtδ3
(53)

which in the special case of isotropic material under plane stress conditions reduce to two indepen-

dent constants

kn =
12 (C11 −C66)

πtδ3
=

6E

πtδ3(1 − ν)
(54)

kt =
3 (8C66 − 2C11 − 2C12)

πtδ3
=

6E(1 − 3ν)

πtδ3(1 − ν2)
(55)

whereas in plane strain conditions is

kn =
12 (C11 −C66)

πtδ3
=

6E

πtδ3(1 + ν)(1 − 2ν)
(56)

kt =
3 (8C66 − 2C11 − 2C12)

πtδ3
=

6E(1 − 4ν)

πtδ3(1 + ν)(1 − 2ν)
(57)

Thus, by applying Eqs. (31) and (32), it is possible to assign a specific value to the axial and shear

peridynamic springs constants, which are functions of the orientation ψ of the bond. In this way we

can model the mechanical behavior of a full Cauchy orthotropic material. It is worth noting that the

peridynamic model here introduced is a micropolar non-local lattice model. The particles rotational115

degree of freedom is necessary because of the fundamental requirement of rotational invariance. In

fact the definition of a shearing deformation measure which does not account for particle rotations,

could lead to an incorrect description of the mechanical behavior of materials undergoing non-

homogeneous deformation fields. However, when referring to a Cauchy continuum, it should be

reminded that the definition of an equivalent lattice model requires only 2 elastic moduli in isotropy120

(4 for in-plane orthotropy), and thus the definition of a rotational spring constant kθ is somewhat

redundant. A theoretical discussion of this aspect, that is related to the so called ”Cauchy relations”

which characterize the ”rari-constant” material models, can be found in [47] while some examples

of lattices were shown in [46]. The presence of further rotational moduli, which introduce internal
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lengths into the parameters that govern the elasticity response, is otherwise needed when modelling125

an orthotropic micro-polar material, e.g. a Cosserat continuum, or when modelling at the macro-

scale a composite material which has an internal periodic structure, which is explicitly affected by

the size and shape of the internal microstructure [48]. In our case, it can improve the numerical per-

formance of the discrete approximation in the case of non-homogeneous strain conditions, insofar

as it allows to describe the case of variable axial bond forces with a reduced number of elements,130

since it can be seen as the addition of a linear term (in the bond force between two particles) in

addition to the uniform axial bond force [48, 49]. In this sense, it can be stated that the introduction

of the rotational stiffness term allows an improvement in the numerical behavior of the model im-

plemented in situations of high strain gradient, especially in the case of a very coarse mesh. In this

paper kθ(ψ) =
kt(ψ)|ξ|(1−|ξ|/δ)

2
is used. The elastic shear parameter corresponding to Eqs.(55)-(57) are135

generalized stiffness which can satisfy the condition kt > 0, kt < 0, or kt = 0. The case of kt = 0,

corresponding to ν = 1/3 in plane stress and ν = 1/4 in plane strain, is equivalent to consider a mi-

croelastic energy potential which depends only on the peridynamic bond stretch (being a bond shear

deformation measure still definable in this condition). In the case of shear spring stiffness kt < 0,

the corresponding Poisson’s ratio is larger than BBPD fixed values. A physical interpretation of140

negative shear spring stiffness, starting from molecular-dynamics consideration was given by [50].

The same considerations can be extended to the case of orthotropic materials. In any case, implicit

solvers require that the global stiffness matrix is invertible, hence when dealing with negative bond

stiffness, one has to be sure that this requirement is satisfied. Moreover it can be underlined that a

micropolar peridynamic model with frame-like ligaments connecting particles, i.e. a 2D non-local145

lattice with Euler-Bernoulli beam-like microstructure (e.g. Gerstles model [38]), is a specific case

of the model described in Sec. 2. In fact, as previously said, in Gerstle’s micropolar peridynamic

model each bond can be viewed as a micro cantilever Euler-Bernoulli beam with only two inde-

pendent stiffness moduli, one related to stretch deformation and the other to bending effects (i.e.

the ligament curvature). Another important consideration is that, contrary to the stiffness parameter150

d of Gerstle’s micropolar model, the shear stiffness parameter kt that characterize the micropolar

Table 1: Properties of the three orthotropic materials considered as example.

ID Material E1 (MPa) E2 (MPa) ν12 G (MPa)

1 15000 10000 0.3 8000

2 10000 10000 0.1 3000

3 200000 50000 0.25 50000
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Figure 6: Comparison of the off-axis Cxx and Css classical continuum moduli (in MPa) and kn and kt MPPD moduli (in

N/mm6) for three examples of orthotropic material (First row: Material 1; Second row: material 2; Third row: material

3 ).

model proposed by the authors [36], has the same dimensions of the normal stiffness parameter kn

and is conceptually related to the shear modulus G of classical elasticity. This because the stiffness
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kt is directly related to the shear bond forces through a specific shear deformation parameter, sim-

ilarly to the relationship among G, τ and γ∗ in classical elasticity. To this end we show in Fig. 6155

the comparison of the off-axis classical continuum moduli Cxx and Css classical continuum moduli

peridynamic spring constants kn and kt, in the case of three different orthotropic materials whose

properties are described in Tab. 1. As can be seen from Figs. 6, the polar plots of the normal and

shear spring stiffnesses kn and kt, because of Eqs 31 and 32, have the same shape of that of Cxx and

Css and they differs only of a scale factor.160

3. Validation of the full orthotropic peridynamic model in elasticity

The capability of the PD micropolar formulation to describe a complex non-homogeneous

elastic deformation field has been put to the test by modelling a rectangular lamina (a=400mm,

b=200mm and unitary thickness) with a central hole of radius r=40mm subjected to simple exten-

sion (see Fig. 7). The discretized lattice model is composed by 2992 particles (a regular grid of

80×40 particles with δ = 0.2a is used) and the pre-existing center hole is introduced by removing

the particles within the radius r and then by breaking all of the interactions passing through hole

surfaces at the start of the simulation. The material properties of the specific orthotropic material

are summarized in Tab. 2. Then, by applying Eqs. (31) and (32) together with Eqs. (50)-(53), the

polar diagram of the axial and shear spring stiffnesses kn and kt are obtained (see Fig. 8). Five

different orientations of the principal material directions, with respect to the horizontal direction,

are considered (see Fig. 10). In this case, being ζ , 0, Eqs.(31) and (32) can be rewritten in the

general form

kn(ψ−ζ) = kn1
cos4(ψ−ζ)+kn2

sin4(ψ−ζ)+2kvsin2(ψ−ζ)cos2(ψ−ζ)+4kt1sin2(ψ−ζ)cos2(ψ−ζ) (58)

Figure 7: Schematics of boundary conditions of the rectangular lamina with hole subjected to an horizontal displace-

ment field at boundaries.
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kt(ψ − ζ) = kn1
sin2(ψ − ζ)cos2(ψ − ζ) + kn2

sin2(ψ − ζ)cos2(ψ − ζ) − 2kvsin2(ψ − ζ)cos2(ψ − ζ)+

kt1[cos2(ψ − ζ) − sin2(ψ − ζ)]2
(59)

Since we compare the peridynamic solution with the continuum elastic solution, a horizon/grid

spacing ratio m = δ/∆x = 3.2 has been considered, which gives a good compromise between ac-

curacy of the (local) solution and the computational effort of the simulations [36]. The deformed165

shapes and displacement maps obtained with the PD model are compared to those obtained with

Abaqus [51] FEM analyses 3. The horizontal displacements are applied to the vertical boundary

layers of thickness ϱ = δ, resulting in the system configuration of Fig.7 (no constrains to the verti-

cal displacements are imposed). As it can be seen, predicted patterns and values of displacement

fields match well with FEM solutions (see Figs.11-15). A detailed quantitative comparison of two170

displacement components at the upper edge of the specimen is shown in Figs.16-17 that confirm

3In FEM analyses we considered an irregular mesh composed by 3548 four nodes squared plane-stress elements.

Table 2: Material properties

Property Value

E1 15000 MPa

E2 5000 MPa

ν12 0.25

G 4800 MPa

ρ 2500 kg/m3

0

π/6

π/3

π/2

2π/3

5π/6

π

7π/6

4π/3

3π/2

5π/3

11π/6

0

0.5×10
4

1×10
4

1.5×10
4

Cxx

Css

0

π/6

π/3

π/2

2π/3

5π/6

π

7π/6

4π/3

3π/2

5π/3

11π/6

0

2

4

6

8

10
kn
kt

Figure 8: Comparison of the Off-axis Cxx and Css classical continuum moduli and kn and kt MPPD moduli (case of

ζ = 0).
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Figure 9: Maps of microrotations θ (visualized with OVITO software [52]) obtained with the proposed orthotropic

peridynamic model and corresponding to the case of ζ = 0: a) Simple lamina; b) Lamina with central hole.

the high accuracy of the proposed framework for modeling of orthotropic elasticity problems and

thus the validity of the proposed orthotropic MPPD implementation.

It is worth noting that when the deformation field is homogeneous (as in the case of a simple lamina

composed of isotropic material and subjected to simple extension) the rotational degree of freedom175

of the particles are not activated, thus a shearing deformation measure which does not take into ac-
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Figure 10: Off-axis kn and kt MPPD moduli in the case of ζ = π/6, ζ = π/4, ζ = π/3 and ζ = π/2.
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Figure 11: Simple traction, ζ = 0: Deformed shape, horizontal and vertical displacements map obtained with FEM and

orthotropic MPPD.

count particles rotations can be used. In other words a micropolar model is not strictly needed (see

Fig. 9). However the deformation field of the lamina results in any case to be non-homogeneous,

because of presence of the central hole, hence, when dealing with bond-based models with shear

bond forces, a micropolar model is suggested for correctly describing the mechanical behavior of180

Figure 12: Simple traction, ζ = π/6: Deformed shape, horizontal and vertical displacements map obtained with FEM

and orthotropic MPPD.
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Figure 13: Simple traction, ζ = π/4: Deformed shape, horizontal and vertical displacements map obtained with FEM

and orthotropic MPPD.

the structure, since in lattice models the rotational degree of freedom is activated when a non-

homogeneous deformation field involves local rotations 4. Under these conditions, and when the

4A lamina made by orthotropic material and subjected to simple extension, experiences a deformation field which

is in general non-homogeneous unless ζ = 0 or ζ = π/2.

Figure 14: Simple traction, ζ = π/3: Deformed shape, horizontal and vertical displacements map obtained with FEM

and orthotropic MPPD.
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Figure 15: Simple traction, ζ = π/2: Deformed shape, horizontal and vertical displacements map obtained with FEM

and orthoropic MPPD.

shear bond stiffness of the lattice model is not null, the rotational invariance of the lattice unit cell

may not be preserved in a non-micropolar bond-based model with single bond shear deformability

[42]. The main reason, according to Jagota and Scherer [53], is that shear springs cannot distin-185

guish the differences in the tangential displacement of two particles owing to a common rotation or

shear. Thus, a global rigid body rotation may incorrectly result in an additional strain energy inside

the shear springs [44, 42, 54]. As a result, the deformed configuration of the lamina predicted by

a non-micropolar model, unless special treatment for solving this issue are used, 5 would appear to

be not accurate, as shown in a previous work carried out by the authors [36].190

3.1. Natural Frequency Analysis

A modal analysis is performed in order to evaluate the natural frequencies and the corresponding

modal shapes of a square lamina with fixed base, by using the conceived orthotropic peridynamic

model. The same rectangular lamina with a central hole is used in the simulations and the five

different material frame orientation already described are considered. The generalized dynamic

equilibrium of a BBPD model can be formulated by expressing the equilibrium of the effective

5Micropolar lattice models are physically-based models inspired by Voigt’s studies on crystals [55], in which the

microrotations and the micromoments ensure the balance of angular momentuum of the ligament. When using a non

micropolar model which account for bond shear deformability, special treatment are needed for avoiding local rigid

body rotations [42, 34, 56].
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forces associated with each of its degrees of freedom. Then, neglecting the damping, the equilib-

rium equation is

[M]bond{ü} + [K]bond{u} = {p} (60)

where [M]bond is the bond mass matrix, [K]bond is the bond stiffness matrix and {p} is the vector

of external loads [57]. The model is meshfree and Lagrangian and the inertial properties of the

lattice are concentrated in the particles centroyds, while zero mass is associated to the ligaments.

Each particle i is given a mass Mi = ∆Vi · ρ and a moment of inertia Ji = Mir
2
i (in the case

of MPPD model), being ri the radius of gyration associated to the particle, which in general is

ri = 1/12(∆x2
+∆y2) [58]. The local mass matrix [M]bond may be highlighted by writing the kinetic

Figure 16: Displacements along the upper edge of the specimen in the case of ζ = 0, ζ = π/6, ζ = π/4 and ζ = π/3.
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Figure 17: Displacements along the upper edge of the specimen in the case of ζ = π/2.

energy of each particle in discrete form

Π(u̇x, u̇y, θ̇) =
1

2
Mu̇x

2 +
1

2
Mu̇y

2 +
1

2
Jθ̇2 (61)

for MPPD model. The [M]bond matrix in the case of micropolar model is then

[M]bond =
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(62)

Omitting the applied external load vector {p} in Eq. (60), and assuming that the free vibration

motion of the bond is simple harmonic, an eigenvalue problem is obtained

[K]bond{u} − ω
2[M]bond{u} = {0} (63)

where ω are the eigenvalues of the problems, related to the natural frequencies f by ω = 2π f .

Assembling the global matrices of the lamina, the first three modal shapes are obtained (see Tabs.

3-5 and Figs. 19-23). The natural shapes together with the corresponding natural frequencies195

of the lamina predicted by the orthotropic micropolar model are in perfect agreement with FEM

solutions. Moreover the errors relative to the FEM solutions seems to be not particularly affected

by the specific orientation of the material frame system, and even in the case of non grid-friendly
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orientations of the material reference system (i.e. ζ = pi/6, or ζ = pi/3), they are less that 4%. A δ-

convergence study [39] shows that the differences between the MPPD natural frequencies reported200

in Tabs.3-5 and those computed adopting a coarser mesh (δ = 0.4a, 748 particles), are less that 1%.

Whereas adopting a more refined mesh (δ = 0.1a, 11988 particles) the maximum error with respect

to FEM solution can be reduced to about 2% (see Fig.18).

Table 3: Natural frequency analysis: Synopsis of the of frequency values (Hz) and relative errors (%) corresponding to

the I flexural natural modes calculated by FE and MPPD models.

ζ fI (FEM) fI (MPPD) Er.MPPD

0 400.85 412.82 2.89

π/6 365.65 377.08 3.12

π/4 330.69 340.45 2.86

π/3 296.61 301.25 1.54

π/2 263.76 256.30 2.92

Table 4: Natural frequency analysis: Synopsis of the of frequency values (Hz) and relative errors (%) corresponding to

the I axial natural mode calculated by FE and MPPD models.

ζ fII (FEM) fII (MPPD) Er.MPPD

0 1403.00 1440.45 2.61

π/6 1261.22 1309.68 3.70

π/4 1099.10 1140.37 3.61

π/3 959.49 980.92 2.18

π/2 848.18 830.43 2.14

Table 5: Natural frequency analysis: Synopsis of the of frequency values (Hz) and relative errors (%) corresponding to

the II flexural natural mode calculated by FE and MPPD models.

ζ fIII (FEM) fIII (MPPD) Er.MPPD

0 1625.10 1676.43 3.06

π/6 1490.44 1539.31 3.17

π/4 1390.65 1434.33 3.04

π/3 1292.50 1319.52 2.05

π/2 1191.32 1163.14 2.41
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Figure 18: Natural frequency analysis: δ-convergence study carried out considering other two types of meshes and

corresponding to (δ = 0.4a, 748 particles) and (δ = 0.1a, 11988 particles).

Figure 19: Natural Frequencies of the cantilever rectangular lamina, ζ = 0: Deformed shapes obtained with FEM and

proposed MPPD
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Figure 20: Natural Frequencies of the cantilever rectangular lamina, ζ = π/6: Deformed shapes obtained with FEM

and proposed MPPD.

Figure 21: Natural Frequencies of the cantilever rectangular lamina, ζ = π/4: Deformed shapes obtained with FEM

and proposed MPPD.
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Figure 22: Natural Frequencies of the cantilever rectangular lamina, ζ = π/3: Deformed shapes obtained with FEM

and proposed MPPD.

Figure 23: Natural Frequencies of the cantilever rectangular lamina, ζ = π/2: Deformed shapes obtained with FEM

and proposed MPPD.
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4. Conclusions

In this paper a new 2D full orthotropic micropolar peridynamic model for linearly elastic solids205

has been proposed. For the first time a micropolar peridynamic formulation has been extended to

non-isotropic materials and an orthotropic bond-based model characterized by four independent

elastic moduli has been obtained. In fact, differently from other orthotropic bond-based models,

the values of the Poisson’s ratio ν12 and shear modulus G are not functions of the axial moduli.

Another important feature of the model is that the bond properties, i.e. the stiffness constants, are210

continuous functions of the bond orientation in the principal material axes. The introduction of

a bond shear stiffness, conceptually related to the shear modulus G of classical elasticity, and the

definition of a specific bond shearing deformation measure which accounts for particle’s rotations,

lead to a physically-based model capable to predict the mechanical behavior of a wide variety of

Cauchy orthotropic materials undergoing homogeneous and non-homogeneous deformations. The215

accuracy of the proposed model in linear elasticity has been verified through simulating uniaxial

extension test of an orthotropic lamina with a central circular hole and natural frequency analysis

considering five different orientations of the principal material reference system. Results obtained

demonstrated the capabilities of the proposed framework for modeling of orthotropic elasticity

problems. Future work is required to further extend the conceived model to general anisotropic220

materials and microstructural materials. Additional work is also planned to extend the proposed

model to general 3D case, as well as the extension to anisotropic fracture.
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