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Analysis of Multiple-Core Sandwich Cylindrical Shells

Using a Sublaminate Formulation

A. Gorgeri, R. Vescovini* and L. Dozio
Dipartimento di Scienze e Tecnologie Aerospaziali, Politecnico di Milano

Via La Masa 34, 20156 Milano, Italy

Abstract

An advanced modelling approach is presented for the linear analysis of multilayered cylindrical shells. It
relies on the combined use of a sublaminate shell formulation along with the method of Ritz. The approach
is particularly suitable for the analysis of sandwich shells, and can be naturally applied for studying non-
conventional configurations characterized by the presence of multiple cores. The formulation relies upon a
displacement-based approach and makes it possible the analysis of thin and thick configurations, without
restrictions regarding the shallowness of the shell. The quality of the predictions is assessed by comparison
against 3D solutions, and the advantages offered by current modeling approach are highlighted in terms
of required theory-related degrees of freedom. The flexibility of the formulation is exploited to illustrate
the analysis of a triple-core sandwich panel, giving evidence of the advantages offered by the proposed
approach for modeling shells characterized by an arbitrary degree of complexity. Novel results are
presented for future benchmarking purposes.

Keywords: sandwich; multiple-core; shells; sublaminate; unified formulation; Ritz method.

1 Introduction

Sandwich structures are widely employed both as structural and non-structural members of aerospace con-
structions. Few but examples are aircraft fuselage panels [I], 2], space launcher and rocket shells [3], rotor
blades [4] and solar arrays in space satellite [5]. Worth of mention is the use of sandwich panels as a valuable
mean for improving acoustic and vibro-acoustic response, which can be particularly relevant for airplane and
helicopter cabins [6], [7].

From the aforementioned applications one can note that often the geometry is inherently non-flat, and so-

lutions procedures for plate-like structures cannot be used unless the radii of curvature are very large in
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comparison to the typical panel dimensions. For this reason, the analysis of many typical configurations
demands for the availability of numerical tools capable of accounting for curved geometries and highly het-
ereogeneous thickness-wise behaviour.

A vast literature exists on modeling and analysis of composite shell, an excellent review of which is available
in Refs. [BHII]. In this context, a common classification [10] refers to thin (see, e.g., [12]), high-order [I3HIG]
and layer-wise [I3] [I7H2T] shell theories. The first class, which includes well-known theories due to Donnell,
Fligge and Sanders, offers the advantage of keeping the number of theory-related degrees of freedom low.
This feature can be exploited to derive simple analytical solutions or efficient semi-analytical approaches,
see e.g. [22H25]. However, their applicability is limited to the prediction of the gross behaviour of thin
shells [26], and local response, as well as the effects of shear deformability, are not accurately captured. In
the case of sandwich panels the above issues are even amplified. On the contrary, detailed predictions and
failure characteristics of composite shells can be achieved by retaining the effects of normal and transverse
shear deformability, whose importance is a well-known aspect. To this aim, several efforts were directed
towards the development of theories for thick composite shells in the last decades. In this context, it is
worth mentioning the variable-kinematic approach proposed by Carrera [27, 28], commonly referred to as
CUF, which is capable of embedding equivalent single layer (ESL) and layer-wise (LW) theories in a compact
and unified way. Applications to shell problems are well documented for mechanical [29-31], thermo-elastic
[32] and electro-mechanical [33] analyses. When dealing with monolithic shells, a uniform kinematic descrip-
tion — i.e. same theory irrespective on the ply or group of plies — appears to be the most logical approach.
However, when it turns to the case of sandwich shells, the inherent thickness-wise heterogeneity suggests the
adoption of theories characterized by different levels of refinement depending on the thickness-wise position,
distinguishing between layers belonging to the skins and the core at least. In this sense, a unique axiomatic
description of the displacement field is very likely to determine a large number of theory-related degrees of
freedom, and the adoption of a purely ESL or LW can be suboptimal. To this aim, a sublaminate strategy
was proposed by D’Ottavio [34], the main idea consisting in dividing the stack into a number of sublaminates
(S), each characterized by an independent kinematic theory. The so-called S-GUF formulation merges the
idealization of the stack into sublaminates with the Generalized Unified Formulation (GUF) proposed by
Demasi [35]. As a consequence, the so-obtained models are not subjected to any a priori combination of
kinematic theories, as it is done in the context of classical sandwich theories [36], [37]. It follows that the ratio
between accuracy and number of degrees of freedom can be arbitrarily tuned and maximized depending on
the problem at hand.

Past efforts by the authors have dealt with the analysis of flat plates, and bending [38], buckling [39] and
thermal buckling [40] were investigated, demonstrating the potentialities offered by the combined use of the
S-GUF formulation and the method of Ritz.

As it turns out, no previous attempts can be found regarding the application of the mentioned S-GUF ap-



proach to the case of composite and sandwich shells. The present work aims at filling this gap, and illustrates
the extension of the S-GUF formulation to cylindrically curved shells.

The theoretical aspects are covered in Section 1, while the capability of the proposed formulation is demon-
strated by illustrating the comparison against reference 3D solutions in Section 2.1. Novel results are dis-
cussed in Section 2.2, where the versatility of the proposed approach is exploited to assess the free vibration
and bending response of a triple-core configuration investigated in a past European Garteur project [7, [41]

for the application to helicopter trim panels.

2 Theoretical framework

A cylindrical sandwich shell is considered, as sketched in Fig.[ll A coordinate system (x,y, z) is introduced,
where z € [0,a] and y € [0, b] span the shell mid-surface and z € [—h/2, h/2] runs along the thickness-wise
direction. The panel has length a, height h and width b = Ry, where R is the curvature radius of the
mid-surface, and ¢ is the angular width.

Highlighted in the sketch is the discretization of the thickness domain into k = 1, ..., Ny sublaminates, each
comprising one or more adjacent plies numbered locally from p = 1 to p = NZ’f. An advanced kinematic
modelling scheme, referred to as Sublaminate Generalized Unified Formulation (S-GUF), is adopted that
allows for a variable-kinematics, sublaminate-specific description of the structure, as explained later.
According to the notation adopted hereinafter, kinematic quantities and material properties referred to
the p-th ply of the k-th sublaminate are indicated as ()P"*. Local thickness coordinates are introduced as
zp € [=hp/2,hy/2] and zy, € [—hi/2, hi /2], where h, (hy) is the thickness of the p-th ply (k-th sublaminate).

Non-dimensional coordinates are also introduced as:

z
Cp = hpz}Z Ck

2k
- 3 (1)

2.1 Strain-displacement equations and Hooke’s law

Within the linear framework, strains and displacements are related by a linear differential operator as:
elk = DuP* (2)

where uP¥ = {ug’k ug’k u’j’k}T and eP* are the vectors collecting the displacement and strain components,
respectively, while D is the differential operator whose expression depends upon the panel geometry [13].
The gradient equations are applied here to the case of circular cylindrical shells, for which the following
relations hold:
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Note that the relations given by Eq. are derived by introducing the assumption of infinitesimal dis-
placements, whilst no further simplifications are made regarding the shell shallowness. It follows that the
formulation is developed to analyze both shallow and deep shells.

A compact vector notation is introduced as follows:

ek = (Dg, + Ay) uP* (4)
and:
etk = (D, - A, +D,)ur” (5)
where the in-plane and out-of-plane strain components are organized as:
T T
Eq = { €x €y Vay } €n = { Yyz Yoz Ez } (6)
and:
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where B =1+ z/R is the Lamé coefficient along the y direction.

It is worth noting that D, is the same as in the case of flat plates, while D, and D, depend on the
variation of the local curvature radius with respect to the z-coordinate. In addition, A accounts for the
hoop strain due to radial displacements, while Ajaccounts for the transverse shear deformation due to
circumferential displacements.

Within the framework of linear elasticity, the Hooke’s law for orthotropic materials reads:
& ~Pk bk ~Pk bk
0" =Chael" + Cynen (9)
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2.2 The Hamilton’s principle using S-GUF description

The governing equations are derived according to the general form of the Hamilton’s principle [42], that is

written as:

/tz [6K — (6U 4 0V)] dt =0 (12)

ty

where the virtual variation of strain energy is:
6U = 6W; = / setodV (13)
1%

and the virtual variation of potential energy due to the a set of normal pressure loads applied at the top

(ftoP) and bottom (fP°t) faces of the laminate reads:

oV =—-6Wpl =— Sutop [P dop — Sttt f2 " Ao (14)
Qtop Qbot

where §WP is the external virtual work, and upet/top = (7, y, £h/2) are the z-components of the displace-
ment field evaluated at the inner and outer surfaces Q¢op and (¢, respectively.

The virtual variation of kinetic energy is:
0K = / sutpudv (15)
%
where the dot denotes the time derivative. The expression of Eq. can be integrated by part, leading to:

to t2
— [ suTpudt (16)

t1 t1

ta
sulpudt = suTpu
ty

where the double dot denotes the second time derivative. Noting that du(t;) = Ju(tz) = 0, the virtual

variation of the kinetic energy can be rewritten as:

5K55W§:—/ sutpiidv (17)
1%



As seen form Eq. 7 the variational statement obtained by means of the Hamilton’s principle is equivalent
to the Principle of Virtual Displacements (PVD) applied to dynamical systems, provided the accelerations are
considered as external forces, according to the D’Alembert principle. Accordingly, the present formulation,
when referred to the static case, can be seen as an application of the PVD.

The infinitesimal volume element in the chosen reference frame is:

av = <1 + ;) dedydz = <1 + ;) dQdz (18)

The internal virtual work, accounting for the S-GUF subdivision of the stack into sublaminates and making

use of Eq. , reads:

h/2 .
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Similarly, the external virtual works become, respectively:
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Substituting Eqgs. and @[) into Eq. , the two contributions of the internal virtual work are expressed

as functions of the displacement variables as:
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Combining Egs. — according to Eq. , the equilibrium conditions expressed by the PVD are
formulated as functions of the unknown components of the displacement field, therefore a fully displacement-
based variational statement of general validity is obtained.

The problem is specialized to a 2D formulation by introducing the thickness-wise approximation of the
displacement field based on the S-GUF approach. In particular, the thickness domain is formally divided
into sublaminates to collect one or more adjacent plies; each sublaminate is described by a proper kinematic
theory, either Equivalent Single Layer (ESL) where a common set of kinematic variables is shared by all the
plies within the sublaminate, or Layer-Wise (LW) where ply-specific kinematic variables are employed. These
features render the proposed formulation particularly suited for sandwich panels, typically characterized by
drastic heterogeneity along the thickness direction. The sublaminate description allows to catch the slope
discontinuities of the displacement field, and to make use of high-order theories just where they are needed,
therefore minimizing the number of theory-related degrees of freedom (DOF's) and, in turn, the computational
cost.

The displacement field associated with the generic ply p of the sublaminate & is postulated as:

k
bk (2,y, zp,t) = Fa, (zp)ug’ﬁum (z,9,t) Bu, =0,1,..., N}
k K k
uZ’ (‘T7 Y, Zp, t) = Fﬁuy (Zp)uzyjﬁ“y ({I}7 Y, t) Buy = 07 ]-7 e 7Nuy (24)
k
u?k(x’ Y, Zp, t) = Fﬁuz (Zp)uzz)5u2 (z,y,t) Bu. =0,1,... ,quz

where summation is implied over the repeated indexes f3,,. The term Fp, defines the set of thickness
functions in terms of the ply coordinate 2, ufﬁ]i are the kinematic variables of the 2-D approximation of
the p-th ply of the k-th sublaminate, and N,’js are the orders of expansion of the displacement components.
The thickness functions are constructed as linear combinations of Legendre polynomials, as outlined in [38],

so that all the functions but one vanish at the upper and lower interfaces:

Fp=1
at ¢, =1 (25)
Fg, =0 B, =1,....,N}
and:
Fi=1
at ¢, = —1 (26)

Fg, =0 B, =0,2,...,N}
From Egs. (25) and , it follows that the kinematic variables associated with the non-vanishing trial

functions are the displacements at the top and bottom interfaces. In particular:

Wl (G = 1) = ulh T = uy o)
- k
WGy = —1) = R
The assembly procedure between sublaminates is thus straightforward and, specifically, can be conducted in

a layer-wise manner.



A compact notation is introduced, where EDy, n, n,, defines an ESL theory and LDy, | Nuy:Na, & LW

uy
theory of orders N, Ny, , Ny, . Whenever the same expansion of order NN is adopted for the three displace-
ment components, the acronym is shortened to EDx or LDy.

The PVD is expressed as function of the kinematic variables uggzs by substituting the expansion of Eq.
into Eqs. —.

The resulting expression, not repeated here for the sake of brevity, provides the displacement-based varia-
tional statement embedding the kinematic S-GUF description. An approximate solution is sought by referring
to the Ritz method, as discussed in the following section.

It is worth clarifying the concept of theory-related DOF's, which is used hereinafter as a metric for assessing
the cost associated with the kinematic models. Specifically, they reflect the number of generalized displace-
ment components approximating the displacement field, and are evaluated by: (i) counting the number of
layers where a different kinematic theory is used; this number is obtained as the sum of the sublaminates
described in an ESL manner plus the number of plies modeled with a LW approach; (ii) counting the number
of kinematic variables, that is 3 + N,, + N, + N,,_, for each of those layers; (iii) subtracting the number
of continuity conditions, equals 3 times the number of layer interfaces. Based on these considerations, the

expression is obtained as:

DOFs =3+ Y Ni + ) NN (28)
k:ESL k:LW

2.3 The in-plane approximation

The Ritz approximation consists in expressing each kinematic variable as a linear combination of appropriate

spatial functions, namely:

PR ey t) = Nuoj (@, 9)uly (1)

u.’L‘ﬁu,z -'L'ﬁurl-j
WP (@,y,t) = Ny i(z,y)ulr (1) =1,2,...,M (29)
Z/Buy 'Y, Uy ] Y Z/BuyJ J=L14...

K k
ugﬂuz (z,y,1) = Ny, ; (z, Z/)“Z,euzj (t)

where Ny 1, Ny 2, .., Ny, is a complete set of global, admissible and linearly independent trial functions.
For simplicity, the same number M of Ritz functions is adopted for all the displacement components. It is
remarked that the trial functions have no ply or sublaminate dependence.

The trial set is taken as the product between boundary functions, introduced to fulfill the essential boundary
conditions, and a combination of orthogonal polynomials. Specifically, Legendre polynomials are considered
due to their excellent convergence and stability properties. Furthermore, they guarantee the highest sparsity
of the resulting matrices [43] which is beneficial in terms of cost of the solution process.

The virtual variations of the displacement components are also approximated in a similar fashion, according

to Egs. and .



2.4 The thickness and Ritz integrals

After inserting the Ritz approximation into the variational statement, the through-the-thickness and in-plane
integrals can be computed independently from each other. A compact notation is introduced for the z- and

Q-integrals, which are written as:

top

Oty By _ [ R & =
2oy, @usan = /Zbot B ot (1 i RP) @ =0t .
and: dt +
0 eZ\fu i 0 gNu‘ 1
defg _ r 2] dQ (d7eaf7g = 07 1) (31)
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The expressions of Egs. and are of general validity and represent any possible combination of

thickness and Ritz functions, making it possible to express the PVD compactly as:
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The full expression of the discretized PVD is provided in the

2.5 Expansion and assembly

The indicial form of the discretized PVD of Eq. is expanded over the theory-related indexes in order to
assemble the contributions at ply-sublaminate levels. By exploiting the properties of the thickness functions
— see Eqgs. and —, the compatibility between adjacent sublaminates can be enforced in a strong
form manner. The assembly process can be graphically illustrated by organizing the thickness functions in
two-dimensional arrays, as illustrated in Figure [2| where, for clarity, an example is presented regarding a
three-sublaminate model based on theory LD3/ ED3/ ED;. As seen form the figure, the contributions of the
three sublaminates are characterized by arrays with different dimensions, consistently with the corresponding
kinematic theories. The compatibility requirements involve just the kinematic variables at the top and
the bottom of each sublaminate. Therefore, they are easily enforced by assembling the contributions, as

sketched in Figure[2] Note, the procedure is independent on the kind of theories employed, and the assembly



is conducted in the very same way for ED/ED, LD/LD and ED/LD interfaces. Further details of the
procedure can be found in [38], where the S-GUF-Ritz method was developed for flat plates. Following
similar steps, the PVD takes the form:

suMii + u'Ku = ju'L Véu (35)

where u collects the unknown amplitudes of the kinematic variables, K is the stiffness matrix, M is the mass
matrix and L is the load vector.

Free vibration and bending equations are obtained exploiting the arbitrariness of the virtual displacements du
and either setting the external loads to zero or removing the time-dependence, respectively. The algebraic
solution of such problems provides the amplitudes of the kinematic variables that are post-processed to

recover the physical quantities of interest such as displacements, stresses and strains.

2.6 Stress recovery

The accurate evaluation of the internal stresses is a crucial aspect during the analysis process. In particular,
in-plane components are relevant for checking intra-laminar fibre and matrix failures, whilst transverse com-
ponents are of paramount importance for predicting inter-laminar failure mechanisms such as delamination.
In the framework of a classical displacement-based approach, the stresses are available by application of the
Hooke’s law which, in turn, makes use of the strains available by differentiation of the displacement compo-
nents. In the present implementation distinction is made between in-plane and transverse stress components.
The former are obtained referring to the Hooke’s law, the latter by integration of the equilibrium equations.
As a matter of fact, the process of integrating the equilibrium equations allows to recover accurate informa-
tion regarding the transverse shear stresses, even in the presence of kinematic theories of relatively low order
along z.

The process of integration of the equilibrium equations is carried out by referring to the elementary vol-
ume in cylindrical coordinates depicted in Figure |3} The coordinate system to describe the element is the

axial-tangential-radial (x, ¢, p). In this reference system, the equilibrium equations read:

0oy 10734  OTap | Tap

Jdx  p 0¢ Jdp P

074 100y 07y, Tép

—2e L oy olde 36
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OTpe | 107ps  00p  0p 06 _,

or p 9  Op p p
The previous equation is reduced to an easier-to-integrate version by observing that:

ofp) . flp) _ 1 0
dp o p p" dp

(" f(p)) (37)
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In addition, the following change of variables is performed:
p=z+R = dp=dz

b = % -~  dé= %dy (38)

Using Eq. and , it is possible to rewrite Eq. as:
(1+;> %‘? +6;Zy +% <1+;>T4 —0

(1+;>26;;y+(1+;>a;y+§z <1+;>2Tyz] —0 (39)
(1 + z) aT;Z e % (1 + ;) o

R
The equilibrium conditions given by Eq. are integrated along-the-thickness starting from the inner side,

=0

Ty
R

where the internal stresses are set equals to the applied load, namely:

(1o)==, &) a2+ 5
(1+;)27yz(z):—/_zh/2 (1+;>28%2(8)+(1+;)808y;8) ds (40)
(1 + ;) 0:(2) = f2°° ~ /_1/2 <1 + ;) 872;(8) + 67732;8) - Uyés) ds

where s is a dummy integration variable. Note that, according to the sublaminate description of the shell,
the integrals in Eq. are performed ply-by-ply. For instance, the evaluation of the stress components
within the P-th ply of the K-th sublaminate involves the computation of integrals in the form of:

2 K-1 Ny zp
[ soas— }j}j/ ez + § j/ PR )z + [ e
7h/2 =1 p= 1 bot bot Zl;ot

Note that the evaluation of o, (see the last of Eq. ) requires the computation of the first derivatives of

Tz and 7, with respect to the z and y coordinates, respectively, which are obtained as:

OTp2(2) z 020,(s) BQTmy(s)
(1+R) or /—h/2 (1+R) O " Oy

(a5 L [l % o) %)

The integrals of Egs. and are computed numerically with a 4" order Newton-Cotes rule, which

ds

(42)

provides a good trade-off between computational cost and accuracy.
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3 Results

In this section, the results obtained using the S-GUF-Ritz approach are presented. Specifically, the section is
organized in two parts. In the first part, two test cases from the literature, i.e. a conventional sandwich panel
with laminate skins and a double-core sandwich panel, are analyzed for validation purposes. The second
example, due to its unconventional configuration, is believed of particular interest to highlight the flexibility
of employ of the present formulation, which is not restricted to classical skin/core/skin architectures. In the
second part of the section, novel results are provided for innovative helicopter trim panels investigated by
the authors within the Helicopter Garteur Action Group AG-20 [7]. The three-core configuration of these
panels provides an interesting, real-life example, where classical sandwich theories may fail at capturing the
complex mechanical response of the structure. In this sense, the corresponding results can be taken as a

useful benchmark for future investigations in the field of sandwich panels.

3.1 Comparison with reference results
Example 1: Free-vibrations of single-core sandwich shell

The first test-case deals with the free vibration response of a sandwich shell composed by two skins and
one core. The configuration is taken from Ref. [44], where exact 3D elasticity solutions are derived and
considered here for comparison purposes.

The geometry of the shell is characterized by R = 10 m, and a = 20 m, and b/R = 7/3. According to
this latter parameter, the shell can be classified as deep. The radius-to-thickness ratio R/h is varied to
consider both thin and thick configurations. In particular, it can take the values 5, 10, 100 and 1000, while
the non-dimensional thickness of the core h./h is equal to 0.7. The composite skins are layered with the
cross-ply stacking sequence [90/0], where the outer plies are those oriented at 90 degrees. They are made of
graphite/epoxy material, while the core is a soft PVC foam. The mechanical properties of the two materials
are reported in Table [I} and are denoted as Skin-1 and Core-1. Simply-supported boundary conditions are
considered at the four edges.

The analyses are conducted by dividing the stack into three sublaminates, as suggested by the skin/core/skin
configuration of the panel. With this regard, this sublaminate model follows the classical strategy employed
by sandwich theories available in the literature, such as high-order sandwich panel theory (HSAPT) [36] or
extended sandwich plate theory (EHSAPT) [45], which make use of a combination of kinematic theories for
modeling the two faces and the core. However, the present formulation is not restricted to a specific set of pre-
defined kinematic models, as they can be defined arbitrarily, depending on the problem at hand. In this case,
amodel EDy/ ED4/ EDy was found as adequate for providing accurate predictions and properly capturing the
relatively complex through-the-thickness behaviour. The total number of theory-related degrees of freedom

is equal to 27. A number of 25 x 25 trial functions is taken for approximating the in-plane behaviour.
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The results are summarized Table [2] where the non-dimensional circular frequencies &, ,, are presented for
different radius-to-thickness ratios. The subscript letters m and n denote the number of half-waves along
the axial and tangential directions, respectively. The roman numerals (I to III) are introduced in the table
to distinguish between eigenmodes sharing equal planar shape, but different thickness-wise behaviour.

The comparison reveals close agreement between 3D and S-GUF predictions, with percent differences below
0.1% for all the cases reported. It is interesting to observe that the quality of results is insensitive to the
radius-to-thickness ratio, and high accuracy is demonstrated even in the case of thick shells with R/h = 5.
It can be noted that modes with equal planar shapes are much more separated in the case of thin shells, i.e.
R/h = 1000, while they tend to get closer when the shell thickness is increased. For instance, modes II and
III are, approximately, 26 and 14 times higher than mode I for the combination of half-waves (1,1) and R/h
equal to 1000. On the contrary, they are only 6 and 8 times higher when the ratio R/h is reduced to 5. This
result further highlights the importance of adopting sufficiently rich kinematic models for thick shells, even
when the frequency range of interest is not necessarily extended to high frequencies.

In addition, one can note the influence of the radius-to-thickness ratio on the relative order of the modes
I, IT and III. For instance, mode (1,2)-I is observed at a higher frequency than modes (1,1)-I and (2,1)-I
for R/h = 5. The opposite trend is seen for R/h = 1000. Similar conclusions, although characterized by a
different relative pattern, can be drawn for modes II and III.

Interestingly, modes II are detected at about the same non-dimensional frequency @ ~ 18 for the thick shell
with R/h = 5, irrespective of the number of half-waves along each direction.

The through-the-thickness behaviour corresponding to the modes with (2,2) half-waves is illustrated in
Figure for a shell characterized by R/h equal to 10. The modes are scaled to maximum unitary displacement
and the comparison is presented with the results derived by Brischetto [44]. The first of the three modes
shows a displacement field characterized by piece-wise linear displacement components u, and wu,, while
u, is constant. In this case a low order sublaminate theory, e.g ED1 19/ ED1,1,0/ EDj 1,0, would suffice
for grasping the kinematic field with a good degree of accuracy. On the contrary, the modes II and III
exhibit more complex patterns, which force the adoption of more refined thickness-wise descriptions. For this
reason, the availability of a model capable of combining any arbitrary kinematic theory can be advantageous:
depending on the needs, the analyst can keep at minimum the number of theory-related degrees of freedom,

enriching the kinematic description only when this is strictly needed.

Example 2: Bending of double-core sandwich shell

The second test-case deals with the bending analysis of a sandwich shell with two cores and three skins, for
which exact 3D results are reported by Yasin and Kapuria [46]. This configuration is of particular interest
due to its unconventional arrangement, which makes classical sandwich theories, specifically developed for

the single core case, not adequate. On the contrary, the proposed S-GUF approach is versatile enough to
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allow the description of any arbitrary through-the-thickness configuration and, therefore, can be successfully
applied.

Specifically, the shell is shallow and characterized by a width-to-radius ratio b/R equal to 0.5. Thick and
moderately thick configurations are analyzed by considering thickness ratios b/h of 5 and 10, respectively,
while the aspect ratio a/b is set equal to 1 and 2. Each core has a relative thickness h./h of 0.4325, while the
three skins are characterized by equal thickness, corresponding to the non-dimensional value hg/h of 0.045.
Material properties of skins and cores are summarized in Table [1} and are indicated as Skin-2 and Core-2.
The stacking sequence of the panel is (90/0/90/core/90/0/90/core/90/0/90). The shell is simply-supported
at the four edges and is subjected to a bi-sinusoidally distributed pressure load of intensity fy acting at the
outer surface.

The results are reported in Table [3]in terms of non-dimensional displacement and stress components, evalu-
ated at different spots inside the structure. The caret is introduced to denote the non-dimensional parameters,

which are defined as:
Eface 1 10 1

4, = 100

N T A U N 0T R
The ease in realizing different kinematic models is exploited to highlight the effect of considering different
theories along with their accuracy in comparison to the exact results. In particular, two layer-wise and one
equivalent single layer descriptions are considered.

From Table 3| one can observe that the fourth-order layer-wise theory LDy 4 3 guarantees quasi-3D predic-
tions, as agreement is observed with the exact solution, in all but one case, up to the first four digits, the
highest error being equal to 0.4%. Clearly, the disadvantage of this approach relies in the large number
of theory-related degrees of freedom, which is equal to 124. A reduction of the theory’s order to LDy 1,0 —
which is, as a matter of fact, a layer-wise FSDT description — leads to 25 theory-related degrees of freedom,
but errors as high as 6.8%. Alternatively, the adoption of a high order equivalent single layer model ED7 76
provides further reduction to 23 degrees of freedom, but maximum errors close to 9%. In this case, the
inaccuracy is exacerbated by the inability of the homogenized model to capture the slope discontinuities
experienced by the displacement field at the core-face interfaces.

An excellent trade-off between accuracy and number of degrees of freedom can be achieved by taking advan-
tage of the sublaminate capabilities of the S-GUF approach. The structure is divided into five sub-regions,
as suggested by the sandwich configuration, where each core and skin correspond to one single sublaminate.
Specifically, the model S-GUF of Table [3| considers the combination of kinematic theories EDg 31/ ED3 32/
ED3521/ ED3 32/ EDg 21, where higher-order descriptions are introduced to capture the higher degree of
non-linearity exhibited by the displacement field in correspondence of each weak core. It is worth noting
that the sublaminate formulation allows for a piecewise polynomial description of the displacement field,
therefore any zig-zag effect is inherently captured by the proposed description. The total number of degrees

of freedom is equal to 34, approximately one third of those associated with the LDy 4 3 approach, but still

14



guarantees a similar level of accuracy.

The quality of the S-GUF predictions can be further investigated by assessing the through-the-thickness be-
haviour of displacement and stress components at selected locations of the shell, as illustrated in Figures
for the thick shell with unitary aspect ratio. For clarity, gray regions are depicted in the plots in correspon-
dence of the skin layers, and a red dot is reported in the panel’s sketch to indicate the evaluation point. The
results obtained with S-GUF models are checked against those computed with LDy 4 3, this latter taken as
a reference due to its quasi-3D capabilities. Furthermore, FSDT and ED7 ;¢ predictions are reported for
providing additional comparison.

The advantages offered by the sublaminate formulation are clearly established by inspection of Figure
where the axial and circumferential displacements are reported. The almost identical description offered by
the LDy 4,3 and S-GUF approach can be observed. On the contrary, the discontinuities of the first derivative
of the displacement are not captured by the high order theory ED7 76, which is then responsible for large
inaccuracies. Some meaningful stress components predictions are depicted in Figures [6] and [7} It is interest-
ing to remark the differences in terms of transverse shear stress distributions, where the ESL theories FSDT
and ED7 76 are clearly deviated from the quasi-3D results of LDy 4 3 despite the stress recovery process
performed via integration of the equilibrium equations. On the contrary, the predictions available using the

S-GUF model are almost indistinguishable from the layer-wise ones.

3.2 Analysis of triple-core helicopter trim panels

This section is devoted to the analysis of innovative sandwich configurations characterized by a non-conven-
tional architecture with three cores. These panels were the subject of a research activity carried out as part
of the Helicopter Garteur Action Group AG-20, aimed at improving the acoustic comfort inside helicopter
cabins [7]. The motivations for presenting these results are twofold: firstly, illustrating real-life applications
that could benefit from the availability of an analysis tool capable of handling any kind of skin/core lay-out,
providing complete freedom in defining the structural model in terms of sublaminate description as well as
order of the kinematic theories; secondly, providing results for benchmarking purposes, given the inherent
complexity of the triple-core configuration.

A sketch of the panel is reported in Figure[§] where the arrangement of the stack is shown. The configuration
is symmetric, and is characterized by the presence of a central foam core bonded to two outer Nomex cores
and two external skins made of a four-ply glass fabric laminate. The mechanical properties are available in
Table [4] along with the thicknesses of the 13 layers composing the stack.

The panel is square with planar dimensions of 840 mm and total thickness equal to 21.68 mm, corresponding
to a non-dimensional ratio b/h of approximately 39. Therefore, the panel is just moderately thick, but
the drastic through-the-thickness heterogeneity renders the analysis particularly challenging. The boundary

conditions are approximated as fully clamped to simulate the experimental fixture.
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Firstly, the results are presented by considering the typical flat geometry of helicopter trim panels, as the ones
analyzed and tested within the Garteur project. Then, the analysis is extended to the case of cylindrically

curved panels, which can be representative of those employed in the context of aircraft fuselage structures.

Flat configuration

The natural dimensional frequencies are plotted versus the mode number in Figure [9] where the comparison
is illustrated between S-GUF predictions and results of modal tests conducted at ONERA. A detailed
description of the experimental activity can be found in Ref. [411 [47].

The numerical models are based on the sublaminate scheme ED; 19/ LDy 1,0/ ED3 32/ LD11,0/ ED11y
theory. It is worth noting that this choice is not unique and does not necessarily represent the most effective
one in terms of accuracy-to-degrees of freedom ratio. However, it is a satisfactory combination that guarantees
accurate results, as revealed by preliminary studies, with a relatively low computational effort.

The definition of the model is lead by engineering considerations, illustrated here below to provide further

insight into the handling of the modeling flexibility offered by the S-GUF approach. Specifically:

e the outer glass fiber layers are thin and stiff, therefore the first-order kinematic model ED; 1, i.e.

FSDT, is a natural choice to guarantee an adequate description;

e the Nomex core and the glue layer are merged into one single sublaminate, where LD ; ¢ is employed.
In this case, a layer-wise approach is preferred due to noticeable differences between the mechanical
properties of the two materials. Note that inextensibility is assumed along the thickness direction as
this effect is not particularly relevant for both layers. Indeed, the glue layer is very thin, while the

Nomex is characterized by relatively high stiffness in the thickness direction;

e the foam core is soft and demands for a high-order description. A third-order theory ED3 3 o is thus a
natural choice. Note that the second-order description along the thickness direction offers the chance
to grasp thickness-wise extension/contraction effects, which can be relevant due to the weak core

properties.

Experimental values were determined up to 300 Hz, while numerical analyses are run to assess the panel
response up to 1 kHz. The zoom in Figure [ highlights the comparison between experimental and numerical
values. A good agreement is observed. Some deviations can be noticed as the frequency increases due to
several sources of uncertainty, including non-ideal boundary conditions of the experimental set-up, as well
as unavoidable deviations between nominal and actual elastic properties of the material.

The numerical curves are reported for different number of trial functions, from 18 to 26 along the directions
xz and y. It can be seen that the results are almost superposed in the low frequency range, while they tend to

diverge for relatively high frequency values, due to the increasingly shorter size of the half-waves. However,
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the formulation is so efficient that a large number of trial functions, if needed, can be handled with relative
ease.

An abrupt change of slope is observed in the curve at approximately 620 Hz, which is associated with the
presence of thickness modes. To clarify this aspect, a zoom of the modes 70 to 130 — those in the neighborhood
of the discontinuity — is reported in Figure Before the change of slope, i.e. on the left of the vertical line,
the modal patterns do not exhibit any stretching/contraction along the thickness direction, and the length of
the half-waves becomes increasingly shorter. Some representative cases are reported in the top of the figure,
beyond the predicted frequency values. After crossing the vertical line, the modal density is higher due to
the onset of eigenmodes characterized by thickness-wise stretching/contraction and in-plane response with
long half-waves, examples of which are presented at the bottom of the figure. In this case, the planar shape
resembles that of the first eigenmodes. However, the thickness behaviour is drastically different, as shown

in Figure where the comparison is presented between modes 1 and 2, and modes 93 and 94.

Cylindrically curved configuration

It is interesting to extend the analysis to the case of cylindrically curved shells, while retaining the same
configuration in terms of stacking sequence and materials. In particular, the effect of curvature is assessed by
varying the side-to-radius ratio b/ R, ranging from the limiting case of flat panel (b/R = 0) to that of a very
deep shell (b/R = 2). In addition, different values for the panel width-to-thickness ratio b/h are considered
in the range between 5 and 100, i.e. from very thick to thin configurations.

By analogy with the flat plate case, the same S-GUF model is considered, which is ED1 1 9/ LD1 19/ ED3 32/
LD 1,0/ ED1,1,0- The total number of theory-related DOF's is 23, while a 128-DOF layer-wise LDy 4 3 model
is employed for comparison purposes due to its quasi-3D capabilities. FSDT theory is used to model the
thin glue layer.

The natural frequencies are summarized in Table [5| for several combinations of geometrical parameters,
including the ratio b/h = 38.75 corresponding to the original panel.

Close agreement is observed between the two models with percent differences ranging from 1% for the very
thick panels with b/h = 5, to 0.01% for the thin panel with b/h = 100, irrespective of the b/R ratio. The
small differences between the two models provide further evidence of the excellent accuracy-to-DOF ratio
offered by the S-GUF approach. The full layer-wise model LDy 4 3 is associated with five times the number
of DOFs, with no appreciable advantages in terms of quality of the predictions.

The effect of changing the curvature radius is further assessed in Figure[I2] where the fundamental frequency
is plotted against the width-to-radius ratio for in-plane dimensions equal to 840 mm. The curve reports also

the strain energy ratio U, /Uyot, where Uy is the total strain energy, while Uy, is the in-plane contribution,

h/2
Uy = / / eroodzd (44)
Q

—h/2

calculated as:
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Clearly, the amount of strain energy due to transverse shear and normal deformation is readily available as
U,=1-U,.

As seen from the plot, the dimensional frequency increases as the shell becomes deeper, a behaviour which
is accompanied by an increasing amount of the membrane energy contribution. In other words, the effect
of curving the panel is that of promoting its membrane energy response in spite of the transverse shear
one. As a matter of fact, the amount of membrane strain energy is 45% and 93% when the shell is shallow,
(b/R = 0.01) and very deep (b/R = 5), respectively. A set of discontinuity points can be observed with
respect to the slope of the frequency curve, which correspond to the presence of two coincident eigenvalues.
Across these points, a modal transition is experienced by the shell. As revealed by the shapes in the figure,
the eigenmode undergoes a change of pattern by progressively increasing the number of circumferential half-
waves as the shell becomes deeper. It is worth mentioning that the modal transitions are associated with a
sudden drop of the membrane energy, which is converted into transverse shear and normal one.

Trim panels are primarily designed under acoustic requirements, and they are generally not subjected to
noticeable static loads. However, given the complexity and heterogeneity of their composition, it is interesting
to illustrate their bending response, which can be taken as a challenging benchmark for future comparisons.
The loading condition considered here is a uniformly distributed pressure of magnitude fy = 10 kPa acting at
the outer surface. The in-plane dimensions are 840 mm, while the ratio b/R ranges from 0 to 2; fully clamped
and simply-supported boundary conditions are assumed. A number of relevant results is collected in Table 6]
including the normal microstrains jie., the in-plane stresses 6, and &, and the transverse shear one 7,,. The
caret is introduced to denote non-dimensional values, obtained as 6; = 0;/fo and 7, = 7/ fo. Note, the
accurate evaluation of the transverse shear stress components at the clamped edges requires a relatively large
number of functions due to noticeable spatial gradients of the displacement field close to the boundaries. A
preliminary convergence analysis, not reported here for the sake of conciseness, proved 50 x 50 functions as
adequate for providing accurate results. From Table[6] it is noted that stress and strain magnitudes decrease
with the side-to-radius ratio, due to the stabilizing effect provided by the bending/membrane coupling,
consistently with the behaviour experienced in the free vibration case. A slight increment of traction stresses
in the upper face is nonetheless detected for shallow shells, accompanied by steep decrements of compression
stresses in the lower face. It is also observed that, for deep enough shells, traction stresses are present both
in the inner and outer faces.

Displacement and stress components are also shown for the fully clamped deep shell with /R = 1 in
Figures The panel is depicted along with the loading condition and a red dot shows the evaluation
points.

The results predicted using S-GUF models are presented in comparison with those obtained using FSDT,
ED7 76 and LDy 4 3. As revealed by the results, first-order and high-order ESL theories are unable to properly

capture the mechanical response of the panels, mainly due to the high compliance of the thick central core
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and the corresponding mismatch of mechanical properties among the layers. It is interesting to note that,
even though a sixth-order polynomial is used for the z-component in ED7 76, the radial displacement is
predicted as almost constant through-the thickness.

The results obtained via S-GUF are almost indistinguishable from the ones of LDy 43, with a significant
reduction of the theory-related DOFs, from 128 to 23. These results remark the capability of S-GUF to
guarantee accurate results along with reduced computational cost, provided an adequate choice of the DOF's

is performed.

4 Conclusions

The paper discussed the extension of the S-GUF Ritz formulation to the linear analysis of cylindrically
curved shells. Due to the primary role played by cylindrical structures in many mechanical and aerospace
applications, the extension represents an important step toward the development of a numerical tool for
analyzing more realistic panel configurations.

The approach is developed in the framework of the S-GUF formulation, and approximate solutions are
retrieved by referring to the method of Ritz. Main advantage of the proposed strategy relies in the pos-
sibility of modeling any configuration with the desired level of detail by properly combining the definition
of the sublaminates along with the corresponding kinematic theories. The approach furnishes an easy and
straightforward strategy even for analyzing non-conventional configurations with multiple cores, such as
those employed in some modern aerospace applications, which could be hardly studied referring to classical
sandwich theories.

The quality of the predictions is demonstrated by comparison with reference 3D solutions for single and
double-core sandwich shells, demonstrating that quasi-3D accuracy can be guaranteed with a relatively
small number of degrees of freedom, much less with respect to those required by a purely layer-wise ap-
proach.

The features offered by the S-GUF Ritz formulation are particularly useful during the design phase of com-
plex sandwich shells, such as the triple-core panels discussed in the paper. Indeed, insight can be gathered
into their mechanical behaviour with no need to realize complex and costly three dimensional models. Any
geometric parameter and configuration arrangement can be investigated and modified on the fly. Bend-
ing and free-vibration results are presented, although the approach can be easily extended to any other

mechanical and thermo-elastic solution procedure.
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Table 1: Mechanical properties and densities of materials.

Material ~E; [GPa] Es [GPa] Es3 [GPa] wvi2 V13 vo3  Gi2 [GPa] Giz [GPa] Gas [GPa] p [kg/m?)
Skin-1 132.38 10.756 10.756 024 024 049 5.6537 5.6537 3.603 1600
Core-1 0.18 0.18 0.18 0.37 037 0.37 / / / 50
Skin-2 172.5 6.9 6.9 0.25 0.25 0.25 3.45 3.45 2.76 /
Core-2 0.276 0.276 3.45 0.25 0.02 0.02 0.1104 0.414 0.414 /
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b2 face

Table 2: Non-dimensional circular frequencies Wy, r, = 7 %wm,n for simply-supported sandwich deep
2
shell (b/R = w/3) with laminate skins and different combinations of half-wave numbers (25 x 25 trial func-
tions).
Mode R/h = 1000 R/h =100 R/h=10 R/h=5
(m,n) 3D 4] S-GUF 3D 4] S-GUF 3D [@4] S-GUF 3D [@4] S-GUF
(1,1) I 338.13 338.14 35.247 35.248 5.4162 5.4165 2.9011 2.9014
II 4875.2 4875.8 487.52 487.58 48.665 48.674 18.627 18.628
111 8781.1 8782.0 877.98 878.08 61.782 61.791 24.208 24.217
(1,2) I 143.15 143.16 42.140 42.144 9.9226 9.9236 5.6055 5.6087
II 6334.6 6335.0 633.45 633.50 63.059 63.066 18.218 18.219
IIT 16759 16761 1675.2 1675.4 74.258 74.266 30.815 30.823
(2,1) I 723.96 723.96 73.860 73.860 9.1701 9.1704 4.7742 4.7747
II 8488.9 8491.0 848.83 849.04 73.279 73.285 18.752 18.752
IIT 9419.3 9419.3 941.81 941.81 84.391 84.433 40.481 40.526
(2,2) I 354.29 354.30 54.967 54.968 11.148 11.149 6.2612 6.2645
11 9736.1 9737.3 973.56 973.68 76.774 76.775 18.147 18.163
111 16924 16925 1691.7 1691.9 96.967 97.002 46.652 46.695
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Table 3: Displacement and stress components of simply-supported double-core shallow sandwich shell (b/R =
.5) subjected to bi-sinusoidal pressure load. Comparison between various kinematic models (15 x 15 trial

functions).

a/b  b/h Exact 6] LDsss ED77g LDiio S-GUF
1 5 i (a/2,b/2,0) 5.2824 5.2824 4.8408 5.3181 5.2812
62(a/2,b/2,-h/2) 20731  -2.0731  -2.0745 -2.0787 -2.0757

106 (a/2,b/2,h/2) 15395  1.5395  1.4542  1.4497  1.5458

T2y (0,0,h/2) 1.6409 1.6409 1.5769 1.6535 1.6406
7yz(a/2,0,0) 0.2001 0.2001 0.2003 0.1997 0.2002

10 i (a/2,b/2,0) 2.5850 2.5850 2.4768 2.5889 2.5847
62(a/2,b/2,-0/2) 19675 -1.9675 -1.9801 -1.9672 -1.9688

106 (a/2,b/2,h/2) 1.2612  1.2612  1.2116  1.2392  1.2643
#2y(0,0,-h/2) 1.4885  1.4885  1.4597  1.4904  1.4884
#42(a/2,0,0) 02021 02021  0.2034 02021  0.2022

2 5 i (a/2,b/2,0) 9.0416 9.0784 8.2804 9.1187 9.0767
&2(a/2,b/2,-0/2) 37980  -3.7989  -3.7693  -3.8090 -3.8031

106 (a/2,b/2,h/2) 1.3594  1.3594  1.2462  1.2670  1.3664

T2y (0,0,-h/2) 1.6680 1.6680 1.5778 1.6729 1.6678
7yz(a/2,0,0) 0.3348 0.3348 0.3327 0.3348 0.3350

10 a.(a/2,b/2,0) 4.3974 43974 41943 4.4004  4.3970
62(a/2,b/2,0/2) 35216 -3.5216 -3.5172  -3.5225 -3.5240

106, (a/2,b/2,h/2) 0.9654  0.9654  0.9099  0.9415  0.9718

Try (0,0,-h/2) 1.2841 1.2841 1.2461 1.2846 1.2841
7yz(a/2,0,0) 0.3294 0.3294 0.3293 0.3294 0.3295
Theory-related DOFs: 124 23 25 34

Maximum relative error: 0.4% 8.8% 6.8% 0.7%
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Table 4: Mechanical properties and stacking sequence of triple-core trim panel.

Material Layer no. h [mm] FE;=E» E; v G2 Ga3 Gi3 p
Glass fabric 1-4; 10-13 0.275 21 GPa 21 GPa 0.13 3 GPa 3 GPa 3 GPa 1600 kg/m?
Nomex 5; 9 3.000 1 MPa 330 MPa 0 1 MPa 85 MPa 38 MPa 96 kg/m3
Glue 6; 8 0.240 1.95 GPa 1.95 GPa 0.4 0.7GPa 0.7GPa 0.7 GPa 1050 kg/m?>
Melanine foam 7 13.00 0.5 MPa  0.23 MPa 0 95 kPa 95 kPa 95 kPa  11.7 kg/m?
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Table 5: Fundamental frequencies (Hz) of fully clamped triple-core shell. Comparison between S-GUF and

layer-wise models (20 x 20 trial functions).

b/h 5 10 20 38.75 100
b/R S-GUF LDayag3 S-GUF  LD4a43 S-GUF LD44s3 S-GUF LD44s3 S-GUF LD44s3
0  910.64 919.81 248.27  249.09 70.807  70.875 24.979  24.987 74872  7.4882
0.01 91149  920.65 249.05  249.86 71.491  71.558 25.501  25.509 7.7580  7.7590
0.1 99122  999.56 316.16  316.79 119.90  119.94 47413 47.428 13.886  13.887
0.5 18454  1864.3 586.46  588.22 206.91  207.04 80.731  80.761 24.179  24.180
1 20330 20472 77770 779.20 274.13  274.43 108.17  108.20 31.987  31.990
2 25385  2562.3 989.61  992.50 378.72  379.01 146.76  146.81 42974 42.979
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Table 6: Strain and nondimensional stress components for clamped and simply-supported triple-core shells
with a = b = 840 mm subjected to uniformly distributed pressure load. S-GUF model EDi 10/ LD11,o0/
EDs3 39/ LD11,0/ ED:1 1 and 50 x 50 trial functions.

CCCC SSSS

b/R 0 0.01 0.1 0.5 1 2 0 0.01 0.1 0.5 1 2
,usi’g 21.71 21.44 21.06 17.92 11.77 4.982 21.74 20.73 17.07 20.97 21.09 15.73
&P 3858. 3878.  763.9 126.7 69.21 40.96 5421. 5993. 5333. 616.7 -185.3 -2424
Ghot -3858.  -3450. 71.33 79.45 26.67 4.163 -5421.  -4717.  652.2 691.5 -13.72 -291.3
&;Op 3866. 5648.  4070. 887.4 546.6 337.6 5424. 5910. 4555. 242.8 -23.93 188.9
&Em -3866. -1753.  2781. 617.1 211.3 44.76 -5424. -4794. 561.8  1580. 896.0 186.8
10072* 192.8 190.9  99.63 46.04 33.87 24.20 2004. 1992. 1189. 2934 204.5 153.7
1007?%‘22 156.9 154.8 63.80 12.49 4.148 .9671 1739. 1718. 886.7 48.65 .8566 4.729
100’?5’24 429.4 415.6  104.9 41.29 26.02 11.52 2030. 2020. 1401. 8414 733.5 620.9
100’?;;2 349.8 333.7 2185 -25.83 -18.12 -7.780 1740. 1722.  1078. 559.5 470.1 373.3
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Figure 1: Sketch of multilayered cylindrical shell.
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NEW FIGURE

26
Zuzuy22

Figure 2: Schematic representation of the assembly of thickness integrals. The kinematic model is
LDs/EDs/ED;.
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Figure 3: Elementary volume in cylindrical coordinates.
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Figure 5: Non-dimensional displacements versus non-dimensional thickness coordinate for square double-

core shell: @ 1(0,b/2,C), @ Uy(a/2,0,().
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Figure 6: Non-dimensional in-plane stress components versus non-dimensional thickness coordinate for

square double-core shell: @ Gy(a/2,b/2,¢), @ 724(0,0, ).
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Figure 7: Non-dimensional transverse shear stress components versus non-dimensional thickness coordinate

for square double-core shell: @ 722(0,0/2,C), Ty2(a/2,0,¢).
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(a) Mode 1 @ 24.98 Hz (b) Mode 2 @ 44.29 Hz (¢) Mode 93 @ 621.0 Hz (d) Mode 94 @ 621.7 Hz

Figure 11: Modal shapes characterized by equal planar patterns, but different through-the-thickness be-

haviour.
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5 Appendix

Ritz approximation of the Principle of Virtual Displacements
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