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Abstract—This paper investigates the statistical effects of 
additive noise on the magnitude of the space-vector spectral lines 
estimated through a discrete Fourier transform (DFT). In fact, the 
space vector is a well-known and effective tool for monitoring 
power quality issues in modern power systems. In many practical 
cases waveform distortion requires a DFT in order to extract the 
fundamental component and the harmonic/interharmonic 
content. In particular, the space vector shape (on the complex 
plane) of the fundamental component provides information such 
as voltage dips, whereas space-vector spectral lines provide 
information related to waveform distortion. Additive noise mainly 
impacts on low-magnitude spectral lines which require a statistical 
characterization. Conventional results available in the literature 
cannot be used in a straightforward way because a space vector is 
a complex-valued function, therefore special care is needed for 
proper interpretation and use of its properties in the frequency 
domain. In the paper, the probability density function, the mean 
value and the variance of the magnitude of space-vector DFT 
spectral lines are derived in closed form. Analytical results are 
validated by means of numerical simulations.  
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I. INTRODUCTION 

Three-phase electrical power systems nowadays are 
characterized by a widespread use of nonlinear and time-varying 
components [1]-[4]. As a consequence, power quality issues are 
gaining more and more importance for a proper system 
characterization. In recent years it was shown that the space 
vector tool [5] can be effectively exploited to detect and 
characterize some specific power quality issues (e.g., voltage 
dips [6]). To this aim, the parameters of the space vector shape 
on the complex plane (i.e., the axes and the inclination angle of 
the elliptical space-vector trajectory) require a careful 
evaluation. However, in many practical cases the waveform 
distortion and the additive noise prevent the possibility of such 
accurate evaluations. Much more accurate evaluations can be 
obtained by transforming the space vector into the frequency 
domain through the discrete Fourier transform (DFT) [6]-[8]. In 
fact, the use of DFT provides two main advantages. First, the 
fundamental component of the space vector can be accurately 
estimated. This leads to accurate estimation of the parameters of 
the space vector shape on the complex plane, and the 
corresponding detection and classification of voltage dips. 
Second, the spectral content of the space vector can be estimated 

by the DFT spectral lines. Thus, the effects of waveform 
distortion can be accurately measured. Measurements are 
always affected by additive noise. However, additive noise has 
larger impact on spectral lines with lower magnitude. Therefore, 
it is expected a negligible impact on the space-vector 
fundamental component, and larger impact on space-vector 
harmonics/interharmonics. Noise propagation through DFT is a 
well-known subject in the technical literature (e.g., [9]-[11]). 
However, since a space vector is a complex-valued function, 
special care must be used in the interpretation of spectrum 
components and the application of DFT. To the Author’s 
knowledge, in the existing literature there is a lack of analysis 
regarding such points. In Section II the basic properties of space-
vector Fourier series expansion and DFT are recalled. In Section 
III the statistical effects of additive input noise on the DFT 
estimation of low-amplitude space-vector components (e.g., 
corresponding to higher harmonic order) are presented. In 
particular, the probability density function, the mean value, and 
the variance of spectral lines magnitude are derived in closed 
form. Numerical validation is presented in Section IV where a 
specific example of a distorted and noisy space vector is 
simulated. Concluding remarks are drawn in Section V.  

II. FOURIER SERIES AND DFT OF SPACE VECTORS 

Space vector is a powerful mathematical tool for the analysis 
of three-phase circuits under arbitrary time-domain conditions. 
Existing literature has already addressed transient and sinusoidal 
steady-state analyses in terms of space vectors. Much less 
attention, however, was devoted to the analysis under distorted 
conditions. In this Section it will be shown that the Fourier series 
expansion holds for space vectors, and its relationship with the 
symmetrical components transformation (SCT) will be put into 
evidence. Moreover, the use of the DFT will be shown in order 
to estimate the Fourier components of a space vector. 

Let us consider three time-domain periodic variables ݔ௔(ݐ), ,(ݐ)௕ݔ (ݐ)௖ݔ  with common fundamental period T. We 
assume that each variable can be expanded in a Fourier series. 
Thus, by adopting the complex form, we can write: 

(ݐ)௨ݔ  = ∑ ܺ௨,௞݁݌ݔ(݆݇߱଴ݐ)ାஶ௞ୀିஶ ݑ      , = ܽ, ܾ, ܿ (1) 

where ߱଴ = ߨ2 ܶ⁄ , and the complex Fourier coefficients are 
given by: 

 ܺ௨.௞ = ଵ் ׬ ଴்ݐ݀(ݐ଴݆߱݇−)݌ݔ݁(ݐ)௨ݔ  (2) 



In order to introduce the space vector ̅(ݐ)ݔ related to the 
phase variables ݔ௔(ݐ), ,(ݐ)௕ݔ  the Clarke transformation ,(ݐ)௖ݔ
must be applied first [5]-[8], [12]-13]: 
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where T0 is an orthogonal matrix. The space vector is defined as ̅(ݐ)ݔ = (ݐ)ఈݔ + (ݐ)ఉݔ݆ = ටଶଷ (ݐ)௔ݔ) + (ݐ)௕ݔߙ +  (4) ((ݐ)௖ݔଶߙ

where ߙ = ݆)݌ݔ݁ ߨ2 3⁄ ). 
Notice that since ݔ௔(ݐ), ,(ݐ)௕ݔ  ,are periodic functions (ݐ)௖ݔ

from (3) we obtain that also ݔఈ(ݐ)  and ݔఉ(ݐ)  are periodic 
functions whose Fourier series expansion can be written: 

(ݐ)௩ݔ  = ∑ ܺ௩,௞݁݌ݔ(݆݇߱଴ݐ)ାஶ௞ୀିஶ ݒ    , = ,ߙ  (5) ߚ

where the Fourier coefficients are evaluated through the 
expression corresponding to (2). 

By taking into account (4), it follows that also the space 
vector can be expanded in Fourier series: 

(ݐ)ݔ̅  = ∑ ܺ௞݁݌ݔ(݆݇߱଴ݐ)ାஶ௞ୀିஶ  (6) 

where 

 ܺ௞ = ଵ் ׬ ଴்ݐ݀(ݐ଴݆߱݇−)݌ݔ݁(ݐ)ݔ̅ = (7) 

 = ܺఈ,௞ + ݆ ఉܺ,௞ 

The result in (7) allows to highlight the main property of the 
space-vector Fourier series, i.e., ܺି௞ ≠ ܺ௞∗ . In fact, since the 
space vector is a complex-valued function, unlike the real-
valued functions in (1) and (5), the Fourier coefficients for 
negative frequencies are different from the complex conjugate 
of the Fourier coefficients for positive frequencies [12]. The 
main consequence is that when the DFT algorithm is applied to 
evaluate the frequency content of a space vector, the two-sided 
spectrum must be considered (i.e., positive and negative 
frequencies) instead of the one-sided spectrum as for real-valued 
waveforms [7]-[11]: 

 ܺ௞ = ଵேೞே௉ௌீ ∑ ݊)ݔ̅ ௦ܶ)ݓ(݊ ௦ܶ)݁݌ݔ ቀ−݆ ଶగ௞௡ேೞ ቁேೞିଵ௡ୀ଴  (8) 

where NPSG is the Normalized Peak Signal Gain related to the 
window function w(t) selected to reduce the frequency-domain 
spectral leakage phenomenon. For example, NPSG = 1 for the 
rectangular window, and NPSG = 0.50 for the widely used Hann 
window. Moreover, in (8) ௦ܰ is the number of samples and ௦ܶ is 
the sampling period. 

It is interesting to establish the relationship between the 
space-vector Fourier coefficients and the positive/negative 
components resulting from the SCT [8], [12], [14]-[15]. To this 
aim, since the SCT refers to phasor quantities, we consider a 
specific frequency component ߱ = ݇߱଴. According to the SCT, 

the phasors (rms) of the phase variables can be expressed as 
functions of the positive, negative, and zero-sequence 
components as [4]: 

 ൥ܺ௔ܺ௕ܺ௖൩ = ଵ√ଷ ൥ 1 1 ଶߙ1 ߙ ߙ1 ଶߙ 1൩ ቎ܺ௣ܺ௡ܺ଴቏ (9) 

The time-domain waveforms can be expressed in terms of 
the related phasors as: 

቎ݔ௔(ݐ)ݔ௕(ݐ)ݔ௖(ݐ)቏ = ଵ√ଶ൮൥ܺ௔ܺ௕ܺ௖൩ (ݐ݆߱)݌ݔ݁ + ቎ܺ௔∗ܺ௕∗ܺ௖∗቏  ൲ (10)(ݐ݆߱−)݌ݔ݁

By substituting (9)-(10) into (4) we obtain: 

(ݐ)ݔ̅  = ܺ௣݁(ݐ݆߱)݌ݔ + ܺ௡∗݁(11) (ݐ݆߱−)݌ݔ 

The simple result in (11) is of paramount importance in the 
interpretation of the general expression (6). In fact, from (11) we 
have that a specific frequency component ߱ = ݇߱଴ results in a 
space vector with two components: a positive frequency 
component ݇߱଴ with complex coefficient given by the positive 
sequence phasor ܺ௣ , and a negative frequency component −݇߱଴ with complex coefficient given by the complex conjugate 
of the negative sequence phasor ܺ௡. Thus, in the general Fourier 
series expansion (6), the Fourier coefficients ܺ௞  and ܺି௞  are 
equal to the positive and complex-conjugate negative sequence 
phasors at ߱ = ݇߱଴. 

III. DFT OF NOISY SPACE VECTORS 

When the DFT (8) is applied to a noisy space vector (4) 
resulting from additive zero-mean white noise with standard 
deviation (STD) σn in the phase variables ݔ௔(ݐ), ,(ݐ)௕ݔ  ,(ݐ)௖ݔ
each estimated Fourier coefficient ܺ௞  should be treated as a 
random variable (RV). In [9]-[11], [16]-[18] it was shown that 
the real and imaginary parts of ܺ௞  can be approximated by 
unbiased and uncorrelated Gaussian RVs with equal variances: 

ଶߪ  = ܹܤܰܧ ఙ೙మேೞ (12) 

where ENBW is the equivalent noise bandwidth of the selected 
window function (e.g., ENBW=1 for rectangular window, 
ENBW=1.50 for the Hann window). It follows that the 
magnitude |ܺ௞| of the k-th frequency component of the space 
vector (i.e., the magnitude of the positive sequence phasor for 
positive k and the magnitude of the negative sequence phasor for 
negative k) is a RV with Rice distribution [19]-[20]. The 
probability density function (PDF) is given by: 

(ݕ)݂  = ௬ఙమ ݌ݔ݁ ቀ− ௬మା஺మଶఙమ ቁ ଴ܫ ቀ௬஺ఙమቁ (13) 

where y denotes the RV |ܺ௞|, A denotes the noise-free value of |ܺ௞|, and I0 is the modified Bessel function of the first kind with 
order zero. The mean value and the variance of |ܺ௞| are given 
by [8]: 

௑ߤ  = ටగଶߪ ଵܮ ଶ⁄ ቀ− ஺మଶఙమቁ (14) 



௑ଶߪ  = ଶߪ2 + ଶܣ − గఙమଶ ଵܮ ଶ⁄ଶ ቀ− ஺మଶఙమቁ (15) 

where L is the Laguerre polynomial. 

IV. NUMERICAL VALIDATION 

Let us consider a three-phase system under distorted 
conditions, and three phase variables ݔ௔(ݐ), ,(ݐ)௕ݔ (ݐ)௖ݔ  (i.e., 
phase voltages or currents) whose space vector ̅(ݐ)ݔ, according 
to (6), is characterized by the amplitude spectrum shown in Fig. 
1 (i.e., the set of the magnitudes of the Fourier coefficients ܺ௞ 
as function of the harmonic index k). As mentioned above, the 
amplitude spectrum is not symmetrical with respect to the 
frequency index. In fact, positive index values correspond to 
positive sequence components, whereas negative index values 
correspond to negative sequence components. Notice that it was 
assumed harmonic components different from zero only for ݇ =+1,−2,+4,−5,+7,−8, ... (i.e., the so-called characteristic 
harmonics). Indeed, it can be shown that this is a consequence 
of the common case where the waveforms of the three phase 
variables are overlapping and displaced each other by one third 
of the period T [12].  

In Fig. 1 the fundamental component at ݇ = +1  was 
assumed with magnitude 100, whereas the other components 
have decreasing amplitude with the harmonic index (notice the 
logarithmic scale for the magnitude). When additive noise is 
considered, it is expected that its impact is larger for harmonic 
components with smaller amplitude. For this reason, the 
harmonic component with unit magnitude corresponding to ݇ =−8 was considered to investigate the effects of additive noise. 
Fig. 2 shows the behavior of the PDF of the RV |ܺି଼| obtained 
by considering additive zero-mean Gaussian noise with ߪ௡ = 1 
which was added to each of the three phase variables in the time 
domain. The analytical result (13) (solid lines) is compared with 
numerical results obtained through repeated-run simulations 
(dashed lines). The effect of a different time window is also 
shown in the figure, i.e., using a window with ENBW larger than 
one (the Hann window in this case, blue curves) results in a PDF 
with larger spread with respect to the reference case ENBW=1 
(i.e., the rectangular window, black curves). 

Fig. 3 shows the behavior of the mean value of the RV |ܺି଼| 
as a function of the STD ߪ௡  of the additive input noise. The 
analytical result given in (14) (solid lines) is compared with 
numerical results obtained by repeated-run simulations (dashed 
lines). As it was expected, increasing additive noise level results 
in increasing bias of |ܺି଼|. According to (12), selection of a time 
window with larger ENBW and/or using a smaller number of 
samples ௦ܰ results in larger value of ߪ leading to larger bias.  

Finally, similarly to Fig. 3, Fig. 4 shows the STD of the RV |ܺି଼| as a function of the STD ߪ௡ of the additive input noise. 
The analytical result given in (15) (solid lines) is compared with 
numerical results obtained by repeated-run simulations (dashed 
lines). As it was expected, increasing additive noise level results 
in increasing STD of |ܺି଼|. Also in this case, according (12), 
selection of a time window with larger ENBW and/or using a 
smaller number of samples ௦ܰ  results in larger values of the 
output STD. 

 

 
Figure 1. Amplitude spectrum of the example space vector defined in the text. 

 

 
Figure 2. PDF of the RV |X−8| when additive input noise with unit STD is 
considered. Rectangular and Hann windows are compared. Solid lines refer to 
the analytical result (13), whereas dashed lines refer to repeated-run simulations. 

 

 
Figure 3. Behavior of the mean value of the RV |X−8| as a function of the STD ߪ௡ 
of the additive input noise. Two different windows (rectangular and Hann) and 
two number of samples (256 and 1024) were considered for comparison.  
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Figure 4. Behavior of the standard deviation of the RV |X−8| as a function of the 
standard deviation ߪ௡  of the additive input noise. Two different windows 
(rectangular and Hann) and two number of samples (256 and 1024) were 
considered for comparison. 

V. CONCLUSION 

The space vector tool has proved to be very effective in the 
analysis of distorted and noisy three-phase systems. Indeed, it 
allows the analysis under general working conditions. Under 
distorted conditions the relationship between each space-vector 
harmonic component and the related SCT components was 
shown. Digital techniques for spectrum evaluation, such as the 
DFT, can be readily used for distorted and noisy space vectors. 
It was shown, however, that space vectors require evaluation of 
two-side spectra instead of one sided. Analytical expressions for 
the mean value and standard deviation of measured DFT 
components were obtained under noisy conditions. This point is 
crucial in the estimate of low-amplitude harmonic components. 
Moreover, the statistical effects of the choice of different time 
windows and number of samples have been clearly put into 
evidence.  
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