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Abstract

The notion of semigroups with apartness has been introduced recently as a constructive
counterpart of classical semigroups. On such structures, a constructive analogue of the
isomorphism theorem has been proved, and quasiorder relations and related substruc-
tures have been studied. In this paper, we extend this approach by introducing inverse
semigroups with apartness, a useful tool to describe partial symmetries in sets with
apartness. We prove a constructive analogue of the isomorphism theorem for inverse
semigroups and provide a characterisation of cocongruences on inverse semigroups.

Keywords Set with apartness - Semigroup with apartness - Inverse semigroup with
apartness - Cocongruence

1 Introduction

The concept of semigroups with apartness has been introduced in [7,8] as yet another
application of Bishop’s constructive mathematics [1,2] to algebraic structures [14,20].
In [3], Bridges and Reeves comment that “modern algebra has proved amenable to
a [...] constructive treatment”. The reason for this can be traced back to [15], where
Martin-Lof argues that “if programming is understood not as the writing of instructions
for this or that computing machine but as the design of methods of computation [...],
then it no longer seems possible to distinguish the discipline of programming from
constructive mathematics”. These considerations, alongside Howie’s motivation for
the study of semigroups (and inverse semigroups) [10], motivate the constructive
approach to inverse semigroups which we present in this paper.
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In this work, we introduce the concept of inverse semigroups with apartness, and
outline some related concepts such as that of symmetric inverse semigroups and their
cocongruence pairs. We also provide constructive analogues of some classical theo-
rems for inverse semigroups.

In Sect. 2, we introduce the basic notions of apartness and a set with apartness, as
well as that of a d-partial bijection. In Sect. 3, we introduce the concept of an inverse
semigroup with apartness. Theorem 2 shows that our definition is well-founded: since
inverse semigroups are semigroups of partial one-to-one transformations of a set [18,
21], we prove that the set of d-partial bijections on a set with apartness leads to an
inverse semigroup with apartness. Section 4 is devoted to the study of I-cocongruences
and their characterization in terms of cocongruence pairs. Lastly, Sect. 5 extends some
of the results of [8] by providing an analogue of the Isomorphism Theorem for inverse
semigroups with apartness.

In this paper, we do not include any background on constructive mathematics. The
interested reader can refer to [4-6,20] for a comprehensive introduction. A standard
reference for constructive algebra is [14], while for the classical theory of inverse
semigroups we refer to [11,13,16]. Following [7,8], we adopt the semantics based on
Kripke models with constant domains [12]. Observe that in these models the formula

Vx(AV B(x)) = AV VxB(x),

where x does not appear in A as a free variable, is deducible; we make use of this
property in the proof of Theorem 4.

2 Basic notions

Let X be a set given through an algorithm for constructing its members such that at
least one element can be constructed. Such a set is referred to as an inhabited set. Let =
be any equivalence relation on X, we call it an equality on X. For a given equality, we
will require that all properties P are extensional, in the sense that for all x1, x2 € X,
X1 = xo implies that P(x1) and P (xp) are equivalent. An apartness relation on X is
a binary relation 2 on X satisfying the following properties:

—(x Z x); (irreflexivity)
XZy=yZx; (symmetry)
XZz=>x2ZyVvy2£2). (cotransitivity)
An apartness is tight if
“xZy)=>x=Zy (tightness)
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Inverse semigroups with apartness 573

while we say that = and 2 are relatively decidable if
XEyVvxZEy. (decidability)

Definition 1 Let X be a set, = an equality on X and 2 an apartness relation on X.
Then the tuple (X, =, 2£) is a set with apartness.

Remark 1 By extensionality, in a set with apartness (X, =, %) we have x 2 y and
y = z imply x 2 z. Notice that in [20] apartness is named “pre-apartness”, while the
term “apartness” is used to refer to what is called a tight apartness here. Also observe
that by extensionality, tightness implies —(x 2 y) <& x = y.

Let (S, =g, 2Z5), (T, =7, %71) be two sets with apartness. The cartesian prod-
uct § x T is a set with apartness with respect to the equality and apartness defined
respectively by

~ def ~ ~
(S1,11) = (52, 0) &= 51 =g 2 A1 =1 1,
def
(s1,11) 2 (52, 0) &= 51 Es 52 V 11 Z7 1,

where s1,sp € Sandt,r, € T.

Definition 2 Let (S, =g, Zs), (T, =7, 27) betwo sets withapartnessand f: § — T
a map from S to 7. Extensionality guarantees that f is well-defined, i.e., for all
x,y €8, x =g yimplies f(x) =7 f(y). The map f is:

— onto if for each y € T, there is x € S such that f(x) =7 y,

— one-to-one if forall x, y € S, f(x) =7 f(y) implies x =g y,
bijective if it is onto and one-to-one,

injective if for all x, y € S, x 25 y implies f(x) 27 f(y),

— strongly extensional if forall x, y € S, f(x) 27 f(y) implies x Z5 y,
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In the sequel, we will always deal with sets with apartness and, for brevity, a set
with apartness (X, =, 2) will be denoted simply by X.
By > we denote the relation between elements and subsets of X defined by

oY & vyer 2y,
The complement of Y in X is the subset
~YE rex x> y).
A subset Y of a set X is detachable (or a d-subset) in X if
VxeXkxeYvxpY),
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VxeX(xeYvVvxe~Y).

Let Y and Z be two subsets of a set X, then ¥ = Z means that for each y € Y there
exists z € Z such that y = z and for each z € Z there exists y € Y such that z = y.

Definition 3 A partial apartness bijection on § is an apartness bijection from X to Y,
where X and Y are subsets of S. As usual, the sets X and Y are called respectively the
domain and the image of f and denoted by Dom( f) and Im( f). A d-partial bijection
on S is a partial apartness bijection whose domain and codomain are d-subsets of S.
We denote by I the set of all d-partial bijections on S.

On 7% we define an equality = as usual: f = g if and only if Dom(f) = Dom(g)
and for all x € Dom(f), f(x) = g(x). We define Z by

fZg gﬂx(x € Dom(f) Ax € ~Dom(g))Vv
dx(x € ~Dom(f) A x € Dom(g))V
dx(x € Dom(f) A x € Dom(g) A f(x) 22 g(x)).

Example 1 Observe that in general the apartness on I3 is neither tight nor decid-

able w.r.t. =. Indeed, let S be the set {0, 1,2, 3}, let = be the standard equality

on S, ie. o def {(0,0), (1, 1), (2,2), (3,3)} and let 2 be the apartness defined by

2210, 1), (1,2), (2.3), 3,0), (1,0), (2, 1), 3,2), (0,3)}. Then let i, g: S — §

be respectively the identity map on S and the map defined by g(0) &ef 3,g(1) &ef 2,

g(2) & and g(3) &r0. The maps i and g are d-partial bijections and neitheri = g

nori % g. Then the relation 3 on I is not empty (as, for example, the identity map on
the set {0, 2} and the identity map on S are apart) but 2 is neither tight nor decidable
w.rt. =.

The following result is straightforward:

Theorem 1 Let (S, =, 2) be a set with apartness. Then (IS, =, ) is a set with apart-
ness.

3 Inverse semigroups with apartness

Definition 4 An I-semigroup with apartness is an inhabited set with apartness (S, =,
2) equipped with an associative, strongly extensional binary operation on S, denoted
by “”, and with a strongly extensional unary operation on S denoted by “~!”” such
that Vx € S(x - x~1 - x & x) and (x~!)~! & x. In other words, an I-semigroup with
apartness is a tuple (S, =, 2, ~,_1 ) where

1. (S, =, 2) is an inhabited set with apartness,
2. “’is a binary operation on § such that:
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Inverse semigroups with apartness 575

(@ x-(y-z)=(-y)-zforallx,y z €S,
(b) forallx,y,z€ S,x-y 2z -vimpliesx Z2zory 2 v,

3. “~1”is a unary operation such that:

(@ x"H ' =xforallx €S,

(b) forallx,y € S, x7! % y‘1 implies x 2 y,
4. x-x" V. xZxforallx € S.
As usual, we will write xy instead of x - y.

Remark 2 Since we assumed that all properties we are dealing with are extensional, we
immediately derive that - and ~! are well defined, i.e., x = z Ay = v implies xy = zv
forall x,y,z,v € S, and x = y implies x = y_l for all x, y € S. Moreover, by
extensionality and 3(a), we also derive thatforall x, y € S, x 2 y implies x -1 Zy 1
Then, in the definition of an /-semigroup with apartness, condition 3(b) can be written

as
3b) x P2y e xzzyforallx,yesS.

Moreover, condition 3(a) implies that xIxx = xlforallx € S. Lastly, 3(a) and
extensionality of ~! give that forall x, y € S

ey laexzy, (1)

Definition 5 An inverse semigroup with apartness is an I-semigroup with apartness
(8, =, 2,-,71) such that

-1 ~ 1

5. xx'yy l = yy~lxx~forallx,y € S.

Remark 3 Observe that property 5. implies that (xy)~' = y~Tx~1.
An idempotent of S is an element e € S such that ee = e; we denote the set of the

idempotents of S by E(S).

Proposition 1 Let S be an inverse semigroup with apartess. Then e = ee™ and

ef = feforeache, f € E(S).

Proof The proof is the same of the classical case and can be found in [11, Theorem
51.1, (1) = 2)]. O

Proposition 2 A semigroup with apartness (S, =, %, -) is an inverse semigroup if and

only if the relation t &ef {(x,y) € SXS | x Z2xyxAy = yxy}isastrongly extensional
function from S to S.

Proof Let (S, =, %, -,_1) be an inverse semigroup with apartness. Then for each
x e, (x,x’]) € (. Now we show that y = x~! for each (x,y) € t. From xx~!

xyx = x we get xx'xy = xy and xyxx~! = xx~!, and since xy and xx~! are
idempotents, it follows xy = xx~!. Similarly we get yx = x~!x. Then y = yxy =

~
X =
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1

1 ~

x’lxy >~ x~lyx=! = x=1 Thus, ¢ is the function ~!, and since ~! is strongly
extensional by definition, so is t.

Conversely, assume that S is a semigroup with apartness such that ¢ is a strongly
extensional function from § to S. For (x, y) € ¢, put x~1 2 ((x). Then it is immediate

that (x~1)~! = x. Moreover, let e, f € E(S): it is easy to verify that the element

2 & Fef)~'e belongs to E(S). In addition, (ef)z(ef) = (ef) and z(ef)z = z.

Then, since z> = z, both (z, z) and (z, ef) areint, so z = ef. Whence fz = z = fef
and ze = z Z efe, ie, ef =5 fef = efe. Similarly, we can get fe = efe = fef.
So, ef = feforalle, f € E(S). Moreover, t is strongly extensional by definition,
whence S is an inverse semigroup with apartness. O

Remark 4 The relation ¢ defined above is a strongly extensional function from S to S if
and only if S is equipped with a strongly extensional unary operation f such that for all
x,x" € Xitholds that x f (x)x = x, f(x)xf(x) = f(x),and (xx'x = xAx'xx' = x')
implies x” = f(x).

Theorem 2 Let (S, =, %) be a set with apartness. Then (IS, =, %, o, ! ) is an inverse
semigroup with apartness, where “o” is the usual product of relations and “~'”
denotes the inverse relation.

~

Proof By Theorem 1, (/ S >~ 2) is a set with apartness. So, we start proving that for
each f € IS, the relation f~! is a d-partial bijection from Im(f) to Dom(f), i.e.,
f~leIS. Let f: X — Y be a d-partial bijection, then f~! is defined as

Y00 fo =y c Y x X

Let y € Y, then, as f is onto, there exists x € X such that f(x) = y, and so
(y,x) € f~'. Lety,y €Y be such that y = y’, and suppose (y, x), (', x") € f~\.
Then f(x) = y, f(x') = y’ and, by extensionality, f(x) = f(x'). Since f is one-
to-one, we have x = x’, i.e., (y,x) = (y',x’). Hence, we have proved that f~!
is an extensional function from Y to X and we can write f _l(y) = x instead of
(y,x) e f~ V. Nowletx € X;clearly f(x) € Y and (f(x),x) € f~!,so f~!is onto.

Now, suppose f~'(y) = f~1(y’), and let x,x’ € X be such that x = f~!(y)
and x’ = f~1(y). Then (y,x), (v/,x") € f~!,s0 f(x) = y and f(x') = y'. By
extensionality we have x = x’, then f(x) = f(x’) and y =y, so f~! is one-to-one.
Now, suppose f~!(y) 2 f~'(y’) and, as above, let x, x’ € X besuchthatx = f~!(y)
and x’ = f~1(y’) from which f(x) = y and f(x') = y’. By extensionality, we have
x 2 x’ and, since f is injective, it follows f(x) % f(x’) and then y 2 y/, so f~!
is strongly extensional. Finally, suppose y 2 y’ and, as usual, let x, x’ € X be such
that x = f~1(y), x’ = (), f(x) = y and f(x’) = y'. By extensionality, we
have f(x) 2 f(x), and since f is strongly extensional it follows x % x’ and then
') 2 71", so f~! is injective. Thus we have proved that f~! e I5.

Now, let f: X — Y and g: U — V be two d-partial bijections in I°. The product
f o g is the usual product of relations, hence (x, y) € f o g if and only if there is
z€YNUsuchthat z = f(x) and y = g(z). Then

Dom(fog) & {x € X | f(x) € U}
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Inverse semigroups with apartness 577

and
Im(fog)E{yev| g er)

Having in mind that the intersection of d-subsets is again a d-subset, it is easy to observe
that Dom(f o g) and Im(f o g) are also d-subsets. The fact that f o g belongs to 15
follows from a direct calculation similar to that we have performed for the inverse.
The fact that the composition is associative directly follows by definition, so we only
have to check that composition is strongly extensional.

Let f,g,h,k € IS and assume that f o g 2 h ok. By definition we have that

Ax(x € Dom(f o g) A x > Dom(h A k)) Vv
Elx(x > Dom(f o g) Ax € Dom(h o k)) \%
Elx(x € Dom(f og) Ax € Dom(hok) A(f og)(x)Zs (h ok)(x)).

So, suppose x € Sissuchthatx € Dom(fog)Axr>Dom(hok). Thenx € Dom(f),
f(x) € Dom(g) and for all y € S, if y € Dom(h) and f(y) € Dom(k), then
x 22 y. Since Dom(h) is a d-subset, it follows that x € Dom(k) or x > Dom(h). If
x > Dom(h), since we have supposed x € Dom( f), we obtain f 2 h, so suppose
x € Dom(h). Since also Dom(k) is a d-subset, it follows that f(x) € Dom(k) or
f(x) > Dom(k). If f(x) > Dom(k), since we have supposed f(x) € Dom(g), we
obtain g 2 k, so suppose f(x) € Dom(k). This last case implies x € Dom (% o k) and
x > Dom(h o k), which gives a contradiction. The case in which there exists x € §
such that x > Dom(f o g) A x € Dom(% o k) works analogously, so let us consider
the case in which there exists x € S such that x € Dom(f o g), x € Dom(h o w)
and g(f(x)) 2 k(h(x)). Then x € Dom(f), x € Dom(h) and f(x) € Dom(g).
Since Dom(k) is a d-subset, hence either f(x) > Dom(k) or f(x) € Dom(k). In the
former case we get g 2 k. In the latter, let us consider the element k(f (x)) € S. Then,
by cotransitivity, from g(f(x)) 2 k(h(x)) it follows g(f(x)) 2 k(f(x)), and then
g Zk,ork(f(x)) 2 k(h(x)), and then f 2 h.

Now, let us consider inversion. The map ~': IS — IS sending each f in its inverse
£~ lisclearly an unary strongly extensional operationon /5 and (f ~!)~! = f foreach
f € IS. Moreover, it is straightforward to prove that f ~!o f is the identity function on
Dom( f~!) and that f o f~! is the identity function on Dom( f), and hence fo f~ o
f = fforeach f € IS. Lastly, forall f, g € IS, the function (fo f 1) o(gog™")is
the identity function on Dom( f) N"Dom(g), while (go g~ ') o (f o f~1) is the identity
function on Dom(g) NDom(f), andso (fo f"o(gog ™) = (gog Ho(fofh.

O

Definition 6 Let (S, =, %) be a set with apartness. The semigroup

(1%,2=,2,0,71)
is called the symmetric inverse semigroup with apartness on S.

Lemmal Ler (S, =, 2, . ) be an inverse semigroup with apartness. Then:
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1. Se=Sf=e=fandeS= fS=e= fforalle, f € E(S);
2. (SenNSf)=Sef)and (eSN fS) = (ef)S foralle, f € E(S);
3. S(aa™") = Sa™!, S(a™'a) = Sa, (aa™")S = aS and (a"'a)S = a~'S for all

aces.
Proof The proof is analogous to the classical case ( [11], Lemma 5.1.6). O
Proposition 3 Let (S, =, %, -, 1) be an inverse semigroup with apartness and sup-

posethate = fore 2 f foralle, f € E(S), i.e.,, = and 2 are relatively decidable
in E(S). Then, for each a € S, the sets Sa, aS, Sa— and a='S are detachable.

~

Proof First observe that x € Sa if and only if xa~'a = x. Indeed, suppose x €
Sa, i.e., x = sa for some s € S. Since sa = saa"la, we have immediately x =
xa la. Conversely, it is obvious that if x = xa 'a, then x € Sa. Now we can
prove that Sa is a d-subset. Let x € S: as x 'x and a~'a are idempotents, then
x7'x = x7'xa7'a or x~'x 2 x~'xa~'a. By extensionality, the former condition
implies xx 'x = xx'xala, ie, x = xa'a, and then x € Sa. Now suppose
that x'x 2 x~'xa~'a. By cotransitivity w.r.t. the product, we get x~' % x~!
or x % xa la, and, by irreflexivity, it follows x 2 xa~ta. So, let y € Sa, by
the cotransitivity of apartness we get x % y or y % xa~'a. In the last case, since
y € Sa, we have y = ya’la, and then, by extensionality, ya’la % xa~la, so, by
cotransitivity, y 2 x, and hence x > Sa. Thus we have proved that Sa is a d-subset,
and similarly we obtain the same result for a§, Sa 'anda~ls. O

Definition7 Let S and T be semigroups with apartness. A map f: S — T is a
homomorphism if f(xy) = f(x)f(y). A strongly extensional homomorphism (se-
homomorphism for short) is an apartness embedding if it is one-one and injective. An
se-homomorphism is an apartness isomorphism if it is an apartness bijection.

Definition 8 Let (S, =g, Z5), (T, =7, 27) be two semigroups with apartness. The
semigroup (S, =g, Zs) is se-embeddable in (T, =7, 2£7) if there exists an apartness
embedding ¢: S — T.

Theorem 3 Let (S, =, %, -,~ 1) be an inverse semigroup with apartness and suppose
thate = fore 2 f foralle, f € E(S), i.e, = and % are relatively decidable in
E(S). Then S is se-embeddable in the symmetric inverse semigroup with apartness
(IS, =, &, 0,7 ! ) on the set (S, =, ).

Proof Foreacha € S, let p, be the map with Dom(p,) def Sa~"! defined by p,(x) def
xa. Clearly Im(p,) = Sa and so, by Proposition 3, the domain and the image of p,
are d-subsets. Obviously, the map p, is extensional. It is onto, since sa = p, (saa™h
for each s € S. Now let x, y € Sa~!, by definition x = sa~! and y = ta~! for
some s,t € S.If p,(x) = pa(¥), i.e., (sa~YHYa = (ta V)a, by extensionality we have
salaa™! = ta~laa™!, whence x = sa=! = ta~! = Y, as so p, is one-to-one. If
x # y,wehavesa’] 2 ta Vandthensa laa™! 2 ra='aa='. Thenxaa=! 2 yaa’l
and, by extensionality w.r.t. the product, xa 2 ya, or equivalently p,(x) 2 p4(y), and
thus p, is injective. The fact that p, is strongly extensional follows directly from the
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Inverse semigroups with apartness 579

fact that the product in S is strongly extensional. Therefore p, is a d-partial bijection
on S.

Let ¢: S — IS be the map defined by ¢(a) def pq for each a € S. Then, as in the
classical case, ¢ is one-to-one. Indeed, assume that ¢(a) = ¢(b), then Dom(p,) =
Dom(pp) and so, by property 3 of Lemma 1, we get S(aa™') = S(bb~!). Hence,
by property 1. of Lemma 1, we obtain aa~! =g bb~!, and then a = aa'a =
pataa™") = pylaa™") = pp(bb~") = b.

Now, we show that ¢ is strongly extensional. Assume that ¢(a) 2 ¢(b). Since
Dom(pp) is a d-subset of S, then ale Dom(pp) VvV a > Dom(pp), and analogously
ble Dom(p,) Vv b1 Dom(p,).

Ifa! >Dom(pp) then, since ble Dom(pp), we geta‘1 2 bl Analogously, if
b~!'>Dom(p,) then, since a~! € Dom(p,), we get a—' 225 b~!. In both cases, from
the strong extensionality of inversion, we get a %s b. Then assume a~! € Dom(pp)
and b~! € Dom(p,). Hence Dom(pp) = Sh~! = Sa~! = Dom(p,). Since ¢(a) 2
¢ (b), we get that there is x € Dom(p,) = Dom(pp) such that p,(x) 25 pp(x), i.e.,
x -a %gs x - b, and, by strong extensionality, it follows a 25 b. So, we have proved
that ¢ is a d-partial bijection.

Itis routine to prove that p,0pp = p,.p and (pa) ' = Pa—1,50 @ is an se-embedding,
as required. O

Notice that Theorem 3 is stated under the assumption that = and 2 are relatively
decidable on the set of idempotents. In general, an inverse semigroup with apart-
ness (S, =, 2, -,~1) cannot be embedded into the symmetric inverse semigroup with
apartness (IS, ~ oL ), as the next example shows.

Example2 Let S &ef {0, 1, 2} be the semilattice with the following multiplication table.

Let = be the standard equality, i.e., =% {(0,0), (1, 1), (2,2)}, and let 2 be the

relation {(0, 1), (1, 0), (1,2), (2, 1)}. It is easy to prove that (S, =, 22, .ol ) is an
inverse semigroup with apartness. The d-subsets of § are @, {1}, {0, 2} and S. Then

the d-partial bijections on S are: the identity maps on @, {1}, {0, 2} and S, denoted

respectively by ig, i1} i(0.2y and is, themap f : {0,2} — {0, 2} defined by f(0) & 2

and £(2) £ 0,andthemapg : S — S definedby g(0) & 2, ¢(1) & 1 and g(2) &' 0.

The composition table for 7 is
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o g iy dp2) s S g

iy ip ig g ip iy iy
iy | i iy g i1y i i1
02 | g i B2 o2 f f

is g iy djop2)  is f g

i ig ig f S i(0,2) 0,2
g ip iy f g 0,2 Is

The relation = on 79 is the standard equality, while 2 is the standard inequality. As
E(S) = S, then the image of any se-homomorphism from S to 7% is contained in the

set E(I D) def {ig, 111}, i{0,2}, is}. Then there are only two one-to-one homomorphisms

from S to 5, namely the map p defined by p(0) def ig, p(1) dof i0,2) and p(2) def is,

and the map o defined by o (0) o ig, o (1) f if1y and o (2) & is. Nevertheless,

neither p nor o is injective as iy 2 ig but —=(0 2 2). Hence, S is not se-embeddable
in IS, since the apartness on S is not compatible with the apartness on the set /5.

4 |-cocongruences

Congruences play a central role in many of the structure theorems of semigroups, so it
is quite natural to study their constructive counterparts. Cocongruences are introduced
in [7], where the prefix “co” suggests that they cooperate with classical equivalences
in order to contemplate the presence of the apartness relation. Cocongruences are then
defined as follows.

Definition 9 A binary relation « on a semigroup with apartness S is a cocongruence

if

1. itis consistent with respect to the apartness, i.e., k T2,

2. itis cotransitive, i.e., (x, y) € « implies (x, z) € k or (z, y) € k,

3. itis symmetric, i.e., (x,y) € k implies (y, x) € «,

4. it is cocompatible w.r.t. the semigroup multiplication, i.e., (ax, by) € k implies
(a,b) e kor(x,y) €«k.

Lemma 2 Let « be a consistent and cotransitive binary relation on a semigroup with
apartness S. Then k is cocompatible w.r.t. the semigroup multiplication if and only if
foralla,b,c €S

4’. (ac, bc) € k implies (a, b) € k and (ca, cb) € k implies (a, b) € k .

Proof Let xk be cocompatible w.r.t. the multiplication of S, and a,b,c € S. Then
(ac, bc) € k implies either (a, b) € k or (¢, ¢) € k. As k is consistent, then —((c, ¢) €
k), and then actually (a, b) € k. The case (ca, cb) € k is identical.

Now, let k¥ be a consistent and cotransitive binary relation that satisfies condition
4,
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Leta, b, x,y € S be such that (ax, by) € k. By cotransitivity, it follows either
(ax, ay) € k or (ay, by) € k, and, by condition 4°, either (x, y) € x or (a, b) € k, as
required. O

In the case of inverse semigroups with apartness, we have to add the cocompatibility
with respect to the inversion.

Definition 10 A binary relation « on an inverse semigroup with apartness (S, =, 2,
.l )isanI-cocongruenceifitis acocongruence on (S, =, 22, -) and it is cocompatible
w.r.t. the inversion, i.e., (a~', b™') € « implies (a, b) € k foralla, b € S.

Proposition 4 Let k be an I-cocongruence on an inverse semigroup with apartness S.
Then for all a,b € S,

(a1, bil) € k ifand only if (a, b) € «k, 2)
(@', b= >« ifand only if (a, b) > k. (3)

Proof Property (2) follows directly from the cocompatibility with respect to the inver-
sion and condition 3(a) of Definition 4. To prove property (3), let (a, b) > k and
let (¢, d) € k. Then also (¢!, d™") € k, and so (a,b) 2 (¢!, d™"). Thus either
a2 cLorb 2 d!. From condition 3(b’) of Definition 4, it follows either a—! 2 ¢
orb~! 2 d, thus (@', b~") % (¢, d) and then (a~', b~") > k. The other part of the
implication follows in the same way. O

Following a common notation, for an I-cocongruence « on S and for a € S we
denote by « (a) the set of all b € S such that (a, b) € k.

Definition 11 An I-cocongruence « is called conormal if for all @ € S and for all
e, f € E(S), (@ 'ea,a™" fa) €  implies (e, f) € k.

Strictly related to I-cocongruences, we can define some special substructure of
inverse semigroups.

Definition 12 A subset M of an inverse semigroup S is an inverse antisubsemigroup
if

1. xy e Mimpliesx e MVyeM,
2. x~! e M implies x € M.

We say that an inverse antisubsemigroup M is

1. cofull if er> M for all e € E(S);
2. coself-conjugate if x 'ax € M impliesa € M foralla, x € S;
3. conormal if it is cofull and coself-conjugate.

In[21], Wagner proved that every congruence on an inverse semigroup is completely
determined by its idempotent classes. The advances made in [9,17,19] lead to a general
result describing the congruences on an inverse semigroup, see [ 13, Theorem 2, p. 135]:
for an inverse semigroup S, there exists a bijection between the set of congruences on
S and the set of congruence pairs (namely, a pair consisting of a normal subsemigroup
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and a normal congruence satisfying some special conditions) on S. Along the same
line, we want to give a characterization of I-cocongruences on an inverse semigroup
with apartness in terms of “cocongruence pairs”.

Definition 13 A cocongruence pair (M, k) on an inverse semigroup with apartness §
consists of a conormal inverse antisubsemigroup M and a conormal I-cocongruence
«x on E(S) such that

1. aee M v (e,a’la) € k foralla € M and for all e € E(S);
2. (@aa=',a"'a) € k impliesa € M foralla € S.

Definition 14 Let « be an I-cocongruence on an inverse semigroup with apartness S.
The cokernel of k is defined as

coker(x) def ﬂ k(e),

ecE(S)
while the trace of k is the restriction of « to E(S), i.e.,

def

w0 = K| g5 By

Theorem 4 Let S be an inverse semigroup with apartness and let k be an I-

def def .
cocongruenceon S. Let M = coker(x) and v = tr(«). Then (M, v) is a cocongruence
pair.

Proof Obviously v is a conormal I-cocongruence on E(S). Let us prove that M is
an inverse antisubsemigroup of S. Let xy € M, then for all e, f € E(S) we have
xy € k(ef), i.e.,, (xy,ef) € k. By the cocompatibility w.r.t. the product, it follows
that (x, e¢) € k V (y, f) € k. From Kripke semantics, this entails that either (x, e) € «
for each e € E(S),and sox € M, or (y, f) € k forall f € E(S),andsoy € M.
Now suppose x~!' e M.Then (x~!, ¢) € k for all e € E(S) and, since ¢ = ¢~! and
Kk is cocompatible w.r.t. the inversion, we have (x, e¢) € «, and so x € M. We now
prove that M is cofull. Let e € E(S) and x € M. Then x € k(e), i.e., (x,e) € k.
As Kk is consistent, this implies x 2 e, and then, for the generality of x € S, we get
e > M. Now, to prove that M is coself-conjugate, let x "'ax € M. We have that for
all e € E(S), the element xlex belongs to E(S), and then (xax,xex) € «.
Property 4’ of Lemma 2 implies (a, ¢) € «, i.e., for the generality of e € E(S), that
a € M. So M is a conormal inverse antisubsemigroup of S.

Lastly, we prove that (M, v) is a cocongruence pair. Let a € M, e, f € E(S).
As M is the cokernel of «, by definition we have (a, f) € k. Considering the ele-
ment ae € S, by cotransitivity of k, we get either (a, ae) € « or (ae, f) € k. In
the former case, we also have (aa~'a, ae) € «, and by Lemma 2, property 4°, we
obtain (a_la, e) € k and then (a‘la, e) € v. Thus, by the symmetry of v, we have
(e, a’la) € v. In the latter case, we have ae € k(f) and, for the generality of f, it
follows that ae € M. Now, suppose (aa=',a='a) € v. Then, for each e € E(S), we
get (aa=l,e) Z (aa~l,ee ) e v Ckor(e,ata) = (e7le,ala) € v C«, then,
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by the cocompatibility of ¥ w.r.t. the product and inversion and symmetry, we have
(a,e) € k. |

Before proving that Theorem 4 can be in some sense inverted, we need a technical
lemma.

Lemma 3 Let S be an inverse semigroup with apartness, (M, v) a cocongruence pair
onS,a,be Sande € E(S). Then

1. ifab € M, then aeb € M or (e, a_la) € v;
2. ifaeb € M, thenab € M.

Proof Assume ab € M, since (M, v) is a cocongruence pair and b~ leb € E(S),
we have ab(b~leb) € M or (b’leb, (ab)~lab) € v. In the former case we have
ab(b~'eb) = ae(bb~")b = aeb € M; in the latter case, by property 4’ of Lemma 2,
we have (e, a~'a) € v, and then the first claim is proved.

Now let aeb € M. Then aeb = aebb~'b = abb—'eb € M. From the definition of
inverse antisubsemigroup it follows ab € M or b~'eb € M. The second case gives a
contradiction, as M is cofull, and then also the second statement is proved. O

We are now able to prove that each cocongruence pair implicitly defines a (minimal)
I-cocongruence on an inverse semigroup with apartness.

Theorem 5 Let (M, v) be a cocongruence pair on an inverse semigroup with apartness
S. Define the relation k vy on S in the following way:

k) D@, b)eSxS|ab ' eMvalbeMv
(@ 'a,b7'b)y e vv (@a=', bb71) e vv

(@' fa, b7 by ev v (afa”,bfbY) € v for some f € E(S)).

Then k(p vy is the smallest I-cocongruence on S having M as its cokernel and v as
its trace.

Proof Let (M, v) be acocongruence pair. The relation k(y, ) is consistent because v is
consistent and M is cofull. It is symmetric because v is symmetric and M is an inverse
antisubsemigroup. We now prove that k(s . is also cotransitive. Let x, y € § such
that (x, y) € k(um.v) and let z € S. Note that 7'z € E(S). If xy~! € M, then from
Lemma 3 we have )cz_lzy_1 € M or (z_lz, x_lx) € v. In the former case, from the
definition of inverse antisubsemigroup, we have either xz7 Ve Mor zy_1 € M, and
then either (x, z) € k(m,v) Or (2, ) € K(m,v). In the latter case, it follows directly from
the definition of k(p 1) that (z, x) € k(m,v), and by symmetry, also (x, z) € k(m,v). The
case x 'y € M is identical, so consider the case (x "'x, y~'y) € v. By cotransitivity
of v, we have either (x~'x, z7!z) e vor (z7 'z, y_ly) € v, and then directly from the
definition of k1), it follows that either (x, z) € ku,v) or (2, y) € K(m,v)- The case
(xx~!, yy~1) € v is clearly identical, so consider the case (x ! fx, y~! fy) € v for
some f € E(S). Again, by cotransitivity of v, we have either (x ™' fx,z 7! fz) € v
or (z7'fz, y~!fy) € v, and then directly from the definition of K(M v, it follows
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that either (x, z) € k) or (2, y) € K(m,v). The case (xfx~1, yfy=1) € v for some
f € E(S) is identical, so we have proved that k(. is cotransitive.

Now we prove that k(s ) is cocompatible w.r.t. the product showing that it sat-
isfies condition 4 of Lemma 2. Let a, b, ¢ € S. First suppose (ac, bc) € ku,v).
If ac(bc)™" = acc™'b™! € M, then, as cc™! € E(S), by Lemma 3 it follows
ab~! € M and so (a,b) € K(M,U).If(ac)_lbc =~ ¢ lg=1he € M, then, as M is coself-
conjugate, it follows a'b e Mandso (a,b) € KM vy If ((ac)"tac, (be)~'be) =
(c_la_lac, c_lb_lbc) € v, then, by conormality of v, it follows (a_la, b_lb) and
50 (a, b) € kv If (ac(ac)™t, be(be)™") = (acc™a=!, bee™1b1) € v, then, as
cc™l e E(S), it follows directly by definition that (a, b) € K(M,v)-

The cases ((ac)~! fac, (be)™ fbe) € v and (acf (ac)™t, bef (be)™) € v with
f € E(S) are identical to the two previous cases. Analogously we can prove that
(ca, cb) € k(m,vy implies (a, b) € k(m,v). Lastly, the fact that k(. is also cocom-
patible w.r.t. the inversion directly follows by definition, and then k() is actually a
I-cocongruence on S.

We now prove that the cokernel and the trace of «(y,,) are M and v, respectively.
Leta € M, and e € E(S). Then, as (M, v) is a cocongruence pair, we get either
ae=ae ' e Mor(e,a'a) = (e 'e,a'a) € v and in both cases (a, ¢) € K(M,v)»
and so a € coker(k(p,v)). Conversely, let a € coker(k(uy,v)). Then, for all e € E(S)
itis (a, €) € k(m.v), and in particular (a, a~'a) € ks v).

Observe that =((a"'a,a 'aa™'a) € v) as (¢ 'a,a"'aa"'a) € v would entail
(a‘la, a‘la) € v, and, since v is consistent, this is a contradiction.

Then one of the following five cases holds. If aa"'a € M, thena € M. If
a~'a"'a € M, then, as Mis coself-conjugate, we have a~' € M and againa € M.

If (a_la, aa‘laa_l) € v, then (a‘la,aa_l) € v, and, by definition of cocon-
gruence pair, we have a € M. If (a~'fa,a 'afa"'a) € v for some f e
E(S), then it follows also (a~!fa, fa—'af) € v. Let us consider the element
faa~'f € E(S). By the cotransitivity of v we have either (¢~ fa, faa™' f) e v
or (faa™'f, fa~'af) € v. In the former case we have (a~!fa, faa"'f) =
(a_lf(a_lf)_l, (a_lf)_la_lf) € v, and then, as (M, v) is a cocongruence pair,
it follows a~' f € M and, remembering that by definition f > M, also a~! € M
and a € M. In the latter case we obtain (f~'aa=' f, f~'a~'af) € v, and by conor-
mality of v, we have (aa’l, a’la) € v and then a € M. Thus we have proved that
coker(K(M,v)) =M.

Now let e, f € E(S) such that (e, f) € v. Then (ee” !, ff_l) € v, and so
(e, f) € tr(km,vy)- So, let (e, f) € tr(k(p,vy). In particular we have (e, f) € Kk, v).
As ¢! f and ef ~! are both idempotents and M is cofull, we only have to consider
the following four cases. Let (e 'e, f~1f) € v or (ee”!, ff~!) € v, then both
cases give (e, f) € v, as required. If (¢ 'ge, f~'gf) € v for some g € E(S), then
(geg™ ', gfg™") € v and, by conormality of v, again we have (e, f) € v. The case
(ege™!, fgf™") € v for some g € E(S) is identical to the previous one. Thus we
have proved that tr(k ) = v.

Finally, we prove that ()., is the smallest I-cocongruence on S having M and
v as its cokernel and its trace, respectively. Let t be a cocongruence on S such that
coker(r) = M andtr(r) = v,and (a, b) € k(,v). Ifab~! € M, then (ab~ ', aa™!) e
7, as M is the cokernel of 7 and aa~! € E(S). As 7 is an I-cocongruence, from
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condition 4’ of Lemma 2, we have (b’l, a’l) € 1, and then (a, b) € 1. The case
a'b e Mis analogous, as it entails (a’lb,a’]a) € t and then (a,b) € 7. If
(@ 'a,b~'b) € v = tr(v), then (a'a,b~'b) € 7. Let us consider the element
a 'bes, by cotransitivity of T we have either (@ 'a,a”'b)yetor(@'b,b'b) e
T and in any case, from condition 4’ of Lemma 2, we have (a, b) € t. The case
(aa‘l, bb_l) € v is identical to the previous one, when one consider the element
ba~! € S. The last two cases, namely if (a=! fa, b= fb) e vor (afa™", bfb=") ev
for some f € E(S), are identical to the two previous case, when one consider the
elementa™! fb € Sorbfa~"! € S, respectively. Thus, we have proved thatk(y ) C 7.

O

Lastly, we can show how I-cocongruences are related to congruences in an inverse
semigroup.

Definition 15 ([7, p. 409]) Let o and B be two relations defined on the set with
apartness S. Then « is associated to B if

(x,y) € x A(y,z) € Bimplies (x, z) € .

Theorem 6 ([7, Theorem 2.3, pp. 409-410; Theorem 3.2, p. 412]) Let k be a cocon-
gruence on a semigroup with apartness S. The relation

~e i@ y) e Sx S| (x.y) > k)

is a congruence on S and k is associated to ~k.
This result naturally extends to inverse semigroups with apartness.

Corollary 1 Let k be an I-cocongruence on an inverse semigroup with apartness S.
The relation ~k is a congruence on S and « is associated with ~k.

Proof We only need to prove that ~k is compatible w.r.t. the inversion. This fol-
lows from [11, Theorem 5.1.4, formula (5.1.2)]. More explicitly, we can observe that
if (a, b) € ~«, then (a, b) >> k. By property 3 of Proposition 4, this implies also
(@', b7 >k, thus @1, b7 € ~«. a]

5 The isomorphism theorem

In [7], the authors have introduced the concept of a strongly extensional homomor-
phism between semigroups with apartness and proved that the quotient set induced
by a cocongruence of a semigroup with apartness inherits the same structure (see [7],
Theorems 2.4 and 3.3). This naturally leads to the Apartness Isomorphism Theorem
for semigroups [7, Theorem 3.5].

We show that this result can be easily extended to the case of inverse semigroups
with apartness.
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Definition 16 Let S be a semigroup with apartness and « a cocongruence. The relation
~ is a congruence such that « is associated with ~«. The quotient set S/~ is defined
by

S/~ © {laley | a € S,

where [a]~, is the usual ~« class of the element a.

Theorem 7 (Corollary of [7, Theorem 2.4, Theorem 3.3]) Let (S, =, &, .1 ) be an
inverse semigroup with apartness, and let k be an I-cocongruence. Define the structure
(S/NKa ;a %5 '9_1 ) by

[als = bl <5 (@.b) > &,

[a]~e % [Pl <5 (a.b) € &,

[l - [b]oe Z [a - bl

[alz) a1

Then (S/~k, =, %, -,~ V) iswell-defined and it is an inverse semigroup with apartness.

Moreover, the natural projection w: S — S/~ defined by 7w (x) def [x]~k is an onto
se-homomorphism.

Proof The theorem in [7] is stated for semigroups with apartness, so we only need to
prove that properties 3(a), 3(b) and 4. of Definition 4 and property 5. of Definition 5
are satisfied, and this immediately follows by a direct calculation. O

Definition 17 Let (S, =g, Zs, -) and (T, =7, Z7, -) be two semigroups with apartness
and f: S — T an se-homomorphism. The relations ker(f) and coker(f) on S are
defined as by

ker(f) £ {(x,) € S x S| f() =1 ),
coker(f) & {(x,y) € S x S| f(x) 2Zr FO)}-

Now we can finally state the Apartness Isomorphism Theorem for inverse semi-
groups with apartness.

Theorem 8 (Corollary of [7, Theorem 2.5, Theorem 3.4]) Let f: S — T be an
se-homomorphism between inverse semigroups with apartness. Then coker(f) is
an I-cocongruence associated with the congruence ker(f) < ~coker(f). More-
over, (S/ker(f),=,2,") is an inverse semigroup with apartness and the map

@: S/ker(f) — T defined by O([xler(s) = f(x) is an se-embedding such that
f = O o m, where 1 is the natural projection. Lastly, if f is onto, then ® is an
apartness isomorphism.
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Proof Theorem 3.4 in [7] is stated for semigroups with apartness, so we only have to
check the properties involving inversion. First, observe that we cannot apply Theorem 7
to prove that S/ ker( f) is an inverse semigroup with apartness, since in general ker( f)
differs from ~ coker(f). Nevertheless, it is routine to prove properties 3(a), 3(b)
and 4. of Definition 4 and property 5. of Definition 5, and then that S/ker(f) is
actually an inverse semigroup with apartness. So, we only have to prove that the
coker(f) is cocompatible w.r.t. the inversion and that ker(f) is compatible w.r.t.
the inversion. Indeed, f(a~!) =7 f(a 'aa™") =7 f@a")f(a)f(a™"), and then
immediately follows f (@)~ =¢ f (a~"). Now we can prove that coker(f) is an I-
cocongruence. Let a, b € S be such that (@', b~ e coker( f). Then, by definition,
we get f(a™!) Zr £~ and, by the above observation, f(a)~' %7 f(b)~ L
As T is an inverse semigroup with apartness, from condition 3(b) of Definition 4, it
follows f(a) 27 f(b), and then (a, b) € coker(f). Now, let a, b € S be such that
(@~ !, b7 € ker(f). By definition, we have f(a~!) =7 f(b~'), and then, again by
the above observation, f (@)~ f (b)~L. From the implication (1) of Remark 2, it
follows f(a) =7 f(b), and then (a, b) € ker(f), as required. O

6 Conclusion

Inverse semigroups can be seen as algebraic structures between semigroups and groups
and have been proposed as a natural tool in several applications. Since a constructive
approach for both groups and semigroups has been considered and constructive math-
ematics has relevance in applications, it is timely to consider a constructive approach
to inverse semigroups as well.

Stating a constructive counterpart of Wagner—Preston Theorem has proved to be
more difficult, as we are able to only do so under conditions of relative decidability of
equality and apartness on the set of idempotents. However, as noticed in [8], Green’s
relations are fundamental tools in the classical structure theory of semigroups but
their definitions involve existential quantification which is in general problematic in
constructive mathematics. In the classical inverse semigroup theory, Green’s relations
can be defined avoiding the existential quantification but still including the equality
of idempotents. So, the condition on idempotents could be useful to introduce a good
theory of Green’s relations in this framework.
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