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A Framework for Modeling and Optimizing
Maintenance in Systems Considering Epistemic
Uncertainty and Degradation Dependency based
on PDMPs
𝑂

Abstract—A modeling and optimization framework for the
maintenance of systems under epistemic uncertainty is presented
in this paper. The component degradation processes, the
condition-based preventive maintenance and the corrective
maintenance are described through piecewise-deterministic
Markov processes in consideration of degradation dependency
among degradation processes. Epistemic uncertainty associated
with component degradation processes, is treated by considering
interval-valued parameters. This leads to the formulation of a
multi-objective optimization problem whose objectives are the
lower and upper bounds of the expected maintenance cost, and
whose decision variables are the periods of inspections and the
thresholds for preventive maintenance. A solution method to
derive the optimal maintenance policy is proposed by combining
finite-volume scheme for calculation, differential evolution and
non-dominated sorting differential evolution for optimization. An
industrial case study is presented to illustrate the proposed
methodology.
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NOTATIONS

𝐿𝑚
Degradation process characterized by a PBM
𝐾𝑛
Degradation process characterized by a MSM
𝑫𝑂𝑞
Degradation sate of component 𝑂𝑞
𝑿𝐿𝑚 (𝑡)
State variable of 𝐿𝑚
(𝑡)
𝑿𝑫
Degradation variables of 𝐿𝑚
𝐿𝑚
𝑿𝑷𝐿𝑚 (𝑡)
Physical variables of 𝐿𝑚
𝓕𝐿𝑚
Failure states set of 𝐿𝑚
𝑌𝐾𝑛 (𝑡)
State variable of 𝐾𝑛
𝑺𝐾𝑛
State set of 𝐾𝑛
𝓕𝐾𝑛
Failure states set of 𝐾𝑛
𝜽𝑲
Parameters in MSMs of the system
𝜆𝑖 (𝑗|𝑿(𝑡), 𝜽𝑲 )
Transition rate from state 𝑖 to 𝑗
𝜽𝑳
Parameters in PBMs of the system
𝒇𝑳 (𝒁𝑘 (𝑡), 𝑡|𝜽𝑳 ) Deterministic physics equations in 𝑳
𝒁(𝑡)
Degradation state of the system
𝓕
System failure state set
𝑯𝑖
Predefined state set of PM for degradation process 𝑖
𝐼𝐴
Inspection task for degradation processes constituting 𝑨
𝑇𝐴
Fixed period of inspection task 𝐼𝐴
𝑁𝑚
Number of maintenance tasks experienced by the system
𝑇𝑚𝑖𝑠𝑠
System mission time
𝑇𝑚𝑘
Execution time of the k-th maintenance task
𝒁𝑘 (𝑡)
Degradation state of the system defined on [𝑇𝑚𝑘−1 , 𝑇𝑚𝑘 ]
𝐶(𝑡)
Maintenance cost
𝐶𝐼𝐴
Cost of the inspection task 𝐼𝐴
𝑂

𝐶𝑃 𝑞

Cost of PM to component 𝑂𝑞

𝑁𝑃 𝑞 (𝑡, 𝑯, 𝑻 | 𝜽)
𝑂

Number of PM tasks to component 𝑂𝑞 until time 𝑡

𝑁𝐷 𝑞 (𝑡, 𝑯, 𝑻 | 𝜽, 𝒙∗𝑳 ) Number of CM tasks to component 𝑂𝑞 until
time 𝑡
𝐶𝐹
Penalty cost of experiencing a system failure
𝑁𝐹 (𝑡, 𝑯, 𝑻 | 𝜽, 𝒙∗𝑳 ) Number of system failures until time until time 𝑡
𝒁
𝑝𝑡 𝑘 (𝑑𝒛 | 𝜽)
Probability distribution of 𝒁𝑘 (𝑡)
𝒛𝑂𝑞
Degradation state of the component 𝑂𝑞 in 𝒛
𝑯𝑂𝑞
State set for PM of the component 𝑂𝑞
𝑂𝑞
𝑻
State set for PM of the component 𝑂𝑞

I. INTRODUCTION

M

AINTENANCE contributes to ensuring the safe and
efficient operation of industrial systems [1]. The
contribution to safety especially is in highly hazardous
industries, such as the nuclear and aerospace ones. The
interactions among components complicate the modeling for
maintenance planning, which becomes a big challenge and
have been categorized by Thomas [2] into the following groups:
economic, structural and stochastic dependencies. The
economic dependence exists when the cost of maintaining
several components simultaneously is different from that of
maintaining them individually. The structural dependence
occurs if some working components need to be removed or
replaced to execute the maintenance of the failed ones. The
stochastic dependence, applies when the one component state
may affect other components states or their failure rates. Failure
interactions [3] have been the most discussed cases for
stochastic dependence, which indicates that one component
failure can influence the failure rates of other components, or
lead them to failures with certain probabilities.
In practice, the failure of industrial components is often the
result of multiple and possibly dependent mechanisms (e.g.
bearings wear due to friction and impeller wear due to
cavitation and erosion, can both lead to centrifugal pump
failure). Dependency among degradation mechanisms or
processes has received less attention within the framework of
maintenance modeling and optimization of multi-component
systems. Özekici [4] has considered interdependent aging
processes between components due to continuous wear and
shocks, and proposed an optimal periodic replacement policy.
Rasmekomen and Parlikad [3] have considered degradation
dependency in terms of output performance between one
critical component and other parallel components based on
aging processes, and studied the optimal age-based
maintenance policy. Hong et al. [5] have used copulas to model
degradation dependency among all the components of a system
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and obtained the optimal maintenance policy including
condition-based preventive maintenance (PM) with periodic
inspections and instantaneous corrective maintenance (CM).
Van Horenbeek and Pintelon [6] have proposed a dynamic
predictive maintenance policy that minimizes the long-term
mean maintenance cost per unit time in consideration of
economic, structural and stochastic dependence.
To describe component degradation processes, a number of
models have been developed. They can be mainly classified
into the following groups: (1) statistical distributions, based on
failure/life time data (e.g. Weibull distribution [11], Bernstein
distribution [12]); (2) stochastic processes, describing the
evolution of one or more degradation parameters by gradual
degradation increments over time, and the failure occurs when
the degradation parameter values reach predefined thresholds
(e.g. Gamma process [13], Wiener process [14], inverse
Gaussian process [15]); (3) multi-state models (MSMs),
describing by finite degradation states of the underlying
degradation process (e.g. Markov model [16]) and (4)
physics-based models (PBMs), based on the material science or
structure knowledge of the physics of degradation (e.g. mass
and energy balances based models [17]). In this work, we focus
on critical components with high reliabilities such as the
nuclear and aerospace ones. Therefore, we mainly consider
PBMs and MSMs, since degradation/failure data of highly
reliable components are always insufficient to estimate
statistical distributions or stochastic processes. Recently, a
modeling approach employing a piecewise-deterministic
Markov process (PDMP) has been proposed and developed in
[18] to integrate PBMs and MSMs for dealing with the
degradation dependencies among degradation processes of
highly reliable components.
An issue that arises in degradation modeling is epistemic
uncertainty, because of the imprecise or incomplete
information of component degradation processes, especially for
the highly reliable ones. The values of the parameters of the
physics equations (e.g. wear coefficients), influencing factors
(e.g. temperatures and pressures) or transition rates between
different degradation states may be poorly known and inferred
from the scarce data available and from elicited expert
judgment [15]. This uncertainty must be reflected in the
modeling and accounted for in the maintenance optimization
that rests on it. Fuzzy sets have been employed to
mathematically represent epistemic uncertainty in some works
[16, 17]. However, determining appropriate membership
functions may be a difficult task in practice. In these cases,
intervals can be used as a more general and less knowledge and
information demanding representation of uncertainty than
fuzzy sets [18].
In practice, the failures of industrial components are often
the results of multiple and possibly competing mechanisms (e.g.
friction-induced wear of the bearings and impeller wear caused
by cavitation and erosion by the flow, can both lead to
centrifugal pump failure). For multi-component systems, the
dependencies among these mechanisms within one component
(e.g. the wear of rubbing surfaces influenced by the
environmental stress shock within a micro-engine), or/and
among different components (e.g. the degradation of the
pre-filtrations stations leading to a lower performance level of
the sand filter in a water treatment plant) need to be considered.

2

Additionally, in industrial systems, many critical components
(such as pumps and valves in nuclear and aerospace industries)
are designed to be highly reliable in order to avoid possible
human and economic losses. As a result, their degradation
and/or failure data are often limited. Therefore, epistemic
uncertainties due to incomplete or imprecise knowledge is
unavoidable. The values of the parameters of the physics
functions (e.g. wear coefficients), influencing factors (e.g.
temperatures and pressures) or transition rates between
different degradation states may be unknown and inferred from
the scarce data and from elicited expert judgment. This
uncertainty must be reflected in the modeling and accounted for
in the maintenance optimization that rests on it. However,
previous works on maintenance modeling and optimization
have not considered simultaneously these two important
aspects under a single framework, to the knowledge of the
authors. In this paper, the component degradation processes,
the condition-based preventive maintenance with periodic
inspections and the corrective maintenance are modeled by
piecewise-deterministic Markov processes in consideration of
degradation processes dependency, then, the optimal
maintenance policy for multi-component systems has been
derived. In [27], a PDMP modeling approach has been
proposed with focus on the quantification of systems reliability
under degradation dependency and epistemic uncertainty
represented by fuzzy sets. In this work, we focus on the
modeling and optimization of maintenance for the systems
under degradation dependency and epistemic uncertainty. The
epistemic uncertainty is represented by interval values, since
they are a more general and less knowledge and information
demanding representation of uncertainty than fuzzy sets [18].
The main contributions of this work are two-folds: for
maintenance modeling: the modeling approach proposed in [18]
is extended by (1) including condition-based PM with periodic
inspections and CM, and (2) representing model parameters
with epistemic uncertainty by interval values; for maintenance
optimization: (1) both the period for inspection tasks and the
thresholds for PM are considered as the decision variables in
the optimization problem formulation; (2) a new optimization
method integrating non-dominated sorting differential
evolution (NSDE) [24], differential evolution (DE) [25] and
finite-volume (FV) scheme [26] is proposed to derive the
optimal maintenance policy by setting the interval-valued
expected maintenance cost as the objective function.
The rest of the paper is structured as follows. Section 2
presents the problem investigated in this study. Section 3
presents the original degradation model of the whole system
based on PDMP modeling framework without maintenance
actions. Section 4 inserts maintenance actions into the
degradation model. Section 5 presents the formulation of the
maintenance optimization problem under epistemic uncertainty.
Section 6 introduces the proposed solution approach for
deriving the optimal maintenance policy. Section 7 presents an
industrial case study to illustrate the proposed methodology.
Section 8 presents the numerical results and analysis. Section 9
presents the conclusions and remarks.
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II. PROBLEM DESCRIPTION
We consider a multi-component system made of 𝑄 highly
reliable components denoted by 𝑂 = {𝑂1 , 𝑂2 , … , 𝑂𝑄 } .
Multiple degradation processes may be involved in each
component, which are possibly dependent. Since there is
insufficient degradation/failure data available to build
statistical or stochastic models of degradation, PBMs and
MSMs are employed. All degradation processes in the system
can be classified into two groups: (1) 𝑳 = {𝐿1 , 𝐿2 , … , 𝐿𝑀 }
modeled by M PBMs; (2) 𝑲 = {𝐾1 , 𝐾2 , … , 𝐾𝑁 } modeled by N
MSMs, where 𝐿𝑚 , 𝑚 = 1, 2, … , 𝑀 and 𝐾𝑛 , 𝑛 = 1, 2, … , 𝑁 are
the indices of the degradation processes. The degradation state
of a component 𝑂𝑞 ∈ 𝑶, 𝑞 = 1, 2, … , 𝑄, is determined by its
degradation processes 𝑫𝑂𝑞 ⊆ 𝑳 ∪ 𝑲 and the component fails
when one of its degradation processes becomes failure. A
maintenance policy containing both CM and PM is considered.

III. MODEL DESCRIPTION WITHOUT MAINTENANCE
A. Degradation models
In this section, PBMs, MSMs and PDMP modeling
framework for systems considering degradation dependencies
will be introduced, which are the basis of the problem and have
been proposed in [27].
1) PBMs
The descriptions of the parameters in PBMs are given as
follows [27]:
A degradation process 𝑿𝐿𝑚 (𝑡), 𝐿𝑚 ∈ 𝑳 in the first group, has
𝑑𝐿𝑚 time-dependent continuous variables 𝑿𝐿𝑚 (𝑡) =
𝑑𝐿

(𝑥𝐿1𝑚 (𝑡), 𝑥𝐿2𝑚 (𝑡), … , 𝑥𝐿𝑚𝑚 (𝑡)) ∈ ℝ𝑑𝐿𝑚 .

Physics

equations

𝑿𝐿̇ 𝑚 (𝑡) = 𝒇𝐿𝑚 (𝑿𝐿𝑚 (𝑡), 𝑡 | 𝜽𝐿𝑚 ), are used to characterize its
evolution, which is a system of first-order differential equations.
𝜽𝐿𝑚 are the environmental and operational factors which can
𝑷
influence the evolution of 𝑿𝐿𝑚 (𝑡) = (𝑿𝑫
𝐿𝑚 (𝑡), 𝑿𝐿𝑚 (𝑡)) and
they are independent of 𝑿𝐿𝑚 (𝑡) . 𝑿𝑷𝐿𝑚 (𝑡) are the physical
variables influencing 𝑿𝑫
𝐿𝑚 (𝑡), which may depend on 𝑿𝐿𝑚 (𝑡).
𝑿𝐿𝑚 (𝑡) can be divided into two groups of varaibles
𝑷
𝑿𝐿𝑚 (𝑡) = (𝑿𝑫
:
(1) 𝑿𝑫
are
the
𝐿𝑚 (𝑡), 𝑿𝐿𝑚 (𝑡))
𝐿𝑚 (𝑡)
non-decreasing degradation variables describing the
degradation process (e.g. leak area of the piston of the valve); (2)
𝑿𝑷𝐿𝑚 (𝑡) are the physical variables influencing 𝑿𝑫
𝐿𝑚 (𝑡) (e.g.
(𝑡)
speed and strength). As long as one 𝑥𝐿𝑖 𝑚 (𝑡) ∈ 𝑿𝑫
reaches
𝐿𝑚
𝑖 ∗
or exceeds its failure threshold 𝑥𝐿𝑚 , the generic degradation
process 𝐿𝑚 fails. Let 𝓕𝐿𝑚 denote the failure state set of 𝐿𝑚 and
𝒙∗𝐿𝑚 denote the set of all the failure thresholds of 𝑿𝑫
𝐿𝑚 (𝑡).
2) MSMs
The descriptions of the parameters in MSMs are given as
follows [27]:
A degradation process, 𝑌𝐾𝑛 (𝑡) , 𝐾𝑛 ∈ 𝑲 in the second group,
its state set is denoted by 𝑆𝐾𝑛 = {′0′, ′1′, … , ′𝑑𝐾𝑛 ′}, varying
from perfect functioning state ′𝑑𝐾𝑛 ′ to complete failure state ′0′.
Transition rate 𝜆𝑖 (𝑗 | 𝜽𝐾𝑛 ) = 𝑙𝑖𝑚 𝑃(𝑌𝐾𝑛 (𝑡 + ∆𝑡) = 𝑗 | 𝑌𝐾𝑛 =
∆𝑡 → 0

𝑖, 𝜽𝐾𝑛 ) /∆𝑡, ∀ 𝑖, 𝑗 ∈ 𝑺𝐾𝑛 , 𝑖 > 𝑗, characterize the probability per
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time unit that the system makes a transition from state 𝑖 to state
𝑗. 𝜽𝐾𝑛 represents environmental factors to 𝐾𝑛 and the related
parameters used in 𝜆𝑖 . Let 𝓕𝐾𝑛 = {0} denote the failure state
set of 𝐾𝑛 .
3) Degradation model of the system
For system reliability analysis, fault tree analysis (FTA) is
always used to identify the combinations of basic events
(components failures) leading to system failure, and compute
its probability by using minimal cut sets found from the fault
tree structure. However, this analysis is conducted under the
assumption that all basic events are statistically independent.
When basic events can be dependent (due to degradation
dependency), the method proposed in [41] by using FTA and
binary decision diagrams can be applied to identify the groups
of components whose failures are dependent and thus divide the
degradation processes of the whole system into several smaller
groups which are independent from each other. Inside each
group, the dependent degradation processes have to be modeled
as a whole for reliability evaluation. To perform this evaluation,
PDMP modeling framework integrating PBMs and MSMs for
degradation dependency has been proposed in [27].
There are two groups of degradation processes (𝑳 and 𝑲,
respectively modeled by PBMs and MSMs), degradation
dependency may exist within each group and between the two
groups.
𝑿𝐿1 (𝑡)
𝑌𝐾1 (𝑡)
Let 𝑿(𝑡) = ( ⋮ ) and 𝒀(𝑡) = ( ⋮ ) represent the
𝑿𝐿𝑀 (𝑡)
𝑌𝐾𝑁 (𝑡)
degradation processes of 𝑳 and 𝑲, respectively. 𝑿(𝑡) denotes
the degradation processes modeled by PBMs. Their evolution is
characterized by physics functions in the form of first-order
differential equation system, partially parameterized by 𝒀(𝑡)
whose holding time and arrival states after transition are both
random. Therefore 𝑿(𝑡) involves randomness. Nevertheless,
the evolution of 𝑿(𝑡) between two successive transitions of
𝒀(𝑡) is deterministic, determined by the physics functions. The
overall degradation process of the system is presented as
𝑿(𝑡)
𝒁(𝑡) = (
)
(1)
𝒀(𝑡)
PDMPs, then, can be employed to model the degradation
dependency in the system. Due to the different nature of PBMs
and MSMs, the impacts of degradation dependency on the two
groups of degradation processes are characterized as follows:
the states of 𝒀(𝑡) may influence the evolution of 𝑿(𝑡), the
values of 𝑿(𝑡) may influence the transition times and transition
directions of 𝒀(𝑡) (the detailed formulations are shown in eqs.
(2) and (3)). Therefore, the evolution of 𝒁(𝑡) has two parts: (1)
the stochastic evolution of 𝒀(𝑡) and (2) the deterministic
evolution of 𝑿(𝑡) between two successive transitions of 𝒀(𝑡).
The former is governed by the transition rates of 𝒀(𝑡) , which
depends on the values of 𝑿(𝑡) and 𝒀(𝑡), as follows:
𝑙𝑖𝑚 𝑃(𝒀(𝑡 + ∆𝑡) = 𝑗 | 𝑿(𝑡), 𝒀(𝑡) = 𝑖, 𝜽𝑲 = ⋃𝑁
𝑛=1 𝜽𝐾𝑛 )
∆𝑡 → 0

/∆𝑡 = 𝜆𝑖 (𝑗 | 𝑿(𝑡), 𝜽𝑲 )
, ∀ 𝑡 ≥ 0, 𝑖, 𝑗 ∈ 𝑺, 𝑖 ≠ 𝑗
(2)
The latter is described by physics functions of degradations,
which depends on the values of 𝒀(𝑡) and 𝑿(𝑡), as follows:
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𝑿𝐿̇ 1 (𝑡)
𝒇𝐿1 𝒀(𝑡) (𝑿(𝑡), 𝑡 | 𝜽𝐿1 )
𝑿̇(𝑡) = ( ⋮ ) = (
)
⋮
𝒀(𝑡)
𝑿𝐿̇ 𝑀 (𝑡)
(𝑿(𝑡),
|
𝒇𝐿
𝑡 𝜽𝐿 )
𝑀

𝑀

= 𝒇𝑳 𝒀(𝑡) (𝑿(𝑡), 𝑡 | 𝜽𝑳 = ⋃𝑀
(3)
𝑚=1 𝜽𝐿𝑚 )
Let 𝓕 denote the system failure state set. It can be defined
according to the structure of the system. Then, the system
reliability at mission time 𝑇𝑚𝑖𝑠𝑠 can be obtained as follows:
𝑅(𝑇𝑚𝑖𝑠𝑠 ) = 𝑃[𝒁(𝑠) ∉ 𝓕, ∀𝑠 ≤ 𝑇𝑚𝑖𝑠𝑠 ]
(4)
The system failure state set is dependent on system topology
and failure logic. To determine this set, reliability analysis tools
such as fault tree can be used to identify the combination of
primary failure events leading to system failure.
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The degradation processes and the maintenance policy of
an example system are illustrated in Fig 1, considering a
mission time 𝑇𝑚𝑖𝑠𝑠 . The system is composed of two
components 𝑂1 and 𝑂2 . 𝑫𝑂1 = {𝐿1 } and 𝑫𝑂2 = {𝐾1 }. 𝑇𝐿1 and
𝑇𝐾1 are the periods of the inspection tasks for 𝐼𝐿1 and 𝐼𝐾1 ,
respectively. For 𝐿1 , PM is carried out whenever its
degradation variable 𝑿𝑫
𝐿1 (𝑡) reaches or exceeds its PM
threshold 𝑥𝐿1 𝑝 at the time of inspection. The physical variable
𝑿𝑷𝐿1 (𝑡) is also initialized immediately after PM is performed.
For 𝐾1 , PM is carried out when it is in state ‘1’ at the time of
inspection.

IV. MODEL DESCRIPTION WITH MAINTENANCE
For condition-based maintenance modeling, the following
studies are reviewed. Wang [7] developed a general wear
prediction model based on stochastic filtering and hidden
Markov theory wear to predict the state of the monitored plant;
the observations are related to the true underlying state of the
system which is unobservable. To better describe the
relationships between observations and underlying state of the
system, Wang and Christer [8] first used the residual life at the
time of monitoring as a measure of the state of the unit; a
decision model based on the expected cost per unit time has
been developed to guide preventive maintenance actions. To
cope with heterogeneous populations caused by unavoidable
manufacturing defects, Zhang et al. [9] developed an
inspection–replacement
policy,
for
which
the
preventive-replacement time is dynamically determined
depending on the information obtained by the inspection. To
take into account imperfect maintenance, Zhang et al. [10]
proposed an imperfect maintenance model that is applicable to
systems whose sensor information can be modeled by
stochastic processes.
In this paper, the previous modeling framework [27] is
extended by including condition-based preventive maintenance
actions with periodic inspections and corrective maintenance,
the following assumptions are made based on actual
maintenance activities performed in industrial practice:
The PM involves condition-based maintenance tasks based
on the information collected through inspections. The
inspection task 𝐼𝑨 , ∀ 𝑨 ⊆ 𝑳 ∪ 𝑲 , related to one or more
degradation processes constituting 𝑨, is carried out with fixed
period and a cost is associated with each inspection.
The following assumption is made: If the state of one
degradation process 𝑖 ∈ 𝑳 ∪ 𝑲 , reported by condition
inspection, enters the predefined state set for PM denoted by 𝑯𝑖 ,
then the component containing this degradation process is
replaced and a PM cost is incurred depending on component
type. Otherwise, no maintenance action is executed.
Component failure can be detected immediately and the
failed component is restored to its initial state by the CM, and a
CM cost is incurred depending on the component type.
The duration of inspection tasks is negligible and all
maintenance actions are done instantaneously, compared with
the lifetime of the components.

Fig. 1. An illustration of the degradation processes with maintenance
policy, for an example system.

To extend the PDMP to model the degradation processes
and the maintenance policy, the entire mission time is divided
into multiple intervals. In each interval, one new PDMP,
𝒁𝑘 (𝑡), 𝑘 = 1,2, … , 𝑁𝑚 + 1, is defined, where 𝑁𝑚 is the number
of maintenance tasks the system has experienced till the
mission time. Let 𝑇𝑚𝑘 , 𝑘 = 1,2, … , 𝑁𝑚 denote the execution
time of the k-th maintenance task, then 𝒁1 (𝑡) is defined on
[0, 𝑇𝑚1 ], 𝒁𝑁𝑚 +1 (𝑡) is defined on [𝑇𝑚𝑁𝑚 , 𝑇𝑚𝑖𝑠𝑠 ] and 𝒁𝑘 (𝑡), 𝑘 =
2, … , 𝑁𝑚 is defined on [𝑇𝑚𝑘−1 , 𝑇𝑚𝑘 ] , respectively. The initial
states 𝒁𝑘 (𝑡), 𝑘 = 2, … , 𝑁𝑚 + 1 are dependent on the
maintenance task carried out at time 𝑇𝑚𝑘−1 and 𝒁𝑘−1 (𝑇𝑚𝑘−1 ). Fig
2 shows this extension for the degradation processes in Fig 1.

Fig. 2. An illustration of system maintenance, treated via PDMP.
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In reality, the two major issues for the maintenance policy
are to determine (1) the period 𝑇𝐴 , ∀𝐴 ⊆ 𝐿 ∪ 𝐾 for each
inspection task 𝐼𝐴 and (2) the state set for PM 𝑯𝑖 , ∀ 𝑖 ∈ 𝑳 ∪ 𝑲
for each degradation process 𝑖.
V. MAINTENANCE OPTIMIZATION UNDER UNCERTAINTY
A. Maintenance optimization criterion
For the maintenance optimization, the criterion considered
is the expected maintenance cost over the system mission time.
Let 𝐶(𝑡) denote the maintenance cost, 𝑯 = ⋃∀ 𝑖∈𝑳∪𝑲 𝑯𝑖 and
∗
𝑻 = ⋃∀ 𝐴⊆𝐿∪𝐾 𝑻𝐴 , 𝜽 = 𝜽𝑳 ∪ 𝜽𝑲 , 𝒙∗𝑳 = ⋃𝑀
𝑚=1 𝒙𝐿𝑚 , for the
system functioning until time 𝑡, we can write:
𝑂
𝑡
𝔼(𝐶(𝑡, 𝑯, 𝑻 | 𝜽, 𝒙∗𝑳 )) = ∑𝐴⊆𝐿∪𝐾 𝐶𝐼𝐴 ∙ ⌊ ⌋ + ∑𝑂𝑞 ∈𝑶 𝐶𝑃 𝑞 ∙
𝑂

𝔼(𝑁𝑃 𝑞 (𝑡, 𝑯, 𝑻 |
where 𝐶𝐼𝐴

𝑇𝐴
𝑂
𝑂
𝜽)) + ∑𝑂𝑞 ∈𝑶 𝐶𝐷 𝑞 ∙ 𝔼(𝑁𝐷 𝑞 (𝑡, 𝑯, 𝑻
𝐶𝐹 ∙ 𝔼(𝑁𝐹 (𝑡, 𝑯, 𝑻 | 𝜽, 𝒙∗𝑳 ))

| 𝜽, 𝒙∗𝑳 )) +
(5)
𝑡
is the cost of the inspection task 𝐼𝐴 , ⌊ ⌋ is the
𝑇𝐴

number of times the inspection task 𝐼𝐴 has been performed until
𝑂
time 𝑡, 𝐶𝑃 𝑞 is the cost of PM performed on component 𝑂𝑞 ,
𝑂

𝑁𝑃 𝑞 (𝑡, 𝑯, 𝑻 | 𝜽) is the number of PM tasks performed on 𝑂𝑞
𝑂

until time 𝑡, 𝑁𝐷 𝑞 (𝑡, 𝑯, 𝑻 | 𝜽, 𝒙∗𝑳 ) is the number of CM tasks to
𝑂𝑞 until time 𝑡, 𝐶𝐹 is the penalty cost of experiencing a system
failure and 𝑁𝐹 (𝑡, 𝑯, 𝑻 | 𝜽, 𝒙∗𝑳 ) is the number of system failures
until time 𝑡.
𝒁
Let 𝑝𝑡 𝑘 (𝑑𝒛 | 𝜽) denote the probability distribution of
𝒁𝑘 (𝑡); we, then, can obtain that
𝑂
𝒁
𝔼(𝑁𝑃 𝑞 (𝑡, 𝑯, 𝑻 | 𝜽)) = ∑𝑘∈ℕ∗ ∑𝑇 𝒊 ∈𝑻𝑂𝑞 ∫𝒛𝑂 ∈𝑯𝑂 𝑝𝑇𝑘𝒊 (𝑑𝒛 | 𝜽) (6)
𝑞
𝑞
where 𝒛𝑂𝑞 represents the degradation state of 𝑂𝑞 in 𝒛, 𝑯𝑂𝑞 =
⋃𝑖∈𝑫𝑂𝑞 𝑯𝑖 denotes the state set for PM of 𝑂𝑞 and 𝑻𝑂𝑞 denotes
𝒁

the set of inspection time for 𝑂𝑞 . The function 𝑝𝑇 𝑘𝒊 (𝑑𝒛 | 𝜽) is
the probability distribution of 𝒁𝑘 (𝑡) at the inspection time 𝑇 𝒊 ,
𝑂
𝑡
𝒁
𝔼(𝑁𝐷 𝑞 (𝑡, 𝑯, 𝑻 | 𝜽, 𝒙∗𝑳 )) = ∑𝑘∈ℕ∗ ∫0 ∫𝒛𝑂 ∈𝓕𝑂 𝑝𝑠 𝑘 (𝑑𝒛 | 𝜽)𝑑𝑠 (7)
𝑞
𝑞
where 𝓕𝑂𝑞 = ⋃𝑖∈𝑫𝑂𝑞 𝓕𝑖 represents the failure state set of 𝑂𝑞 ,
𝑡

𝒁

𝔼(𝑁𝐹 (𝑡, 𝑯, 𝑻 | 𝜽, 𝒙∗𝑳 )) = ∑𝑘∈ℕ∗ ∫0 ∫𝒛∈𝓕 𝑝𝑠 𝑘 (𝑑𝒛 | 𝜽)𝑑𝑠 (8)
B. Epistemic uncertainty
Because of the incomplete or imprecise information related
to the degradation processes, epistemic uncertainty may exist:
In PBMs: (1) 𝜽𝐿 may be poorly known or elicited through
expert judgment; (2) the failure thresholds 𝒙∗𝑳 may be uncertain
due to imperfect information.
In MSMs: insufficient degradation and/or failure data may
lead to poorly estimated 𝜽𝑲 which determines the transition
rates.
The experts in many cases can only confirm an interval of the
possible minimum and maximum values of the uncertain
transition rate. One practical way of dealing with epistemic
uncertainty is to use intervals of values for the uncertain
parameters [23]. In this respect, the following assumptions are
made (a symbol with an underbar indicates the left limit of that
interval, while a symbol with an overbar indicates the right
limit of that interval):
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The value of ∀𝜃𝑖 ∈ 𝜽, is represented by an interval [𝜃𝑖 ] =
[𝜃𝑖 , 𝜃𝑖 ]. Let [𝜽] = ⋃𝜃𝑖∈𝜽[𝜃𝑖 ].
∗

The value of ∀𝑥𝐿𝑖 𝑚 ∈ 𝒙∗𝑳𝒎 , ∀ 𝐿𝑚 ∈ 𝑳, is represented by an
∗

∗

∗

interval [𝑥𝐿𝑖 𝑚 ] = [𝑥𝐿𝑖 𝑚 , 𝑥𝐿𝑖 𝑚 ]. Let [𝒙∗𝐿𝒎 ] = ⋃𝑥 𝑖

∗ ∗
𝐿𝑚 ∈𝒙𝐿𝑚

∗

[𝑥𝐿𝑖 𝑚 ]

∗
and [𝒙∗𝑳 ] = ⋃𝑀
𝑚=1[𝒙𝐿𝑚 ].
𝔼(𝐶(𝑡, 𝑯, 𝑻 | 𝜽, 𝒙∗𝑳 )), then, is also an interval, denoted by

[𝔼(𝐶(𝑡, 𝑯, 𝑻 | [𝜽], [𝒙∗𝑳 ]))] =

[Min

𝜽∈[𝜽] 𝔼(𝐶(𝑡, 𝑯, 𝑻
𝒙𝑳∗ ∈[𝒙∗𝑳 ]

| 𝜽, 𝒙∗𝐿 )) , Max

𝜽∈[𝜽] 𝔼(𝐶(𝑡, 𝑯, 𝑻
𝒙𝑳∗ ∈[𝒙∗𝑳 ]

| 𝜽, 𝒙∗𝐿 ))]

= [𝔼(𝐶(𝑡, 𝑯, 𝑻 | [𝜽], [𝒙∗𝑳 ])), 𝔼(𝐶(𝑡, 𝑯, 𝑻 | [𝜽], [𝒙∗𝑳 ]))] (9)

C. Optimization problem
Based on the models presented above, the problem of
maintenance optimization under uncertainty, for mission time
𝑇𝑚𝑖𝑠𝑠 , can be defined as:
Min [𝔼(𝐶(𝑇𝑚𝑖𝑠𝑠 , 𝑯, 𝑻 | [𝜽], [𝒙∗𝑳 ]))]
Subject to 𝑯𝑖 ⊆ 𝑊𝑖 , ∀ 𝑖 ∈ 𝑳 ∪ 𝑲
0 ≤ 𝑇𝑖 ≤ 𝑇𝑚𝑖𝑠𝑠 , ∀ 𝑖 ∈ 𝑳 ∪ 𝑲
(10)
ℝ𝑑𝑖 , 𝑖𝑓 𝑖 ∈ 𝑳
where 𝑊𝑖 = {
.
𝑺𝑖 , 𝑖𝑓 𝑖 ∈ 𝑲
For its solution, it can be reformulated as a multi-objective
optimization problem:
Min 𝔼(𝐶(𝑇𝑚𝑖𝑠𝑠 , 𝑯, 𝑻 | [𝜽], [𝒙∗𝑳 ]))
Min 𝔼(𝐶(𝑇𝑚𝑖𝑠𝑠 , 𝑯, 𝑻 | [𝜽], [𝒙∗𝑳 ]))
Subject to 𝑯𝑖 ⊆ 𝑊𝑖 , ∀ 𝑖 ∈ 𝑳 ∪ 𝑲
0 ≤ 𝑇𝑖 ≤ 𝑇𝑚𝑖𝑠𝑠 , ∀ 𝑖 ∈ 𝑳 ∪ 𝑲
(11)
ℝ𝑑𝑖 , 𝑖𝑓 𝑖 ∈ 𝑳
where 𝑊𝑖 = {
.
𝑺𝑖 , 𝑖𝑓 𝑖 ∈ 𝑲
In eq. (11), 𝔼(𝐶(𝑇𝑚𝑖𝑠𝑠 , 𝑯, 𝑻 | [𝜽], [𝒙∗𝑳 ])) indicates the lower
bound

of

the

expected

maintenance

cost

whereas

[𝜽], [𝒙∗𝑳 ]))

𝔼(𝐶(𝑇𝑚𝑖𝑠𝑠 , 𝑯, 𝑻 |
indicates the upper bound of the
expected maintenance cost. 𝑇𝑚𝑖𝑠𝑠 is the system mission time,
[𝜽] is the set of uncertain model parameters and [𝒙∗𝑳 ] is the set
of uncertain failure thresholds. The decision variables of the
optimization problem are 𝑯, which is the predefined state set
for PM, and 𝑻, which is the set of periods of the inspection
tasks. Eq. (11) means choosing 𝑯𝑖 (the predefined state set of
PM for degradation process 𝑖) and 𝑇𝑖 (the fixed period of PM for
degradation process 𝑖) to minimize the lower and upper bounds
of the expected maintenance cost simultaneously. The order
relation between intervals in this situation is a partial order so
that the solutions of (11) obtained are Pareto optimal solutions.

VI. SOLUTION APPROACH
In order to solve the multi-objective optimization problem
defined in eq.(11), we employ (1) FV scheme to calculate
𝔼(𝐶(𝑇𝑚𝑖𝑠𝑠 , 𝑯, 𝑻 | 𝜽, 𝒙∗𝑳 )); (2) two DEs to calculate the upper
and lower bounds of [𝔼(𝐶(𝑇𝑚𝑖𝑠𝑠 , 𝑯, 𝑻 | [𝜽], [𝒙∗𝑳 ]))], using the
FV scheme for fitness evaluation; (3) NSDE to find the
Pareto-optimal maintenance policy for 𝑯 and 𝑻 , aiming at
optimizing the interval produced by the two DEs. The
meta-heuristic algorithm DE is chosen as the solution approach
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because 1) PDMP model is highly complex and non-linear and
2) DE is fit to optimize continuous decision variables.
A. FV for solving PDMP
𝒁

To obtain 𝔼(𝐶(𝑡, 𝑯, 𝑻 | 𝜽, 𝒙∗𝑳 )), 𝑝𝑡 𝑘 (𝑑𝒛 = (𝑑𝒙, 𝑖) | 𝜽) of
PDMPs need to be calculated at first. Instead of using Monte
Carlo simulation, which shows high computational burden, we
employ FV scheme which lead to results comparable to Monte
Carlo simulation, but in significantly shorter computing times
[23]. FV scheme gives an approximate solution by discretizing
the state space and the time space of PDMP. An explicit FV
scheme, developed by Cocozza-Thivent et al. [26], is employed
in this work.
B. DE approach
DE is a simple and efficient heuristic approach for
single-objective global optimization, originally developed by
Store and Price [25] for continuous problems. It often shows
better performance than alternative optimization algorithms,
e.g. genetic algorithms. The procedure of DE is briefly
presented as follows:
Step 1: Initialize randomly the population 𝑃 of 𝑁𝑐 ≥ 4 target
individuals over the variables space.
Step 2: Generate the mutant individuals through the
following mutation equation:
𝑣𝑖,𝐺+1 = 𝑥𝑟1,𝐺 + 𝐹 ∙ (𝑥𝑟2,𝐺 − 𝑥𝑟3,𝐺 ), ∀𝑖 ∈ {1,2, … , 𝑁𝑐 } (12)
where 𝐺 is the current iteration number, 𝑟1 , 𝑟2 , 𝑟3 ∈
{1,2, … , 𝑁𝑐 } are random indices satisfying 𝑟1 ≠ 𝑟2 ≠ 𝑟3 ≠ 𝑖
and 𝐹 ∈ [0, 2], determined by the user, is a constant factor
controlling the amplification of (𝑥𝑟2,𝐺 − 𝑥𝑟3,𝐺 ).
Step 3: Generate each trial individual through the following
crossover equation:
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C. NSDE
For solving the multi-objective problem formulated in eq.
(11), the non-dominated sorting mechanisms are included in the
single objective DE, similar to the work [24] where the
non-dominated sorting mechanisms are combined with a
modified binary DE (MBDE). For the details about this
approach, please kindly refer to [24].
D. Integration of methods
These methods are integrated by using (1) FV scheme for
the fitness evaluation in DE and (2) DE for the fitness
evaluation in NSDE; the solution methods are integrated, for
the first time, for maintenance optimization. The flowchart of
the entire optimization methodology that integrates the
methods mentioned above is shown in Fig. 3.

𝑗

𝑗

𝑢𝑖,𝐺+1 = {

𝑣𝑖,𝐺+1 , 𝑖𝑓 (𝑟𝑎𝑛𝑑 ≤ 𝐶𝑅) 𝑜𝑟 𝑗 = 𝑖𝑟𝑎𝑛𝑑(𝐷)
𝑗

𝑥𝑖,𝐺 , 𝑖𝑓 (𝑟𝑎𝑛𝑑 > 𝐶𝑅) 𝑎𝑛𝑑 𝑗 ≠ 𝑖𝑟𝑎𝑛𝑑(𝐷)

, 𝑗 = 1,2, … , 𝐷

(13)
𝑗
𝑗
𝑗
where 𝑢𝑖,𝐺+1 , 𝑣𝑖,𝐺+1 and 𝑥𝑖,𝐺 are the 𝑗 -th parameters of the
vectors 𝑢𝑖,𝐺+1 , 𝑣𝑖,𝐺+1 and 𝑥𝑖,𝐺 , respectively; 𝑟𝑎𝑛𝑑 ∈ [0, 1] is a
uniform random number; 𝐶𝑅 ∈ [0, 1] is the crossover constant,
determined by the user; 𝐷 is the dimension of the individual
vector; 𝑖𝑟𝑎𝑛𝑑(𝑖) is a uniform discrete random number in the
set {1,2, … , 𝐷}.
Step 4: Evaluate the target and the associated trial individuals;
select the best one as the target individual for the next
generation.
Step 5: Go back to step 2, if the termination criterion is not
met; otherwise, stop the algorithm.
The maximum iteration number ( 𝑁𝑚𝑎𝑥 ), maximum fitness
evaluation number (𝑇𝑚𝑎𝑥 ) and minimum fitness error (𝑒𝑝𝑠) are
typically employed individually or jointly as the termination
criterion.
We use two DE algorithms (DE1 and DE2) using the FV
scheme for the fitness function evaluation to obtain

Fig. 3. Flowchart of the proposed optimization methodology.

The whole proposed framework is illustrated in Fig. 4.

𝔼(𝐶(𝑇𝑚𝑖𝑠𝑠 , 𝑯, 𝑻 | [𝜽], [𝒙∗𝑳 ])) and 𝔼(𝐶(𝑇𝑚𝑖𝑠𝑠 , 𝑯, 𝑻 | [𝜽], [𝒙∗𝑳 ])),
respectively: DE1 selects the one with smallest value as the
target individual for the next generation at step 4 whereas DE2
selects the one with largest value.

Fig. 4. The proposed framework for modeling and optimizing maintenance in
systems considering epistemic uncertainty and degradation dependency.
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The proposed method is scalable to larger systems for the
following reasons: “(1) FV scheme is scalable since its
computational expenses and memory requirement depend
almost linearly on the number of meshes partitioning the state
space, which is chosen by the users. For higher dimensional
problems, we can control the number of meshes to relieve the
computational burden. Note that in some cases the high
dimensional problem can be decomposed into several low
dimensional ones mutually independent with each other. Then,
the FV schemes can be run on low dimensional problems in
parallel. Additionally, the computation time can be reduced via
reducing the number of meshes set in FV schemes and the
amount of memory required can be reduced via using sparse
matrices. These issues will be investigated in future research. (2)
DEs and NSDE are scalable because their simulation time
lengths are mainly determined by the fitness valuation time, i.e.
FV computation, and the number of generations that is
independent of the system size.”
VII. CASE STUDY
In this case study, a system composed of a centrifugal
pump and a pneumatic valve in series is considered, which is
part of the residual heat removal system of a nuclear power
plant. The system is functioning until one of the two
components fails. The illustrative example is taken from the
real-world residual heat removal system operated by Électricité
de France (EDF) without loss of generality, which addresses
the key points of interest for maintenance optimization
problems: degradation dependency and epistemic uncertainty.
In addition, components (degradation) states are determined by
both discrete and continuous processes. The degradation
dependence is considered, as a result of discussions with EDF
experts: the degradation of the pump can lead it to vibrate,
which will, in turn, cause the vibration of the valve and,
therefore, aggravate the degradation process of the latter. This
problem motivates the proposition of the maintenance
optimization framework under discussion with the experts from
EDF, which tries to cope with complex situations in industrial
applications. For confidentiality, the values of the model
parameters and the costs of the maintenance policy presented
below are altered so as to render them fictitious.
The pump has one degradation process, related to the
external leakage, which is modeled by a MSM. Its degradation
state at time 𝑡 is denoted by 𝑌𝑝 (𝑡) which takes values from
𝑆𝑝 = {‘0’, ‘1’, ‘2’, ‘3’}. The pump is functioning until it reaches
the state ‘0’. Due to degradation, the pump begins to vibrate
when it reaches ‘ 2’ and it vibrate more intensely when it
reaches ‘1’. 𝜆32 , 𝜆21 and 𝜆10 are the transition rates.
The scheme of the valve is shown in Fig 5.
Top
pneumatic port
Top chamber

Bottom
pneumatic port

Return Spring
Piston
Bottom chamber

Fig. 5. Scheme of the valve [17].

The most influential degradation mechanism of the valve is
the external leak at the actuator connections to the bottom
pneumatic port caused by corrosion [17].
Let 𝐷𝑏 (𝑡) denote the external leak size (measured by m2)
at the actuator connections to the bottom pneumatic port caused
by corrosion at time 𝑡 , its development is characterized as
follows:
𝐷𝑏̇ (𝑡) = 𝜔𝑏 (1 + 𝛽𝑌𝑝 (𝑡) )
(14)
where 𝜔𝑏 represents the original wear coefficient at normal
operating condition and 𝛽𝑌𝑝 (𝑡) represents the relative increment
of the wear coefficient induced by the vibration of the pump.
The leak can increase the opening time of the valve. The failure
threshold of 𝐷𝑏 (𝑡), denoted by 𝐷𝑏∗ , is defined as the value that if
𝐷𝑏 (𝑡) > 𝐷𝑏∗ , then, the valve cannot be fully opened within 15s.
The degradation of the valve 𝑳 = {𝐿1 } is described by
PBM and the degradation of the pump 𝑲 = {𝐾1 } is described
by MSM. The degradation processes of the whole system can
be obtained:
𝐷𝑏 (𝑡)
𝒁(𝑡) = (
) ∈ ℝ+ × 𝑆𝑝
(15)
𝑌𝑝 (𝑡)
The failure state set of 𝒁(𝑡) is 𝓕 = [0, +∞) × {‘0’} ∪
[𝐷𝑏∗ , +∞) × {‘1’, ‘2’, ‘3’} . 𝜽𝑳 = {𝜔𝑏 } × {𝛽2 } × {𝛽1 }, 𝜽𝑲 =
{𝜆32 } × {𝜆21 } × {𝜆10 } and 𝒙∗𝑳 = {𝐷𝑏∗ } are the uncertain
parameters. As an example, a relative uncertainty of ±10% of
the original parameters values has been considered to assign
their interval values. Their interval values are shown in Table I,
under accelerated aging conditions.
Table I The interval values of the uncertain parameters in PDMP

Parameter
𝜔𝑏
𝛽2
𝛽1
𝜆32
𝜆21
𝜆10
𝐷𝑏∗

Interval value
[𝜔𝑏 ] = [9e-9, 1.1e-8] m2/s
[𝛽2 ] = [9%, 11%]
[𝛽1 ] = [18%, 22%]
[𝜆32 ] = [2.7e-3, 3.3e-3] s-1
[𝜆21 ] = [2.7e-3, 3.3e-3] s-1
[𝜆10 ] = [2.7e-3, 3.3e-3] s-1
[𝐷𝑏∗ ] = [9.54e-6, 1.166e-5] m2

𝐷𝑏 (0)
0
The system initial state is 𝒁0 = (
) = ( ). The initial
𝑌𝑝 (0)
3
probability distribution of (𝐷𝑏 (𝑡), 𝑌𝑝 (𝑡))𝑡≥0 , 𝑝0 (𝑑𝒛 | 𝜽), hence,
equals to 𝛿𝒁0 (𝑑𝒛), where 𝛿 is the Dirac delta function.
The problem of maintenance optimization under uncertainty
on the horizon of the mission time 𝑇𝑚𝑖𝑠𝑠 can, then, be
formulated as:
Min 𝔼(𝐶(𝑇𝑚𝑖𝑠𝑠 , 𝑯, 𝑻 | [𝜽], [𝒙∗𝑳 ]))
Min 𝔼(𝐶(𝑇𝑚𝑖𝑠𝑠 , 𝑯, 𝑻 | [𝜽], [𝒙∗𝑳 ]))
Subject to 𝐻𝐿1 ⊆]0, 𝐷𝑏∗ [
𝑯𝐾1 ⊆ {‘0’, ‘1’, ‘2’, ‘3’}
0 ≤ 𝑇𝑖 ≤ 𝑇𝑚𝑖𝑠𝑠 , ∀ 𝑖 ∈ {𝐿1 , 𝐾1 }
(16)
The related costs affecting the maintenance policy are shown in
Table II.
Table II The related costs of the maintenance policy

Fluid
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Cost (k€)
2
5
10
2
5
10
1000

VIII. RESULTS

Upper bound of maintenance cost (k€)

At first, the proposed method has been run 150 generations
to obtain the Pareto optimal maintenance policies, with the
following parameter values: 𝑁𝑐1 is set to 20; 𝑁𝑐2 and 𝑁𝑐3 are set
to 10; 𝑇𝑚𝑖𝑠𝑠 is set to 1000 𝑠 following the accelerated aging
condition explained in our previous work [18]; 𝐶𝑅 is set to 0.7
for DE1 and DE2, and is set to 0.8 for NSDE; 𝐹 is set to 0.5 for
DE1 and DE2, and is set to 1 for NSDE. The values of 𝑁𝑐1 , 𝑁𝑐2
and 𝑁𝑐3 are chosen with respect to the computational
complexity of the FV scheme and the limited computational
resources. The parameters of DE1, DE2 and NSDE are
determined after trials on different values.
The obtained Pareto front is shown in Fig. 6, i.e. lower and
upper bounds of the maintenance cost. We can see from the
figure that ignoring epistemic uncertainty may lead to
substantial underestimation of maintenance cost. For example,
maintenance policy (a’) could be the best option suggested by
the framework without epistemic uncertainty, because it
possesses the lowest maintenance cost. However, it may result
to 1000 k€ penalty cost due to the system failure whose
probability has been covered in the epistemic uncertainty
estimate. Therefore, the proposed framework can help decision
makers to choose appropriate maintenance policies which are
neither too conservative nor too optimistic. Note that epistemic
uncertainties due to incomplete or imprecise information is
always unavoidable in industrial applications. It must be
reflected and accounted for in the maintenance optimization
framework.
1200

a’
1000
800

upper bounds are mainly due to the high penalty cost incurred
under some situations. In practice, the solutions with very high
upper bounds might not be appropriate for decision makers
(DMs).
In case that the DMs intend to derive the optimal
maintenance policy within a certain budget, the method
proposed is also capable of dealing with this situation. For
instance, we can focus on the solutions within the region
[0, 100] k€ × [0, 100] k€. The proposed method is run with
the previous configurations plus a penalty of 100 k€, this
penalty is added to upper(lower) bound of a solution, whenever
its lower(upper) bound exceeds 100 k€. The newly obtained
Pareto front is shown in Fig. 7.
Upper bound of maintenance cost (k€)

Task
Inspection of pump
PM of pump
CM of pump
Inspection of valve
PM of valve
CM of valve
Penalty

8

100

A

95
90
85
80

S

75

B
70
53

54

55
56
57
58
Lower bound of maintenance cost (k€)

59

Fig. 7. The Pareto front obtained within the region [0, 100] k€ × [0, 100] k€.

Given the Pareto front, the DMs need eventually choose
the maintenance policy according to their preferences since the
solutions do not dominate each other. To simulate those
common preferences of the DMs, we choose three solutions: S,
the solution selected by the ‘Min-Max’ method, which selects
the representative center of the Pareto front, and is among the
most used ones [37]; A (corresponding to a selection by
decision makers who are optimistic and pay more attention to
the lower bound of the cost) and B (corresponding to a selection
by decision makers who are conservative and pay more
attention to the upper bound of the cost), which are the
solutions with the minimum lower bound and minimum upper
bound values, respectively. Solutions A, B and S can indicate
three different preferences of the DMs. Detailed information on
S, A and B is reported in Table III.

600

Table III Solutions S, A and B

400
200
0
53

a
b
54

55
56
57
58
59
Lower bound of maintenance cost (k€)

60

61

Fig. 6. The obtained Pareto front.

It is observed that the upper bounds cover a wide range
whereas the lower bounds show much less variability. The
solutions above a = (53.30, 108.45) k€ have big increments
with respect to the upper bound, but they have nearly no
difference with respect to the lower bound. The solutions to the
right of b = (53.49, 72.75) k€ show nearly no difference with
respect to the upper bound value. The small differences
between lower bounds are due to the fact that the failures of the
components rarely occurs when lower bounds are reached, so
that the total cost is mainly composed of the PM costs and the
inspections costs; on the contrary, the big differences between

Solution

S

A

B

Lower
bound
Upper
bound
𝑇𝐿1
𝑇𝐾1
𝐻𝐿1

53.74 k€

53.73 k€

58.69 k€

74.17 k€

96.69 k€

70.46 k€

773.47 s
66.77 s
[7.28 e-6, 𝐷𝑏∗ )
m2
{‘1’, ‘2’}

808.55 s
66.77 s
[7.66 e-6, 𝐷𝑏∗ )
m2
{‘1’, ‘2’}

563.00 s
66.77 s
[4.91 e-6, 𝐷𝑏∗ )
m2
{‘1’, ‘2’}

𝐻𝐾1

It can be observed that S and A have nearly the same lower
bound value, whereas A has a much higher upper bound. In this
case, S might be more appropriate than A since the small
difference 0.01 could be negligible. When comparing S with B,
the optimistic DMs may choose B since they prefer solutions
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with smaller upper bound, whereas the conservative DMs may
choose S if they prefer solutions with smaller lower bound.
To illustrate the convergence of the proposed method, the
hypervolume indicator [38] with a reference point at (100,100)
and the generational distance [39] between the best Pareto
fronts obtained at two consecutive generations are used. Fig. 8
(which was Fig. 9 in the original submitted manuscripte) shows
their trajectories during the execution of NSDE without penalty
and Fig. 9 (which was Fig. 10 in the original submitted
manuscripte) shows those with penalty. There is no obvious
differences between the hypervolume indicators of two figures
which indicates that NSDE is able to converge in both cases
after about 60 generations. The generational distance with
penalty shows less variation than that without penalty, which is
due to the more restricted space of decision variables with
regard to the predefined budget.
Hypervolume

0.15

method is proposed combing FV scheme, DE approach and
NSDE approach. Results on a realistic case study show the
feasibility of the procedure. The main contribution of the paper
is that it generalizes the existing maintenance models for
multi-component systems by taking into account both
degradation dependency among the components and epistemic
uncertainty in the degradation models. As the future work, we
plan to extend the proposed framework taking into account the
economic and structural dependences between different
components.
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