MULTIPLE NORMALIZED SOLUTIONS FOR A COMPETING SYSTEM OF
SCHRODINGER EQUATIONS

THOMAS BARTSCH AND NICOLA SOAVE

ABSTRACT. We prove the existence of infinitely many solutions A1, A2 € R, u,v € Hl(R3), for
the nonlinear Schrodinger system

—Au — \Mu= uu?’ + Buv? in R3
—Av — Xov = pv® + Buv in R3
u,v >0 in R3
Jzs uw?2=a? and Jzs v2 = a2,

where a,u > 0 and 8 < —p are prescribed. Our solutions satisfy u # v so they do not come
from a scalar equation. The proof is based on a new minimax argument, suited to deal with
normalization conditions.

1. INTRODUCTION

In this paper we consider the stationary nonlinear Schrodinger system

—Au — Mu = pud + puv? in R3
—Av — A\v = v + Buv in R3
(1.1) T3
u,v >0 in R

2 _ 2 2 _ 2
Jpsu® =ai and [, v* =a3,

where a1, az, ji1, 12 > 0 and B < 0 are prescribed and u,v € HY(R?), A\, 2 € R have to be
determined.

This problem possesses many physical motivations, e.g. it appears in models for nonlinear optics
and Bose-Einstein condensation (we refer to [6] and the references therein for a more exhaustive
discussion). Due to the physical background, it seems natural to search for normalized solutions
(i.e. solutions with prescribed L?-norm), but despite this fact most of the papers regarding (1.1)
deal with the system with fixed frequencies (i.e. A1, A2 < 0 are prescribed, and the L2-constraints
are neglected), and not much is known about the full problem (1.1). The only results available in
the setting considered here are presented in [5, 6], where for possibly non-symmetric systems we
proved existence of one positive radial normalized solution, both for suitable choices of 5 > 0 [5],
and for all 8 < 0 [6]. In this paper we consider the symmetric problem (1.1) with g1 = po and
a1 = ag and, exploiting the symmetry, we prove the existence of infinitely many solutions, which
will be found as critical points of the energy functional Jg : S — R, defined by

1 1
Jp(u,v) == 3 /Rs |Vu|?> 4 |Vv)? — 1 /RS vt + 28uv? + pgv?,
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with
S =5, XS4y, and S, := {w € H 4 (R%): / w? = az}.
R3
Here H!

L 4(R?) denotes the space of radially symmetric functions in H'(R?). In this perspective,
A1 and Ay arise as Lagrange multipliers with respect to the mass constraint. Clearly, if (u, v, A1, A2)
solves (1.1) then so does (v, u, A2, A1).

Theorem 1.1. Let a,pu > 0, and let us consider system (1.1) with a1 = az = a and p1 = pa = p.
Then for any k € N there exists By > —p such that for B < By the problem (1.1) has at least
k different pairs (u; g, v; 3, /\]175,)\%#3), (vjﬁﬁ,ujﬁﬁ,)\%ﬁﬁ, Mgp)s 3 =1,...,k, of radial solutions with
increasing energy. The solutions satisfy u;p # vj g, and Jg(ujg,v58) = 00 as j — 00, provided
B < —u.

We can also show that, for any k € N fixed, the family {(ug,g, vk g) : 8 < —p} segregates in the
limit of strong competition:

Theorem 1.2. Let k € N. As f — —o0, up to a subsequence we have:
(7’) ()‘]16757 Ag,ﬁ) - ()‘va )‘]26)7 with )‘]fa )\]2€ < O;
it) (ug.g, vk ) = (ug,vg) in C and in , for any a € (0,1);
/i B Vk,B ‘ Cloog RY di Hlloc RY 0,1
(i41) ug and vy are nonnegative Lipschitz continuous functions having disjoint positivity sets, in
the sense that uivy =0 in RY;
(iv) the difference uy — vg is a sign-changing radial solution of

—Aw — Mwt + Xsw™ = pw? in R3.
Remark 1.3. The scalar problem
{—Aw —dw = pw? inR3

1.2
(12) wE S,

for some A < 0;

has a unique positive radial solution wy € H} ;(R?). Setting

wg(x) = (L>§w0 (Lx), Ag = <L)2,
p+ B A+ p w8

for 5 > —p we obtain a smooth curve
T = {(wg,wg,)\g,)\g) : B > —/L}

of symmetric solutions of (1.1). This suggests that the solutions in Theorem 1.1 bifurcate from T
as in [2]. We do not pursue this approach here.

In what follows we recall basic facts concerning the existence of normalized solutions for nonlin-
ear Schrodinger equations in RY and describe the strategy of the proof of Theorem 1.1, emphasizing
the main differences with respect to the results already present in the literature. This serves also
as motivation to our study.

The homogeneous nonlinear Schrodinger equation with normalization constraint is

(1.3) — Aw — \w = |w|P 2w in RY, / w? = a?.
RN

It is well known that two exponents play a special role for existence and properties of the solutions:
in addition to the Sobolev critical exponent p = 2N/(N—2), we have the L?-critical one p = 2+4/N.
If 2 < p < 2+4/N (L*-subcritical regime), then the energy functional associated to (1.3) is bounded
from below on the L?-sphere S,, while if p > 2 + 4/N (L>-critical or supercritical regime) this is
not true and one is forced to search for critical points that are not global minima. The critical
Sobolev exponent defines the threshold for the existence of a H'-solution. The very same discussion



applies to systems of type (1.1), and this is why our results concern the space dimension N = 3:
since we are considering cubic nonlinearities, in dimension N = 1,2,3 or 4 we have respectively a
L2-subcritical, L?-critical, L2-supercritical and Sobolev-subcritical, or Sobolev-critical setting, and
each framework requires its own techniques. With regard to this, we mention that while for L2-
subcritical problems many results are available (see e.g. [13,14, 21, 22] for equations and [7,11,15]
for systems), the L2-critical or supercritical ones are much less understood, and we refer to [3,12]
for equations and to [4,5,6] for systems.

Let us focus now on system (1.1) in the symmetric case a1 = as and g3 = po. Since the
problem is invariant both under rotations, and with respect to the involution o : (u,v) — (v, u),
it is natural to adapt the Krasnoselskii genus approach to the constrained functional Jg|s. This
is the strategy used in [16], where the authors considered normalized solution to (1.1) in the case
when p < 0 and R3 is replaced by a bounded domain €2 (with homogeneous Dirichlet boundary
conditions). In such a situation the functional is bounded from below, coercive, and satisfies the
Palais-Smale condition on the product of the L?-spheres®. All these properties, which are essential
to use the Krasnoselskii genus, fail when considering (1.1) in R with x4 > 0: the functional Jg
is indeed unbounded both from above and from below on S, and the Palais-Smale condition is
not satisfied. In [8], where system (1.1) is studied in the case of fixed frequencies A1, A3 < 0, the
same complications are overcome with the introduction of a Nehari-type manifold N3 associated
to the problem. The authors proved that the constrained functional Jg|x, is bounded from below,
coercive, and satisfies the Palais-Smale condition.

Searching for normalized solutions the Nehari manifold is not available, but in [6] we introduced
a different additional constraint, suited to treat problems with normalization conditions:

3
Ps = {(u,v) €S: / |Vaul? + |Vol* = —/ prut + 28uv? + ,u2v4} .
R3 4 Jgs

This is a C? submanifold of S, see [6, Lemma 2.2]% and using the Pohozaev identity it is easy
to check that any weak solution to (1.1) stays in Pg. The manifold Pg is a natural constraint,
ie. if (u,v) € Pg is a critical point of J|p, then it is a critical point of J on S. In [6, Theorem
2.1], we also stated that a constrained Palais-Smale sequences for Jz on Pgs gives rise to a “free”
Palais-Smale sequences for Jz on S; however, the proof of [6, Theorem 2.1], and analogously the
one of [6, Theorem 4.1], contains a gap. In the present paper we show that a minimax value for
the constrained functional J|p, yields a Palais-Smale sequence for .J|s consisting of elements in
Ps. This is slightly weaker than [6, Theorem 4.1] but sufficient for our purposes here, and also for
the main results from [6].

We need some notation first. Let X C HL  (R3 R?) and, as above, let o(u,v) = (v,u). A
set A C X is o-invariant if 0(A) = A; similarly, a function f : X — R is called o-invariant
it f(o(u,v)) = f(u,v) for every (u,v). A continuous function h : X — X is o-equivariant if
h(o(u,v)) = o(h(u,v)). A homotopy 7 : [0,1] x X — X is o-equivariant if 7(t, ) is o-equivariant
for any t € [0, 1].

Notice that both Jg and Pg are o-invariant, under the assumption a; = a and p; = po.

Definition 1.4. Let B be a closed o-invariant subset of X. We say that a class F of compact
subsets of X is a o-homotopy stable family with closed boundary B provided:

(a) every set in F contains B.
(b) for any A € F and any o-equivariant homotopy n € C([0, 1] x X, X) satisfying n(t,x) = x
for all (t,z) € ({0} x X) U (]0,1] x B), we have that n({1} x A) € F.

1Indoed, in [16] the authors exploit a uniform-in-g Palais-Smale condition to derive the convergence of the whole
minimax structure to a limit problem.

°In [6] we showed that Pg is a C! manifold since this was enough for our purpose, the extra regularity is
straightforward.



(¢) every set in F is o-invariant.

Theorem 1.5. Let § € R, a1 = ag, p1 = pe, and let F be a o-homotopy stable family of compact
subsets of Pg, with closed boundary B C Pg. Let

crp = inf max Jz(u,v)

AEF (u,w)EA
Suppose that
(1.4) B is contained in a connected component of Pg,
and that
(1.5) max{sup J3(B),0} < cr g < +00.

Then there exists a sequence {(un,vyn)} with the following properties:
(1) (un,vy,) € Pg for every n;
(17) Jg(un,vn) = cr g as n — 0o;
(133) ||\V(Jgls)(un,vn)|| = 0 as n — o0, i.e. {(un,vn)} is a Palais-Smale sequence for Jz on S.
If moreover we can find a minimizing sequence {An} for cr g in such a way that (u,v) € Ay
implies u,v > 0 a.e., then we can find the sequence {(un,v,)} satisfying the additional condition

(iv) u,,v, — 0 a.e inR3 asn — .

Here and in the rest of the paper, || || denotes the H'(R?, R?) norm. We explicitly observe that
B = () is admissible, it is sufficient to adopt the usual convention sup(f)) = —oo.

Theorem 1.5 establishes that, if the assumptions of the equivariant minimax principle [10, The-
orem 7.2] are satisfied by the constrained functional Jg|p,, then we can find a “free” Palais-Smale
sequence for Jz on &, made of elements of Pz. The advantage of working with the constrained
functional Jg|p, stays in the fact that it has much better properties than Js|s: indeed, Jg|p, is
bounded from below and coercive. On the other hand, differently to what happen in the fixed
frequency case [8], the Palais-Smale condition is not satisfied on Pg. This is a phenomenon purely
related to the normalization conditions, and is motivated by the lack of compactness of the embed-
ding H. (R3) — L?*(R?). In particular, there exist Palais-Smale sequences for Jglp, converging
weakly in H*(R?) (actually strongly in DV2(R?)) to semi-trivial bound states (w,0) and (0, w),
where w is a radial solution to (1.2); we stress that (w,0) and (0, w) do not stay on S, hence not
on Pg.

As further complication, we observe that since A1, A2 are not prescribed and could be non-
negative, the operators —A — \; could be both non-positive and non-invertible. This is particularly
relevant here since we are interested in positive solutions, and not knowing the sign of A\; we cannot
argue as in [8], where the authors simply replaced the nonlinearity pu® with p(u*)? in (1.1), found
non-trivial solutions of the new problem, and applied the maximum principle to obtain positive
solutions of the original system.

In light of the previous discussion, for the proof of Theorem 1.1 we shall considerably refine
the Krasnoselskii genus approach for Js|p,, and in particular a careful analysis of the behavior of
Palais-Smale sequences is needed.

Remark 1.6. An analogue of Theorem 1.5 holds also in the non-symmetric setting, see Theorem
3.2 in Section 3.

Structure of the paper. The proof of Theorem 1.5 is the object of Section 3 where we also treat
the non-symmetric version 3.2.

Afterwards, we proceed with the proof of Theorem 1.1. From Section 4 on we always focus
on the symmetric case p1 = ps = u, a1 = ag = a. In order to simplify some expressions and
computations, we shall consider the case ;= 1, without loss of generality. We shall first show in



Section 4 that specially constructed Palais-Smale sequences do converge. In Section 6 we set up a
minimax scheme producing infinitely many such sequences. Sections 2 and 5 are devoted to some
auxiliary facts, and in Section 7 we complete the proofs of our main result.

To conclude the introduction, we mention that both (1.3) and system (1.1) are studied also
in bounded domains. When dealing with fixed frequencies, the search for radial solutions in
RY, or for solutions satisfying homogeneous Dirichlet boundary conditions in £ bounded, can be
treated essentially in the same way. It is remarkable that, on the contrary, searching for normalized
solutions the two problems “R™” vs. “bounded domains” presents substantial differences. In order
to better understand this aspect, we invite the reader to compare the results and the techniques
used here and in [3,5,6,12] in RY, and those in [9,17,18,19] in bounded domains.

2. NOTATION AND PRELIMINARIES

We always work in the whole space R?, and hence we often write H' instead of H!(R?) and
H'(R3,R?), to keep the notation as compact as possible. The same discussion applies to all the
functional spaces we shall use. Regarding this, we recall that D%?(R?) denotes the closure of
C°(R3) with respect to norm ||w|pi.z := ||[Vw||Lz. We denote by || - || the H*(R?,R?) norm, and
sometimes also the H!(R3) norm. In the same spirit, the symbol || - [|p1.2 will often be used for
also for the DV2(R3, R?).

For s € R and w € H'(R?), we define the function

(s xw)(z) := e/ 2w(ex).
One can easily check that ||sx w2 = ||w||L2 for every s € R. As a consequence, given (u,v) € S,
it results that s * (u,v) := (s *u,s*v) € S as well, for every s € R.

We consider the real valued function W, v)(s) = Jg(s x (u,v)). By changing variables in the
integrals, we obtain

2s 3s
(2.1) vl (s) = c |Vul? + |Vo|* — £ prut 4+ 28uv? + pov?.
(u,0) 2 R3 4 R3
Let us introduce
Ep = {(u,v) €S: / prut + 28uv? + vt > 0} .
R3

Clearly €5 = S in case —\/pip2 < B < 400, while for 8 < —,/uip2 it results that £ C S is an
open subset with strict inclusion. By definition and using (2.1), it is not difficult to check that:

Lemma 2.1. For any (u,v) € S, a value s € R is a critical point of \iju,v) if and only if s (u,v) €
Pgs. It results that:
B

(u,0)7 which is a

(i) If (u,v) € &g, then there exists a unique critical point sfu » € R for ¥
strict mazimum point, and is defined by

B 4fR3 |Vu|? + | Vo2

3 Jgs H1ut 4+ 2Bu20? + povt’

(2.2) exp(s(,, )

In particular, if (u,v) € Pg, then s'?u n =0
(43) If (u,v) & Ep, then \Ilfgu v has no critical point in R.

3. PROOF OF THEOREM 3.2

For the sake of generality and applications elsewhere, we consider at first the non-symmetric
case, i.e. a; and a9, and also 1 and us2, are not necessarily equal. In addition, 8 € R may be
arbitrary in this section.

We recall the following definition [10, Definition 3.1].
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Definition 3.1. Let B be a closed subset of a set X C H. ;(R3 R?). We say that a class F of
compact subsets of X is a homotopy stable family with closed boundary B provided
(a) every set in F contains B.
(b) for any A € F and any n € C([0,1] x X, X) satisfying n(¢t,x) = « for all (t,z) € ({0} x
X) U ([0,1] x B), we have that n({1} x A) € F.

This section is devoted to the proof of the following statement, and of its equivariant version,
Theorem 1.5.

Theorem 3.2. Let f € R, and let F be a homotopy stable family of compact subsets of Pg, with
closed boundary B C Pg. Let

c = inf max Jg(u,v
7.8 AeF (u,w)EA B( )

Suppose that
B is contained in a connected component of Pg,

and that
max{sup J3(B),0} < cr g < +00.
Then there exists a sequence {(un,vn)} with the following properties:
(2) (un,vn) € Pg for every n;

(13) Jg(Un,vn) — cF g as N — 00;

(151) |V (J5ls)(tn,vp)|| = 0 as n — oo.
If moreover we can find a minimizing sequence {A,} for cr g in such a way that (u,v) € A,
implies u,v > 0 a.e., then we can find the sequence {(un,v,)} satisfying the additional condition

(iv) u,,v, — 0 a.e inR3 asn — .

n»-'n

Remark 3.3. The theorem establishes that, if the assumptions of the minimax principle [10,
Theorem 3.2] are satisfied by the constrained functional Jg|p,, then we can find a “free” Palais-
Smale sequence for Jz on S, made of elements of Pg. This is exactly what we needed in the proof
of [6, Proposition 3.5] and consequently [6, Theorem 1.1]. With regard to this, we point out that
for the proof of Theorem 3.2 the fact that we deal with radial solutions is not needed and never
used, and hence the result holds also in the non-radial case. Notice also that the result is true for
every B € R, and in particular in this statement we do not assume 3 < 0.

In order to simplify the notation, from now on we omit the dependence of all the quantities
with respect to [3; i.e. we write J instead of Jg etc. For the proof of Theorem 3.2, we define the
functional F : £ — R by

E(u,v) := J(S(u,0) * (u,v)).
Using (2.2) and the fact that s, ) * (u,v) € P, it is easy to check that the following equivalent
expressions hold:
625

1 2 2 (v 2 2
Bw.0) = 5 [ |1V (500 5 0+ Vs <) = S [ [ 47

3
_ 8 (Jfgs IVU* + |VU]?)
27 (ng vt + 2Puv? + ugv4)2
for every (u,v) € £. Moreover, observing that for every s1,s2 € R and w € H*(R?)

(3.1)

(3.2) (s1+82)*w =81 x(sexw), and O*xw=w,

it follows immediately by Lemma 2.1 that FE(s % (u,v)) = E(u,v) for every s € R and (u,v) € £.
We aim at proving that a Palais-Smale sequence for E on S yields a Palais-Smale sequence for
J on § with elements on P. In this direction, we need some preliminary lemmas.



Lemma 3.4. There exists 6 > 0 (depending on a1, as, 1, p2 > 0 and on S € R) such that

inf 23>0
wnt, | (u,v)||lpr2 >

Proof. This is a consequence of the Gagliardo-Nirenberg inequality, which asserts that there exists

a universal constant C' > 0 such that
3

/ wt <O </ w2> </ |Vw|2) for all w € H'(R?).
R3 R3 R3

If (u,v) € P, then (u,v) € £, and then we have

2 2
0< (/ |Vu|? + |Vv|2) = <_/ paut + 28uv? —|—u2v4)
R3 4 R3
%
<C (/ u4+v4> gc/ |Vaul? + |Vv|?
R3 R3

for a positive constant C' depending on the data.

Lemma 3.5. Let {u,} C H*(R?), {s,} C R, and let us assume that u, — u strongly in H'(R?),
and s, — s in R. Then s, * u, — s*u strongly in Hl(R?’).

Proof. Let us show at first that s, * u, — s xu weakly in L?(R3). To this purpose, we take any
¢ € C°(R?), and for a compact set K containing the support of p(e™*" -) for every n sufficiently
large, we observe that

/ 32y, (e a)p(a) du = e/ / un (y)p(e™*"y) dy
R3 K

—>e‘3/28/ u(y)p(e*y) dyz/ e/ u(e’x)p(x) dx
K R3

as n — 00, by the dominated convergence theorem. In the same way, we can show that for any
i=1,...,3 and any ¢ € C°(R3)

/ © O, (Sp * Up,) — © Og, (s % u),
R3 R3
and as a consequence S, x u, — s * u weakly in H!(R3). Furthermore,

||sn*un||f{1 = ¢25n /R'f |V, |2 +/}R3 u? — e** /R'f |Vu|? +/R% u? = ||s*u||é,17

and the thesis follows.
Lemma 3.6. For (u,v) € S and s € R the map

T(u,v)S — Ts*(u,v)Sa (‘Pla 902) = §* (9017 <P2)7
is a linear isomorphism with inverse (1,1v2) — (—s) x (¥1,%2). In particular, for (u,v) € & the
map
Tu)S = Ty yrwn)Ss (91,92) = S(uw) * (01, 92),
is an isomorphism.

Proof. For (¢1,¢2) € T(y,,)S we have
/ (sxu)(s*p1) = / 3 ule’s)p (ex) do = / upy = 0.
R3 R3

R3

As a consequence s * (1, ©2) € Tsy(u,)S, and the map is well defined. Clearly it is linear. The result
follows easily using (3.2).
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Lemma 3.7. Let {(un,vn)} C & with (up,v,) — (u,v) € OE strongly in H'(R3 R?) as n — oo.
Then E(up,vy) — +00 as n — 00.

Proof. If (un,v,) — (u,v) strongly in H*(R3,R?), then it converges also in L*(R3  R?), and hence

0< lim [ pruy + 28unv) + povy, = / put + 260”0 4 pgv* <0,
R3 R3

n—oo

because (u,v) € OE. On the other hand, since (u,v) € S

lim/ |Vun|2+|an|2:/ |Vul? + |Vo]? > 0,
R3 R3

n—oo

and hence the thesis follows by (3.1).
The next lemma is crucial for what follows.
Lemma 3.8. The functional E is of class C' in &, and
dE(u, v)[(p1,2)] = dJ ($(u,v) * (4, 0))[$(u,0) * (01, $2)]
for every (u,v) € &, for every (o1, 02) € Tyv)S.
Proof. By the last expression in (3.1), it is clear that E € C1(£), and using also (2.2)
4 [os |Vul? + |Vol? 2

Vu -V Vv -V
3fR3M1U4+25U2U2+M2U4) - U V1 + VU - Vs
3

) / puder + Buv(ups + ver1) + pov®os
RS

AE(u,v)[(p1, ¢2)] = (

4 [os [Vul? + [Vof?
3 Jgs Hrut + 2Bu0? + povt

et / Vu -V + Vo - Vipy — e / o1 + Buv(ups + ver) + pov’es
R3 R3
= /R3 V(S(uw) * ) V(S(uw) *01) + V(S(u,0) * ) - V(S(u,0) * p2)
- /]R3 M1 (S(u,v) * u>3(5(u,v) * 901) + /L2(S(u,v) * U)S(S(u,'u) * <P2)

_ /Ra B8 (u,0) * W) (S(u,0) * v)((s(uﬁv) * W) (S(u,) * 92) + (S(u,e) * V) (S(u,0) * 1))
= dJ(S(u,v) * (u, U))[S(u,v) * (1, 92)],
for every (u,v) € € and (1, ¢2) € T(umS-

The immediate corollary of the previous lemmas is that (u,v) € £ is a critical point for £ on S
if and only if 5(,,.) * (u,v) is a critical point for J on S, with s, . * (u,v) € P. This result is not
enough for our purposes, we wish to obtain a similar characterization for Palais-Smale sequences.

Proposition 3.9. Let G be a homotopy stable family of compact subsets of £ with closed boundary
B, and let

eg = ,alxréfg (ﬁ?éAE(u’v)'
Suppose that
(3.3) B is contained in a connected component of P,
and that
(3.4) max{sup E(B),0} < eg < +00.

Then there exist two sequences {(tin,Un)} and {(tn,vn) = 5(a, 5,) * (Un, 0n)} with the following
properties:



(¢) {(tn,0n)} is a Palais-Smale sequence for E on S, at level eg;
(i1) S(in,5,) — 0 as n — 00;
(143) (un,vn) € P for every n;
(1) {(un,vn)} is a Palais-Smale sequence for J on S, at level eg.
If moreover we can find a minimizing sequence { Dy} for eg in such a way that (u,v) € D, implies
u,v > 0 a.e., then we can find the sequence {(un,vy)} satisfying the additional condition

(v) u,, v, =0 ae inR> asn — oco.

n»-n

Remark 3.10. The proposition says in particular that, if the assumptions of the minimax principle
[10, Theorem 3.2] are satisfied for the functional E, then we find a Palais-Smale sequence for the
functional J, made of elements in P.

Proof. Let {D,,} C G be a minimizing sequence for eg: maxp,k E — eg. We define the map
n: [07 1] xE&—=E&, n(t7 (’U,,’U)) = (ts(u,v))*(uuv)'

Since s(y,,) = 0 for any (u,v) € P and B C P, it is clear that n(t, (u,v)) = (u,v) for (¢, (u,v)) €
({0} x &)U ([0, 1] x B). Furthermore, by (2.2) and Lemma 3.5, 1 is continuous. Thus, by Definition
3.1

An =n({1} X Dy) = {8(u,) * (w,v) : (u,v) € Dy} €G.
Notice that A, C P for every n.

Let (w,z) € A,. Then (w,z2) = S(u,v) * (u,v) for some (u,v) € D,, and clearly E(w,z) =
E(5(u,0) * (u,v)) = E(u,v). In particular, max,, F/ = maxp, E, and hence {A,} is another min-
imizing sequence for eg, with the property that A, C P for every n. At this point we would like
to apply the min-max principle [10, Theorem 3.2] to this minimizing sequence. A word of caution
is needed here, since £ is neither complete, nor connected, and hence in principle the assumptions
of [10, Theorem 3.2] are not satisfied. On the other hand, the connectedness assumption can be
avoided considering the restriction of F on the connected component of £ containing B (by (3.3),
such a connected component does exist; if B = (), we can simply choose a connected component ar-
bitrarily). Regarding the completeness, what is really used in the deformation lemma [10, Lemma
3.7] is that the sublevel sets E¢ := {(u,v) € £ : E(u,v) < d} are complete for every d € R. This fol-
lows by Lemma 3.7. Hence, by the min-max principle, [10, Theorem 3.2], there exists a Palais-Smale
sequence {(t,, )} for E on £ at level eg with the property that dist g1 (ws g2)((Un, 0n), An) — 0
as n — o0o.

Let sn := $(a,,5,)- We claim that

(3.5) Sp, — 0 asn — oo.

In order to prove the claim, we note that since A,, is compact for every n, there exists (wy, zn) € Ap
with dist g1 (gs r2)((Un, On), An) = [(Wn, 2n) = (Un, On)||g1. The function (wy,2,) € P, and hence
S(wn,zn) = 0 for every n:

4 [os [Vwn|* 4+ [Vz,|?

3.6 =1
(3:6) 3 Jo p103 & 28222 + inzh

Notice also that for any (u,v) € P it results

1
E(u,v) = J(u,v) = 5 /R3 |Vul? + |Vo|?,

so that

max FE(u,v) > ¢ = max / |Vul? + |Vo|? < 6e+1
(u,v)EAR (u,v)EA, JR3

for every n large, and in particular

(3.7) the sequence {(wy, z,)} is bounded in H*.
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Now,
/W Vi, |* = /R |Vw, |2 + 2Vw, - V(i — wy) + |V (i, —w,)|?
= [ IV o)
.

as n — oo, since ||, — wy || g1 — 0 and |Jwy|| g1 is bounded. Similarly,

/|Vf}n|2:/ |Vzn|? +o(1).
RS RS

The fourth order terms can be treated in similar way, using the continuity of the embedding
HY(R3,R?) — L*(R3,R?):

b = [ wh +4(wn + () (i — wp))” (G — wy)
R3 R3

:/ wy, + o(1),
RS

where t(z) € (0,1) comes from the Lagrange theorem; also

[ot=[ st
R3 R3
and finally

/ @202 = / w222 4+ 2(wn + (@) (i — wn)) (20 + H(2)(Bn — 2n)) (n — wn)
R3 R3

+2 / (wn + t(x) (T — wn))? (20 + (@) (B0 — 2n)) (T — 2n)

R3
:/ w? 2% +o(1).

R3

Collecting together the previous estimates, we deduce that
/ Vi, |? + [V, |? = / [Vw,|? + |Vzn|? + 10
R3 R3

with r,, — 0, and analogously by (3.6)

/ P s + 280202 + pats = / prws 4+ 28wk 22 4 ozt 4+ o(1)
R3 R3
4 2 2
== (|an| +|Vzal ) + 5,
3 | Jes
with s,, — 0. In conclusion

4 Jos IVUn > + V0.2 [oa [Vwa? + [Vzu|2 + 1
3 Jgs path + 286202 + path [os [Vwn|? +|Vza|? + sp

=1+o0(1)

as n — 00, since the quantity [p, [Vwy,|?+|Vz,[? is bounded from above (by (3.7)) and from below
(by Lemma 3.4) by positive values. This proves claim (3.5). In particular, there exist Cy,Cy > 0
such that

(3.8) O < e <y for every n large.
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We are now finally ready to conclude. Let (un,vy) := sp * (G, Upn) € P. We have E(ty,, 0p) =
J(Un, vy) for every n, and hence J(uy,v,) — eg. Furthermore

([T (i, vn) [« = sup |dJ (un, v) [(1, ¢2)]]
(wl’w2)€T(Uann)S
1(wp1,92)|I=1

)

= sup ‘dJ(un, V) {sn * ((—sn) * (¢1, 1/;2))}
(P1,%2) €T (uyy ,vn)S
[[(h1,92)[|=1

where we denoted by || - ||« the dual norm in (T, ,,)S)*. Now, by (3.8)
min{Cy ", 1} (91, 92) |2 < [|(=50) % (¢1,42) ||
—_———

=:C3

= (625"/ |WJ¢|2+/ 1/}?) < max{Cy 1, 1} [ (¥, 92) 17,
3 R3 R3 ~—_———
=:C2
and recalling also Lemma 3.6, we deduce that
{(_Sn) * (¢17¢2) : (¢17¢2) € T(un,vn)Su ||(¢17¢2)|| = 1}
C {(p1,92) € T(a, 5.8 = (01, 02)]| € [C3,Cu]}
The previous argument and Lemma 3.8 gives
[dJ (i, vn ) < sup |dJ (un, vn) [50 % (1, 02)] |

(1,92) €T (ap, ,5n)S
[I(¢1,02)[|€[C3,C4]

. [ (¢1, @2)|l

= sup dJ (8n * (U, On)) |80 * (p1,02) ]|+ 77—

(%017%02>€T<an,an)3‘ [ ” (1, 02)|l
[[(p1,02)[|€[C3,C4]

—0

O (1 )|
(01,02)€T(a, .0m)S [ (1, p2)ll
ll(¢1,02)[€[C5,C4]
as n — 00, as {(tn, Un)} is a Palais-Smale sequence for E. To sum up, {(un,vy,)} is the desired
Palais-Smale sequence for J on S at level eg, with (u,,,v,) € P for every n.

It remains only to show that, if the original minimizing sequence {D,,} is such that (u,v) € D,
implies u,v > 0 a.e. in R3, then u,,,v, — 0 a.e. in R®. This is a simple consequence of the fact
that, under this additional assumptions, we have also (u,v) € A,, implies u,v > 0 a.e. in R3. Thus,
by dist 1 (g3 g2y ((Un, Un), An) — 0, we deduce that i, ,7, — 0 a.e. in R3, and in turn this implies
the desired conclusion. g

For future convenience, we observe the validity of the following variant of Proposition 3.9, whose
proof can be obtained from the previous one with minor modifications.

Proposition 3.11. Let {(un,,)} be a Palais-Smale sequence for E at level e € (0,400), and let
us suppose that for every n there exists (wy, z,,) € P such that:
(@) |(Gn, Tn) — (Wny 20) || 2 — 0 as n — oco;
() [[(wn, zn)llpr2 < C.
Then sy := 5(4,,5,) tends to 0 as n — oo, and (un,vn) = Sp * (i, Un) satisfies:
(2) (un,vn) € P for every n;
(73) J(un,vn) — € as n — oo;
(#73) |\V(J|s)(tn,vpn)|| = 0 as n — co.

If moreover wy,, z, > 0 a.e., then we have also
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(iv) u,,v, — 0 a.e. inR> asn — .

The difference between the above propositions and Theorem 3.2 (and [6, Theorem 2.1]) stays
in the fact that here one has to search for minimax structures of E on &, instead of J on P. This
difference is only apparent, since by using Proposition 3.9 we can easily prove Theorem 3.2.

Proof of Theorem 3.2. We show that, in the present setting, the assumptions of Proposition 3.9
are satisfied, and therefore the thesis follows.

Let G be the smallest family of compact subsets of & with closed boundary B (i.e. every set
in G contains B), which contains F and is homotopy stable with respect to homotopies n €
C(]0,1] x &,&) fixing ({0} x £) U ([0,1] x B). We check that

B AeF, and ne€ C([0,1] x &, &) satisfies
g = {”({1} xA4) ‘ n(ts (1w, 0)) = (u,v) for (4, (u,v)) € ({0} x £) U ([0, 1] x B) }

Firstly, since A D B for every A € F, we have that any D = n({1} x A) € G contains n({1} x B) =
B.

Secondly, we have to prove that for every n € C([0,1] x &, &) fixing ({0} x £) U ([0,1] x B) and
every D € G, it results that n({1} x D) € G, i.e. n({1} x D) = o({1} x A) for some A € F and
some o € C([0,1] x &,&) fixing ({0} x &) U ([0,1] x B). Since D € G, there exists A € F and
7€ C([0,1] x &,€&) fixing ({0} x &) U ([0,1] x B) such that D = 7({1} x A). Thus, defining

U(ta (uv ’U)) = n(ta T(ta (uv ’U))),

it follows that n({1} x D) = o({1} x A), and o is the desired homotopy.
Having checked that G is a homotopy stable family of compact subsets of £ with closed boundary
B C P, we consider the associated minimax level

:= inf E .
o6 = jg, e, B0
We show that eg = cr. Recalling that E(u,v) = J(u,v) for (u,v) € P, this will imply that
max{sup F(B),0} < eg < +o00, and permits to apply Proposition 3.9, yielding the thesis of the
theorem.
Now, on one side F C G and max J = maxs F for every A € F; therefore,

. = ] = ] > .
(3.9) cF ,irelff mng jrelg._ m}xE > eg

In the opposite direction, we prove that for every € > 0 there exists A € F such that max J <
eg + . This implies that ¢ < eg, and, together with (3.9), completes the proof. For ¢ > 0,
let D € G with maxp E < eg + €. By definition of G, it results D = n({1} x A’) for some
n € C([0,1] x &,&) fixing ({0} x £) U ([0,1] x B) and some A’ € F. Let us consider

7:[0,1]x & =€, 7(t, (u,v)) = (ts(uw)) * (u,v),
and
c:[0,1] x P = P, o(t, (u,v)) :=7(1,n(t, (u,v))) = Sn(t,(uy)) *1(t, (u,v)).

By Lemma 3.5 and (2.2), it is not difficult to check that o € C([0,1] x P, P), and clearly o fixes
({0} x P)U ([0,1] x B). But then A :=c({1} x A’) € F by definition of homotopy stable family.
The crucial observation is that A = 7({1} x D). This is important since by definition

E(u,0) = J(8(uw) * (u,0)) = J(7(1, (u,0)))
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for every (u,v) € D, which implies that E(D) = J(r({1} x D)) = J(A). In particular, this gives
max 4 J = maxp E < eg + ¢, and, since A € F, completes the proof. g

To conclude this section, we observe that for the proof of Theorem 1.5, which is the equivariant
version of Theorem 3.2, we can simply use an equivariant minimax theorem (see e.g. [10, Theorem
7.2]) instead of the classical version [10, Theorem 3.2]. The rest of the argument remains untouched.

4. A PARTIAL PALAIS-SMALE CONDITION

From now on we focus on the symmetric system (1.1) with a1 = a2 = a and p3 = p2 = p.
Without loss of generality we fix ;4 = 1; this choice simplifies some expressions.

We recall that problem (1.2) has a unique positive radial solution wq (for a suitable A < 0). We
denote by ¢ the energy level associated to wy, that is

1 1
0= I(wg), I(w) ::/ §|Vw|2 - Zw4.
R3

It is well known that ¢ > 0 is the ground state energy level of (1.2) (see Section 2 in [5] for a
complete discussion).

We wish to investigate the behavior of any Palais-Smale sequence for the constrained functional
Jg|p,. We start with a preliminary remark.

Lemma 4.1. The constrained functional Jg|p, is bounded from below and coercive.

Proof. The statement follows straightforwardly from the fact that
1 1

(4.1) Ja(u,v) = —/ |Vul? + |Vol* = —/ ut + 28u?v? + v
6 R3 8 R3

for any (u,v) € Pg.

The lemma implies that, if we have a Palais-Smale sequence {(u,, v,)} for Jg at a finite level,
and (up,v,) € Pg for every n, then {(un,v,)} is bounded. The existence of bounded Palais-
Smale sequences for problems with L2-constraints is a highly non-trivial fact, hence working on
the constraint Pg is extremely helpful.

Proposition 4.2. Let 8 <0 be fized. Let {(un,vn)} be a Palais-Smale sequence for Jg|s at level
¢ € (0,400), with
u,,v, =0 ae R and (un,v,) € Ps.
a) If ¢ # €, then up to a subsequence (un,vy,) — (u,v) strongly in H'(R3 R?), and (u,v) is a
solution to (1.1) for some A, A2 < 0.

b) If c = £, then one of the following alternatives occurs:
(1) (tn,vn) = (u,v) strongly in H'(R3,R?) up to a subsequence, where (u,v) is a solution to
(1.1) for some A1, A2 < 0 with Jg(u,v) = £.
(i1) either u, — wo strongly in H*(R?®) and v, — 0 strongly in DV2(R3), or v, — wq strongly
in HY(R3) and u, — 0 strongly in DV2(R3), up to a subsequence.

Proof. We refine the analysis from [5, 6] to prove the convergence of the Palais-Smale sequences.
The phrase “up to a subsequence” will be implicitly understood in this proof.

The weak convergence of (uy,v,) to a limit (a,v) € H*(R3 R?) follows directly from Lemma
4.1. By compactness of the embedding H ,(R3) < L*(R?), (uy,v,) — (@, ) strongly in L* and
a.e. in R3. Notice also that by (4.1)

(4.2) / |Vun|* + | Vo, |? > 5¢ > 0
R3
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for every n sufficiently large. Now, since dJg|s(tn,vn) — 0 (and using the fact that the problem
is invariant under rotation), by the Lagrange multipliers rule there exist two sequences of real
numbers (A1) and (Ag,,) such that

(4.3) /R ) (V- Vo + Vo, - Vi — udp — v — Buyvn (unth + va))

— [ Ot da ) = oDl )

for every (¢,v) € H'(R3,R?), with o(1) — 0 as n — oo. Using the boundedness of {(uy,v,)} and
equation (4.2), one can prove as in [5, Lemma 3.8] that A1, — A1 and Az, = A2, and A + A2 < 0,
hence at least one of A\; and ) is a strictly negative value. If Ay < 0 (resp. Ay < 0), then
up, — U (resp. v, — v) strongly in H!(R3) by [5, Lemma 3.9]. Notice also that, by weak and a.e.
convergence and by (4.3), the limit (@,v) € H'(R3 R?) solves

— AU — M\ = 4+ Buv? in R3
(4.4) —AD — X\t =03 + Buv  in R3 for some A1, Az € R.

>0, 0>0 in R3,

So far we showed that, independently of the level ¢, the Palais-Smale sequence {(@,, )} tends
weakly to a solution of (4.4) (notice that the mass constraint is not present), one of the Lagrange
multipliers )\; is negative, and the corresponding component is strongly convergent. Without loss
of generality, we can suppose that A\; < 0, so that u,, — @ strongly. If Ay < 0, then also v, — ©
strongly in H!(R3) (see [5, Lemma 3.9] again). In what follows we prove that if ¢ # ¢, then it is
necessary that Ay < 0; while if ¢ = ¢, then it is possible that A2 > 0, but in such a situation v, — 0
strongly in D%2(R?), and u,, — wy strongly in H!(R3).

Suppose then that Ao > 0. Since A\; < 0, the function @ decays exponentially at infinity,
see [6, Lemma 3.11]. As a consequence, if Ay > 0, then

—Ab4¢(z)o >0 inR®  with 0<ec(z):=—pa’(z) < Ce Cl7

Since moreover ¥ > 0 in R® and v € H'(R3), by the Liouville-type Lemma 3.12 in [6] we infer that
v =0 in R3. But then @ is positive and solves (1.2), and by uniqueness @ = wp. It is well known
that any radial solution to (1.2) stays in

M::{ueSg:/ |Vu|2:§/ u4},
R3 4 R3

1
0= TI(wy) = g/ wy.
R3

Consequently, using that (u,,v,) — (wp,0) in L*, and recalling (4.1), we have

and hence

1 1
c= lim Jﬁ(un,vn): lim g/ ufl—kﬂuivi—kv;‘;: —/ wgzé_
]R3

n— 00 n—00 8

Therefore, in the case ¢ # £ we must have Ay < 0, and hence (un,v,,) — (%, ?) strongly in H'. If on
the other hand ¢ = ¢, we proved that in case Ay > 0 (that is, if we do not have strong convergence
of the whole Palais-Smale sequence) we have u, — wq strongly and v, — 0 weakly in H'. To
check that indeed v,, — 0 strongly in D12, it is sufficient to recall that (u,,v,) € Ps for every n,

so that
2 _ 3 4 2,2 4 2 3 4 2
[V, | = = (up +2Buvi +vp) — [Vup|* = = | wy — [V
R3 4 R3 R3 4 R3 R3

as n — 0o. Since wy € M, the last term is equal to 0, that is ||v,|p1.2 — 0, as desired.
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5. DEPENDENCE OF THE ENERGY LEVEL infp, Jg WITH RESPECT TO (3

In the first part of this section we analyze the behavior of the energy level infp, Js when 3
varies. We stress that g = 0 is included in our analysis. We set

mg := inf Jg,
B Pa B

and recall the explicit expression of the functional Eg(u,v) = Jg (s? ) * (u,v)), see (3.1).

U,v

Lemma 5.1. We have
mpg = inf FEg(u,v).
8=t s(u,v)

Proof. For every (u,v) € Pg, the value s?u v defined by (2.2) is equal to 0, and hence by definition
of E,g

Jg(u,v) = Eg(u,v) > iglf Es = mg> ignf Es.
s 8

For the reverse inequality, we note that for any (u,v) € €3

Eg(u,v) = Jg(s?u 0 * (u,v)) >mg = jépf Eg > mg.
’ 8

Lemma 5.2. The level mg is monotone non-increasing in 3. In particular, mg > mgo > 0 for
every B8 < 0.

Proof. Suppose that 8, < B2 < 0 but mg, > mg,. Notice that
(5.1) / ut + vt 4+ 281u20? < / ut + vt + 285002,
R3 R3

and hence g, C Eg,. Since mg, > mg,, there exists (u, v) € g, such that mg, > Eg, (u,v) > mg,.
But then (u,v) € &g,, and using again (5.1) we deduce that

mg, > E,@1 (uv U) > Eﬂz (uvv) > ggf Eﬂz = Mgy,
2

a contradiction.
The inequality mg > 0 is the content of Lemma 3.4 for g = 0.

We can now show that, in fact, mg takes always the same value, independently of 3 < 0.
Lemma 5.3. For every 8 <0 it results that mg = £.

Proof. We show first that mg > ¢, and to this purpose it is sufficient to show that mg > ¢, due
to Lemma 5.2. Arguing by contradiction we suppose that 0 < mg < ¢, and consider a minimizing
sequence {(un,v,)} for mg. It is not restrictive to assume that u,,v, > 0 a.e in R?, and hence
by Proposition 4.2 we have that up to a subsequence (uy,v,) — (ug,vo) strongly in H'. Since
B =0, the system (1.1) is given by two uncoupled equations, and both ug and vy are positive radial
solutions to (1.2). By uniqueness, we deduce that uy = vg = wp, and hence

{>mg= J()(’LLO,’U()) = I(Uo) + I(Uo) =2¢ with ¢>0,

a contradiction.

Now we show that mg < . According to Lemma 3.10 in [6], there exists a sequence {(u, v,)} C
Pg such that Jg(un,v,) — £, u, — wo strongly in H', and v,, — 0 strongly in D12, The inequality
mg < £ follows immediately. g
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Let us consider the involution o : HL ;(R?* R?) — H. (R3 R?), o(u,v) = (v,u). Notice that

both Jsz and Pg are o-invariant, by the symmetry of (1.1). Moreover ¢ has no fixed points in Pg
for 8 < —1, because (u, u) € Pg implies

0</ |vu|2:§(1+ﬂ)/ ut.
R3 4 R3

Next we consider the fixed point set Pg := {(u,v) € P : u = v} as § — —1, and the infimum
m% := infpg Jg.

Lemma 5.4. For 8| —1 there holds mg — 400.

Proof. This is a simple consequence of the Gagliardo -Nirenberg inequality: if (u,u) € Pg, then

[wur =200 [ < Xlavs ([ ver)

whence it follows that

1 ) 16
o) =3 Jou VU2 e B

6. THE MINIMAX SCHEME

In this section we set up a minimax scheme using the Krasnoselskii genus-type argument. For
any closed o-invariant set A C £g, we define the genus y(A) as the smallest integer n € N U {0}
such that there exists a continuous map h : A — R™ \ {0} with h(o(u,v)) = —h(u,v) for every
(u,v) € A. If no such map exists we set y(A4) = +oo. We also note that v() = 0. Below, we
report some standard properties of v, stated and proved for instance in [8, Lemma 4.4].

Lemma 6.1. Let A, B C £g be closed and o-invariant. We have:
(1) if AC B, then v(A) < ~(B).
(i1) Y (AU B) < y(A) +7(B).
(i5) If h + A — &g is continuous and o-equivariant, i.e. h(o(u,v)) = o(h(u,v)) for every
(u,v) € A, then 4(4) < (h(A)).
For a subset A C Eg that does not contain fived points of o, there holds:
() if v(A) > 1, then A is an infinite set.
(v) If A is compact, then v(A) < 400, and there exists a relatively open o-invariant neighbor-
hood N of A in Eg such that v(A) = v(N).
Finally,
(vi) if S is the boundary of a bounded symmetric neighborhood of zero in a k-dimensional

normed vector space and ¢ : S — Eg is a continuous map satisfying Y(—s) = o(P(s)),
then v(¢(S)) > k.

Let now Ag := {A C Pg: Ais closed and o-invariant}, and, for any k € N, let us define
A :={A € Az : Ais compact and y(A4) > k}.
We define the minimax level

e, = cppg:= inf max Jg(u,v).
k k. AG.A)C,B (u,’U)GA ﬂ( )

Lemma 6.2. Any ck g is a real number, that is Ay g # 0 for every k. Moreover, for every k > 1
there exists Cy, > 0 independent by B < 0 such that £ < ci 3 < Cj.
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Proof. We choose a k-dimensional subspace W of {w € H}4(R?) : [psw =0}, and set T := {w €

W |lw|| g2 = 1}. Let us consider the maps ¢ : T'— S and ¢ : T — Pg defined by

ow) = (

a + a

w, w s and ww ::S'8 *(bw,
lwHlzz ™ " llw= L ) (w) = 850 * d(w)

where sg(w) is given by (2.2). Notice that, since the components of ¢(w) have disjoint positivity

sets, sg(w) is independent of 3; hence, ¥(T') C Pg for every 8. Analogously, any function in
¥ (T) has components with disjoint positivity set, so that Jz(u,v) is independent of g8 for every

(u,v) € (T).

Observe that ¢ is continuous by Lemma 3.5 and that ¢(—w) = o(¢(w)). Now Lemma 6.1 (vi)
implies v(¢(T)) > k, ¥(T') C Pg is o-invariant, and ¢(T") is compact as the continuous image of a
compact set. Consequently ¢(T") € Ay g for every §, and moreover

¢k < maxJg =: Cy,
M= T

as desired. The fact that cj g > ¢ for every k € N and 8 < 0 follows simply by the fact that
{=1inf Jg = c1. 38 < ck,p,
Ps ’

by Lemma 5.3.
Now we define for k € N:
Br = inf{B € (=1,0) : k1,8 > m3}.
As a consequence of Lemmas 5.4 and 6.2 we have i, € (—1,0). Clearly ¢ 5 < m§ provided 8 < .

Lemma 6.3. For any k € N and any 8 < By, there evists a Palais-Smale sequence {(uk,vE)} for

Js on S at level ¢k g, satisfying the additional conditions (uf)=, (vE)™ — 0 a.e. in R asn — oo,
and {(u, vh)} C P,

Proof. Using point (4i7) in Lemma 6.1, it is immediate to check that the family Ay g is a o-
homotopy stable family of compact subsets of Pg with boundary (), according to Definition 1.4.
Moreover, by Lemma 6.2 assumption (1.5) is satisfied. Let then {A4,,} C Aj g be a minimizing
sequence for ¢y p: maxy, Jg — ckp as n — co. We note that then also |A,| is a minimizing
sequence, where

(6.1) [An] = {(Jul, |v]) : (u,v) € Ay}, for all n.

Indeed, |A,| inherits the equivariancy and the compactness from A,,, and by point (¢i¢) in Lemma
6.1 we have v(|A,|) > v(A,) > k for every k. As a consequence, the thesis follows directly from
Theorem 1.5. g

Now we aim at showing the validity of a multiplicity result of Lusternik-Schnirelman type. We
define the critical set

Kf={(u,v) €S: u,v>0ae inR? Js(u,v) =c, dJs|s(u,v) =0}.
By the Pohozaev identity K C Pg, and clearly £} is o-invariant.

Lemma 6.4. Fiz 8 < Bi4p and suppose that ¢ = cj g = cj41,8 = -+ = Cjyp,a for some j > 1,
p>0. If c # L, then v(KF) > p.

For the proof, we introduce new minimax classes as follows: we consider Bg := {A C &3 :
A is closed and o-invariant}, and, for any k € N,

Bip:={A € Bsg: Aiscompact and y(A) > k}.
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The associated minimax levels are

ex =epp:= inf max Eg(u,v).
A A€Bg g (u,v)€EA ﬁ( ’ )

Lemma 6.5. It results that ey g = ci g, for every k € N.
Proof. Let D C By, g such that maxp Fg < ey g + ¢, and let us consider the map

h(u,v) = S?u,v) * (u,v).

By (2.2) and Lemma 3.5, it is not difficult to check that h is continuous and o-equivariant. Then,
by Lemma 6.1-(4i7), the compact o-invariant set A := h(D) satisfies v(A) > k, and hence A € Ay 3.
By definition, Eg(u,v) = Jg(h(u,v)) for any (u,v) € g, and in particular

cr,g < mjLXJB = mngﬂ <epg+e.

Since € was arbitrarily chosen, we infer that ¢y g < ey g. On the other hand, as Ay g C Bi g and
Eg = Jz on Pg, we have also that for any A € A g

Jg = Eg >
mjix B m;“iX B = €k,B,
whence the reverse inequality e g < ci,g follows.
Now we proceed with the

Proof of Lemma 6.4. Suppose by contradiction that v(K}) < p. By Proposition 4.2, we have that
KF is compact. Then, by point (v) of Lemma 6.1, there exists an open o-invariant neighborhood
N of KF in &g such that v(N) < p. Let D € B4, 5 be arbitrarily chosen. Since D € (D\ N)UN,
by point (i¢) of Lemma 6.1 we infer that v(D \ N) > j, that is D\ N € B, g. But then, by the
definition of e; = ¢;, we have that (D\ N)NEg., # 0, where Eg ., is the superlevel set {Ez > e;}.
For the closed o-invariant set F' := Eg .. \ N, we deduce that F'N D # () for every D € B 5.

Let now {D,,} be a minimizing sequence for e;4,. Arguing as in the beginning of the proof of
Proposition 3.9, we can suppose that D,, C Pg for every n. Moreover, arguing as in the proof
of Lemma 6.3, we can assume that any (u,v) € D, is such that w,v > 0. Therefore, applying
Theorem 7.2 in [10], we deduce that there exists a Palais-Smale sequence { (&, ,)} for Eg on &
at level e;4, with the properties that

(62) diStHl(R37R2)((ﬂn,ﬂn), Dn) — 0, and diStHl(R37R2)((ﬂn, 17n), Eﬁ,ej \ N) — 0.

Notice in particular that, since D,, is compact, the first condition implies the existence of (wy, z,,) €
Ps with the properties (a) and (b) of Proposition 3.11 (for the property (b), we can argue as in
the proof of Proposition 3.9, using the fact that the level e; = ¢; is finite), and satisfying also
Wn, Zn > 0 a.e. in R3 for every n. Thus, Proposition 3.11 ensures that s, = S(iin,5,) tends to 0
as n — oo, and that (un,v,) = $p * (ln, Uy) is a Palais-Smale sequence for Jz at level e;, with
(tn,vn) € Pg for every n, and u,,,v,, — 0 a.e. in R3. Since e; = ¢; # ¢, Proposition 4.2 implies
that (un,v,) — (u,v) € K strongly in H!, up to a subsequence.

We are finally ready to reach a contradiction. On one side, by Lemma 3.5, we have (a,,, 0p,) =
(—8n) * (up,vn) = (u,v) € K} up to a subsequence, and in particular

diStHl(R37R2)((ﬂn, ’LN)n), IC:F) — 0
but on the other side, by (6.2), there exists C' > 0 such that for every n large

dist lin, U ), ) > inf dist Ky —o(1)>C
stan e (@ LK) 2 ot ({20 J62) = oll) =

by definition of N, a contradiction.
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7. COMPLETION OF THE PROOF OF THE MAIN RESULTS

Combining Proposition 4.2 and Lemmas 6.3 and 6.4, the only fact that one has to check in order
to obtain Theorem 1.1 is that

(<cop<...<cpy1p <mg for 8 < Bk.
Only the first inequality ¢ < cz g is not obvious. This is a consequence of the following statement.

Lemma 7.1. There exists 6 > 0 such that the nonnegative closed sublevel set

J;;Zf = {(u,v) EPs: u,v >0 ae inR> Jg(u,v) <L+6}
has genus 1.

Proof. We claim that for every € > 0 there exists § > 0 such that (u,v) € Pg, u,v > 0 a.e. in R3
and Jg(u,v) < £+ ¢ implies

(7.1) either |lu —wollgr + ||v]|pr2 <&, or |v—wo| g + ||ulpre <e.

If this claim were false, then we would find € > 0 and a sequence {(wn, 2,)} C Pg, wn, 2, > 0 a.e.
in R3, such that Jz(wy, 2,) — £ and

(7.2) both ||w, — wol|gr + ||znllpr2 =&, and ||z, — woll g1 + ||wn|pre > e.

Since {(wn,zn)} C Pg, we have

1
Eg(wn, 2n) = Jg(Wn, 2n) = gll(wmzn)ﬂ%w — £,

and hence {(wp,z,)} is a bounded minimizing sequence for Eg on £, see Lemmas 5.1 and 5.3.
By Ekeland’s variational principle, there exists then a Palais-Smale sequence {(ty, 9p,)} for Eg on
Ep, with the property that ||(4n,0n) — (Wn, 2n)|lgr — 0 as n — oco. As a consequence, letting
Sp = S(i,5y) AN (Un, V) = Sp* (T, Uy ), by Proposition 3.11 we have that {(u,,v,)} is a Palais-
Smale sequence at level £ for Jz on S, with (u,,v,) € Pgs for every n, u,,v,; — 0 a.e. in R3, and
Sn — 0 asn — oo.

In order to describe the asymptotic behavior of {(un,v,)}, we observe at first that Proposition
4.2 is applicable, and hence one of the alternatives (i) and (i¢) holds.

Let us prove that (i7) cannot occur. By (7.2) and the fact that ||(@n, 0n) — (Wn, 2n)||g1 — 0, we
have

_ . 3 N . 3
(7.3) both ||, — wol|lg1 + ||On|prz > Zs, and ||, — wo|| g1 + ||@n||pre > Zs.

Now, if alternative (ii) holds, we have for instance u, — wp strongly in H!'(R3) and v, — 0
strongly in D1’2(R3). But using the fact that s, — 0, we deduce that also @, = —s, * 4, — Wy
strongly in H', and ||9,||p1.2 = e *"||v,||p12 — 0, in contradiction with (7.3).

This shows that necessarily alternative (¢) in Proposition 4.2 holds true, i.e. (@, 9n) — (ug, vg)
strongly in H'(R? R?), where (ug,vg) is a positive solution to (1.1), and achieves the minimum of
Ejs on €. Both ug and vg are strictly positive in R? by the strong maximum principle, and hence
Jrs ujv3 > 0. But then, recalling (3.1),

¢ = Eg(ug,vg) > Eo(ug,vg) > inf Eo(u,v) =mg =21,
(u,v)EE
a contradiction again. This proves the validity of claim (7.1).

Let now € > 0 so small that ||u — wo||g1 < € implies ||u||p12 > €. The above argument shows

that for any such ¢ there exists a small positive d such that Jf;t‘; C D, where

either ||u — wollgr + ||v||prz <&,
or |lv—wollg +||ullprz <e '

D= {(u,v) € Ps
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By definition, we have that D = Dy U D5 with
Dy = {(u,v) € Pg: |lu—wo| gt + |[v||prz < e}, Dy :=o(Ds),

and Dy, N Dy = () by the choice of €. Therefore, D is the disjoint union of two closed sets with
Dy = o(Dy), which implies v(D) = 1. By the monotonicity property of the genus, point (i) in
Lemma, 6.1, the thesis follows.

Conclusion of the proof of Theorem 1.1. We omit the dependence of the quantities with respect
to B, which is fixed throughout this proof. Since we already know that cx < cpy1 for every k > 1,
in order to show the validity of the theorem we can simply prove that co > ¢; = infp JJ = {. By
contradiction, suppose that ca = ¢1. Then there exists a sequence {A,} C Ay with sup, J — ¢,
and in particular sup 4 J < £4-¢ for every n sufficiently large. Let us consider the set |A,,|, defined
in (6.1). By point (i¢7) of Lemma 6.1, we know that (] A,|) > v(A4,) > 2 for every n; on the other
hand, observing that J(u,v) = J(|ul|, |v|) for every (u,v) € P, we deduce that |A,| C Jf;t‘s, and
hence by point (i) of Lemma 6.1 together with Lemma 7.1 we have also (| A,|) < *y(Jf;fs) =1,a
contradiction.

It remains to show that, for § < —u = —1, we have J(ug,vr) — 400 as k — 4o00. Let us
introduce the generalized Morse index mp (u, v) of J|p in a critical point (u,v) as the dimension of
the negative and null eigenspace of the linearized operator d?J|p(u,v). Similarly we write m(u,v)
for the generalized Morse index of J on S§. Observe that these differ by at most one because P is a
codimension one submanifold of S. In fact, m(u,v) = mp(u,v)+1, because the path ¢t — t*(u,v) is
transversal to P, and J achieves its maximum along the path at ¢ = 0. By [10, Corollary 10.5], the
min-max characterization of (uy,vy) yields an estimate on the Morse index (on the line of [1,20]),
and to be precise we have that mp(ug,vir) > k. Now, let us assume that ¢ — ¢ < +o00. Then
the sequence (ug,vy) is a Palais-Smale sequence for J|p at level ¢ > ¢ made of positive functions.
Hence, by Proposition 4.2, it is convergent to a limit (,?), which is a positive radial solution to
(1.1) and has therefore finite generalized Morse index. This can be seen as follows. The gradient
VudJ : 8 = TS, with respect to the standard scalar product in H' is given by

Vud(u,0) = (A +1)7" (~Au — v’ — Buv® — A (u, v)u)

where A;(u,v) € R is determined by the equation V,J(u,v) € TSy, ie. [pou- VyJ(u,v) = 0.
Similarly we obtain

Vod (u,v) = (A + 1) (—=Av —v® = BuPv — Ao (u, v)v) .

Therefore the Hessian of J at the critical point (%, v) in the direction (¢, ) € T(4,)S is computed
as follows:

D> J(w,v)[(¢,9), (¢, 9)] = /R (IVo]> + [V = M (@, 0)¢* — Aa(a, 0)3?)
- /R ) ((8u* + Bv*)¢* — (3v* + Bu®)Y* — 4Buver) .

We have used the fact that [p, u¢ = 0 = [,, 0¢. Here A\y(@,9), A2(@,v) are the Lagrange multi-
pliers of the solution (@, 7), hence they are negative. Therefore the first integral above is strictly
positive definite, whereas the second integral defines a quadratic form on T(5 7S C HL,xHL,
which is even defined, and continuous, on L* x L*. Since the embedding of H), ;(R?) into L*(R3) is
compact, the negative eigenspace and the kernel of D2J(w,%) must be finite-dimensional, and
D?J(u,v) is strictly positive definite on a subspace X C T(z»S of finite codimension, i.e.
D2 J(u,0)[(,v), (¢,9)] > c||(¢,)|* for some ¢ > 0, and all (¢,7) € XT. This, however, contra-

dicts the fact that m(ug,vr) = +00, and completes the proof. O

Proof of Theorem 1.2. We can proceed exactly as in Section 3.4 in [6]. O
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