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Abstract

The Additive Increase Multiplicative Decrease (AIMD) algorithm is an interesting ap-

proach in congestion control of communication networks, as it maintains the good

features of a distributed strategy, without sacrificing the network stability and robust-

ness. Recent applications of these algorithms also concern other industrial fields such

as Electric Vehicles (EVs) based transportation systems, for which the introduction

of an optimal charging policy is an important challenge for power systems operation.

Moreover, saturation constraints on the resource allocated to each vehicle need to be

taken into account in order to avoid peak power requirements and grid overloads. Opti-

mization based AIMD algorithms with saturation constraints are proposed in this paper

for public charging of EVs. Specifically, a new AIMD approach is presented in order to

capture the main advantages of optimal algorithms which minimize either the sum of

charging times or the operation time of each vehicle, giving rise to a mixed AIMD strat-

egy. Simulation results illustrate the performance of the proposal, even in comparison

to the corresponding centralized optimal solutions.
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1. Introduction

The Additive-Increase Multiplicative-Decrease (AIMD) algorithm owes its success

mainly to its capability of achieving the sharing of constrained resources among com-

peting users, without requiring direct communication among them. The AIMD al-

gorithm has been introduced for the first time for congestion avoidance in computer

network in the seminal work by Chiu and Jain [1]. Internet congestion control, in

fact, consists in allocating a fixed bandwidth to a time varying and unknown number

of users, while preventing congestion collapse [2, 3]. Furthermore, AIMD algorithms

turned out to be powerful tools capable of guaranteeing stability and robustness of large

scale networks characterized by distributed high delays and a time-varying number of

users connected to the infrastructure [4].

In its standard formulation, the AIMD algorithm consists of three key elements: the

capacity events (CEs), the additive-increase (AI) phase and the multiplicative-decrease

(MD) phase, [5]. The mathematical model is instead captured by linear systems, the

behavior of which is worth to investigate from one CE to the next. Furthermore, in

the literature, several approaches have been used to study AIMD algorithms, making

also reference to Markovian models [6] or passivity theory [7]. Other versions refer to

the so-called additive-increase nonlinear multiplicative-decrease (AINMD) methods,

presented for instance in [8, 9], while optimization problems solved via AIMD under

limited communication constraints have been discussed in [10]. Since state constraints

are present in all practical implementations, mainly in the form of saturations, in order

to ensure acceptable performance of the systems in their presence, an AINMD with

upper and lower saturation constraints has been introduced in [11].

As for the applicability of AIMD methods, besides the internet case, AIMD algo-

rithms have recently received interest in other fields of implementations such as smart

grids and transportation systems. In fact, these systems resemble the internet infras-

tructure so that AIMD algorithms perfectly fit to solve the resource allocation problems

typical of these contexts. Among the applications for which this analogy is exploited,

particularly interesting is the case of electrical charging of vehicles [12]. Nowadays,

the progressive placing on the market of electric vehicles (EVs) makes the introduction
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of distributed energy management systems worth of analysis [13, 14, 15, 16, 17, 18].

Differently from other distributed algorithms, AIMD methods do not require the esti-

mation of the total available (possibly time-varying) power of the grid, but, when a CE

occurs, the only information needed is a flag which indicates the time instants when-

ever the total demand exceeds the available power, with considerable advantages in

terms of communication bandwidth and flexibility.

In this paper, having in mind the EVs charging and inspired by [19] and [20], opti-

mization based AIMD algorithms are developed. More specifically, making reference

to the classical problems of minimizing the sum of job completion times and mini-

mizing the operation time (see [21] and the references therein for more details), the

corresponding AIMD counterparts are presented, also taking into account the presence

of constraints for each user connected to the infrastructure. Starting from these two

methods, a mixed AIMD algorithm with saturation constraints is also presented and its

convergence properties, in case of fixed number of agents, are discussed. Note that,

since a distributed optimization is required, it is reasonable that, besides the CE noti-

fication, the involved users need to share some additional information on the desired

amount of resource in order to be fully served. Finally, the public charging scenario of

EVs is considered as case study in order to verify the proposed distributed algorithms

in comparison with the optimal centralized solutions. More precisely, the main con-

tributions of this work are the following: i) two different optimization based AIMD

strategies are proposed taking into account the presence of saturation constraints on

the user shares; ii) a mixed AIMD algorithm is proposed to capture the main features

of the optimal solutions which minimize the sum of job completion times and the op-

eration time; iii) deterministic and probabilistic solutions to the AIMD problem are

provided; iv) to the best of the authors’ knowledge, this is the first time that the pro-

posed optimization based mixed AIMD algorithm is applied with satisfactory results

in comparison with centralized solutions to public charging scenarios of EVs. Specif-

ically, in the literature (see [19]), it is usually assumed that all the considered EVs are

connected to the network, that is the number of the users is fixed, which does not seem

reasonable in a public charging scenario where both energy requirements and number

of vehicles are random. In [19], in fact, a centralized solution which minimizes the
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sum of charging times is compared with an AIMD algorithm but without taking into

account the varying number of EVs connected to the grid. In [22], where AIMD is

applied also to provide reactive power management with the grid, random arrivals are

instead taken into account for specific scenarios where, for instance, clusters of EVs

would like to finish the charging process at the same time disregarding the time of ar-

rival or the required energy. The novelty of this paper with respect to the literature

is the introduction of an AIMD method which adapts to the number of the currently

connected EVs through the reallocation of the residual energy when one user exits the

network. For all these reasons, the proposed distributed strategies are finally applied to

more realistic scenarios with random arrival of vehicles.

The notation adopted in the paper is mostly standard. Let R≥0 be the set of non-

negative real numbers and let N≥0 be the set of non-negative integers. Let x be a

column vector with entries xi, and its transpose is x>. Let 1 be the column vector

containing all ones with proper dimension, and let w(s) : R→ R be a scalar function,

with w′ denoting its derivative with respect to s. Given a real number r ∈ R, dre

denotes the ceiling operation to the closest integer.

The paper is organized as follows. In Section 2, some preliminary issues on AIMD

algorithms and the problem formulation are reported. In Section 3 two different op-

timization based AIMD algorithms are discussed and then the mixed AIMD is intro-

duced, the convergence analysis of which is reported in Section 4. Section 5 reports

the case study relying on the public charging scenario of EVs. Some conclusions are

gathered in Section 6.

2. Preliminaries and Problem Formulation

ConsiderN users connected to a certain infrastructure and competing for a resource

at the time instant t ∈ R≥0. Let pi(t) be the share of user i at the time instant t and

define the total capacity of resource available to the entire system as P such that

N∑
i=1

pi(t) ≤ P, ∀t ≥ 0 . (1)
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Furthermore, it is said that a CE occurs at the time instant t = τk, with k ∈ N≥0, if

N∑
i=1

pi(τk) = P . (2)

2.1. Classical AIMD Algorithms

Classical AIMD consists of two phases: i) the additive increase (AI) phase, during

which the increase share is defined by a growth factor αi, i = 1, . . . , N ; ii) the multi-

plicative decrease (MD) phase in which each user instantaneously reduces its resource

share by a multiplicative decrease factor βi < 1, i = 1, . . . , N . When the kth CE

occurs, then the MD phase is mathematically modeled as

pi(τ
+
k ) = βipi(τk) , (3)

with τ+
k being the time instant immediately after the CE. After this, the user starts again

with the AI phase until the next CE. So, classical AIMD models take the form

pi(t) = βipi(τk) + αi(t− τk) , (4)

with τk < t ≤ τk+1. Whenever CEs occur all the users instantaneously decrease their

share of resources in the MD phase, so that this is referred to as synchronized AIMD.

Specifically, in this case the whole system dynamics can be captured by the following

linear system

p(τk+1) = Ap(τk) , (5)

with p = [p1, . . . , pN ]
> being the shares vector, while A is the so-called AIMD ma-

trix, given by

A = diag(β) + (1>α)−1α[1− β]> , (6)

with α = [α1, . . . , αN ]
> and β = [β1, . . . , βN ]

>. The dynamics between two CEs

for a single user is instead given by

pi(τk+1) = βipi(τk) + αiTk , (7)

where Tk = τk+1 − τk is the so-called intercapacity time, i.e.,

Tk = (1>α)[1− β]>p(τk) . (8)
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Remark 1. The case where some agent i is not notified about the CE or, if notified, it

chooses not to respond, this case is referred to as nonsynchronized AIMD, that means

that the decrease factor is a function of time βi(τk) ∈ {βi, 1} allowed to be one if

no decrease is operated. If users are allowed to vary both their increase and decrease

parameters at CEs, that is each user i may select constant αi(τk) and βi(τk) at the kth

cycle, one has instead a nonhomogeneous AIMD model. For further details, see [5].

2.2. IID AIMD Algorithms

Another class of AIMD algorithms is represented by Independent and Identically

Distributed (IID) AIMD models in which CEs have some randomness [5]. More specif-

ically, consider the case in which the growth rate and multiplicative decrease factors

are randomly selected. Then, in correspondence of the kth CE the AIMD matrix A

belongs to a finite set A = {A1, . . . , As}, and is selected according to some rule that

indicates randomness. Analogously, a matrix index σ(τk) is chosen from the finite set

S = {1, . . . , s}. This system has a form captured by (5) with insteadA(τk) = Aσ(τk).

Let p(τ0) = p0 be the initial condition, then it holds

p(τk) = A(τk−1)A(τk−2) · · ·A(0)p0 . (9)

Let randomness in σ(τk) be modeled by a random variable Σ(τk) and that of p(τk) is

given by Π(τk), with Π(τ0) = Π0. Therefore, the evolution of the random variable

can be written as

Π(τk+1) = A(τk)Π(τk) (10)

whereA(τk) is such thatA(τk) = AΣ(τk). Analogously to (9), it holds

Π(τk) = A(τk−1)A(τk−2) · · ·A(0)Π0 , (11)

where Π(τk) is a random variable and the sequences {Π(τk)} are random sequences.

Suppose that the random events are IID, that is Σ(τi) and Σ(τj) are independent for

j 6= i and there is a fixed probability distribution ρσ on S so that

P(Σ(τk) = σ) = ρσ , (12)
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with k ∈ N≥0 and P(Σ(τk) = σ) denoting the probability of Σ(τk) being equal to σ.

Hence, it holds

P(A(τk) = Aσ) = ρσ . (13)

Let p̄(τk) = E(Π(τk)) be the expected value of a random sequence Π(τk). It is easy

to show that, since Π(τk) andA(τk) are independent, it holds

E[A(τk)Π(τk)] = E[A(τk)]E[Π(τ)] = Āp̄(τk) (14)

where Ā = E[A(τk)] is the average AIMD matrix, also given by

Ā =
∑
σ∈S

ρσAσ . (15)

Analogously, with αi fixed and only β(σ)
i random, the average value of βi is given by

β̄i =
∑
σ∈S

ρσβ
(σ)
i . (16)

Therefore, the expected value of the AIMD matrix is equivalent to that in (6) with

growth rate factor αi and the multiplicative decrease factor equal to β̄i, while the aver-

age time between two CEs is obtained as follows

E[Tk] = (1>α)[1− β̄]>p(τk) ,

with β̄ =
[
β̄1, . . . , β̄N

]>
.

Remark 2. Note that IID AIMD model is a special case of Markov chain model [23]

such that

η[i](τk+1) = Ai

M∑
j=1

ρjiη
[j](τk) , (17)

where η[i](τk) = E(p(τk)Jσ(τk−1)=i), i = 1, . . . , M is the conditional expectation of

p(τk) with Jσ(τk) being the indicator function equal to one if σ(τk) = i, otherwise zero,

while ρji are elements of the transition matrix P ∈ RM×M , with M being the number

of elements in S. Indeed, for an IID model ρji = ρi, moreover,
∑M
i=1 η

[i](τk) =

E(p(τk)), so the Markov chain model reduces to an IID one.
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3. The Proposed AIMD Algorithms

Having in mind the public charging of EVs, in this paper the considered problem to

solve is guaranteeing equal opportunity to share resources among the users, minimizing

the length of queues, and taking into account saturation constraints, i.e.,

p ∈ P , (18)

where P is a compact set

P := {p ∈ RN : 0 ≤ pi ≤ p̄i, i = 1, . . . , N} . (19)

In the following subsections, first, two basic formulations to achieve the minimization

of either the sum of job completion times or the operation time are recalled [21].

Remark 3. In AIMD, a continuous-time framework is typically considered [5]. It can

appear that this approach is only conceptual, because a numerical implementation

would need a time discretization. For the solution of the considered optimal problems

a discretization has to be introduced. Let h ∈ N≥0 be the generic discrete time step,

while T is the sampling time such that

pi[h] = pi(t), ∀ t ∈ [hT, (h+ 1)T ) . (20)

3.1. Minimizing the Sum of Job Completion Times

In the following both a centralized solution and an AIMD solution of the problem

at hand will be presented. Let hi be the time that the ith user takes to complete its job,

and let E∗i be the total amount of the desired resource to be supplied to user i. The

optimal control problem to solve consists in minimizing with respect to pi[h] the sum

of job completion times, i.e.,

min
pi[h]

J1(N) (21)

with

J1(N) =

N∑
i=1

hi (22)
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subject to

hi−1∑
h=0

pi[h] =
E∗i
T

(23)

N∑
i=1

pi[h] ≤P, ∀h ≥ 0 (24)

0 ≤ pi[h] ≤p̄i, ∀h ≥ 0, ∀ i , (25)

that is, the constraint on the desired amount of shared resource for each user (23), that

on the total capacity (24), and the saturation constraints (25), respectively.

3.1.1. Centralized Solution

The optimal centralized solution consists in allocating the maximum share capacity

first to those users which have lower requirements and in serving one user at time.

Specifically, assume that there exist job time intervals [hi−1, hi − 1] during which

each user is competing for the available commodity and the share is constant for any

h ∈ [hi−1, hi − 1] and h0 = 0. Furthermore, without any loss of generality, assume

that E∗1 ≤ E∗2 ≤ · · · ≤ E∗N . If constraint (25) is relaxed, the optimal solution is

achieved when the job intervals [hi−1, hi − 1] are disjoint for any ith user, according

to the following policy,

pi[h] =

P, hi−1 ≤ h ≤ hi − 1

0, otherwise
(26)

such that the time to complete the job is

hi = hi−1 +

⌈
E∗i
T

1

P

⌉
, (27)

while the optimal cost function is

Jo
1 =

1

P

N∑
i=1

E∗i
T

(N − i+ 1) . (28)

In this case the total available power is provided to one vehicle at a time and, as dis-

cussed before, constraints are not considered. In fact, the only purpose of analyzing

this method is to introduce a benchmark as a term of comparison with other solutions.
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Since in practical cases, due to available power in charging stations, one has to take

into account the presence of constraints (25), assume now to provide first the maxi-

mum share p̄i to the user with lower requirement. In this case, when the first user is

fully served, the centralized solution to the problem at hand is achieved by allocating

the resources from the residual capacity to the next user in ascending order of share

requirements. Specifically, the latter computes the difference between the available ca-

pacity and the share already allocated to the previous user, and, if the residual capacity

is greater than p̄i, the algorithm allocates p̄i, otherwise it allocates the residual capacity.

Remark 4. Note that, although the solution of the considered problem is computed

taking into account a constant value N , when the number of users connected to the

network changes, N is updated and the optimization problem is solved again.

3.1.2. AIMD Solution

It is now possible to introduce the AIMD solution to the problem previously dis-

cussed. So, consider that the growth factors αi are fixed and at the kth CE a desired

share p∗i is computed as

p∗i (τk) = min

pi(τk) +

N∑
j=1, j 6=i

(E∗j − E∗i ), p̄i

 . (29)

For the sake of simplicity define the value

c1i
:=

N∑
j=1, j 6=i

(E∗j − E∗i ) . (30)

If in (29) the difference c1i is positive, the resource demand of user i is relatively low,

hence, it should be assigned higher share. Vice versa, if c1i
is negative, the resource

demand of ith user is relatively high, hence, it should be assigned lower share. This

strategy requires for each user the knowledge of its own amount of desired resource

E∗i and the sum of other users’ demands.

Assume that each user can either reduce its share by a large or a small amount,

according to two possible decrease factors, nominally β(1) and β(2), with β(1) < β(2).

Therefore, at the CE, these multiplicative factors can be assigned in a deterministic
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way as follows

βi(τk) =

β
(1), p∗i < pi

β(2), p∗i ≥ pi .
(31)

Remark 5. Note that the selection of βi(τk) could be also defined by adapting the

probabilities assigned to the choice of β(1) and β(2), for instance, as discussed in [19].

3.2. Minimizing the Operation Time

Assume now to allocate a fair share of resources to the users so as to minimize

the time at which they have completed their jobs, that is to minimize the so-called

operation time. Let pi[h] = pi, ∀h and let f(E∗i , pi) be the predefined utility function

representing the operation time, i.e.,

fi(E
∗
i , pi) =

E∗i
pi

. (32)

Hence, the optimal problem to solve consists in minimizing with respect to pi the

following cost function

J2(E∗i , pi) = max
i
fi(E

∗
i , pi) (33)

subject to (24) and (25).

3.2.1. Centralized Solution

The optimal centralized solution to minimize the operation time is to allocate the

resources in the same amount of time for each user, i.e.,

E∗1
p1

=
E∗2
p2

= · · · = E∗N
pN

. (34)

Since it holds that

P =p1 + · · ·+ pN

=

(
E∗1
E∗i

)
pi + · · ·+

(
E∗N
E∗i

)
pi , (35)
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then all the resources can be allocated according to the following policy

pi = min

{
E∗i P∑N
j=1E

∗
j

, p̄i

}
. (36)

Assuming that the allocated resources are less than p̄i, the optimal operation time is

equal to

fo =
1

P

N∑
j=1

E∗j . (37)

3.2.2. AIMD Solution

Starting from the previous algorithm, in the corresponding AIMD distributed solu-

tion the cost function (33) is instead minimized at the CEs with respect to pi(τk). In

this case, it is assumed that each user computes its utility function and knows the sum

of those of other users. The desired share is then calculated as follows

p∗i (τk) = min {pi(τk)+

−η1

∑N
j=1, j 6=i(fj(E

∗
j , pj(τk))− fi(E∗i , pi(τk))), p̄i

}
,

(38)

where each user has the knowledge of its own utility function fi and the sum of the

other ones fj , j 6= i and η1 > 0 is a scalar design parameter. For the sake of simplicity

define the value

c2i
:=

N∑
j=1, j 6=i

(fj(E
∗
j , pj(τk))− fi(E∗i , pi(τk))) . (39)

If c2i
is positive, it means that the share has to be decreased in order to equalize the util-

ity functions, otherwise, if c2i is negative, the share has to be increased. The decrease

factors βi(τk) can be adjusted again as in (31) or as outlined in Remark 5.

3.3. Mixed AIMD Algorithm

In the previous subsections two AIMD algorithms for the minimization of job com-

pletion times and minimization of the operation time have been discussed. The algo-

rithm in Section 3.1 requires that users with higher energy demands have to wait till

the others with lower demand are served. However, having in mind the public charging

of EVs, this method could appear less fair as well as the operation time could result

considerably higher than the minimum achieved by the centralized algorithm presented
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in Section 3.2. On the other hand, the algorithm in Section 3.2 takes the same time to

serve the users, so as to imply that the sum of completion time increases, thus leading

to bigger queues.

Therefore, the aim is now to design an AIMD algorithm in which a fair share of the

available commodity is allocated to each connected user capturing the main advantages

of both the previously described approaches. Assume that all the users know their

required share E∗i , while the new utility function is given by

fi(E∗i , γi, P ) =
E∗i
γiP

, (40)

where 0 < γi ≤ 1 is a factor such that pi(τk) = γiP . The optimal control problem

consists in minimizing with respect to pi(τk) the following cost function

J3(E∗i , γi, P,N) =

N∑
i=1

E∗i
γiP

, (41)

subject to
N∑
i=1

γi = 1 , (42)

and (24), (25). Notice that the cost function (41) corresponds to the sum of the job

completion times as in Section 3.1 but with the additional constraints that the shares γi

are constant over time. Two different solutions are now discussed.

3.3.1. Non Adaptive Solution

Consider now the non adaptive centralized case, as presented in [19]. If the number

of users is constant, one could compute the optimal value for γi of the problem at hand

as

γi =

√
E∗i∑N

j=1

√
E∗j

. (43)

However, this value of γi does not take into account that N changes, for instance in

case of possible disconnections of the users when they are completely served.

3.3.2. The Adaptive Solution

An alternative solution to (43) is an adaptive algorithm. It consists in recomput-

ing the total capacity of the network whenever the number of users connected to the
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infrastructure changes, and redistributing the portion of share corresponding to the dis-

connected agents. Let h̄ be the time instant when the number of users changes from N

to N̄ . In the centralized solution the updated share requirement is computed as

γi[h̄] =

√
E∗i − Ei[h̄− 1]∑N̄

j=1

√
E∗j − Ej [h̄− 1]

, (44)

where Ei[h] is the effective energy supplied to user i up to h. As anticipated, it means

that the values of γi are not updated constantly but only when the number of users

connected to the infrastructure changes.

Now, the so-called mixed AIMD algorithm is introduced. Given the values of the

current γi updated as in (44) at the (k + 1)th CE with respect to Ei(τk), in order

to minimize the cost function (41), the slope of the utility functions (40) has to be

equalized. Assume that each user is capable to compute the slope of its own utility

function, and has information about the sum of the utility function slopes of other

users. The desired shares are then computed as follows

p∗i (τk) = min {pi(τk)+

+η2

∑N
j=1, j 6=i(f

′

j (E∗j , pj(τk))− f
′

i (E∗i , pi(τk))), p̄i

}
,

(45)

where η2 > 0 is a scalar adaptation parameter [24] and

f
′

i (E∗i , pi(τk)) =
∂

∂pi

E∗i
pi(τk)

= − E∗i
p2
i (τk)

. (46)

The desired share can be explicitly written for the sake of simplicity as

p∗i (τk) = min {pi(τk) + η2c3i , p̄i} , (47)

where

c3i := (N − 1)
E∗i

p2
i (τk)

−
N∑

j=1,j 6=i

E∗j
p2
j (τk)

. (48)

If c3i
is positive, this means that the share has to be increased in order to equalize the

utility function and the desired share p∗i is greater than the actual one pi. Vice versa,

when c3i is negative, the share has to be decreased. Again, the decrease factors βi can

be adjusted as in a deterministic way (31) or defining the probabilities to select β(1),

β(2) with β(1) < β(2).
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Specifically, we consider the probability ρi of the user i of selecting β(1). In ac-

cordance to this strategy, inspired by [19], the desired share p∗i is as in (45), and the

probabilities are adapted as follows

ρi(τk) = ρi(τk−1)− η3(p∗i (τk)− pi(τk)) (49)

where η3 > 0 is another adaptation factor.

4. Convergence of the Mixed AIMD Algorithm

In this section the theoretical analysis related to the convergence property of the

mixed AIMD algorithm is reported. In the following it is assumed that the number N

of agents is kept constant, that is, in the considered case study, the vehicles are charged

indefinitely. This assumption is supported by the fact that examining the convergence

of the proposed AIMD algorithm with varying number of agents has in practice little

significance. Indeed, as also claimed in [10], when users join or leave the network at

any time, the network automatically readjusts the share allocation strategy according

to the new set of demands E∗i .

4.1. Convergence Analysis

We begin by recalling the stochastic nature of the mixed AIMD introduced in Sec-

tion 3.3. This is in fact a stochastic process with state-dependent transition probabilities

for which existence conditions of an attractive steady-state distribution have been in-

vestigated by Corless et al. in [5] starting from the results by Barnsley et al. in [25].

Specifically, consider the state-dependent AIMD model as in (10), where Π(τk) is

the random vector of shares at the capacity events, with values in the simplex SN , and

A(τk) = AΣ(τk) is a random matrix belonging to the finite setA = {A1, . . . , As} ac-

cording to the random extraction of the sample σ(τk) ∈ S , with S = {1, . . . , s}. The

probability distribution of Σ(τk) depends on the share vector p(τk) and the conditional

probability qσ(p) that the matrixAσ is selected is given by

P (A(τk) = Aσ |Π(τk) = p) = qσ(p) . (50)
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One can observe that the mixed AIMD model (45)-(49) perfectly fits the model (10)-

(50), with σ(τk) related to all possible combinations of β(1) and β(2) in the vector of

decrease factors β. Moreover, the probability of extracting β(1) for each agent is a

function of the current share p.

Making reference to [5, Theorem 7.4], the mixed AIMD model has a unique steady-

state probability distribution, and this distribution is attractive if each agent has a non

null probability of reducing its share at the capacity events and the conditional probabil-

ity qσ(p) is strictly positive and Lipschitz continuous. Since in the considered AIMD

algorithm the parameters βi are less than 1 for all i = 1, . . . , N , for each agent i the

first condition is satisfied. What is left to show is that qσ(p) is a Lipschitz continuous

function of p. To this purpose, notice that, neglecting saturation for the sake of simplic-

ity, each agent i uses βi = β(1) with probability ρi(τk) computed from (45)-(48). This

probability is easily shown to be Lipschitz continuous with respect to p(τk), provided

that pi(τk) > ε > 0, ∀ i, k. On the other hand this last condition is always satisfied

whenever pi(0) > ε, thanks to irreducibility of all the matrices in A. Then, a first

conclusion is that ρi(p) is Lipschitz continuous. Finally, let I be the set of indices of

agents which select β(1), then, in view of the independent extraction of the factors βi,

the conditional probability of matrixAσ given p is

qσ(p) =
∏
i∈I

ρi(p)
∏
i/∈I

(1− ρi(p)) (51)

which is Lipschitz continuous with respect to p in view of Lipschitz continuity and

boundedness of ρi(p), ∀ i. Hence, one can conclude that the random vector Π(τk)

tends, for k →∞, to a unique steady-state probability distribution Π.

One might conjecture that the expected value of the asymptotic distribution Π co-

incides with the vector of optimal shares po
i = γiP achieved via the corresponding

centralized algorithm. This theoretical issue is left open to further investigation. How-

ever, the following simple example shows that from a practical point of view the mixed

AIMD algorithm can be seen as an approximation of the centralized optimal strategy.

4.2. Illustrative Example

In this subsection an illustrative example of the mixed AIMD with three agents
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Figure 1: Estimate of the steady-state distribution of Π1, Π2 and Π3
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Figure 2: Time evolution of the shares p1(t), p2(t) and p3(t)
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Table 1: Comparison between the mixed AIMD and the corresponding centralized solution

i = 1 i = 2 i = 3

po
i 1.658 2.559 3.282

p̃i 1.684 2.566 3.253

(N = 3), having random amount of demands E∗ = [2.19, 5.22, 8.58]′, is reported in

order to clarify the previous convergence arguments. The initial conditions are p(0) =

[2, 5, 0.5]′, β(1) = 0.8 and β(2) = 0.95, αi = 0.02 and ρi(0) = 0.06, for i = 1, 2, 3,

while the capacity is P = 7.5. In order to examine the process, 50000 iterations of the

system are performed and ergodicity is exploited. Histograms of the values p1, p2 and

p3 at the capacity events are then constructed. These histograms represent an estimate

of the steady-state distribution of the random variables Π1, Π2 and Π3, respectively.

The resulting histograms are displayed in Figure 1 together with the sample averages

p̃i. Figure 2 shows instead the time evolution of the shares p1(t), p2(t) and p3(t)

and the values of the optimal shares po
i = γiP achieved via the centralized solution.

The sample averages of the shares obtained via the proposed AIMD, and those of the

optimal centralized solution are reported in Table 1. As expected, for all the agents the

values of p̃i result to be very close to the corresponding values of po
i .

5. Case Study: Public Charging of Electric Vehicles

In this section simulation results carried out relying on four EVs in a public charg-

ing scenario are reported in order to validate the proposed optimization based AIMD

approaches. Figure 3 illustrates a schematic representation of the considered AIMD

infrastructure. However, note that the proposed scheme has general validity, even for

a greater number of EVs. The considered charging rate model is given by equations

(4) where the growth factors αi, i = 1, . . . , 4 are the same for all the EVs. As for

the decrease factors βi, each vehicle can suitably select them between two values β(1)

and β(2), as listed in Table 2, where the probability ρi associated to β(1) is also re-

ported. Furthermore, assume that each vehicle has a random energy need such that
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EV3EV4

Figure 3: Scheme of the considered AIMD based grid with four EVs

Table 2: AIMD parameters of the EVs

Parameters Value

αi 0.02 kW h−1

β(1) 0.7

β(2) 0.98

ρi 0.06

E∗ = [9.09 , 11.17 , 16.82 , 24.79]>kW h and a rate limitation p̄i =4 kW (chosen as

in [19]), so that the decrease factors βi are adjusted online, depending on the require-

ments. The total available power is P =10 kW, while the sampling time has been set

equal to 1 s.

5.1. Fixed Arrival Scenario

In the following, first, the results obtained via the AIMD solutions discussed in

Sections 3.1 and 3.2 are illustrated.

Figure 4 shows the evolution of charge rates in the centralized solution when the

sum of charging times is minimized without taking into account the presence of con-

straints on each vehicle. The algorithm, according to the policy (26), assigns a charge

20



Figure 4: Charge rates scheduled by a centralized optimal algorithm without saturation constraints and by

the centralized counterpart with constraints when the sum of charging times is minimized
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Figure 5: Charge rates and supplied energy scheduled by the AIMD algorithm with saturation constraints

when the sum of charging times is minimized
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Figure 6: Sum of charging times when a classical AIMD solution is used with βi ∈ {0.7, 1} and the solution

achieved by IID AIMD with β̄i computed as in (16)

Figure 7: Charge rates scheduled by the centralized algorithm with saturation constraints when the operation

time is minimized and the allocated power is less than the maximum charging rate p̄i
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Figure 8: Charge rates and supplied energy scheduled by the AIMD algorithm with saturation constraints

when the operation time is minimized

Figure 9: Time evolution of charge rates scheduled by the mixed AIMD algorithm with saturation constraints

when the selection of the decrease factors βi is deterministic
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Figure 10: Time evolution of charge rates scheduled by the mixed AIMD algorithm with saturation con-

straints when the selection of the decrease factors βi is probabilistic

Figure 11: Ratio between the available power and allocated power in case of the mixed AIMD algorithm

when β(1) and β(2) are chosen as in (31) or (49), and evolution of residual energy requested by each vehicle
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Figure 12: Comparision between the sum of charging times required by centralized and mixed AIMD solu-

tions in (31) or (49)

rate equal to P to EV1, which has the lowest energy demand, and then continues charg-

ing in ascending order of charge requirements. The charge rates allocated by the cen-

tralized algorithm with saturation constraints are also illustrated. As it can be observed,

the difference of this algorithm with respect to the optimal one is that multiple vehicle

are charged at a time, and always in ascending order of energy requests.

When the corresponding AIMD solution with saturation constraints in (29) is ap-

plied, the results are those illustrated in Figure 5. The charge rates are assigned ac-

cording to the AIMD deterministic rule (31), and the constraints are always fulfilled as

observed by zooming in the share signals between the time instants 7200 s and 7250 s.

The energy supplied to the vehicles is also illustrated. In this case the values of βi

remain constant until a vehicle is disconnected from the grid and thanks to this strat-

egy more than one vehicle can be served contemporaneously. Figure 6 shows instead

that if the probabilistic AIMD is used, the average value of the sum of charging times

corresponds to the value achieved when an average β̄i computed as in (16) is applied.

Consider now the case when the operation time is minimized. Figure 7 depicts

the charge rates allocated by the centralized solution such that all the vehicles finish

charging at the same time, according to (36). In this case, it is assumed that the al-

located power is less than the maximum charging rate p̄i for each vehicle. Note that
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Figure 13: Time evolution of the charge rates and supplied energy in a random arrival scenario when the

mixed AIMD algorithm is used
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in general, if constraints on each user are applied, in the centralized case the vehicles

are fully charged at the same time. Figure 8 shows instead the time evolution of the

charge rates and the supplied energy when the corresponding AIMD algorithm is used.

Note that, in this case, the vehicles do not exactly finish charging at the same time, thus

implying an increase in the operation times with respect to the centralized solution.

However, the AIMD solution results again more advantageous from the communica-

tion viewpoint. In fact, only the CE notification and the utility functions fi of all the

vehicles are required, while the total available power, charge rates and number of the

connected vehicles are needed in the centralized case. In order to make the scenario

more realistic, the same simulations have been performed in case of 25 vehicles. The

basic AIMD algorithm with constant decrease factors βi = 0.8 and the AIMD methods

tuned via both a deterministic and a probabilistic procedure have been also considered

and compared, in terms of charging time, with the optimal centralized solution (36).

It has been observed that the probabilistic AIMD algorithm requires a 6% percentage

greater than the centralized method, while the deterministic AIMD algorithm and the

classical AIMD result 11% and 20% worse, respectively.

Now the results obtained by using the proposed mixed AIMD algorithm are illus-

trated. In this case 25 vehicles have been considered. Figure 9 and Figure 10 show the

charge rates when β(1) and β(2) are selected according to (31) or (49), respectively. A

moving average filter for signal processing with window length of 50 samples has been

used for the sake of clarity. Figure 11 depicts instead the ratio between the available

power and the allocated power from the EVs in the corresponding cases illustrated in

Figure 9 and Figure 10. Note that, when all the vehicles are connected, the utilization

is high in both cases but slightly better in the case of AIMD with probabilistic tuning

of βi. The same figure shows the residual energy requested by the EVs. Computing

in this case the sum of charging times, the obtained results are comparable to those

achieved via the centralized solution, as shown in Figure 12. Five trials for centralized,

deterministic AIMD and probabilistic AIMD, with random energy need, have been per-

formed. In both AIMD cases a 10% increase is observed with respect to the centralized

case.
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Table 3: Comparison among the AIMD algorithms in terms of served EVs in a random arrival scenario

Algorithm #EVs %EVs #CEsh AoCT (h) AoWT (h)

AIMD min sum of charging times 53.07 73.34 197.002 4.02 5.71

Mixed AIMD 50.57 70.18 137.57 4.42 6.37

AIMD min operation time 50.68 70.30 137.89 4.37 6.34

Classical AIMD (βi = 0.7) 48.15 66.85 85.63 4.76 7.03

Classical AIMD (βi = 0.98) 55.43 76.95 912.69 3.56 4.9

5.2. Random Arrival Scenario

Finally, in a public charging scenario one needs to account the possibility of random

arrival of vehicles. Simulation tests have been carried out assuming that each vehicle

has random energy demand and the total available power is equal to P = 2.5Ns kW,

with Ns = 4 being the total number of available charging spots. The random arrival

has been modeled relying on the average arrival rate of the vehicles, selected equal to 3

veh h−1, with queuing, that is, if a vehicle arrives and there is not an available charging

spot, it waits for it. Figure 13 shows the charge rates and the energy supplied by the

mixed AIMD algorithm in random arrival scenario when (31) is used. Flag signals

equal to 1 indicate the connection or the arrival time instants.

5.3. Comparison and Discussion

The daily performace obtained by applying the proposed optimization based AIMD

algorithms and classical AIMD algorithm with fixed βi ∈ {0.7, 0.98} are hereafter

compared in terms of the following indices: number of served EVs (#EVs), percentage

of served EVs with respect to the total arrived vehicles (%EVs), number of CEs per

hour (#CEsh), average of charging times (AoCT) expressed in hours and including

the waiting times when no spots are available, maximum waiting time (WT). Table

3 summarizes all the average results achieved by performing 1000 simulation tests

with the last column representing the average of the maximum waiting times (AoWT)

expressed in hours. As expected, the AIMD solution which minimizes the sum of

charging times outperforms the other ones in terms of number of served EVs, AoCT
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and AoWT. When classical AIMD with βi = 0.98 is used, if on one hand the number

of served vehicles is improved with respect to the mixed AIMD and the minumum

operation time based AIMD, on the other hand the number of CEs is increased, which

means more frequent notifications over the network. Finally, the AIMD strategy which

minimizes the sum of charging times smooths the drawbacks of the corresponding

centralized solution at the only prize of a number of CEs slightly higher with respect

to the other two optimization based approaches.

6. Conclusions

In this paper a new policy for charging of electrical vehicles has been designed

relying on the so-called AIMD resource allocation algorithms, widely used in inter-

net networks for congestion control. Due to their successes in this massively large

scale decentralized setting, AIMD has been preferred to other distributed solutions.

After having introduced two different optimal solutions to minimize the sum of job

completion times and the operation time, a new mixed AIMD solution with saturation

constraints has been proposed and its convergence properties have been discussed. The

proposed approaches have been developed having in mind a public charging scenario

for EVs, where a fair energy share and the minimization of queues are required. Several

simulation tests have been performed even in comparison with optimal centralized so-

lutions and taking into account also a random arrival of vehicles. It has been observed

that AIMD solutions always guarantee performance comparable to those of the central-

ized counterparts, with considerable advantages in terms of flexibility, scalability and

communication bandwidth.
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