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1. INTRODUCTION

The name of Oka principle, or Oka-Grauert principle, is tradition-
ally used to refer to the holomorphic incarnation of the homotopy prin-
ciple: on a Stein space, every problem that can be solved in the con-
tinuous category, can be solved in the holomorphic category as well;
this line of thought originated from a paper by Oka [13], where he
shows that a topologically trivial line bundle on a domain of holo-
morphy is holomorphically trivial. The underlying idea was further
explored in Grauert’s work on the classification of holomorphic fiber
bundles [6,7,8]; subsequently, inspired by Gromov’s seminal paper [9],
Forstneric and others developed the Oka principle into a well formed
and exhaustive theory (see [3]).

In this note, we begin the study of the same kind of questions on
a Levi-flat manifold; more precisely, we try to obtain a classification
of CR-bundles on a semiholomorphic foliation of type (n,1). Our in-
vestigation should only be considered a preliminary exploration, as it
deals only with some particular cases, either in terms of regularity or
bidegree of the bundle, and partial results.

In order to make our intent clearer, we anticipate some of the results
and notions presented in the paper. We refer to Sections 2 and 3 for
the precise definitions of the objects involved.

Given a (smooth) semiholomorphic foliation X of type (n,d) let

Vect(t?,;l)(X )= {topological vector bundles of birank (m, l)} :

Vect™V(X) := {smooth CR vector bundles of birank (m, l)} :

Elements of Vect!™"(X) are called CR vectors bundles.
If X is real analytic let

Vect(™ (X)) .= {real analytic CR vector bundles of birank (m, l)} :

cr,an

The CR analogous of the Oka-Grauert principle can be formulated in
the following way:
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for strongly 1-complete semiholomorphic foliations X of
type (n,1) the natural map

e, : Vect!™)(X) — Vect(tTp’l)(X)
is a bijection.

Precise definitions can be found in section 2. Let us immediately
give a counterexample to the real analytic case of the result.

Example 1.1. Let X = CxR, §* be the sheaf of germs of real analytic
CR functions in X. Then, since H'(X,Z) = H*(X,Z) = 0 we have

HY(X,8%) ~ H'(X,8%)

i.e. the real analytic CR bundles of birank (1,0) are (topologically
trivial and) parametrized by the cohomology group H'(X,S*) which
is # 0 (see [1]). Thus the Oka-Grauert principle fails in Vect{™!(X).

cr,an

As in the holomorphic category, the validity of the Oka-Grauert
principle can be rephrased in terms or homotopy of CR maps.

Indeed, every CR vector bundle E of birank (m,l) embeds, as a
topological bundle in the trivial bundle X x (CM x RL) for some M, L €
Z. Then, E ~ f*Ul"F, where f : X — G} sends © € X to E,, G}’
and Un]\f ’ZL being appropriate CR versions of the Grassmannian and the
universal bundle - we refer to section 3 for the definitions. Therefore

surjectivity of €, will be be a consequence of the following assertion:

(i) every continuous map f : X — G%’IL is homotopic
to a CR map.

As for injectivity let E, E € Vect!™Y(X), {h;}, {hi;} their cocycles
(associated to a trivializing open covering {U;}). Let Z; := U; x G,y
(G, is an appropriate group of matrices, see section 2) and Z :=
I,Z;/ ~ where ~ identifies (z,v) to (z,v'), x € U; N U;, where v =
hi;(z)vhyi(T).

Then, Z — X is a CR bundle with fiber G,,; and as it easily
seen, topological (respectively CR) isomorphisms E ~ E’ correspond
to continuous (respectively CR) sections of Z — X. Therefore the
sentence €, is injective will be a consequence of the following assertion:

(ii) every continuous section X — Z is homotopic to a
CR section.

However, a number of technical difficulties arise, when trying to
adapt this line of proof to the CR case, so our approach steers, in part,
toward cohomological methods.

We present the main definitions in section 2, recalling the concepts
of semiholomorphic foliation and CR-bundles from our previous work
[12]; in section 3, we define the CR Grassmannian and we show that it
has a natural structure of semiholomorphic foliation. Section 4 recalls
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the concept of 1-completeness from [12] and presents some vanishing
results for cohomology.

Sections 5 and 6 contain the results we obtained on the Oka-
Grauert principle. In section 5, we examine the case of real analytic
vector bundles: as we pointed out, we cannot hope for an equivalence
between topological and CR real analytic classifications, nonetheless
the real analytic structure proves to be of help in proving that the
topological and the CR smooth classifications are equivalent. We have
the following result (see Theorems 5.1, 5.2 and 5.3):

Theorem. Let X be a strongly 1-complete real analytic semiholomor-
phic foliation of type (n,1). Let E — X, F — X be topologically
equivalent real analytic CR bundles of birank (m,l). Then:

(1) if E — X is topologically trivial, then it is (smoothly) CR trivial;

(2) ifl=0, E— X and F — X are (smoothly) CR equivalent;

3)ifl =1 and HY(X,T) = HY(X,Z) = 0, then E — X and
F — X are (smoothly) CR equivalent.

The sheaf T is the sheaf of germs of smooth functions which are
constant on the leaves of X.

In section 6, we tackle the problem for smooth CR bundles: we
manage to give a complete answer for (1,0) bundles (Theorem 6.1), re-
ducing the problem for (1,1) to a cohomological property (resembling
of the approach to the classical problem presented in [2]). We also indi-
cate a possible route to deal with the general case of (m, () bundles, by
reducing it to the corresponding problem for (m,0) and (0, ) bundles.

2. PRELIMINARIES ON SEMIHOLOMORPHIC FOLIATIONS

We will briefly introduce the objects that we are going to use and
study in this note; we refer also to [11,12] for a broader discussion of
semiholomorphic foliations.

2.1. Main definitions. We recall that a semiholomorphic foliation
of type (n,d) is a (connected) smooth foliation X whose local models
are subdomains U; = V; x B; of C" x R? and whose local changes of
coordinates (zy,t;) — (zj,t;) are of the form

{Zj = fir(zr,tr)

t; = gik(te),

(1)

where fj, g;r are smooth and fj; is holomorphic with respect to zj. If
we replace R? by C% and we suppose that f and h are holomorphic we
get the notion of holomorphic foliation of codimension d.

Local coordinates zjl-, ey 21, tjl-, e ,tf satisfying (1) are called local
distinguished coordinates.
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A closed subset Y C X is said to a subsemiholomorphic foliation of
X if for every point p € Y there exist local distinguished coordinates
24 0 2t . t% on a neighborhood U of 4 in X such that

UﬁY:{xGU:zmH:...:zn:t8+1:...:td:0}.
It follows that Y is a semiholomorphic foliation of type (m, s).

Example 2.1. C x R is not a subsemiholomorphic foliation of C?
considered as a foliation of type (2,0) but it is if C? is considered as a
foliation of type (1,2).

We denote & = Sx the sheaf of germs of smooth CR functions
in X. If X is real analytic we define &%, the sheaf of germs of real
analytic CR functions in X. For every open set U in X we consider
on Sx(U) the Fréchet topology induced by C*°(U). Clearly, S(U) is
closed subset. If X, Y are semiholomorphic foliations of types (m, s),
(m/,s') amap f: X — Y is said to be CR if f,.Sy C Sx. We denote
CR(X,Y) the set of all CR maps X — Y.

The sheaf of germs of smooth functions which are locally constant
on the leaves is denoted by T = Tx. If X is real analytic, 7 C T is
the subset of those germs which are real analytic.

2.2. Complexification. A real analytic semiholomorphic foliation of
type (n,d) can be complexified, essentially in a unique way: there exists
a holomorphic foliation X of type (n,d) with a closed real analytic CR
embedding X < X (cfr. [14, Theorem 5.1]). In particular, X is a Levi
flat submanifold of X

In order to construct X , we consider a covering by distinguished
domains {U; = V; x B;} and we complexify each B; in such a way to
obtain domains 17]- in C" x C?. The domains ﬁj are patched together
by the local change of coordinates

2 = Finl(z, 7)

75 = Gik(Tk)
obtained complexifying the (vector) variable t; by 7 = t) + 6 in the
real analytic functions fj; and g; (cfr. (1)).

In the sequel, we will call complexification of X every neighborhood
of X in X.

2.3. CR-bundles. Let G,,; be the group of matrices

A B
0o C
where A € GL(m,C), B € GL(m,],C) (the set of m x [ matrices
R

with complex entries) and C' € GL(I,R). We set G,o = GL(m, C),
Gos = GL(LR).
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To each matrix M € G, we associate the linear transformation
C™ x Rl = C™ x R! given by
(&, u) = (A + Bu, Cu),

(§,u) € C™ x R%,

Let X be a semiholomorphic foliation of type (n,d). A CR bundle of
birank (m,l) is a vector bundle 7 : E — X whose cocycle with respect to
a countable, trivializing distinguished covering {U;} is a set of smooth
CR map v, : U; N U — G

_( A B
2) = (5 &)

where Cj, = Cji(t) is a matrix with smooth entries and Aj, Bj), are
matrices with smooth CR entries. Thus E is foliated by complex leaves
of dimension n + m and real codimension d + [.

We denote £ = Ex the sheaf of germs of smooth CR sections of E
and we set £Y = £ N CY whenever X and E are real analytic. If U is
an open subset of X the topology on £(U), the space of CR sections
s : U — E is defined as follows. We fix a trivializing distinguished
covering {U; }ey of X and let {~;} be the corresponding cocycle. Then
EWU;NU) ~CR(U; NU,C™ x R!) therefore £(U) identifies to

{(f]) = HCR(UJ' NnU,C" x Rl) : fj|Uijan = ’ijfk|UijmU}
jeEN
which is (a closed subspace of) a Fréchet space. Let X be a semiholo-
morphic foliation of type (n,d). Then
e the tangent bundle TX of X is a CR-bundle of birank (n,d).
e the bundle T, = TZ’OX of the holomorphic tangent vectors to
the leaves of X is a CR-bundle of type (n,0).
e the transverse bundle Ny, (to the leaves of X) is a CR-bundle
of type (0,d).
Observe that If X is embedded in a complex manifold Z, its transverse
TZ/TX is not a CR bundle in general.
If E is a real analytic CR bundle of type (m, (), given by the cocycle
(2), then complexifying v;; by

~ gjk Ejk

B ( 0 )

and the fibre C™ x R! by C™ x C' we obtain a holomorphic vector
bundle E — X of rank (m,[). We will call E the complezxification of E.

A section s of E is locally given by a couple (fi, g;) where f; : U; — C™,
gi : U; — C' such that

fi= A:ijfj + Eijgj
gi = Cij9;
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If s = {(fi,9:)}: is a section of E then six = {(fiix,Regix)}i is a
section of E.

3. THE CR GRASSMANNIAN

Let Gr(C?%) (resp. Gri(R?)) denote the grassmannian of the k-
dimensional complex (real) subspaces of C? (resp. R9).

Given two pairs (m,1),(M, L) of integers with 0 <m < M,0 <1 <
L, let
Grp i (CM x RE) be the set of the real (linear) subspaces V C CM x RE
such that

dim, V =2m +1, dime(V N (CY x {0})) = m.

By definition, Gr,,;(C* x R¥), also denoted Gr%’lL, is the Grassman-

nian variety of the CR subspaces of CM x RE of type (m, ). We want
to prove that Gr,,;(CM x R¥) is a semiholomorphic foliation.

We consider every V' € Gry, ,(CM xRE) as a subspace of CM x CE =
CM*+L and we denote by VE =V @iV; VC is an (m + [)-dimensional
complex subspace of so we have a map

Gryt(CY 3 RY) = Grypyg(CMHE)
sending V in V.

3.1. Chart description. The usual charts for the Grassmannian are
given as follows: fix a basis {ej,...,epsp} for C¥TL (so that the
first M vectors span CM and the second L span CF), for every I C
{1,...,M + L} with |[I| =m+1, let

VI0 = spanc{e;, j € I}
and consider
Ur={A¢€ Grm+l(CM+L) AN VIO ={0}}.

A € Uy is then represented by the unique (M + L) x (m + [) matrix
Ap, with the (m +1) X (m 4+ [) minor corresponding to the multi-index
I is the identity and such that the image of A, : C™ — CM*E s A.
The other (m + I)(M + L — m — [) entries of A, are the local
coordinates for Uj.
We cut out a real analytic subvariety Z of U; with the following
equations:

We note that, if I contains less than m indexes in [1, M], then no
element of U; can satisfy the first set of equations, because they would
contradict the definition of Uj;.
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To calculate the dimension of Z, let us note that, as the (m + 1) x
(m 4+ 1) minor defined by [ is the identity, then some of the equations
written above are redundant.

We stratify Z as follows; for A € Z, let A, be the submatrix formed
by the last [ columns and L rows, then

Zr={AeX : rk(4;) =r}.

Obviously, the rank of A, can never be more than [, as the rank of the
submatrix given by the first m columns and M rows is at least m.

We note that Z” does not intersect U if I contains less than r
indices in [M + 1, M + L].

If we are at a point z € Z7, we will have mr equations of the first
set already satisfied and Ir equations already satisfied in the second
set.

Therefore,

dimg Z" =2m(M —m) +2l(M —m) + (L —1) .

The factors 2 take into account the fact that some of the equations
describe complex manifolds.

So, Z! is the top dimensional stratum of Z, i.e. the regular points
of the irreducible components of top dimension of Z. It corresponds
to Gry,, (CM x RF). By the set of equations describing Z, it is obvious
that its regular part has the structure of a semiholomorphic foliation.

3.2. Matrix description. As it is done with the usual Grassmannian,
we describe the CR-Grassmannian as images of linear maps. Consider
A € M,,;(CY x RF) with maximal rank, then

_ (A Ay
a= (5 %)
with Ay, Ay with complex coefficients, A3 with real coefficients; if A is
of maximal rank, then the image of A sits in Gr,,;(CY x RF).
A A € M, ) (CM x RE) have the same image if there exists an

invertible h € G,,,; such that A = A’h.
Incidentally,

dim M, ;(CM x R®) = 2Mm + 2M L + Ll

and
dim,G,,; = 2m? 4 2mil — [
SO

dim M, ;(CY x RY)/G,,; = 2Mm + 2M1 + Ll — 2m? — 2ml — [* .
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3.3. Fibration description. Let V € Gr,,;(CM x RF), 1, = V' N
(CM x {0}), dim¢ Vo = m. Fix a linear subspace S C R with dim S =
[ and a R-linear injective map ® : S — C™. Then, let Ty = {(Pv,v) :
ve St

We have V' =V @ I's. Obviously, given &, ®’,

Vo Tle =WV® 'y

if and only if I'er C Vo @ 'y, 1. if &(S) C Vy @ ®(S) (viewing Vj as
a subspace of CM), i.e. if the image of ® — @’ is contained in Vj.
Let

H(E, Vo) ={®: 5 = CM}/{d:S -V}
and fix a projection p : CM x RF — R”, then we have a map
72 Gy (CM x RY) — Gr,,, (CM) x Gry(RY)

given by V — (VN CM p(V)), such that 7=(Vp, S) = H(Vo, S).
Again,

dim ,Gr,,, (CM) = 2m(M —m), dim Gr;(R*) = I(L —1)

and

dim, H(Vy, S) = 2IM — 2lm = 21(M —m) .

3.4. The universal CR bundle U,,;(M, L). The universal CR bun-
dle Uy, (M, L), also denoted U%’IL is defined by

m,l

Unit = {(V,0) € G (CY x RY) x €Y x R v € V.

Let E — X be a CR bundle of type (m.l) over a CR manifold of type
(n,d) and let f : X — Gr,,;(CM x RF) denote the continuous map
sending the point z € X to the subspace E, C CM x R* considered as
an element of Gr,, ;(CM x RF). Then E is isomorphic (as a topological

bundle) to f *U%’ZL. Moreover, if { f; }+cjo,1] is a homotopy of continuous

maps, the bundles ft*U%”lL are isomorphic to each other.

Ifg: X = Gr,, (CMxRY) is a CR map then g* nj\ff is a CR bundle
of birank (m,1); again, equivalence classes of CR bundles correspond
to appropriate homotopy classes of CR maps into Gr,,;(C* x RF).

As it is well known, the Oka-Grauert results can be reformulated
in terms of homotopies; however, this strategy of proof employs criti-
cally the compactness of the classical Grassmannian, whereas the CR
Grassmannian is the set of regular points of a (compact) variety, hence
non compact. Due to this difficulty, we will move in another direction.



OKA PRINCIPLE FOR LEVI FLAT MANIFOLDS 9

4. COMPLETENESS AND VANISHING THEOREMS

4.1. 1-complete foliations. Let X be a semiholomorphic foliation X
of type (n,d) and X its complexification. X is said to be tangentially
complete if X carries a smooth exhaustion function ¢ : X — R* which
is plurisubharmonic along the leaves and such that sup ¢ = 4o0.

X
Let N, be the transverse bundle to the leaves of X. A metric on
the fibres of N, is an assignement of a distinguished covering {U;} of
X and for every j a smooth map )\? from U; to the space of symmetric
positive d x d matrices such that

3y = 0000

Ot 7 Oty
Denoting 0 and 0 the complex differentiation along the leaves of X,
the local tangential forms

A2ONY — 2900 A ON)

200 log )\2 — dlog )\? A Olog /\? = NE
J

2M)00N) — 30X) N OX)

03
)\j

001og )\? — dlog /\2 A 0log )\? =

actually give global tangential forms w, 2.

These forms play the role of the curvature forms of a holomorphic
vector bundle on a complex manifold.

In [11,12] the following definitions were given:

e X is said to be tranversally 1-complete (strongly tranversally
1-complete) if a metric on the fibres of N can be chosen in
such a way that the hermitian form associated to iw;y (1)
has at least n — ¢ + 1 positive eigenvalues;

e X is said to be l—complete (strongly l—complete) if it is tangen-
tially and transversally 1-complete (tangentially and strongly
transversally 1-complete).

From now on strongly 1-completeness is intended with respect to given
exhaustion function ¢ and metric on the fibres of N,.

_ Assume now that X is real analytic, strongly 1—complete and let
X be the complexification of X. Then (see [11, Theorems 3.1, 3.3]) we
have the following

e there exist an open neighbourhood U of X in X and a smooth
function u : U — R such that u > 0, u is plurisubharmonic in
U, strongly plurisubharmonic on U \ X and X = {u = 0};

e for every ¢ > 0, X, = {¢ < ¢} is a Stein compact of X and
every smooth CR function on a neighbourhood of X, in X can
be approximated in the C* topology by smooth CR functions
in X.
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4.2. Vanishing theorems. Assume that X is divided by X into two
connected components X;. Let O, be the sheaf of germs of holomor-
phic functions in X, smooth up to X4 := X UX and extend it on X
by 0. Then jump formula for CR functions gives rise to the following
(Mayer-Vietoris) exact sequence

(3) 0—=0—+0,00_—>8—=0

where O := O and O ® O_ — S is defined by (f & g) = fix — gx-
Then, using the results recalled in 4.1 and Kohn’s regularity theorem
for 0 the following was proved in [11, Theorems 4.1, 4.2].

Theorem 4.1. If X is real analytic strongly 1-complete semiholomor-
phic foliation of type (n,1) or a closed, orientable, smooth Levi flat
hypersurface in a (connected) Stein manifold D then

HY(X,8)=0
for every q > 1.

Remark 4.1. Vanishing for 8¥ (the sheaf of germs of real analytic
CR functions in X ) fails to be true in general as proved by Andreotti-
Nacinovich (see [1]).

In particular, we obtain the following

Theorem 4.2. Let X be a real analytic strongly 1-complete foliation
of type (n,1) and T be the sheaf of germs of smooth functions which
are locally constant on the leaves. Then

HYX,T)=0
for q > n.

Proof. Let Qf, be the sheaf of germs of smooth CR tangential p-forms

and Oy, the tangential operator f, — Qb ' In view of the tangential
Dolbeault-Grothendieck and [11, Theorem 5.2]

O—>T—>Qgga—“§§2t1ga—“§...a—“§§2?g—>0

is an acyclic resolution of 7. Then, de Rham theorem and €, = 0 for
g >nimply HY(X,T) =0 for ¢ >n. O

Remark 4.2. Cohomology groups HY(X,T) are in general infinite di-
mensional. They vanish, for instance, if the foliation has a parameters
space i.e. the space of the leaves of X is a smooth curve T (see e.qg.

[10]).
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4.2.1. Vanishing for real analytic CR bundles. The above method still
applies to real analytic CR bundles.

Let 7 : E — X be a real analytic CR bundle of birank (m,[) and
& the sheaf of germs of (smooth) sections of a E

Let E — X be the complexification of E and & the sheaf of germs
of holomorphic sections of E. Then it divides X into two domains X,
whose boundary is X. Denote €i = €| x,. and E. the subsheaf of
gi on X1 of germs holomorphic sections which are smooth up to X
extended on X by 0. We have again the following (Mayer-Vietoris)
exact sequence

0—8— 28 0 2 o8 ——0

where Ey is the sheaf of germs of CR section of E|X and B(s ® o) =
S|x —O0|x-
Theorem 4.3. Let X be an orientable analytic strongly 1-complete
semiholomorphic foliation of type (n,1), 7 : E — X a real analytic CR
bundle of birank (m,l). Then, if | =0

i) HI(X,E) =0 forq>1;

ii) I'(X, &) generates &, for every x € X.
If Il > 1, 1) and ii) are still true provided X satisfies the additional
condition

HY(X,T)=0.

Proof. (Sketch) For [ = 0 statement ii) is the content of [11, Theorems
5.2]. In the case [ > 0 we argue as in [11, Theorems 4.1].
+00 _ _
Let X = [J X, where X, = {¢ < r}. Every X, is a Stein com-
r>1
pact so, by the methods developed in [5] and [11, Theorem 4}] we
show that H(X,,Ex) = 0 for ¢ > 1, r > 1. It follows that & is

generated by I'(X,,Ex,). Arguing as in [11, Theorem 4.1] and using
Freeman’s approximation theorem (cfr. [4, Theorem 1.3]) finally we
obtain the vanishing H4(X,Ex) = 0 for ¢ > 1 and from this it easy
to derive the vanishing H%(X,&) = 0 for ¢ > 1. Likewise we prove
that H1(X, M,E) = 0 for ¢ > 1 where M, is the sheaf of germs of
CR functions vanishing at a point # € X,. Then ii) follows as in the
classical case. [J

Remark 4.3. The condition H (X, T) = 0 is necessary. Indeed, let
E be the trivial bundle X x R considered as CR bundle of type (0,1).
Then € ="T.

4.2.2. Vanishing for CR bundles. The general case of a smooth CR
bundle 7 : E — X of birank (m,0) is much more involved. In what
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follows we just outline the main points of the proof which heavily de-
pends on the thesis work by Sebbar [5,15,16]. In order for Sebbar’s
results to apply in our situation, we examine two coherence conditions.

An Sx-module F is said to be coherent if for every point x of X
and for every integer d > 0 there exist an open neighborhood U of x
and an exact sequence of Sy-modules

St — - — S — Fu — 0,
where Sy = Sx |y and p; are non-negative integers.

An O, ®0O_-module F on X is said to be coherent if for every point
z of X and for every integer d > 0 there exist an open neighborhood
U of x and an exact sequence of (O, @ O_)y-modules

00y — - — (0" 20"y — Fy — 0,
where p; are non-negative integers.

Let F be a coherent S-module and extend it by on X by 0. Then,
the jump formula (3) for the sheaves S”

0O D 60— 5 —0

and the results proved by Sebbar in [15, TII-3, §1] allow us to prove
that

1) F is a coherent O, ® O_-module;

2) H1(X ., F) =0 for every ¢ > 1, ¢ > 0.
Arguing as in [11, Theorems 3.1, 3.3] (using the approximation for CR
functions (see 4.1)) we then obtain the vanishing

HY(X,F)=0

for every ¢ > 1. In particular

Theorem 4.4. Let X be an orientable analytic strongly 1-complete
semiholomorphic foliation of type (n,1) and E — X a smooth CR bun-
dle of birank (m,0). Then

i) HI(X,E) =0 forq>1;

ii) I'(X, &) generates &, for every z € X.

5. THE OKA-GRAUERT PRINCIPLE FOR REAL ANALYTIC CR
BUNDLES

Theorem 5.1. Let X be a strongly 1-complete real analytic semiholo-
morphic foliation of type (n,1), E — X a real analytic CR bundle of
birank (m,l). If E — X is topologically trivial then it is CR trivial.

Proof. Let X be the complexification of X and E the complexifica-
tion of E on a neighborod of X. If E is topologically trivial then E is
topologically trivial on a neighborod of X (take n continuous sections
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$1,...,8n + X — [ linearly independent at every point € X and
extend them by continuous sections 31, ..., 5y of E on a neighborhood
of X).

Since X, = {¢ < ¢}, ¢ > 0, is a Stein compact of X ([11, Theorem
3.3]), Grauert theorem implies that E is holomorphically trivial on a
neighborhood of X, in E and so E is CR trivial on a neighborhood of
X,.in X.

Let £(U) :=T(U,&). Consider X = UJZOTX Then for every j the
image of the restriction map r; : £(X) — £(X;) is everywhere dense.
For this is enough to show that the restrictions 7"”1 D E(Xj) —
E(X,) are dense image. Let s € £(X;). Since E is CR trivial on a
neighborhood of X j+1 1N X there exist CR sections sy, S, ..., Syey ON
X]H such that s = Zk 1 ais, where the ak are CR functlons on Xj.
The density of the image of r; is achieved applying an approx1mat10n
result [11, Theorem 3.3].

To conclude the proof, let F; be the space of the global sections s =
(51, 8myq) € ET(X)®MHD) such that sy, ..., Sy generate Ex,. J=
1,2,...: clearly all the Fj are open in the Fréchet space £ (X)®(m+)
and Fy D Fy D ---; let us prove that they are everywhere dense.
Indeed, let s = (s1,...,8m11) € E(X)®) and fix a seminorm |||, 5
on £(X)®MmH) with K Xos Jo > J. Let

Ula, K, ¢) = {s’ € EX)E™ 1 ||s — sllax < g}

Let 0 = (01,...,0my) Where 01, ..., 0,4 generate Ex, - Then, s, =
Zmﬁl Upg0q, 1 < p < m + 1, with a,, € S(X;,). Approximating
o1,...,0m4; and the a,, we obtain global sections oy, ..., 0,4, which
generate Erx,, and such that |6 — s||a,yj0 <& 6=(01,...,0m), and
G e ET(X)EmH i, 5 C (Fjo NU(a, K, 5)) c (Fj NU(a, K, g)). This
show that sets Fj, j > 1 are everywhere sense in £(X)®™ % so, in view
of Baire Lemma, N;>1F; # <. It follows that there are global sections

O1,...,0my which generate £(X)®™* and consequently that E is CR
trivial. [

Theorem 5.2. Let X be a strongly 1-complete real analytic semiholo-
morphic foliation of type (n,d). Then two topologically equivalent real
analytic CR bundles of birank (m,0) are CR equivalent.

Proof. Let E — X, F — X be topologically equivalent CR bundles of
birank (m,0). Let U = {U,};en be covering of X by balls of X such
that Ejy, and Fiy, are trivial for every j € N and {hy : U;NU; — C*},
{9:;; :U;NU; — C*} the cocycles of E, F respectively, assoaated to U.

Let E — X F — X be the respective complexifications; then, they
are topologically equivalent on a neighbourhood of X in X.
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+00
Let X = J X, where X, = {¢ <r}. Since X, is a Stein compact
r>1
(see subsection 4.2), by Grauert Theorem for every r there exists a
Stein neighborhood U, of X, in X such that Ev, i Fiu,. Moreover, for
every compact subset K C X there exist sections uy, up, ..., uy € &k,
N = N(K), which generate £ on K.

Consider the sheaf Hom(&, F); it is a Fréchet sheaf. Every local
isomorphism E ~ F defines a local section of Hom(&, F).

Let s be a section in Hom(&, F)(U), U C X which defines an
isomorphism &£y ~ Fjy. If ' near s (in the Fréchet topology on the
space of sections Hom(&, F)(U)) then s’ is a local isomorphism.

Let s; € Hom(&, F)(X,) be the section determined by the iso-

morphism E‘Ul £ E‘Ul. Then there exists d; such that if a section

s’ € Hom(&, F)(X) satisfies ||s' — s1]|x, < 01, where ||s' — s1]| is the

distance in the Fréchet topology; then s’ is an isomorphism on X.
Fix sections ui, ug,...,uy € 5‘72, which generate £ on X, and

let s € Hom(&, F)(X3) be an isomorphism Ex,~Fx, (determined by

~ hol ~
the isomorphism Ejy, ~ Fiy,). Then s'(u1), s'(uz), ..., s'(un) generate
Fx, hence on one has

s(ug) = Aps' (ur)

where the A}, are (smooth) CR functions on X; and the matrix A’ :=
(A,,) is of maximal rank m on X;.

Since X, is O(Uy)-convex we can approximate A’ by matrices of
holomorphic functions of rank m on X;. In view of[3, Theorem 5.4.4],
A’ approximates by matrices of holomorphic functions of rank m on
X, so that we can choose a matrix A of CR functions of maximal rank
m on X, in such a way to have ||As’ —s1|| < 2710;. Set sy := As’, then
S9 is an isomorphism on X5. Let d5 < d; and s3 be an isomorphism
on X3 such that ||s3 — s3|| < 2783 and so on. By this procedure for
every k € N we construct a section s, € Hom(€, F)(X}) which is a
isomorphism on X and

k41 — sill < 276

and §; > 0y > ---. By standard techniques, s, — s € Hom(&, F)(X)
and for every k the restriction of s to X} is an isomorphism. This

. : . CR
shows that s is an isomorphism & ~ F. [J

With the techniques developed in the next section, we can proof
an analogue result for (m, 1)-bundles, with an extra assumption:
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Theorem 5.3. Let X be a strongly 1-complete real analytic semiholo-
morphic foliation of type (n,d). If

HYX,T)=H'X,Z)=0,

then two topologically equivalent real analytic CR bundles of birank
(m, 1) are CR equivalent.

6. THE OKA-GRAUERT PRINCIPLE FOR SMOOTH CR BUNDLES

6.1. The case of birank (1,0)-bundles. We have the following

Theorem 6.1. Let X be a strongly 1-complete real analytic semiholo-
morphic foliation of type (n,1). Then

VectL0 (X)) ~ Vect'L?) (X).

top

Proof. The proof is the same as that of Oka for Stein manifolds. We
know that

Vect'ls) (X) =~ H'(X,C"), Vectt?(X) ~ H'(X,S*)

where C = Cy is the sheaf of germs of continuous functions in X).
Consider the exact diagram of sheaves

0 7 S exp 27ri$,>)< 0
0—=7Z—=C2cr

where C = Cyx is the sheaf of germs of continuous functions in X. Since
HY(X,C)=0,9>1,and H{(X,S) =0, g > 1, (see [11, Theorems 4.1])
passing to cohomology we get the following exact diagram of groups

0—= HY(X,8") —= HX(X,Z) —=0 .

T

0——= HY(X,C*) —= H%(X,Z) —= 0
whence
Vecth9(X) ~ H'(X,8%) ~ H'(X,C*) ~ Vect s (X).

In particular

a) two topologically equivalent CR vector bundles of birank (1, 0)
over X are CR equivalent;

b) every topological vector bundle of type (1,0) over X admits an
equivalent CR vector bundle structure.
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6.2. The case of (1, 1)-bundles. The result we aim at is the following.

Theorem 6.2. Let X be a strongly 1-complete real analytic semiholo-
morphic foliation of type (n,1). Assume that
HY(X,T)=H'(X,Z) = 0.
Then
e, : VectV(X) — Vect(t{,’;)(X)
18 a biyjection.

However, we will not present a complete proof, but only a reduction
to a cohomological problem, with the same general strategy presented
by Cartan in [2] for the classical Oka-Grauert results. To be more
precise,

(i) in Proposition 6.4 we show that a topologically trivial CR bun-

dle of birank (m, 1) is CR trivial,

(ii) in Proposition 6.6 we show that the map ey is injective,

(iii) in the last part of subsection 6.2, we reduce the surjectivity to
a cohomological problem.
We do not present the proof of the cohomological property needed to

conclude, but we believe it can be achieved by techniques similar to
the ones employed in the classical case in [2].

We first prove the following

Lemma 6.3. Let E — X, F — X topologically equivalent CR bundles
of birank (m,1). Then they can be defined by cocycles {hi;}, {gi;} of
the form

F. B F. Gy
(4) hij:(oj 1])791'3':(0] sz)

Proof. Suppose that E — X, F — X are topologically equivalent CR
bundles of birank (m, 1) and let

A B, E. Gy
(5) hij:( 0 Of-)’ 9”:< 0 Hj)

the cocycles of E and F respectively.
By hypothesis there are continuous maps a;; U; — Gy 3

(M S
a; = 0 P

_ -1
hij = a; " gija;

such that

on U;;;= U; NU; where P; is constant on the leaves.
In particular, (5) gives the following identities

(6) Ajj = M FyM;
Cij E P,L-_lHiij.



OKA PRINCIPLE FOR LEVI FLAT MANIFOLDS 17

Then, again by [11, Theorems 4.1, 4.2], we can suppose that M; and
M; are CR functions. So, {h;;} is CR equivalent to the cocycle

Mi 0 A” BZ] Mj_l 0 - E *
0 1 0 0o 1)~ Lo ¢

thus we may assume E and F are defined by the CR cocycles

- _( Fiy By _( Fiy Gy
hz] - ( O Cz] ) bl gl] - ( O HZ] .

respectively. From here it is easy to conclude. [

By Lemma 6.3 we may suppose that E, F are defined by the cocycles
(4).
If {h;;} S {9ij}.{Hi;} is coboundary with values in R* so {H;;} =
exp(H; — H;) with H; : U; — C, H; : U; — C continuous and constant
on the leaves. Since Fj;/Hij is real valued function

with N;; € Z. Clearly, {N;;} is a 1-cocycle with values in the constant
sheaf Z hence N;; = N;—N,, N;, N; € Z, by the hypothesis H*(X,Z) =
0. Then Im H; — nN; = Im H; — N, for evey i, 7, so {Im H; — wN;} is
a continuous function v in X and

H;; = exp(ReH; +imN; +iu)exp(—(Rec; +inN; + iu) =
eXp(Re HZ -+ ZWNl)) eXp(—(Re H] -+ Zﬂ'NJ)

It follows that

whence that the function H; — H; is smooth and constant on the leaves.
Clearly. {H; — H,} is a l-cocycle with values in the sheaf T so, by
hypothesis H'(X,T) = 0, there exist smooth functions 1; : U; — R
which are constant on the leaves and such that H; — H; = 1); —1;. Then
the smooth functions P; := exp(t; +iN;7) are real valued, constant on

the leaves and
_exp(; +iNim) B

A exp (¢ + iN;m) a P;

It follows that

gz] - O Pifl/Pj - 0 Pifl 0

Therefore we may assume that

_( Fi By _( Fi Gy
(7) hij_(o 1)791‘1‘—( 1 :

o

)

~
<
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Proposition 6.4. Let E — X be a topologically trivial CR bundle of
birank (m,1). Assume that

HY(X,T)=H'(X,Z) = 0.
Then E — X is CR trivial.

Proof. With the notation introduced above, if {g;;} is topologically
trivial then Fj; is also topologically trivial, and consequently, since
H™YX,8) = 0, we have Fj; = F;'F; for some CR functions F;. It
follows that

Ft o Fy; B Fp 0\ _ (1 Bj — K
0 1 0 1 0 1 0 1 Y

ie. {h;} ~ {h;;}. Cocycle condition for h;; implies that Bj; is a 1-
cocycle with values in § wence a coboundary: Bj; = B; — B;. It follows

that
1 B\ (1 B, 1 B\ (10
0 1 0 1 0 1 -\ 01
that E is CR trivial. [
Let us prove now that {h;;} 2 {9:;} implies {h;;} = {9i;}. We can

assume that the cocycles are given by (7).
By hypothesis there are continuous maps ¢; : U; = Gy 4

o F, G,
“=\ o m

_ -1
hij = ¢ 156

such that

on U; N U; where H; is constant on the leaves. Moreover, in view of
the particular form of h;; and g;;, we have F; = F; = F, H, = H; =
H, where F' and H are continuous global functions in X and H is
an invertible real valued function constant on the leaves. Moreover,
multiplying by H~! we may assume

®) o= T)

-1 1 —F_lGi+F_1Gj
9) e, = < 0 1

From (4) and (8), we deduce that E and F have structure group G :=
C* x C, identified with the group of the matrices

(37

a € C*, b € C with product (a,b) - (¢,d) = (ac,ad + b)
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The Lie algebra g of G is C x C with bracket

[(¢m), (¢, m)] = (0,¢n" = nd’).
If € =(¢,n) €9, A€ C, then exp A\{ = (exp A(, A\n). Then {¢;} gives a
section of the CR bundle Z — X and we have to prove that

(ii) every continuous section X — Z is homotopic to a
CR section.
This reduces to a cohomological problem.

We follow [2, 4] taking into account (9). Let Gg = {1} xCx {1} ~C
((1,a,1)-(1,b,1) = (1,a+b,1), (1,a,1)"* = (1, —a, 1) in Gy). For every
open subset U of X, let F(U) be the topological group of the continuous
maps [ : [ — C°U, Gy) satisfying: f(0) = 1 and f(1) € C“(U, Gy).
Both are topological groups (with a Fréchet topology).

Then, arguing as in [2, 4], (ii) will be a consequence of the following

Theorem 6.5. If X is a real analytic strongly 1-complete semiholo-
morphic foliation of type (n,1). Then
HY(X,F)=0.
Proof. We have to prove the following: given an open covering {U;};
of X and continuous functions a;; : U;; x I :— C, a;; = a;;(z, \), such
that
aij +ajp +ap; =0, ,a:5(-,0) =0, a;(-,1) € S(Uy)
then there exist continuous functions a; : U; x I — C such that
a; = a; — aj, ,a;(-,0) =0, a;(-,1) € S(Uy).

The proof of this theorem is achieved adapting to our case the method
followed in [2, 4], using the results recalled in Section 4.1. OJ

Thus, we obtained the following
Proposition 6.6. In our hypotheses, the map
e, : VectV(X) — Vect(ti’;)(X)

18 1njective.

It remains to prove that €, is onto i.e. if {h;;} is a continuous
cocycle with values in Gy 1, h;; : Uij — Gyq,1 then there exist continuous
maps ¢; : U; — Gy 1 such that the cocycle c;lhijcj is CR.

We may assume that

F, B,
hz‘j = < OJ 1] )

Let G = C*xCx {1} ~ C*xC (with product (a, b)-(a’,b") = (ad’, ab’+0b)
and (a,b)™! = (a™!, —a'h)). Denote G« (respectively G) the sheaf
of germs of continuos (respectively CR) maps with values in G. Then
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showing that the cocycle c;” lhijcj is CR is equivalent to prove that the
natural map

(10) Hl (X, gcr) N Hl (X, gcont)
is onto.

So, we have reduced the proof of Theorem 6.2 to proving that the
map (10) is surjective.

6.3. The general case. The case (m, () essentially reduces to the cases
(m,0), (0,1). Indeed, let E,F € Vect!™"(X) be topologically equivalent
with respective cocycles

_( A By _( Fi Gi
Then {4;;}, {F;;} are topologically equivalent CR cocycles of type
(m,0) and {C;}, {H;;} of type (0,1) (see (6)) Moreover, {A;;}, {Fi;}
are are l-cocycle with values in GL(m,C) with, by hypothesis, are
topologically equivalent. If the case (m,0) is already solved there exist

CR maps M;, P; such that
Fyj = M7 AyM;, Hy; = PT'CyP;
It follows that {g;;} is CR equivalent to Taking

. I 0 M7 0 M; 0 I 0
C. = 1 4 C;, = J
i 0 P 0o 1) 0 I 0 P
we have
-1 Al] *
© 9% =\ o
SO we may assume

_( Ay By _ (A Gy
h”"(o Cij)’gij_(o Cyi |-

Now, topological equivalence implies that there are continuous maps

it X = Gny

. ( F G, )

! 0 H
such that

hij = ¢ gije;.
Moreover
_ I —F7'Gy+ F'G;

(11) cilcj:(o ;L J).

¢ = {¢;} gives a section of the CR bundle Z — X and we have to prove
that

(ii) ¢ is homotopic to a CR section.
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This reduces again to a cohomological problem.

We follow [2, 4] taking into account (11). Let Gy = {1} x C™*! x
{1} ~C™ ((1,a,1) - (1,b,1) = (1,a +b,1), (1,a,1)"! = (1, —a,1)
in Gp). Let I = [0, 1]. For every open subset U of X, let F(U) be the
topological group of the continuous maps f : I — C%(U, Gy) satisfying:
f(0) =1l and f(1) € C(U,Gp). Both are topological groups (with a
Fréchet topology).

Injectivity of the map

- Vect!™V(X) — Vect(tT,;l)(X)
will be a consequence of the following

Theorem 6.7. If X is a real analytic strongly 1-complete semiholo-
morphic foliation of type (n,1). Then

HY(X,F)=0.

As for surjectivity denote G respectively G the sheaf on X of
germs of continuous maps with values in G,,; and that one of germs of
CR maps with values in G,, ;.

Then it must be prove that

HI(X, gcr) N Hl (X, gcont)

is onto.
Observe that if the cases (m,0), (0,1) are solved we may assume
that every cohomology class in H'(X, G*) is represented by a cocycle

( Ay BZ] >

where A;; and C;; are CR, B;; is continuous and satisfies the cocycle
condition

Aiiji + Bijcji — O
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