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ABSTRACT. In this paper we study the additive splitting associated to the quaternionic
Cauchy transform defined by the Cauchy formula of slice hyperholomorphic functions. More-
over, we introduce and study the analogue of the fundamental solution of the global operator
of slice hyperholomorphic functions. We state our results in the quaternionic setting but
several results hold for Clifford algebra-valued function with minor changes in the proofs.

1. INTRODUCTION

The classical function theory for quaternionic-valued functions is based on the so called
Cauchy-Fueter operator, see [15]. In the case of Clifford algebra-valued functions, the theory
of nullsolutions of the Dirac operator is a widely studied theory, see e.g. the books [14} [8, [21].
These functions are called monogenic and since the Dirac operator factorizes the Laplace
operator in n dimension they are harmonic.

The more recent theory of slice hyperholomorphic functions has been introduced over ten
years ago, see [10] and [I3], and it is an alternative function theory. These functions are often
called slice regular when they are quaternion-valued while when they are Clifford algebra-
valued they are called slice monogenic. The developments of this theory can be found in in
the books [3], 9] [4, 10 [I7]. One of the most important applications of slice hyperholomorphic
functions is in operator theory, where they play the role of holomorphic functions for the
classical spectral theory. Most of the classical results in operator theory can be extended
to quaternionic operators and to n-tuples of non commuting operators using the notion of
S-spectrum, see [3], 4, [9].

It is interesting to point out that even though the theory of monogenic and slice hyperholo-
morphic functions are quite different there are some interesting relations between them which
are given by the Fueter-Sce-Qian mapping theorem, see [7], or by the Radon and the dual
Radon transform, see [6].

Many results that hold for scalar valued slice hyperholomorphic functions can be extended
to the vector-valued case, introduced in the paper [2] and extensively studied in [3].
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In this paper we study continuous functions on a closed boundary of a suitable open set of the
space of quaternions that admit an additive splitting as sum of two functions, one continuous
and slice hyperholomorphic inside or outside the open set, respectively. In the classical case,
such results are contained for example in the book [20]. As in the complex case, not all
continuous functions admit such a splitting. The splitting can be assured when we consider
Hoélder continuous functions. In the slice hyperholomorphic case, the multiplicative splitting
seems to be unnatural because the composition of slice hyperholomorphic functions is not
always a function of the same type.

To introduce the splitting, we consider OU to be the smooth boundary of a bounded set U C
H, where H is the set of quaternions. Let f : U — X be a slice continuous function and X
be a quaternionic Banach space. Let Uy, U_ be the inside and the outside of U, respectively.
We say that f splits additively with respect to U if there exist functions f_ : U_U{oo} — X
and fy : Uy — X where f_ is continuous on U_ and slice hyperholomorphic in U_ | J{oo}
and f, is continuous on U and slice hyperholomorphic in Uy such that, on U we have

f=r+ 1

In the sequel, S is the unite sphere of purely imaginary quaternions, Re(s) denotes the real
part of a quaternion s and |s|? is the Euclidean squared norm of s € H. By C; we denote the
complex plane with imaginary unit j € S. Let (U N C;), j € S be the piecewise C'-contour
of UNC; where U C H. Let f: 0U — X be a left slice continuous function. We define the
left Cauchy integral transform with respect to OU of f as

1

=5 S;l(s,p)dsjf(s), p € H\ U, (1.2)
™ a(UNC;)

f(»)
where the Cauchy kernel

Sl (s,p) == —(p* — 2pRe(s) + |s|*) "' (p — 3)

is a left slice hyperholomorphic function in the variable p and right slice hyperholomorphic
function in s.

Let us mention that there are different ways to introduce slice hyperholomorphic functions,
one of which involves a non constant coefficients differential operator that was introduced in

5]
GLi() = a2l §3 P 1.3
rf(a) = lq| axo(qu xjamj (q)- (1.3)

J=1

It is important to study the counterpart of the fundamental solution of this operator in terms
of the Cauchy kernel. In this work we show that

GL(S ' (s,7) = 2mj|s|*d

in the sense of distribution, where d, is the Dirac delta function.
Finally, we note that in this paper we consider the quaternionic setting but many results may
be extended to the Clifford algebra setting with minor changes.

Plan of the paper. In Section [2| we recall some basic facts on slice hyperholomorphic
functions quaternionic-valued that can be naturally extended to vector-valued functions. In
Section [3| we study the additive splitting for slice continuous functions through Cauchy trans-
form. The case of Holder continuous functions is treated in Section [l In Section [ we study
the fundamental solution of the global operator and some related topics.



2. PRELIMINARY RESULTS ON SLICE OPERATOR-VALUED FUNCTIONS

Let H be the algebra of quaternions. The imaginary units in H, denoted by eq, es, e3, satisfy

the relations e% = e% = e% = —1, ejeg = —ege1 = €3, €263 = —e3e9 = €1, €36] = —€1€3 = €9

and an element in H is of the form ¢ = x¢ 4+ e1x1 + eax2 + e3x3, for zp € R. The real part, the
imaginary part (or vector part) and the modulus of a quaternion are defined as Re(q) = x,
Im(q) = e1m1 + eaxa + esxs, |q> = 23 + 23 + 23 + 23, respectively. The conjugate of the
quaternion q¢ = xg + e1x1 + eax2 + ezxs is defined by
d = Re(q) — Im(q) = ¢ — e121 — eawa — e3xs.
Let us denote by S the unit sphere of purely imaginary S quaternions, i.e.
S = {q = e1z1 + e2x2 + e3x3 such that x% + x% + a:?, =1}

Given a non-real quaternion ¢ we can write it as ¢ = xo + Im(q) = zo + j|Im(q)|, where
j = Im(q)//Im(q)] € S. Furthermore, we can associate to ¢ the 2-dimensional sphere [q]
defined by

[9] = {zo + jlIm(q)| : j €S}
In order to adapt some results known in the case of slice hyperholomorphic functions quaternionic-
valued to the case of vector-valued slice hyperholomorphic functions we need some definitions
and preliminary results.
An open set U C H is said to be axially symmetric if [¢] C U whenever g € U.

Definition 2.1. Let X is a two-sided quaternionic Banach algebra and let U C H be an
azially symmetric open set. Let U C R x R be such that p = uw+ jv € U for all (u,v) € U
and for all j € S. Functions of the form

f(p) = flu+jv) = folu,v) +jfi(u,v) (2.4)
where fo, f1: U — X depend only on u,v, and satisfy
fO(u7 _U) :fo(u,’l)), fl(uv —U) = _fl(u7v)

are called slice functions. Moreover:

(i) We say that f is a left slice C*-function if fo and fi are of class C¥, for k € Ng. We

will denote this class of functions by SC¥ (U, X).
(ii) If fo and f1 are real differentiable and satisfy the Cauchy-Riemann equations
ava(uv U) + 8uf1(u7 ’U) = O> 8uf0(u7 ’U) - avfl(u, U) = 07

we will call f left slice hyperholomorphic. We will denote this class of functions by
SHL(U, X).
In the case f is of the form
f(p) = f(u+jv) = fou,v) + fi(u,v)j

then the set of right slice Ck-functions will be denoted by SC%(U, X) and the set of right slice
hyperholomorphic functions will be denoted by Hr(U, X).

Theorem 2.2 (Representation Formula). Let X' be a two-sided quaternionic Banach algebra.
Let U C H be an axially symmetric open set and let j € S. For any p = po + jpp1 € U set
pji=po+jpi. If f € SCY (U, X), k € Ny, then

F0) = 5= o) (03) + 51+ ) [ (B5) for all pe U
If f € SCH(U, X), then

F®) = Fe) (1~ 35 + @) +3p)y for all peU.
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We note that the representation formula holds for slice functions f(p) = f(u+jv) = fo(u,v)+
jfi(u,v) and does not depend on the regularity of the functions fy(u,v) and fi(u,v). It is
an easy consequence of the definition, see [I§].

Definition 2.3. Let U C H be an azially symmetric open set and let X be a two-sided
quaternionic Banach algebra. Let f,g € SHL(U,X) with f(q) = fo(u,v) + jfi(u,v) and
9(q) = go(u,v) + jg1(u,v) for ¢ = u+ jv € U; we define their left slice hyperholomorphic
product as

fx1 9 :=fogo — fr91 + 7 (fog1 + f190) - (2.5)

Let f,g € SHr(U,X) with f(¢) = fo(u,v) + fi(u,v)j and g(q) = go(u,v) + g1(u,v)j for
q=u+jv € U; we define their right slice hyperholomorphic product as

f*xr g:=fogo — frg1 + (fog1 + f190) J. (2.6)

We recall that we have the notion of weakly slice hyperholomorphic function also in this
specific setting.

Definition 2.4. Let U C H be an axially symmetric open set. A function f : U — X with
values in a quaternionic Banach space X is called weakly left slice hyperholomorphic if Af
is left slice hyperholomorphic for any A € X', where X’ is the dual space of X. A similar
definition holds for weakly right slice hyperholomorphic.

The following version of Liouville’s theorem is an easy consequence of the analogue result in
the quaternionic valued setting (see [17]):

Theorem 2.5 (Liouville). Let X' be a Banach space and let X' be the dual space of X.
Suppose that f : H — X be a slice left hyperholomorphic function. Suppose that for every
A € X' the function Af is bounded on H. Then f is constant.

Theorem 2.6. Let X be a quaternionic two-sided Banach space, let U be an open axially
symmetric subset of H and let f : U — X be a real differentiable left slice function. Then
the function f is strongly left slice hyperholomorphic if and only if the function f admits left
slice derivative, that is

dsflq) == lim (p—q) " (f(p) — f(a)) (2.7)

p—q,peC;
exists for all ¢ = u+ jv € U in the topology of X and it exists for any j € S if q is real.

A similar statement holds for strongly right slice hyperholomorphic functions. In this case
the right slice derivative, is defined by

dsf(q):== lim_(f(p)— f(@)p—q) "

p—q,peC;
exists for all ¢ = u + jv € U in the topology of X and it exists for any j € S if ¢ is real.
Theorem 2.7 (Maximum Principle). Let X be a two-sided quaternionic Banach space and

let U C H be an azially symmetric domain. Let f : U — X be a continuous function that is
slice left (or right) hyperholomorphic in U with values in X. Then

max 1f(p)Il = max 1. (p)]]-

Proof. As in the classical case it follows from the Maximum Principle of slice hyperholomor-
phic functions with values in H, see [17] and the quaternionic version of the Hahn-Banach
theorem, see [9]. O

As a consequence one deduces:
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Theorem 2.8. Let 0(UNC;), j € Sbea C'-contour in C; and let f be a right slice continuous
function f:0(UNC;) = X where X is a quaternionic Banach space. Then

/ f(s)ds;
o(UNC;y)
where |0(U N C;)| denotes the lenght of O(U N C;).

< 10U NC;y)| _nax 1£(s)1l,
s g

The proof of this result closely follows the one in the complex case, see Proposition 1.3.6 in
[20] and thus will be omitted.

Vector-valued slice hyperholomorphic functions admit power series expansions at real point
that are similar to those for classical complex holomorphic functions. Specifically:

Theorem 2.9. Let X be a two sided quaternionic Banach space. Let o € R, let r > 0 and
let Bp(a) ={qeH:|¢g—a|<r}. If f € SHL(By(),X) then

+oo
fl@) =Y (a—a) LOkf(0)  Va=u+tjv € Byla) (2.8)
n=0 ’
If f € SHL(Br(a),X), then
+o0
F@) =3 @EF(@) (a—a)" Vg =utjue Ba)
n=0

We now discuss how to generalize the theory of Laurent series to slice hyperholomorphic func-
tions with values in a two sided quaternionic Banach space X'. Given the series > ., ¢" fn,
for f,, € X we denote by A(0, R1, R2) the four-dimensional spherical shell

A(O,Rl,Rz) = {q eH: R < |q\ < RQ}.
We have

Theorem 2.10. Let Y 7, q"fn, fn € X be a series having domain of convergence A =
A(0, Ry, Ry) with Ry < Ry. Then f:A—H q— Y ., q" fn is aleft slice hyperholomorphic
function.

Proof. Tt follows from the fact that if { f,, }nez C X, there exist Ry, Ro with 0 < R; < Ry < 00
such that the series ) _n¢"fn and Y ¢ "a_p both converge absolutely and uniformly
on compact subsets of A = A(0, Ry, Ro); while for all ¢ € H \ A, either Y onend" fn or

Y nend "a_p is divergent. Where the series converges it is trivially slice hyperholomorhic.
O

Conversely, we have that all left slice hyperholomorphic functions f : A(0, Ry, R2) — X admit
Laurent series expansions.

Theorem 2.11 (Laurent Series Expansion). Let A = A(0, Ry, R2) with 0 < Ry < Ry < 400
and let f: A — X be a left slice hyperholomorphic function. There exists {fn}nez C X such

that
flg) = anfn (2.9)

nez
for all g € A.

We now discuss the isolated real singularities. Let U C H be an axially symmetric open
set that intersects the real line and let f : U — X. A point a € U NR is called isolated
singularity of f if « UU is open and if o € U.

Let o € R and U be a neighborhood of a. Let f: U\ {a} — X be a slice left (or right) slice
hyperholomorphic function and the open set A(a,0,¢) defined by 0 < |p — a| < & which is
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contained in U for suitable € > 0. By the previous result, there exists a uniquely determined

series
Z(q —a)"fn
nez

which converges in for all p such that 0 < |p — | < &

Fl@) = (g )" fa
nez
This is the Laurent expansion of f at & € R and the element f_; is called the residue of f at
a. The following definition fixes the terminology.

Definition 2.12. The isolated singularity o € R is called removable singularity of f if fr, =0
for all negative integer n. If moreover, fo =0, then « is a zero of f. If a is a zero of f and
f is mot identically zero in a neighborhood of o then the smallest positive integer n such that
fn # 0 is called order of the zero a. The isolated singularity o is called a pole of f if there
exists a negative integer m such that f,, # 0 and f, # 0 for all integers n < m — 1. The
integer m is called the order of the pole .

If o is not a removable singularity and is not a pole of f, then « is called an essential
singularity of f.

Theorem 2.13 (Riemann’s theorem of removability of singularities). Let U C H be an axially
symmetric open set that intersects the real line and let X be a Banach space. Let f:U — X
be a left slice hyperholomorphic function and o € R be an isolated singularity of f defined in
a neighborhood of . If f is bounded then o is a removable singularity, see [17].

Proof. 1Tt follows as in the case of scalar valued functions in the case a € R. O

Theorem 2.14. Let U C H be an azially symmetric open set that intersects the real line and
let X be a Banach space. Let f: U — X be a left slice hyperholomorphic function and a € R
be an isolated singularity of f defined in a neighborhood of a. Then the Laurent series of f
at a € R is of the form
o0
fo) =Y (g—a)"fa, for fn#0
n=N

if and only if there exist constants C' < oo and ¢ > 0 such that for some € > 0 we have
clp—aM <If <lp—alY, 0<lp—al<e.

Proof. It follows as in the case of scalar valued functions. O

3. ADDITIVE SPLITTING THROUGH CAUCHY TRANSFORM

Since the Cauchy formulas of slice hyperholomorphic functions are based on an integral
computed on complex planes C;, for j € S, the contours of integration have to be taken on
open sets U C H intersected with the complex plane C;. On a given complex plane C;, j € S,
the definition of contour as well as the definition below are the same as in the complex case,
but we repeat them for completeness.

Definition 3.1 (C!-contour on C;). A set I'; C Cj, j €S, is called a connected C*-contour
on C; if there exist real numbers a,b with a < b and a Cl-function v; ¢ la,b] = C; with
I'; = v;(la,b]) such that
(1) 7(t) #0, for alla <t <),
(ii) vj(t) # vi(7) for alla <t <1 <b,
(ili) 4t is v;(b) # 7;(t) for all a <t < b or v;(b) = v;(a) with v;(b) = v;(a).
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Moreover: in the case the Cl-parametrization ~v; of T'j is such that v;(b) = vj(a) then T; is
called closed contour.
The union of a finite number of pairwise disjoint connected C*-contours is called C*-contour.

Definition 3.2 (Piecewise C!-contour on Cj). A setl'; CCy, forj €S, is called a connected
piecewise C'-contour on C; if one of the following conditions hold:

(i) There exist real numbers a < b and a C-function ~; : [a,b] — C; with T'; = v;([a, b])
such that: conditions (i) and (i) in Definition [3.1] hold and when ~;(b) = ~;(a) it is
7j(a)/7;(b) € C; \ (=00, 0].

(ii) For finitely many real numbers ty, £ = 1,...,m such that a = t1 < ... < t;, = b there
ezists a continuous function ; : [a,b] = C; with I'; = v;([a, b]) such that:

(a) for each £ € [1,m — 1], the function ~;, = v; belongs to C1([te, tes1]) and

tetet1
V;4(t) # 0. Moreover, we assume that ij(t(il)/%jl.kl(tf.&.l) € Cj\ (—00,0] for
each 0 € [1,m — 2]
(b) vj(t) #~(1) foralla <t <71 <b.
(iii) Condition (a) holds and
(b7) 75 (t) # v (7) for alla <t < 7 < band~;(a) = v;(b) withvj(a)/v; € C;j\(—00,0].

A not necessarily connected piecewise C'-contour is the union of a finite number of pairwise
disjoint connected piecewise C'-contours. Such a contour is closed if each connected compo-
nent is closed. The orientation has to be considered as for contours in the complex plane.
A not necessarily connected piecewise C'-contour I is called oriented if on each connected
component of I an orientation is fixed.

Theorem 3.3 (Cauchy’s integral theorem). Let U C H be an open set and let X be a

two-sided quaternionic Banach space. Let f : U — X be a continuous functions such that
feSHL(U,X). Moreover, let D; C UNC; for all j € S be an open and bounded subset of
the complex plane C; with ﬁ] C UNC; such that OD; is a piecewise C'-contour. Then

| asir -0
aD;

where ds; = —jds.

As we mentioned already in the previous section, the Cauchy kernel to be used in the Cauchy
formula for left slice hyperholomorphic functions is

S (5.) == —(p* — 2pRe(s) + |s") " (p —5).

It is a function slice hyperholomorphic on the left in the variable p and on the right in the
variable s. In the case of right regular hyperholomorphic, the kernel is

Sp'(s,q) == —(q — 5)(¢* — 2Re(s)q + |s|) 7",

which is slice hyperholomorphic on the right in the variable ¢ and on the left in s. The
Cauchy formula holds for slice hyperholomorphic functions with values in a quaternionic
Banach space:

Theorem 3.4 (Cauchy formulas). Let X be a two sided quaternionic Banach algebra and let
W be an open set in H. Let U C W be an azially symmetric open set such that (U N C;)
is a piecewise C'-contour for every j € S. Set dsj = ds/j. If f: W — X is a left slice
hyperholomorphic, then, for ¢ € U, we have

1 _
S0 =5 [ SE P (3.10)
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if f: W — X is a right slice hyperholomorphic, then, for ¢ € U, we have

_ L 551
S0 =g [ TS 60, (3.11)

and the integrals , do not depend on the choice of the imaginary unit j € S and
onU CW.

Before we state and prove our main results we need some more preliminaries.

Definition 3.5. Let V € H be an open set such that H\ V is a bounded set. We say that a
function f is slice C*-continuous, slice hyperholomorphic function f : V J{oo} — X if f is
slice C*-continuous, slice hyperholomorphic function on V' and f(1/p) is slice C*-continuous,
slice hyperholomorphic function on

(peH : ;GV}U{O}.

Definition 3.6 (Splitting). Let Uy C H be a bounded open set with piecewise smooth bound-
ary OU, and let U_ = H\ Uy. Let f : OU — X be a slice continuous function. We say
that f splits additively with respect to OU, if there exist functions f_ : U_ U {oo} — X and
f+ Uy — X where f_ is slice continuous on U_ and slice hyperholomorphic in U_|J{oo}
and fy is slice continuous on U, and slice hyperholomorphic in U, such that, on OU, we
have

f=F+

We note that the splitting introduced in the previous definition is also called a global splitting.
We have the following results:

Theorem 3.7 (Uniqueness of the splitting). Let QU be the smooth boundary of Uy C H
and let f : OUy — X be a slice continuous function. Let (f—, f+) be a global splitting of a
continuous function f with respect to OU,. Then adding a constant we can always assume
that f_(00) = 0. With this condition the splitting (f—, f+) is uniquely determined.

Proof. This assertion follows as in the complex case, see [20], and it is a direct consequences
of Liouville’s theorem. g

We note that an example of splitting on the quaternionic unit sphere is given by the Wiener
functions introduced in [I], see also [3], Section 6.4.

Definition 3.8. Let U, C H be a bounded, azially symmetric set such that 0(U; NC;), is a
piecewise Cl-contour for any j € S. Let f: 0U,. — X be a left slice continuous function. We
define, the left Cauchy integral transform with respect to OU4 of f as

P 1

f(p) S;'(s,p)ds;f(s), peH\oUL. (3.12)

27 Jow.ncy)
We define, the right Cauchy integral transform with respect to QU4 of f as

P 1

f(p) f(s)ds;Sg'(s,p), peH\IUL. (3.13)

B % o(U+NC;y)
Lemma 3.9. With the notation in Definition the function defined in does not
depend on the choice of j € S and is left slice hyperholomorphic in (HU {oc}) \ OUy. The
function defined in does not depend on the choice of j € S and is right slice hyperholo-
morphic in (HU {oo}) \ OU4.



9

Proof. We consider (3.12]) since the argument for the function in (3.13]) is similar. First of
all, we note that the integral does not depend on the choice of the imaginary unit j € S, see
Theorem 7.3.3 in [3]. To prove that f is slice hyperholomorphic we follow the reasoning in the

proof of Theorem 7.1.3 in [3] to show that f admits slice derivative for any p € H \ou. O
An immediate consequence, proved with standard arguments is:

Corollary 3.10. Under the assumptions of Lemma[3.9 we have:

() = 0y ) = — / (7 — 2s0p + [s%)2(p — )% ds; £(s)
aUnc,)

s

where
2

2!

—\2% __ 2—k—k
k=0

Theorem 3.11. Let U, C H be a bounded, azxially symmetric open set. Assume that for any

J €S the set (U N C;y) is piecewise Cl. Let f:0U — X be a left slice continuous function.

Let us define

fo=i| o fo= ] (3.15)
Ut
be the two parts of the left Cauchy integral transform f of f. Then the two following conditions
are equivalent:
(i) The function f splits with respect to OU .
(ii) The function f+ admits a continuous extension to U, and f_ admits a continuous
extension to U_.

U_U{co}’

Moreover, this is the splitting of f which vanish at infinity, namely f = f+ + (= f,)

Proof. First of all we note that to say that f : OU — X is a left slice continuous function
trivially implies that f: 0U NC; — X is continuous for all 7 € S and the integral defining f
does not depend on j € S by Lemma [3.9]

Step (i) = (ii). Let f = fi + f— be the splitting of f with the condition f_(o0) = 0. Since
f— is left slice hyperholomorphic at infinity and f_(oc0) = 0 we have thanks to Theorem

that
f=(s) = O(i) as |s| — oo.

5]
Using the Cauchy integral theorem and the estimate in Theorem we have that
lim S;(s,p)ds;f-(s) =0, forevery pecH\U (3.16)
100 JB(Br (0)1C;5)
where B,(0) is the ball in H centered at the origin and of radius r > 0.

To prove that fi = fy in Uy and f_ = f_ in U_ we first let p € Uy. If r € (0, 00) is so large
that Uy in contained in the ball B, (0) by the Cauchy integral theorem we have

[ sitsndsio- | 53 (s p)dsi 1 (s).
8(U+Q(Cj) 8(Br(0)ﬂ(:j)
The relation (3.16]) shows that

[ sitndsii() =0
o(Uy+NCy)

Since f = fy + f- on d(U; NCj) for j € S by the Cauchy formula we get

1
) =g [ SEGsf)
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and this implies
1 B .
o) = o [ S e)dsif(s) = Falo)
T Jownc;)

We now take p € U_ and we observe that by the Cauchy theorem we have
/ S;1(s,p)ds;jfi(s) = 0. (3.17)
o(U-NCy)

We first assume that p belongs to a bounded component of U_ and denote by 9(U_NC;)g the
part of the boundary of this bounded component (with the orientation induced by 9(UNC;)).
By the Cauchy theorem we have

/ 571 (s,p)ds; f—(5) = 0 (3.18)
B(U_NC)\U-NC;)o

so by the Cauchy formula it follows that
[ SiNemdsifo(s) = ~1- ) (319)
8(U_ﬁCj)0

From (3.17)(3.18) (3.19) and the definition of f_(p) we get

Fo(p) = / 874 (s, p)ds; £(s)
a(U_NC;)

:/ 571 (s, p)ds;[f+(5) + J—(5)]
o(U- Q(Cj)
= —f-(p).

We now consider the case when p belongs to the unbounded component of U_ N C; whose
boundary is denoted by O(U- N C;)s. By the Cauchy integral theorem we have

/ Sy (s,p)ds;jf(s) = 0. (3.20)
A(U-_NC;)\O(U-NC;)oo
The Cauchy formula, for r large enough, yields

o =- Si M sp)dsi () + [ S7 (5. p)ds; ()
A(U_NC;) oo A(B(0)NC;)oo
so the relations and imply
o= Sp s s f() == [ S st (o)
A(U-_NC;)so o(U-NC;y)

Now using 1} together with the definition of f’, we obtain

fp)=— / S (s, p)ds; [f4(3) + ()]
B(U_NC;)oo

— _/ Sy (s, p)ds;f(s)
o(U-nNCy)

= —f-(p)-
Conversely, we prove (ii) = (i). We have to show that if we fix ¢ € OU and £ > 0 we have
fi(e) = (@)= fla)| <e (3.21)

where f, (¢)— f_(g) denote the continuous extensions to U, . We denote by I :=0(U+NC;y),
for j € S. Assume that wy € I'jo where I'jo is the connected component of I'; and let
7; : [a,b] = T'jo be a Cl-parametrization of I'jo = (U N C;)g. We recall that the functions
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f, f+ and f_ are continuous on U and in particular on I'; = 9(U N C;) so we can assume
that wo = v;(to), where a < o < b is a point such that v;(t9) # 0. So we can find § > 0,
¢ € (0,1) and two sequences w;} € Uy NC; and w,, € U_ NC; such that

wh — wy, w, — wp, as n — oo (3.22)

that, for n € N* satisfy the conditions:

C’t — to’ < ]’yj(t) — w()’, ‘t — t0| <46 (3.23)

e

<
= 32max{[yj(t)| : [t —to] <J and j €S}’

(7)) — f(wo) It —to| <& (3.24)

1 1 _
31 (0) = wol + Jlwy —wy| <y (6) —wil, [t —to] <9

. h (3.25)
5\%’(15) — wo| + 1|wﬁ[ —wy | < [y(t) —wy |, JE—to] <0
thank to (3.23]) the estimates in (3.25)) become
c .
FUt=tol +lwn —wy]) < y()) —wyl, [t —to] <6
3.26)
c . . (
Ut —tol +lwn —w]) < () —wy ], |t —to <.
Since we have defined I'j o = (U N C;)o we set
. 1 B
FerwD = o [ s s wl)dsif(s), (3.27)
27 Jownc,)o
and .
P = oo [ 7 s u)dsif() (3.29)
™ B(Uﬁ(cj')o

so we obtain
(fr(wi) = f-(wy) = (Faro(wih) = f- o (wy,))
- 1551 (s ) = 7 (5, s £(5),
27 Jawnc,)o\a(unc;)o
but since by we have w;” — wo and w,, — wy as n — 00 S0
S (s,wl) — S (s,wy) =0 as n— oo,
This shows that there exists n. such that for n > n. we have

|(f+(wi) = F=(wy)) = (Fero(wyy) — f-ro (wy,))| < &
that is . Now assume that —I'; := —9(U- N C;), for j € S is the boundary of the
unbounded component of U_ N Cj, for j € S, for n sufficiently large, by the Cauchy formula
and the Cauchy integral theorem, we have

1 1
fwp) = / Sgl(s,w;f)dsjf(s) and — Sgl(s,w;)dsjf(s) = 0.
21 Jawnc;)o 27 Jawnc;)o

If -T'j 0 := —0(U-NCj)y, for j € Sis the boundary of one of bounded components of U_NC;j,
for j € S, for n sufficiently large, it is

1 1

— Syt (s,w)dsjf(wy) =0 and / Sy (s,wy, )ds; f(wo) = — f—(wo).
27 Jawnc,)o 27 Jawnc,)o

So in both the cases, when we subtract the above relations, and for n sufficiently large we get

= (7 wif) — S (s, ) ) sy £ (o) = J—(awo).
T Jo(UnC;)o
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So we obtain

oo )= Fory )= o) = 5= [ ey, (521w =57 o)) sy (7 (5) = (wn).

Now we integrate on the path, where ~;(t) = (U N Cj)o, t € [a,b] and 7;(ty) = wq for
to € (a,b), to get

frr o) = f-re(wy) — f(wo)
= o [ (52 o0.) ~ 87 o000 ) o (0) — Sy

and we consider the splitting

Frrowl) = f-ro(wy) — flwo) = Ji(n) + Ja(n)

where we have set

Tiln) = 5- / g @ (T 50, ) = ST 058, w) ) (05 (8) = Flwdft.
o) = o g (ST 050, 00) = S 050 0) ) A 050 — Fwn) ).
From we have that

Ji(n) =0, as n— oo.
We have to show that also

Jo(n) =0, as n— oc.
So

1

1 Z2(m)ll = 5 /t_t o 1CF (i () = FwoD IS (v (8) wip) = ST (3 (#), wi) [l (1) det

and from (3.24]) set
Cy := max{|v}(t)| : [t —to| < and j € S}

we get

1 e
Ja(n :/ ST (), wi) — STy (8), wy) ) ||| (8)|dt
120l = 52 g 19 (0 wi) = S (500, w) I )

and also

1 3¢

_ =1, +
1600l = 555 [, IS Q0 = 7 (0.

and thanks to (3.26]) we finally have that there exists a constant C' > 0 such that
|T2(n)]| < Ce.

4. THE CASE OF HOLDER CONTINUOUS FUNCTIONS

In the following we work in Holder spaces. In the quaternionic case, to introduce a notion
of distance we have to take into account not only points but also spheres. Thus we need to
apply the classical definition of distance between two closed subsets of a metric space:

Definition 4.1. Let A, B be closed subsets of H, then
dist(A, B) := min{[p — q|, p € A, q € B}.

This definition applies, in particular, when the two sets are points, spheres or paths.
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Lemma 4.2. Let p, s € H be such that s € [p| and define the function

@s(p) = (p* — 2s0p + |s[*) "2 (p — 3)*".
Then we have:

s (p)] < (dist([p], 5)) (4.29)

Proof. Recall that using the *-inverse it is
(p—s)"" =" —2s0p+[s|*) "' (p —3)

and we observe that (p — s)™* can also be written as

(p—s) " =(p—35""plp—3) —s)""

SO

p? — 2s0p + |s|?) 7 (p?

)7 (p? = 2s0p + [s])) Hp—5) x (p—5)
P’ —2s0p+|s]*) '(p—s) T x(p—73)
) (

(
= (
= (p* —2s0p+ [s) ' (p =) x (p— )"
=(p—s)"*xp—95)""

1

ps(p) =

Now we observe that p:= (p —3)"!p(p — 3) € [p] and so

(=) =1(F—5)7" < gé?p}f|(ﬁ_ s) 7| < (dist([p], 5)) !

so, we finally get

ea)| = 10— ) % (0= )] < (max |5 —)7'])” = (dist([p].5)) >

PE[p]

Remark 4.3. If p, s € C;, then |ps(p)| = |p — s| 72, as ¢s(p) then reduces to (p — s)72.
Remark 4.4. As ¢4(p) is a left slice function in p, the Representation Formula holds hence,

given s € H, suppose s € C; and take p € H such that s ¢ [p]. We have

1 . o o - : -
[ps(p) = 511 = Gpi)ps (p) + (14 Gpd)ps P < llps = 5|7 + 5 — o[ 77| < 2dist([p], ) 7.

Let U be an axially symmetric open set in H. The set of slice continuous functions f : U C
H — X, where X is a quaternionic Banach space, will be endowed with the norm

1f 0 = sup || f(s)]]
seU

where || f(s)||x denotes the norm in the Banach space X'.

Definition 4.5. Hélder slice continuous functions of order a € (0,1) on an azially symmetric
open set U C H are defined as those slice continuous functions f : U C H — X, with
flz+ jy) = alz,y) + jB(x,y), such that o and 8 are Hélder continuous on U = {(z,y) €
R? : x4 jy €U je€S}; let | |va be the usual Holder seminorm on U, then we endow the
space C(U, X) of Hélder slice continuous functions of order o with the norm

[fllv.a = fllvo + lelva + 1B8lva -

These definitions are extended in an obvious way in the case of a closed set, in particular OU .
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Lemma 4.6. Let U be a bounded set in H with piecewise smooth boundary I'; we consider
any j €S and f € C*(I'j,X), where I'; =T NC; for a(0,1) and we assume that
dist([p],I';) > 1.

Then we have the following estimates:

£l |F‘ Hf||rj70
1F P < #m, (4.30)
and .
1F (Il < Q‘Tﬂllfllrj,adist([ﬂvfj)al ) (4.31)

where |I'j| denotes the lenght of T';.
Proof. By Corollary we have

o) == [ 6= 200+ |52 20— 9 dsi 1(5)

Ly
By Theorem [2.8 and Lemma, we get
; Tl I flr,0
17y < Ll U

7 dist([p], T;)2
which is estimate (4.30]). To prove estimate (4.31) we recall that, if p € C;, we have

; 1 . _
' @) < —IT5111F Iy adist(p, T5)*
by the estimate of Remark and usual techniques, using the fact that dist([p],I';) =
dist(p,T'j) > 1.

Now, as f’ is a left-slice function, we use the Representation formula to obtain, as in Remark

[4.3] that
. T
17 < 2520 1, st (0], 7)1

g

Theorem 4.7. LetI’ = 0U. For any j €S, let f € C*(I';, X) for a(0,1), where I'; = I'NC;.
Then there exists a constant K > 0 such that the Cauchy transform satisfies

IF ) < K1 fIr;,adist([p], T)*" for all p € H\T. (4.32)
Proof. From the proof of the Lemma we see that that for every axially symmetric neigh-
borhood A; of I' := 9(U N C;), j € S there exists a positive constant C4, < oo such that
1F ) < Cay I Iy adist([p], T;)°" for all pe U\ A; with dist([p,T;) <1. (4.33)
Let € > 0 and consider the axially symmetric neighborhood of a point so € I'; define as
Aj(s0) ={peH : dist([p],s0) < e}
We now have to prove that for every sp € I'; there exists g > 0 and a constant K; > 0,
independent of f, such that such that for all p € A, (s9)\I'; we have (4.32)) holds. Let so € T'g ;
be given, where I'g ; is a connected component of I';. Let us choose a C'-parametrization
7v; of T'gj such that v; : [-3,3] = I'g;, j € S with v;(0) = so. From the definition of the
Cl-parametrization we have that there exist constants ¢; < C; < oo such that
cilt =7 < |v(t) —vi(7)| < Cijt — 7|, forall —2<t,7<2. (4.34)
Let us take €9 > 0 such that the following conditions hold

go < 2cq, Agso (80) N (F]’\’}/j([*l, 1]) = @, for j€S. (435)
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Let us take p € A (so) and set

e =dist([p],T';) for j €S
since sg € I', then € < g take a point s’ € I' with

|[p] — 8| = dist([p], T)) = e.

Since p € Acy(s0) and € < gg then ' € Aa.,(s0). Since 5" € T'; N Aoe,(50), it follows from the
condition €y < 2¢; in that s’ € v;([—1,1]). Now let ¢’ € [—1, 1] be the parameter with
7 (#') = s', this parameter is uniquely determined by the condition (4.34)). Recall that since
I';, 7 € S are closed curves, by slice hyperholomorphicity it follows that

1 - 2%
o (p* = 2sop + |s]*) 2 (p — 3)*ds; f(s') = 0 (4.36)
21 Jownc,)
so we have
A 1 - —\2%
o) = 5- (p* — 2s0p + [s[*) 72 (p — 3)**ds;[f(s) — F()]. (4.37)
m 8(UﬂCj)
Since ¢’ € [—1,1] and thanks to the condition £y < 2¢; in (4.35)) we have the inequalities
C1 C1
from which we get
2¢e 2
o<t - vy =2
C1 C1

So we can split the integral (4.37)) as the sum of three terms:
f'(p) = 11(p) + Jo(p) + Ja(p),

where

1

21 Jr oy (-2.2)

1
Ta(p) = - / or 0 () V=D (5(0)) — (],

Py, 1) (D)dsi[f(s) = ()],

27 Ju zi
h):= 5 0O 5(0) — Fldr
2
+% 2t v () V(O (=)[f (3 (8)) — f(s)]at

where we have set
#s(p) == (p* — 2s0p + |s]*) (p — 5)*".
Since
[p] = §'| = dist([p],I'j) =¢ <eg
by Ase,(so) N (T;\7v;([—1,1]) = 0 in (4.35) we have
|s — so| > 3eg, for seT;\v;([—2,2])
so we get the estimate for J; by Proposition
Ly _
(0 < -2 mael (5] < ' salflea < {5l e @3

for e € (0,1). Set

Cyj = f?agz]l v @)l
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Since |v;(t) — [p]| > dist([p],T'j) = € for t € [-3, 3] it follows that

Cy [UHe ,
10 < 5.7 [, 17050 - £t

since also on a slice

1 (i () = O < 1 fllryaly () = 8%t € [=3,3]

we have ,
CoCi|| flry e [UHe
2o}l < = s [ e el
c1
with some computations
20,0, _
120)Il = —5—=l1fllr; ac” g
1
Finally, let us turn our attention to Js3. For
2¢e
[t — 7] > —
C1
from (4.34)) we have
1 1
S = () 2 5t -7l 2 e
Since
;) = [pll = Is" = [pll = ¢
and for
2e
t—r| > =
C1

this implies

95 (8) = [Pl = 1 () = % ()] = 1 (t) = [pll = | () = %(E)] — e = %I’Yj(t) =)

S0 we get

t/—2e

B M0i(0) = 7))
ol s [, bl
2 I050) — £
*/m O e

using now the Holder continuity

1£ (i () = (O = 1F (v (8) = FOaEDI < 1 F 1.0l (8) = 5 ()]

with some computations recalling the definition of Co we get the estimate

2010201_0‘ _
50 € ZAZ2E g
so taking
|F]’| 20102 201026%_(1
K;:=
7 4med * a3 1.

we observe that the constant K; depends continuously on j € S, but since S is compact we
get the statement. O

We are now in the position to state and prove the main result.
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Theorem 4.8. Let U C H be a bounded axially symmetric set and suppose that T' := 0U,
is a piecewise Cl-contour. We consider any j € S and f € C*(T;,X) for a € (0,1), where
Iy ZZI‘ﬂ(Cj. Set:
o= f , f=—f , 4.39
femd], . fo=1], (4:39)
i.e. the two parts of the left Cauchy integral transform of f. Then the two following conditions
are equivalent:

(i) The function f+ admits an Hélder continuous extension of order a € (0,1) to U,
and the function f, admits an Hélder continuous extension of order o € (0,1) to
z7+,LJ{OO}.

(ii) If we denote these extensions with the notation fi and f_, then we have f = fi + f_
onI';.

Proof. Point (ii) follows from Theorem To prove point (i) it is sufficient to show that
there exists an axially symmetric neighborhood Ar; of the curve I'; = ' C; and a constant
Cj; > 0 such that

[ f+(w1) = f(w2)|| < Gl fllr; w1 — wel (4.40)
for all wy, w2 € Ar; N (Uy NC;) and
[ f=(w1) = f-(w2)|| < Cj|fllr; w1 — wel (4.41)

for all Ap, N(U-NC;). Since the proofs of the above estimates are the same we will consider
just (4.40). Let us take an arbitrary point sq € I'; define as
Aj(so) ={peH : dist([p],s0) < e}

To prove our statement we have to find constants g > 0 and C; > 0 such that (4.40) holds
true for all wi,we € A;.(s9) NCj, j € S. By Theorem there exists a constant Cp; > 0
such that

4@ < Collfllr; adist([p], I;)*~" for all p e Uy, (4.42)

Since I'; is C'-piecewise it is possible to find €, ¢ € (0,1) and a quaternion v € C; with [v| =1
such that w € A; . (so) Uy it is

Ajo(w+tv) CUy, for tel0,e]. (4.43)
Let us set
2a+1
go=ce1/4 and Cj;=Ch, (1 + ) (4.44)
co

We now show that with the constants chosen as in (4.44)) estimate (4.40|) holds for all w1y, wy €
A (s0) N (U NCy). Let wi,wa € Ajey(s0) N (Uy NCy) be given. We define € = |w; — ws.
Then

2e/c < 4deg/c=¢e
and it follows from (4.44) that
wy+tve Uy and we+tve Uy, foralltel0,2¢/c]

and

(1 —t)(wy + 2ve/c) + t(we + 2ve/c) € Uy, forall t € [0,2¢/¢],
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SO we get

[ f(w1) = f(wo)|| < ([ fo(w1) = fi(wr + 2ve/e)|| + || f+(w2) — f1 (w2 + 2ve/c)]|
+ (| f+ (w1 + 2ve/c) — f1 (w2 + 2ve/c)||

2e/e 2¢e/e
—| / £ (wy + toyodt]| + | / £ (ws + toyudt]|
0 0

2e/c
+ |l /0 FL((1 =) (w1 + 2ve/c) + t(wa + 2ve/c))(we — wr)dt||

but we have set ¢ = |w; — w2| and |v| = 1 this implies

2¢/c

2¢e/c
[+ (w1) = fr-(w)]| < H/ fir(wi + to)vdt|| + II/ fi(wa + tv)vat||
(4.45)

2¢e/e
—i—E/O [ FL((1 =) (wr + 2ve/c) + t(wa + 2ve/c))||dt.

From (4.43]) and (4.42)) we have that
| 4 (we + o) < Collfllr,a(ct)* " forall te[0,2¢/c], (=1,2,
so we obtain
2e/c
| 0w o)l < ol ey |
0 0

Observe that from (4.43)) we also have
Ajoc(wa +2ve/c) C UL

2e/c

a—1 2aCbJ a
(Ct) dt = 7”]"”1_‘].7&5 s (= 172 (446)

Since
(w1 4 2ve/c) — (wa + 2ve/c)|| = |w1 —wa| =€
it follows
(1 —t) (w1 4+ 2ve/c) + t(ws + 2ve/c) € Ajoc(wa +2ve/c), te]0,1]
this gives
(1 —t)(wy + 2ve/c) + t(we + 2ve/c) € Uy, t€|0,1]
and
dist((l — t)(wy + 2ve/c) + t(ws + 2ve/c), rj) > e
so with (4.42]) we obtain

2e/c
6/0 14 (1 =) (w1 + 2ve/e) + t(wa + 2ve/c))[|dt < Co ;i fllr; e, (4.47)

we conclude saying that estimate (4.40) follows form estimates (4.45) (4.46) and (4.47) O

5. FUNDAMENTAL SOLUTION OF THE GLOBAL OPERATOR OF SLICE HYPERHOLOMORPHIC
FUNCTIONS

In the quaternionic setting, the Cauchy-Riemann operator is replaced by the operator G,
(resp. GR), introduced in [5]; when restricted to a slice C;, it reduces to the operator y29;.
The left quaternionic global Cauchy-Riemann Operator is given by

0
Gut@) = a5 @) +qzmj Sla
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and, similarly, the right operator is given by

of of
Grf(q) = ‘Q’QBTJO(Q) + ;35 j(Q)Q-

Remark 5.1. If U C H is an axially symmetric open set and f : U — H is a continuous
function such that G,(f) = 0 in the distribution sense, then

0 0

2 . .

B R = O

v (8u +J8v> f(u—+jv)

for every j € S. Away from the real axis, this implies that f(u+jv) is a holomorphic function;

as it is also continuous, by a standard argument of one complex variable, we deduce that it
is holomorphic on U N C;, hence by the arbitrarity of j € S, f is slice hyperholomorphic.

Given an axially symmetric open set U and a left slice function V : U — H, we consider the
equation
GrL(f)(a) =14V (q) - (5.48)

In order to study its solvability, we introduce an appropriate class of distributions.

Definition 5.2. Let U C H be an axially symmetric open set and let Y C R xR be such that
p=u-+jv €U for all (u,v) €U and all j € S. A (left) slice-test function is a function of
the form

tp(p) = QO(U +jv) = fo(u,v) +jf1(uvv)
with fo, fr € C°(U), satisfying fo(u,—v) = fo(u,v) and fi(u,—v) = —fi(u,v). A right
slice-test function is defined similarly, with o(p) = fo(u,v) + f1(u,v)j.
We denote the space of left (resp. right) slice-test functions by SDr(U) (resp. SDr(U)).

The space SD(U) has the usual Fréchet topology; a right (resp. left) slice-distribution is a
linear map L : SDL(U) — H (resp. L : SDr(U) — H) which is right-linear (resp. left-linear)
and continuous, i.e. for every K € U there exist an integer m > 0 and a constant C' > 0 such

that ” -
)" () o)

for every ¢ € SDL(U) (resp. ¢ € SDr(U)) with suppy C K, where |a| = a1 + ao.

Given U C R?, invariant under the isometry (u,v) + (u,—v), and its axially symmetric
completion U = {z + jy : (z,y) € U, j € S} C H, we define the operators Py : C°(U) —
C(U) as

[L(¢)| < C sup sup
la|<m \ p=u+jvelU

u,v) £ f(u, —v
P ) = HE0E L0 =0)
It is easy to see that both are linear and bounded with respect to the Fréchet topology. Given
feCxU), we construct T'(f) € SDL(U) by

T(f)(q) = Py f(qo, lal) + joP-f (o, lq)

where j, = ¢q/|g|. Then, T : C°*(U) — SD(U) is easily seen to be linear and bounded with
respect to the Fréchet topology.

On the other hand, a test function ¢ € SDy(U) corresponds to a pair (fo, f1) of functions in
C°(U) such that fp is even in v and f; is odd in v; clearly, T'(fo + f1) = ¢. Hence, T is an
isomorphism. Therefore, a right slice-distribution corresponds to a classical distribution on
U, under the identification given by T

We also note that the operators Py extend as continuous linear isomorphisms to LP spaces
as well.
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Proposition 5.3. Let ¢ : U — H be a right slice—LlloC function; suppose that, for some j € S,
we have

Y(u~+ jv)p(u+ jv)dudv =0 Vo e SDL(U) .
UNncC;

Then ¢ = 0 almost everywhere on U.

Proof. Let us write ¢ = T(f) and ¥ = T'(g), then

/ Y(u+ jv)e(u + jv)dudv
Uﬁ(CJ-

- / (Pyg(u,0) Py f(u,0) + Pyg(u, v)j P (1, 0)+
Unc;

—{—P,g(u, U)jPJrf(u’ U) - P*g(u7 U)P,f(u, U))dUdv :
Now, we note that U N C; is symmetric with respect to the z axis, whereas the functions
Pig(u,v)jP-f(u,v) and P_g(u,v)jPy+ f(u,v) are odd with respect to the v variable, hence
their integral on U vanishes. Therefore, our integral reduces to

/ (Pyg(u, 0) Py fu,0) — P-g(u,v) P (1, 0))dud,
Unc;

which has to vanish for every choice of f smooth and compactly supported. We notice that
also the function

P gP_f —P_gP.f
is odd with respect to the v variable, so its integral on U N C; vanishes, so

/ (Pyg(u, 0) Py f(u,0) — P-g(u,v) P f (u, v))dudv
Unc;

= [ (Prguo)Pefu0) + Prgl.o)P- flu,0)-
—P_g(u,v)Py f(u,v) — P_g(u,v)P_ f(u,v))dudv
= [ (Prgtu) = Pglu.o) fu.o)dude,

where we used that Py + P_ = Id. This integral must vanish for every f smooth and
compactly supported, so PLg — P_g = 0 a.e., so PLg = P_g, but these two functions are
respectively even and odd, then P.g = P_g = 0 a.e.. This easily implies that ¢ must vanish
almost everywhere. O

The previous result implies that two slice-L{ _ functions give (by integration) the same slice-
distribution if and only if they coincide almost everywhere.

Remark 5.4. Obviously, two slice—LllOC functions are also LllOC in the classical sense on U,
so they give the same (classical) distribution on U, integrating with respect to the Lebesgue
measure, if and only if they coincide almost everywhere. Indeed, the computations of the
previous proposition also show that, in case of slice-functions, their action as (classical)
distributions can be recovered from their action on a slice.

More explicitly, we consider the map

T:UXxS—=U

given by 7(u,v,7) = u + jv; if we consider on U the standard volume form u = dzg A dxy A
dxy A dxs given by the inclusion of U in R%, then

™ = vidu A dv A do ()

where do is the standard volume form on the 2-sphere.
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Then, as a side-product of the computation performed in the previous proof and with the
same notation, we obtain that

/w@ﬂ@mwmwﬂmz/(HM%W+Pgwwﬁ@MWWHJPfwww%wwdﬁ
U UxS

= /da/(P+g(u,v)P+f(u,v) — P_g(u,v)P_f(u,v))v?dudv
S u

=dr / (Pyg(u,v) Py f(u,v) — P_g(u,v)P_ f(u,v))v*dudv.
u

The last integral is zero if and only if the function Pig(u,v)Py f(u,v) — P_g(u,v)P- f(u,v)
is zero almost everywhere. Therefore, we have

/UW—O

/U(Per(u,v)PJrgo(u, v) — P_(u,v) P_p(u,v))dudv = 0

but this happens if and only if

if and only if

/ Y =0
UQ(C]'

for some (and hence every) j € S.

So, the choice of working on a slice or on the whole open set does not affect the result, as long
as we are defining the space of distributions; however, such a choice becomes important when
we want to define the adjoint of an operator. Namely, the global (distributional) adjoint of
G is an operator G} which satisfies

‘/@wMW@wz/wmmw@@
U U

for every ¢ € SDr(U) and ¢ € SDr(U), where dg is the standard 4-dimensional volume
measure on U. On the other hand, the slice (distributional) adjoint of G, is an operator G73°
which satisfies

/ G (o) (u+ ju)(u+ jv)dudv = / o(u+ jv)GL () (u + jv)dudv
Unc; Unc;

for every ¢ € SDRr(U) and ¢ € SDL(U). By the previous computations it is clear that the
integrals on both sides do not dipend on j.

Definition 5.5. The global (distributional) adjoints are given by
GL()(q) = =Grlp)(q) — 40(q)q

Gr(p)(@) = —Grlp)(a) — 490(q)
whereas the slice-adjoints are given by

G (e)(q) = —Grlv)(q) — 2¢(q)q

GE(p)(q) = —GL(v)(q) — 2q0(q) -

Lemma 5.6. We have that
GL(S;'(s,-)) = 2mjls|*s,

in the sense of distribution.
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Proof. Fix s € H and let z; = so + |s|j (and Z; = sg — |s]j); for € > 0, set
Wie ={w e C; : min{|w — 2|, |lw —Z;|} > ¢}
and
I's={weCj : |w—z|=¢}, Ii={weC; : |[w—7zj=¢}.
For every ¢ € SDg(H), we have
/ G (@) (u+ ju)Sp (s, u + jv)dudv = / o(u+jv)GL(S ) (s,u+ jv)dw A dw
W]'E Wj,s

+/ 7y2<p(u + jv)SZl(s,u + jv)(du + jdv)
FjUFj

As Sgl(s,p) is a left slice regular function for p € W ., the first integral vanishes; in order
to compute the remaining one as £ — 0, we note that, setting j; = s|s| 7!,

1 1 1
Sil . — 1 s .s 1 . .S
L (sutju) =3 <(u+jv)_zj( JJ )+—(u+jv)_§j( + jj )>

and

. 2 . . _ .2 ]

lim . v @(U+jv)—(u+jv) - (du + jdv) = 2mj|s|"¢(2;)

1

. 2 . . _ G2 =

lim ij @(U+Jv)—(u+jv) - (du+ jdv) = 2mj|s|*d(Z;) -
Hence

[ vela anS; st go)du+ jdo) = 2mlso(s).
;U
This computation then implies that
GL(S;'(s,-)) = 2mjls|*s,
in the sense of distributions. O

We performed the computations on a slice U N C;; however, using the global adjoint, we
could have carried on the same steps with respect to the Lebesgue measure on U, getting to
the same result. We are now ready to solve the quaternionic global equation on a bounded
domain.

Theorem 5.7. Let U be a bounded azially symmetric set, X a two sided quaternionic Banach
space and V : U — X a left slice-L*>° function; define

f(p) !

275 Jung,

for p € H. Then f(q) is a slice-L> function which solves Gr(f)(q) = |q|*V (q) for almost
every q € U.

Proof. The L*°-norm of f is bounded by

S (s,p)V(s)ds A d5

IV [loo sup 1S5 (- ) |1
peU

which can be easily computed similarly to the L' norm of the Cauchy kernel in one complex
variable.
Moreover, the function p Sgl(s,p)V(s) is a left-slice function, for every s € U, [s] #
[p]; therefore, by the linearity of the integral, also the resulting function f(p) is a left-slice
function.
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For every ¢ € SDg(U), we compute

/ o(P)GLI(P)AN(p) = / to(p) F(0)dA(D)
Unc; Unc;

1
o

Gho(p) / S (s, )V (5)dA(s)AA(p)
UO(C]' Uﬂ(Cj
1

27 UncC;

- / (3)|5[2V (5)dA(s)
U

Q(Cj

hence G, f(p) = |p|*V (p) almost everywhere on U N C;, hence on U. O

/ G Lo (p)S; (5, p)AA(p) | V/(5)dA(s)
Unc;

As we noted in the beginning of the section, if G1(f)(p) = |p|*V (p), then

9 f(u+ jv) =V(u+jv)
for almost every (u + jv) € U N C;. Combining this result with Runge theorem, we obtain

the solvability of the quaternionic global Cauchy-Riemann equation on any axially symmetric
domain.

Theorem 5.8. Given an azially symmetric slice-domain U and a left slice-continuous func-
tion V. : U — X, there exists a left slice-continuous function f : U — X such that

GL(f)(a) =14V (q) for allg € U.

Proof. Let {U,} an increasing sequence of axially symmetric domains such that U, C(} n+1€
U, U, has C! boundary and each bounded connected component of C; \ U, (if any) contains
at least one point of C; \ U, for each n € N and each j € §. Moreover, let | J,, U, = U.

By Theorern we have a collection of functions g, : U, — H such that G1,(g,)(q) = |¢|*V (q)
for all q € U,,.

We construct inductively another family such that G (f,)(q) = |q|*V (g) for all ¢ € U,,. Set
fo = g0, f1 = g1 and, if we have chosen f, ..., fi, we define fi,, as follows: the difference
fr — grs1 is left-slice regular on Uy D Uj_1; hence, by Runge approximation theorem (which
is proved in [II] for scalar functions, but can be easily generalized to functions with values
in a Banach space) we have a left-slice regular function h : U — X such that

1

- —h(g)| € —— .
qglﬁiilfk(q) ge+1(@) = Ma)| < 5

We set fri1 = gut1 + hlu,,y-
Now, the sequence fj, converges uniformly on compact sets on U to a left slice-regular function
f U — X; moreover, also the sequence {f, — fr}n>r converges uniformly on Uy, to f — fi
which then is slice-regular as well. So GL(f — fxr) = 0 on Uy, implying that

Gr(f) = Gr(fr) = ¢’V
on Up. O

5.1. Cocycles and Mittag-Leffler theorem. Compare Mittag-Leffler theorem in [12].
Slice hyperholomorphic functions admit a power series expansion in terms of suitable poly-
nomials, see [19]:

Definition 5.9. Let gy € H. For any sequence ¢, € H, n € Z, the series

Z(q2 —2Re(q0)q + |g0*)™(c2n + (¢ — qo)c2n+1)
ne”L
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is called the spherical Laurent series centered at qy associated with {c,}, n € Z. If ¢, = 0 for
n < 0, then it is called the spherical series centered at qo associated with {c,}, n € Z.

To study the convergence of this series, one need the pseudo-distance

d(g,p) = V4> — 2Re(q0)g + |go|?.
We then define the so-called Cassini ball with center at gy as

Ulqo,r) ={q € H : d(q,q) <r},
and the so-called Cassini shell
Ulgo,m1,m2) ={g € H : 1 <d(q,q) < r2}.
Theorem 5.10. Let {c,}, n € Z and let

ry = hmn_H_ooHC_nHl/n, 7,*2 = hmn—>+ooHCnHl/n'

Consider the spherical Laurent series

fl@) =Y (4> — 2Re(q0)q + la0]*)" (c2n + (4 — q0)can+1).
neZ

If there exists n < 0 such that ¢, # 0 then the domain of convergence is the Cassini shell
U(qo,r1,72). If all ¢y, = 0 for all n < 0 then f(q) is a spherical series and its domain
of convergence is the Cassini ball U(qo,r2). When the domain U of convergence of f is
nonempty, then f(q) is slice hyperholomorphic in U.

We also recall the definition of order of a function at a singular point or sphere, see [19].

Definition 5.11. Let f : U — H be a slice hyperholomorphic function, let qo be a singularity
for f and let

F(@) = (4> — 2Re(q0)q + lq0l*)" (c2n + (¢ — q0)cant1).
nez
be the spherical Laurent expansion of f at qo. We define the spherical order of f at [qo],
and we denote it by ord¢([qo]), as the smallest even number ng € N such that ¢, = 0 for all
n < —ng. If no such ng exists then we set ordy([qo]) = +o00.

The following result is also taken from [19], section 9.

Theorem 5.12. Let U be an axially symmetric open set in H, qo € U and U = U \ {[q0]}.
Let f: U — H be a slice hyperholomorphic function. Then to say that every point of [qo] is
a removable singularity for f is equivalent to

(1) ordg([g0]) = 0;
(2) ord;(go) = ordy(go) = 0;
(3) There ezists a neighborhood Uy, of qo in U such that || f|| is bounded in Uy, \ {[qo0]}-

As an application of the solvability results for the Cauchy-Riemann equation, we translate
to the quaternionic setting the traditional proof of Mittag-Leffler theorem, taking also the
occasion to state it for functions with values in a Banach spaces.

Definition 5.13. Let U C H be an azially symmetric domain, X a two sided quaternionic
Banach space and {Uy}rex an open covering of U made of azially symmetric sets. A family
{fnk}nker of slice reqular functions fuy, : U, N Uy — X is called a cocycle if

Jok + fri = ful
on Up N U, N U; whenever this set is non-empty.
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Lemma 5.14. Let U, X and {Uy}rer be as above; given a cocycle { fui}tn ek, there exists
a family {gntrher of slice-reqular functions gy, : U, — X such that

Jnk = 9gn — gk
on Uy N U whenever this set is non-empty.

Proof. Following the classical proof, we consider a (real-valued) partition of unity {xs}nex,
where each xj, is a slice function, subordinated to the open covering {Up,}rex and define
slice-smooth maps ¢y, : Uy, — X by setting

Sh=—Y_ Xkfrn -

keK

Then ¢p — ¢ = frr on Uy N Uy, which implies that G (¢ — ¢x) = 0 on Up, N Uy; hence, the
functions G,(¢p) glue into a global function |g|*¢(g). The function 4 is actually slice-smooth:

the ¢p’s are slice-functions, so the functions gjgbh (in principle defined only on U, N C; glue
into a slice-smooth function on Uy, which is [¢| 2GL(¢n)(q).

By Theorem there exists a function u : U — X such that G1(u)(q) = |g|*1(q). Setting
gn = ¢p — u and recalling Remark we complete the proof. ]

Theorem 5.15. Let U be an axially symmetric domain, X a two sided quaternionic Banach
space and Z a discrete and closed subset of U, and assume that, for each p € Z, a slice-regular
function f,, : H\ [w] — X of the form as in Definition 1s given. Then there exists a
slice-regqular function f : U\ [Z] — X such that, for each w € Z, f,, is the principal part of
the Laurent expansion of f at w.

Proof. We can find a collection of axially symmetric open sets {Uy }ywez such that U, is a
neighbourhood of [w] and Uy, N Uy = 0 if w # w'. Set Uy = J,yc, Uw and Uy = U \ [Z].
Setting g(q) = fuw(q) for ¢ € Uy \ [w], we define a slice-regular function on Uy N Us. By
Lemma there exist h; : U; — X such that g = hy — ho.

It is easy to verify that f = —ho has the required properties. O
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