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A bond-based micropolar peridynamic model with shear
deformability: Elasticity, failure properties and initial yield domains

Vito Diana?, Siro Casolo®*

“Department ABC, Politecnico di Milano, Italy

Abstract

A generalized micropolar bond-based Peridynamic model with shear deformability. for linear and
non-linear problems is proposed. The analytical implicit formulation is derived,from the definition
of a specific microelastic energy function for micropolar nonlocal lattices, giving particular atten-
tion to numerical implementation aspects of the model. We investigate the effectiveness of this
formulation, empathizing the importance of considering particle’s rotations in enriched bond-based
peridynamic models with arbitrary Poisson’s ratios. Numerical*analyses show that a microelastic
energy function dependent on a shear deformation measure in Which rotational degrees of freedom
of the particles are not included, leads to a model not capable to describe properly the elastic be-
havior of isotropic solids subjected to non-homogeneous deformation fields. Moreover two novel
deformation-based failure criteria for micropolar‘peridynamics accounting for bond shear defor-
mation, associated or not with the corresponding stretch of the ligament, are proposed. A deep
investigation is carryied out on the-direction dependency of the failure response of the lattice, con-
sidering different horizon/grid §pacing ratios. In this way the maximum errors are estimated and
the effective initial yield domains corresponding to the failure criteria presented are identified in
two dimensional principal s,-s, ‘and generalized s-y deformations space.

Keywords: Non-lecallattice, Peridynamics, Lattice Anisotropy, Micropolar model, Failure

criteria

1. Introduction

In the last two decades, the interest towards the computational models based on a full dis-
crete approach is growing, especially when analyzing crack path and geometry in boundary value
problems where strong discontinuities arise. Among these, lattice models in which the solid is
imagined as an assembly of discrete units connected by springs or in general rehological elements,

reflecting in a certain sense the atomistic structure of matter, have proved as promising approaches
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[1,2,3,4,5,6,7,8,9, 10, 11]. The fundamental concept of using the lattice formulations in solid
mechanics was first introduced by Hrennikoft [12] in 1941. He replaced a continuum elastic domain
by a lattice of truss, the elastic properties of which were determined based on those of the contin-
uum domain with no cracking, following the original idea proposed by Navier [13] in the early days
of elasticity. A well-known issue of the lattice spring model with only pairwise axial interaction
among particles, is the restriction on effective value of Poisson’s ratio, which in the general three
dimensional case is fixed to the value of v = 1/4 [14, 9]. The Poisson’s ratio restriction was over-
come by introducing particles rotational DOFs [12, 15, 9], following an intuitionby*Voigt [16],
and by considering non-central force interactions (shear springs) between particles [17, 18, 19].
Hassold and Srolovitz [20] proposed an approach based on the definition ofian harmonic potential
for the rotation of bonds from their initial orientation, whereas Keating [21] introduced a strain
energy terms which depends on the change in the angle between two.neighboring normal springs
to modify Poisson’s ratio values without violating the rotational invariance requirement [1]. Alter-
native strategies to handle this issue involved the use of non-local axial interaction terms into the
lattice system potential [22], or the multi-body shearsspring.approach in which the relative shear
deformation is calculated from a particle cluster bytwsing ajfocal strain method rather than the shear
displacement of two particles [23, 24].
Another important feature of lattice models-isthat, differently from classical continuum based for-
mulations in which the strain measures comes from the definition of a strain tensor, the deformation
is usually measured in a finite number,of directions due to the fixed orientation of the ligaments
[25]. Thus the lattice topology leads/to an intrinsic anisotropy of the failure response, which can
influence the biased crack®propagations and strongly depends on the specific discretization adopted,
as pointed out by [26]. They analyzed elasticity and initial yield surfaces of several truss lattices
materials theoretically, numerically and experimentally, founding that elastic isotropic truss lattices
are still plastically anisotropic. Irregular lattices or random geometry lattices can greatly reduce
this effect [27, 28], but they are not generally elastically uniform under uniform straining [1]. An
alternatiyesstrategy to solve this issue is represented by non-local lattices [17, 29] or by models
arising from Peridynamic (PD) theory of solid mechanics [30]. In fact, extending the range of non-
local actions, one can drastically reduce or in some cases eliminate the anisotropic effect in regular
lattice grids [31, 32].

Inspired by the original molecular theory of elasticity by Navier [13], Cauchy [33] and Poisson
at the begining of XIX century [34, 35], the Peridynamic theory proposed by Silling [36], replaces

the differential equations of classical continuum mechanics with integro-differential equations and
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thus is valid anywhere in a deformable body regardless of any discontinuity [37]. Solid materi-
als are considered as a collection of particles held together by internal forces that are functions of
material and kinematic variables defined among interacting particles within a material horizon of
radius 6. The size of the horizon depends on the nature of the problem, in the case of problems that
are expected to have nonlocal physical behavior [38], an appropriate nonzero value of the horizon
¢ is required, however in numerical simulation of macroscale problems it can be chosen according
to convenience, since, the bond’s elastic parameters can be fitted to experimental data for any value
of 6. The PD model as originally proposed (bond-based PD, i.e. BBPD) is a central force model,
and therefore (as for the Navier and Poisson’s elasticity theory), the Poisson’s ratio is a fixed value
v = 1/4 for 3D and plane strain problems and v = 1/3 for plane stress preblems.’ To overcome
this shortcoming, various efforts have been made. Silling et al. [39}4ntroduced a more general
formulation, coined state-based PD (SBPD) in which the pairwise forces between two particles are,
in general, functions of the deformations of all nodes within the neéighborhoods of the particles and
the non-ordinary state-based model (NOSB), a tool for adapting classical material models for use
with peridynamics and for simulating the material withradvanced constitutive models [40, 41]. The
state-based PD formulation eliminates the Poisson’s«tatio restriction, and Sarego et al. [42] showed
that v can vary in the range from 0.1 to 0.45 for. 2D\problems, but it comes with a computational
penalty, normally increasing the cost by “at least a factor of two compared with the bond-based
formulations [43]. The drawback of NOSB peridynamics are instead the relatively complicated im-
plementation, the open question regarding the zero-energy modes and the high computational cost.
The capability of NOSB peridynamics is attributed to the arbitrary direction of bond force, which
is in contrast to the BB peridynamics or SB peridynamics only allowing extensional bond force. In
fact, the component-0f bond force out of the bond direction in NOSB peridynamics represents the
shear force due to'shear deformation. It can be seen that one problem in BB peridynamics or SBPD
peridynamies.isthat.the axial bond force cannot account for the shear deformation but only for the
extensional deformation [44, 45].

In the'context of bond-based models, Liu and Hong [46] proposed a force compensation scheme
adding additional forces on each pairwise force between particles to simulate materials with a
non fixed Poisson’s ratio. Wang et al. [47] starting from the Stillinger-Weber potential functions
[48, 49], derived a conjugated bond-pair-based peridynamic formulations in which the interacting
forces between two material points within one horizon are not only related to the stretch of the
bond, but also related to the rotation of the conjugated bond angles. Prakash and Seidel [50] de-

veloped an enriched two-parameter linear elastic bond-based peridynamic model for plane stress
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conditions, where two springs were introduced to describe the displacements in the normal and
tangential directions and to handle with variable Poisson’s ratios. However they showed that in
the case of v = 1/3, the bond axial stiffness obtained by the authors cannot reduce to the well
known result reported by Silling and Askari [S1]. A BBPD formulation which account for single
bond shear deformation has been proposed recently [52]. The classical peridynamic formulation
is extended by incorporating the bond rotation effect so that the pairwise force between two par-
ticles can be decomposed in a normal and tangential component to improve the prediction of the
effective Poisson’s ratio (These bonds with normal force and shear force are isomorphieito a spring
network with central force plus rotational springs). The authors applied the model (namely PDS
model) only to simulate the mechanical behavior of elastic isotropic solids.with variable Poisson’s
ratio and subjected to homogeneous deformation field, but no considerations‘have been made about
the performance of the model under more complex deformation fields and on the fundamental re-
quirement of rotational invariance, which seems not preserved.(Actually, Gerstle et al.[4] enhanced
BBPD by allowing the bond of two material points to also develop pairwise peridynamic moments.
The resulting model, called micropolar peridynamic.meodel; can simulate linear elastic materials
with arbitrary Poisson’s ratios. It is noted that in the:Gerstle’s micropolar peridynamic model, each
bond was viewed as a micro cantilever Euler-Bernoulli beam with two stiffness moduli, one related
to stretch deformation and the other to bendingeeftect (i.e. the ligament curvature), whereas the fail-
ure is controlled by the definition of a‘maximum tensile and compressive bond stretch limit. Later,
Chowdhury et al. [53] proposed a state=based version of micropolar peridynamics in linear elastic-
ity, without any considerations about/the failure response and the post-elastc behavior. PD theory
has been used so far to model a'wide variety of problems involving fracture [54, 38, 4, 55, 56, 57],
plasticity [58, 59] and viscoelasticy[60, 61, 62], however further research is required in the context
of failure criteria[63].,Moreover the systematic study of the effects of multiple neighbor non-local
interaction on the failure response of PD lattice is rarely found.

In this paper, a generalized bond-based micropolar peridynamic formulation (MPPD) accounting
for shear deformability is presented. Differently from the traditional BBPD approach, and Gerstle’s
micropolar model in which shear deformation measure and failure condition based on shearing de-
formations are not defined, the conceived model is based on the definition of a microelastic energy
function which depends on three deformation parameters: the bond stretch, the bond shear defor-
mation accounting for the rotational degrees of freedom, and the particles relative rotation. Hence
three different stiffness parameters for each peridynamic ligament can be defined and calibrated

separately, leading to a more general micropolar model applicable to a wide variety of mechanical
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problems. Both the micropolar Gerstle’s formulation and the PDS model can be considered as spe-
cial cases of the conceived MPPD model. In particular, the latter is obtained keeping the rotational
degree of freedom restrained in the MPPD model. Moreover we propose two novel failure criteria
based on the definition of a bond shearing deformation limit that can be function or not of the cor-
responding axial deformation of the ligament.

This paper is structured as follows. In Sec. 2, an analytical implicit formulations of BBPD and
PDS for linearized problems is given, handing particular attention to numerical implementation
aspects of the models. The novel generalized three parameter micropolar model i§ then derived
starting from the definition of specific shear and particles relative rotation deformation measures.
In this way the microelastic energy function is written and the generalized.bond'stiffness operator
for MPPD is obtained. The two parameter Gerstle’s micropolar model 1sithen obtained as spe-
cial case, simply considering the relative rotation stiffness coefficient, function of the bond shear
stiffness, as in a beam-like element. In the last part of the section, two novel deformation-based
failure criteria are presented and the theoretical first yield domains in two dimensional principal
and generalized deformations space are identified threugh-analytical procedures. In Sec. 3, we
investigate the effectiveness of the MPPD formulation.in elasticity and its capabilities in simulating
the mechanical behavior of Isotropic solids withyarbitrary Poisson’s ratio, under homogeneous and
non-homogeneous deformation fields, comparing the results with those obtained utilizing FEM
analyses and PDS model. To this end awatural frequency study and static analyses considering
simple loading cases are carried out. % In Sec. 4, a deep investigation on first yield conditions
corresponding to the maximum streteh criterion and to the failure criteria presented in Sec. 2 is
showed. The intrinsic anisotropic failure response of the lattice model is quantified, considering
different horizon/grid spacing ratios. In this way the relative maximum errors are estimated and
the effect of the-aforementioned grid-induced anisotropy on the modification of the theoretical first
yield domains 18, showed, considering different range of non-local actions. Finally, we conclude the
findings in this study and discuss the issues to be addressed for future development. A MATLAB

[64] computing on an UNIX OS is used to generate the results presented in this study.

2. Linearized Bond-based Peridynamics

Peridynamics is a nonlocal theory of mechanics in which material points in a continuum or in
a group of discrete particles interact with each other through forces that are functions of material

and kinematic variables [65]. The acceleration of any particle at X in the reference configuration at



time ¢ is found from

puX, ) — | f(@-u, X -X)dVx -bX,H)=0 for Xe Q, (1)
Hy

where Q is the domain occupied by the body, whereas X’ — X = € and u’ — u = 5 are the relative

position (i.e. reference bond) and the relative displacement between the material points X and X’

(see Fig.1). The body force vector is b, and f is the pairwise force in the peridynamic bond'. The

integral is defined over a region H, called the horizon region of radius d. The discretized form of

the linear momentuum equilibrium equation at time ¢ is:

D —u;, X; - X)AV; + b; = piiy )

=1
where subscript j denotes a particle within the horizon of particle i. Thus the sum in Eq.2 is taken
over all nodes j such that |X; — X;| < ¢ (i.e. neighboring particles-of particle i). In the case of a
microelastic peridynamic material, a linearized form of theprevious equation, in the hypothesis of
static conditions [66] is

> |c@n|

J=1 "

1

AV, b= > [c(g)fl j’f n]

AVJ' +b; =0 3)
J

=1
where C(€) is the second-order micromodulus.tensor and c(§) is the micromodulus function or
normal stiffness k,(€) of the ligament:"The expression of the micromodulus function? is obtained

by equating, for a homogeneous deformation, the microelastic energy density of peridynamic solid

'In general, the pairwise forée f(&, ) is collinear with the deformed locations of the two particles, however in linear

BBPD theory the pairwise force is dirécted along the direction of the undeformed ligament.
>We are considering/isotropie materials, thus c(&) = c(|€])

-
&l

Figure 1: a) Undeformed and deformed configuration of a BBPD bond; b) Linearized BBPD (the pairwise force is

directed along the line connecting the two particles in the undeformed configuration).



with the strain energy density of classical linear elastic homogeneous body [67]

1 2
o) - L f cUEDsl @
2 2
H,
where s is the bond stretch
€ +nl - I£]
§=— (5)
€1
which in a linearized theory is written as
;i
s=—\n- === (6)
a\" el ie

where 7, is the component of 5 directed along the undeformed bond of unit vector £/]€|. For plane-
stress and plane strain conditions, in the case of constant (cylindrical) micromodulus function we

obtain

m536 f_v> plane Stress

c(l§) = ¢ = (7)

6E .
TR TG plane strain

where ¢ is the thickness, ¢ is the horizon. E and v are_the Young’s modulus and the Poisson’s
ratio, respectively. The computer code performs the diScretization of the PD body using mesh
generation tools developed for finite-element analyses. Thus the structure is discretized into a set
of subvolumes, each of which has a single PD material point located at its centroid. Subsequently
an algorithm determines the neighbering particles (i.e. the connections) of each particle of the
discretization. In this work, a‘linear elastic relationship between the magnitude of the pairwise

force and the bond relative/elongation is adopted

f=ti=cs (8)

We implemented a quadrature scheme in which partial neighbor intersections are also considered.
This aspect adds complexity to the creation of neighbor lists (Fig.2) but it increases the precision
of theyquadrature. The results of the partial neighbor intersection computation (i.e. the value of the

volume'correction coefficient «) is calculated with[46]

EVONEif (5 0.5A%) < €] <6
a(lg) =9 1 if £ < (6 - 0.5Ax%) )

0 otherwise
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Figure 2: (sx) Proximity search procedure for neighboring list identification (in green the full neighboring particles
with @ = 1 and in cyan the partial neighboring particles);(dx) Volume correction coefficient @ within the horizon. The

ratio decreases to 1/2 at the border of a horizon.

where Ax is the grid spacing. The elastic problem is solved using an impli¢it scheme where the

stiffness matrix is defined at bond level as

fxz é:xfy _fxz _é:x'fy —

CAVAV. E& &L <EE &7 (10)
invj

|§|3 _§x2 _é:xé:y §x2 é:xé:y

| -&& G &g &2

[K1bona =

where &, and &, are the components of the bond'vector between the particles i and j. This expression

of [K]yona can be obtained considering the definition of the macroelastic potential energy for a

2
&)(X):% f f wczvx,dvx (1)
Q H,

In the case of a single.bond of length |£]| between two particles i and j (see Fig.3), we can write in a

peridynamic body

discrete form the balance jof the variation of the total macroelastic energy and the work W done by

the external nodal forces {p} (in the hypothesis of small deformations, i.e. linearized PD) as

Q)

1 1 1
E{“}TE{b}c(lfl)AVi|§|aAvj{b}T{u} = E{M}T{P} =W (12)
where cjis the micromodulus of the bond, {u} is the vector of the particles displacements,

wy={ u uw w)" (13)

y x y

AV; and @AV are the volumes of the bond particles (AV; is reduced according to Eq.9), while b”
defined as

{b}T:él{—cosgb —siny  cosy  siny} (14)



relates the bond particles displacements with the bond stretch in such a way that s = {b}? {u}. The
factor 1/2 in Eq.11 is included because the energy stored in each bond is associated equally with
the two particles i and j, thus in the case of a uniform grid it is removed from Eq.12 in order to

avoid double-counting of the bonds i — j and j —i. In this way, following Eq.12, [K]pong 1S given by
[Klpona = {bYc(EDAViIElQAV (b} (15)

Following the assembly of the global structure stiffness matrix, the displacements and.forces can
be determined in the usual manner. It is worth noting that in Bond-based PD the Poisson’s ratio
of the material assumes the value 1/3 for (2D) plane stress and 1/4 for (2D) plane’strain and 3D
analyses, as a result of the pairwise central force nature of the interaction betweenyparticles. In this
work the volume method for correcting the peridynamic surface effectis-adopted [68, 69], thus the
dimensionless correction factor for the micromodulus ¢ of the bond connecting two particles i and

J is computed with
2Vy

A= ————~— 16
V(H;) + V(H)) (16)
where V, = t16°, whereas V(H;) and V(H ;) are the real volumes associated with H; and H;, respec-

tively.

2.1. BBPD with shear bonds for arbitrary Poisson’s ratio (PDS model)

A bond-based formulation which-account for single bond shear deformation have been proposed
recently [52]. The classical peridynamie constitutive equation is extended by incorporating the
bond rotation effect so that the pairwise force between two particles can be decomposed in a normal
and tangential component® to improve the prediction of the effective Poisson’s ratio (This model
is now called in this’papersBBPDS or simply PDS model). Adopting a linearized form, the micro

elastic energy density ' @(X) is rewritten by introducing the contribution of tangential strain

1 2 2
o) - | f gDl gUEDYlE] ,\, a7
2 2 2
H,
where  is the bond shearing deformation or bond sliding
y = (18)

G

where 7, is the component of 5 orthogonal to the undeformed bond &. In this way, the second-order

3These bonds with normal force and shear force are isomorphic to a spring network with central force plus single

bond rotational springs.



micromodulus tensor C(§) in Eqn. 3 can be rewritten as

ERE 1|§|2_§®§]
€13 €

where I is a second-order unit tensor and g(|€|) is the shear micromodulus function. The expression

C© = (D] 222 |60 (19)

of normal and tangent stiffnesses k, = c(|€]) = ¢ and k, = g(|{]) = g are obtained by equating,
for two different homogeneous deformation states, the microelastic energy density of peridynamic
continuum with the strain energy density of classical linear elastic homogeneous body [67]. The
pairwise bond force can be expressed now as

Mn
[77.4]

f@,6) = CEN = f,+ f, = c(é)s—= + g('f'”%l (20)

For plane-stress and plane-strain conditions, in the case of constant(cylindrical) micromodulus

function we obtain [52]

6E(1-3v)
P T plane stress

glgh) =g = 21)

__SE(4y) :
T T G o plane strain

Being in this case {by}T defined as

{by}T:EII{sinw —cosyy —siny  cosy) (22)

and relates the bond particles displacements with the bond shear deformation in such a way that

(23)

Figure 3: Schematics of bond configuration connecting two particles i and j for (a):bond-based PD (one term in the
microelastic function dependent on bond stretch); (b): enriched bond-based model PDS (two terms in the microelastic
function dependent on bond stretch and bond sliding, respectively); (c): bond-based micropolar MPPD model (three

terms in the microelastic function dependent on bond stretch, shear deformation and relative rotation, respectively)

10



The stiffness matrix is defined at bond level as

fxz érxé:y _érxz _‘fxfy —
2 _ _e2
[Klyona = —@AV,AV, e e T e
|l —&2 =&E &0 &4
— ! — 72 xSy 2
| » é“‘xé‘:} é‘:) é: é:} é:y B ] (24)
& &8 & &4
+%0A ViAV; é:xé;Z ¢ fxiy -
|‘f| —nfy fx'fy fy _é‘:x'fy
| fxfy _‘fxz _gxfy gxz

1o 2.2. A generalized micropolar formulation with shear deformability

In micropolar Peridynamics (MPPD) the particles translational [degrees of freedom are aug-
mented to include a rotational degree of freedom 6 in two dimension [67]. In this way the original
discretized BBPD equation of motion (see Eq.2) for any particle iiS augmented with a moment
equation at time ¢

D m@; -, X; - X)AV; + ¢; = I, (25)

j=1
where ¢ denotes the applied body couple or body torque vector and @ is the angular acceleration
vector, while J denotes the mass moment of. inertia tensor per unit volume (the static equilibrium
equation is obtained setting the right term of the equation equal to zero). In MPPD each bond
connecting two particles i and j.Can beidealized as an assemblage of two translational spring and
a rotational spring. The bond particle’s force vector and displacements in local coordinate system
(e.g. quantities evaluated at the reference configuration aligned with the X axis, as in Fig.4) are
AT = o BN mand ) = e w6 up

this a linearized Micropeolar PD formulation, normal and tangential displacements are with respect

67}, respectively. Being

to coordinate-axes that are aligned with the undeformed configuration. In this way we can define
three bond deformation parameters, which are functions of the relative displacements in the normal,
tangential, and rotational sense, respectively (see Fig. 4). The deformation in the normal direction
is the bond stretch s, defined in the same way as in BBPD, thus s = (ui; — u')/|€]. The shearing

deformation or bond sliding is _
(u —ul) (& +6)
Y= -
€1 2

defined as the difference between the rotation angle of the beam chord and particles average rota-

(26)

tion. This latter reduces or increases the bond sliding depending on the mutual rotation sense of

the particles itself. In particular, if the two particles rotate with an equal and opposite angle 6, the

11



rotation’s contribute to the bond sliding is null. We can also introduce a deformation parameter for
the rotational bond spring which is defined by the relative particles rotation measure, or in other

words the difference between the rotation angles of the two connected particles
P = -6) (27)

This parameter can be used to improve the bond stretch measure in such a way that

() — ) + Ok
€1

where « is a scaling parameter which regulates how much bending is considered-in the bond stretch

(28)

measure (for simplicity in this study is set to zero)[70, 17, 71]. In this.way we can write the

kinematic equation relating the particles displacements to the bond deformation parameters
{r} = [BI" {u} (29)
where {h}) ={s 7y )7 is the vector of the springs deformation measures and [B]” is defined as

-1 0 0170 O
0 -1 [§1/2,0 1 [£1/2 (30)
0 0% - 0 0 I

1
Bl" = —
B =1g

The constitutive behavior of the model is defined by the following relation

f, k, 0 0 |[ s
gy =[DRM > fi ¢=1 0 k O [ ¥ D
my O O kg 19

where [D] is a diagonal matrix containing the bond normal, tangential, and rotational spring equiv-
alent stiffnesses-and telates the pairwise forces and micromoment, (i.e. the peridynamic actions
between two.particles) to the bond deformation parameters defined above. The pairwise bond mo-
ment and forces/can be viewed as the springs reactions to the bond deformations s and y and r, re-

spectivelywln particular, the bond forces are equal in modulus to the particles forces (f, = f,{ =—f
a) b) ﬁ c)
‘@@ @0 @-©

Figure 4: Sketch of the interactions between two particles: a) due to normal spring, b) due to shearing spring, c) due to

rotational spring.

12



and f; = ftj = —f7) but this is not true for bond and particles moments. In fact, for example m; and
m; could assume the same nonzero value leading to a bond micromoment m, equal to zero. This
because in a specific ligament, my represents the self-equilibrated part of the particles micromo-
ments.

It is worth noting that this is a general micropolar Peridynamic formulation which leads to differ-
ent centrosymmetric models depending on the specific constitutive parameters laws k,, k, and kg

adopted. .

—_——————a

t |
|
uﬁ m RN v U
0N [ ¢l -
@.‘ = —>
s Un e AN Uy
! | o Tk ’
, ! T i
| | N |
L P
f=ky . .

Figure 5: Schematics of bond configuration connecting two particles i and j in the local coordinate system for bond-
based micropolar peridynamics. The bond can be idealized‘as asset of three (axial, shear and rotational) equivalent

springs placed in midpoint of the ligament.

The general form of the micro elastic energy density ®(X) for micropolar peridynamics is obtained

by considering the contribution of the three springs and their corresponding deformation measures

1 2 2 2
0o D[ Leslf bl L )

2 2

H,

In this way, considering Eqs.30-32, the bond stiffness matrix in global coordinate system can be

expressed in the following form

[Klbona = |EIAV,AV;IRI"[BI[D][BI"[R] =

k, 0 0 —k, 0 0
0 k; —k|€|/2 0 —k; —k,|€|/2
C @ AVAVRY 0 —klél/2 kol€l+klP/4 0 KE/2 —kolél + ki€ /4 x| 33)
&1 —ky, 0 0 k, 0 0
0 -k kilé1/2 0 k& kil€l/2
0 —klél/2 —kll + kIEP/4 O KI€2  koll + Kil£P/4

“We are considering isotropic material, thus the [D] matrix which describes the constitutive behavior of the bond is

not dependent on the orientation angle of the ligament.

13
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Figure 6: Schematics of family H, subjected to: a) isotropic expansion field of orthogonal PD stretch components

s1=s2=s; b) pure shear field of orthogonal PD stretch components s;=—s,=s.

The relationship between the microelastic constants of an isotropic MPPD modeli(k,, k,) and the
conventional macro elastic parameters (E, v) can be obtained by comparing the micoelastic energy
function of micropolar PD model to the conventional strain energy density in elasticity, for two
different homogeneous deformation fields. We consider an isotropic expansion (s; = s, = s) and
a pure shear deformation of orthogonal PD stretch components's;==s,=s (see Fig. 6). The defor-
mation variables s and y of each bond in Eq.32, are in géneral.function of the angle of inclination

¥ of the ligament. However in the case of isotropic expansion we can write
S = 83 vy=0 (34)

considering also that ¢ = k,, and that for homogeneous deformation fields @} = 0. In this way, from

Eq.32 we obtain
1 f kis*I€| 1 [ kits*|€]
q) X = = ;= = A ’
) <5 P ave =5 [ 2 s
H; H,
p 202 253 (33)
1 2k, trst|E| k,trs*o
== 2o O ge = 22 7
2 f 2 ¢ 6

0

In the conventional continuum mechanics, for the elastic solids under isotropic expansion, the linear

elastic strain energy density function for plane stress can be written as

1 v O s s )
E Es
5Cije€j = s—— : = 36
5 JE€; 20 =) v 1 0 K s 1= (36)
00 % 0 0
whereas for plane strain is
1-v v 0 s s )
1 E Es
—Ci' i€ = - . = - —T 37
2SS S sty Y Y Oy S (T Uity D



In the case of pure shear deformation, instead, s and y in Eq. 32 are function of the angle ¥

according to
s = s cos(2yY); v =7y sin(2y) (38)

so that

2 o2 2 2
D(X) = %f ks 0052 Cy)iél N key Sln2(2¢)|f|dvx,

dydé

1 j 4]' kot c052(2¢)|§| Kt sty
2 2
0

(39)

j‘kts 4w+sm(4¢/)]|.f|2 , Kty 14y = sin(4y)] A N

8 0

0
3 kytrs?53 N k,tmy? 6
12 12

The conventional linear elastic strain energy density function for plane stress conditions is obtained

150 by
1 v O S s ,
1 E Es
~C; 66, = ——— i~ o - 40
S Ciiti€j 20— v 1 0 ) s T+ (40)
00 IT‘V 0 0
whereas for plane strain is
1'—v % 0 s K} )
1 E Es
—C; € = - — - = ; 41
2SS = a0 oy deny| v v 0 S ST T+v 1)
0 0 1=2v 0 0

Solving the systems of Eqs.35-37 and Eqs.39-41 for &, and k;, we obtain Eq. 7 for k, = ¢ and
Eq. 21 for k, = g Thus, we can consider the PDS model as a special case of the conceived gen-
eralized MPPD formulation when the rotational degree of freedom is not taken into account or is
kept restrained. It is worth noting that, contrarily to the PDS formulation, the MPPD model here
presented is a proper micropolar peridynamic model. The definition of a shearing deformation
measure which does not account for particle rotations, leads to an incorrect description of the me-
chanical behavior of materials undergoing non-homogeneous deformation fields, as will be shown
in the next section. However, when referring to an equivalent Cauchy continuum, a specific value
of the rotational spring constant ky is not strictly required, so that an almost arbitrary value of ky

can be chosen in the equivalent micropolar lattice model and could be calibrated in such a way to
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reduce the size effect, an intrinsic feature of micropolar models.

In any case, since the introduction of rotational degrees of freedom into the lattice spring mod-
els provides the stiffness matrix resembling the beam stiffness matrix, beams come as a natural
choice to represent (non-local) lattice elements[1]. The micro-elastic energy of a micropolar peri-
dynamic solid with frame-like ligaments connecting particles, thus a 2D non-local lattice with
Euler-Bernoulli beam-like microstructure (i.e. Gerstle’s model [4]), is a particular case of the model

described in Egs.32, 33 and may be obtained by setting in Eq.31

k,=c
k, = 12d/|éP (42)
ko = d/I€|

where the independent elastic constants are only two, since k, = f(ky). In this specific case, by
equating the micro-elastic energy of MPPD to the strain energy of continuum corresponding to two

different homogeneous deformation states, we obtain 3

E(1-3v)
Srto(1—2) plane stress

d(lg) = d = (43)

E(1-4) :
Gn6(1—2(L+7) plane strain

The stiffness d corresponding to shear deformation is a generalized stiffness which can satisfy the
condition » > 0, r < 0, or r = 0. /The case of r = 0, corresponding to v = 1/3 in plane stress
and v = 1/4 in plane strain, is”equivalent to considering a microelastic energy potential which
is function only of the peridynamie/bond stretch (being a bond shear deformation measure still
definable in this condition). In the case of shear spring stiffness r < 0, the corresponding Poisson’s
ratio is larger than BBPD fixed values. A physical interpretation of negative shear spring stiffness,
starting from molecular“dynamics consideration was given by [72]. Moreover Eqgs. 43 show that
auxeticity in isotropic materials requires the flexural part to be predominant [73]. Altough Eqgs. 43
comes from the/analogy of a Euler-Bernoulli (EB) beam element from solid mechanics, we should
not think of physical bonds. In fact, there is no account taken in this model of the actual presence
of moments and curvature change of spring bonds connecting the neighboring nodes. Instead,
pairwise bond forces simply relates to bond deformations in a way that is similar to that in a EB

beam element in solid mechanics[67].

SThe axial stiffnesses are the same as in Eqs.7. It is important to notice that in general we need three different
deformation states to calibrate the elastic bond stiffnesses, one of which is a non-homogeneous deformation state (i.e.

a microrotational self-equilibrated state corresponding to my = ky ).
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2.2.1. Failure conditions and local damage variables

In this section different deformation-based® failure criteria related to the different equivalent
springs defined above are introduced. The first criterion analyzed here is that of maximum bond
stretch [51]. We consider a modified prototype-microelastic constitutive law with different tensile
and compressive pairwise force-bond stretch relationships. The values of the stretch sgy,, and s,
corresponding to the reaching of the elastic limit in tension and compression, respectively, are
calculated on the basis of a homogenization process of the materials of which the solid.considered

is made of, and can be estimated as
sor = oo /E; Soc = 00c/E (44)

where o, 0. are the tensile and compressive uniaxial elastic limit”stress and E is the elastic
modulus of the homogenized material. The ultimate tensile stretchalimit, s,/, and the ultimate com-
pressive stretch limits, s,., are related instead to the fracture energy Gy, and uniaxial compressive

energy absorption capacity of the material [37, 67]. In this'way we refer only to the mechanical

a) fn b) fi
Suc S0c S Yu Yo 7
S0t Sut Y0 Yu
‘nn\
1.
€]
[€+nl

Figure 7: Bond foree=bond deformation relationship in peridynamics; a) axial bond force-bond stretch relationship; b)
Shear bond force-bond sliding relationship (In figure is represented the schematics of bond shearing deformation in

MPPD with EB beam-like ligaments.).

behavior of the equivalent axial spring, because of the strain control is carried out exclusively on
the bond stretch measure (see Fig.7). In order to specify the status of a specific bond &;; connecting

two particles X; and X, a history-dependent scalar valued function y in tension and in compression

%We refer to deformation-based yield criteria for peridynamic solids and we do not consider failure corresponding
to mg-9 bond constitutive law. These initial yield conditions are focused on the ultimate deformations, instead of the

tensile stresses.
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is introduced [51]

0 S > Sy

(1) = ﬁ Soc < 8 < Sy (45)
1 s < Sor
0 S < Sye

He(ij 1) = ﬁ Sue < 8 < Soe (46)
1 S > Soe

Then, based on functions y,(&; 7 1) and (&, 1), a local tensile and compressive damage variable is

defined and computed for each step ¢ and for each particle X; as

2j=1 lv‘t(‘fij, NAV;
Zj:l AVJ

d(X;,)=1- (47)

=1 (i, D AV
Zj=l [0 AVJ

where d, is the local tensile damage and d, is.the local'compressive damage. The numerator in

d.(X, 1) =1-

(48)

the fractions represents the actual damaged volume of the unit cell considered, in tension and in
compression, respectively, whereas the denominator is the volume of the family of particle X; in the
undeformed configuration. The failure condition in s — y plane (i.e. the generalized deformations
2D space) and in principal peridynamic stretch s; — s, space, corresponding to a sample case in
which so. = =35, is showeéd'in Fig.8.
By considering the bond shear force-bond shear deformation (namely bond sliding) constitutive
law we can define-another yield condition based this time on the definition of a maximum value of
bond shearing/deformation. This value has to be the same whatever the deformation is positive or
negative because of geometric considerations (see Fig.7).

In analogy*with the maximum shear stress model of the continuum in which 7y = o,/2, being
70 = Y0G and 7y = 2y, in uniaxial tests, we can write

E
N=V= 5k = g8 = G = S+ (49)

2G 4G 4G
where G and v are the shear modulus and Poisson’s ratio of the material considered (see Fig.9).The
post-elastic behavior can be modeled for example as perfectly plastic, however, in some appli-

cations, an ultimate bond shear deformation 7y, value can be considered and estimated by using

energetic approaches [44, 74, 47]. The failure conditions in s — y plane are showed in Fig.9. As
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Figure 8: Yield loci in generalized deformations s-y plane (sx) and in two dimensional principal'PD stretch space s;-s,

(dx) according to a max bond stretch criterion with so. = —3s¢;.

in the case of maximum stretch criterion, a specific history-dependent scalar valued function is

introduced in order to state the conditions of the bond &;;

0 Y2 Yu
(&5 1) = ﬁ Yo <Y <Yu (50)
1 Y <%0

The shear damage scalar parameter4s thus defined as
2 j=1 :uy(‘fij’ 1) a AV,

XN =1- = (51)
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Figure 9: Yield loci in generalized deformations s-y plane and in two dimensional PD stretch space s;-s, according to

a max sliding criterion (so. = —So)-
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where >, p,(§;;,1) @ AV; is the actual damaged volume of the unit cell considered, due to the
attainment of the shear deformation limit y, in one or more ligaments. The theoretical first yield
domain corresponding to the maximum sliding criterion calibrated on the results of a uniaxial
tensile test is thus dependent on the Poisson’s ratio of the material (see Fig. 9).

Finally we can adopt a frictional sliding yield criterion by considering a bond shear deformation
limit which is a function of the corresponding stretch s of the ligament. By analogy with the Mohr-
Coulomb model where the shear stress strength is enhanced by the normal compressive stress,
according to the condition

7, = —otang’ + ¢’ (52)

where ¢’ and ¢’ are the cohesion and the internal friction angle of the material, respectively, we can
derive the corresponding tensile and compressive bond stretch limit values as

on 1 2c’cos¢’

=0 _ =7 53
= E TElS sing’ (53)
c 1 2 ’ 4
s = T = 22N (54)
E E 1"=sin¢’
thus
1 +sing’ E S0z 1 + sing’
= _— = — 1 + — 55
4= Sor 2cos¢’. 2G, W2 (1+7) cos¢’ (53)
-1 E ’ -1 ’
B = tan (ﬁtamﬁ ): tan"" [(1 + v) tangY’] (56)
since
1 — sing’
TorySo _ 1S o4 (57)
0o Soc 1+ sing’
The yield condition is then written as
v = —stanS +a (58)

where S is the slope of the initial failure locus in s-y space and a is the shear deformation limit
corresponding-to s = 0. The estimated values of tensile and compressive stretch limits that can
be used as’ cut-off values in tension and in compression, respectively, as Fig.10 shows. In the
case of B = 0, the frictional sliding failure criterion reduces to the maximum sliding condition
described by Eq.49. If the parameters of the model are calibrated on the results of a uniaxial
tensile and compressive test with Egs. 55 and 56, the theoretical yield loci in two dimensional PD
stretch space are that of Fig.10. However the yield criterion could be calibrated also only with the
maximum uniaxial tensile strength of the material, avoiding a compressive cutoff and then adopting

different values of a and S.
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-

Figure 10: Yield loci in generalized deformations s-y plane (sx) and in two dimensional'PD stretch space s;-s5 (dx)

according to a frictional sliding criterion with so. = —3s¢;.

3. Effectiveness of micropolar MPPD and non-micropolar PDS peridynamic models in Elas-

ticity

In this section we analyze the capabilities of the microepolar formulation against enriched bond-

based peridynamic model with shear bonds (namely PDS model) in simulating the mechanical

1o behavior of isotropic solids with arbitrary, Poisson’s ratio subjected to homogeneous and non-

homogeneous elastic deformation fields. To this end a square lamina (1=610mm, unitary thick-
ness) subjected to three types of deformation fields and composed by 3721 particles is considered,
using both PDS and MPPD models in"plane stress conditions. The Young modulus is fixed to

E = 70000MPa, while different values of the Poisson’s ratio are used. Since we compare the peri-

185 dynamic solution with elasticity solution we consider an horizon/grid spacing ratio m = 3 [51]. The

deformed shapes, and. displacement maps obtained with the two described models are compared to

Ul‘z
azz

Figure 11: Schematics of boundary conditions of the square lamina subjected to simple traction, pure shear and simple
bending. Regarding the case of simple traction, in order to minimize the error in the numerical estimation of the

Poisson’s ratio, we evaluate the displacements in two points b and b’ positioned at a distance ¢ from the boundaries.
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Table 1: Simple traction: Numerical errors and absolute maximum displacements (mm) obtained with FE, PDS and
MPPD models.
v uy (FEM) u, (PDS) u, (MPPD) u, (FEM) u, (PDS) wu, (MPPD) v (PDS) v (MPPD)
-0.5  0.02183  0.02142 0.02161 0.04416  0.04294 0.04469 -0.499 -0.501
0 0.00000  0.00000 0.00000 0.04286  0.04303 0.04439 0 0
0.1 0.00433  0.00431 0.00446 0.04290  0.04309 0.04413 0.100 0.101
0.25 0.01092  0.01085 0.01114 0.04295  0.04326 0.04283 0.252 0.259
1/3  0.01455  0.04156 0.04156 0.04298  0.04156 0.04156 0.339 0.339

those obtained with Abaqus FEM analyses’. Firstly, two loading conditions, which sufficiently far
from boundaries lead to homogeneous deformation field (simple traction and pure shear) are ana-
lyzed, then the non-homogeneous case of simple bending is investigated:The.forces are applied to

a boundary layer of thickness o = 9, resulting in the equivalent stress distributions of Fig.11.

"In FEM analyses we considered the same discretization used for perydynamic codes, thus 61X61 four nodes
squared plane-stress elements are used. The FEM mesh is imported in PD codes, and then particles positions, volumes

and connections are created (see previous section).
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Figure 12: Simple traction, v = —0.5: Deformed shape and displacements map obtained with FEM, PDS, MPPD.
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Figure 14: Simple traction, v = 1/3: Deformed shape and displacements maps obtained with FEM, PDS, MPPD.
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Table 2: Pure shear: Numerical errors and absolute maximum displacements (mm) obtained with FE, PDS and MPPD
models.

G u, (FEM) u, (PDS) u, MPPD) u, (FEM) u, (PDS) u, MPPD) G (PDS) G (MPPD)
70000 0.02116  0.02138 0.02095 0.02116  0.02138 0.02055 73698 74276
35000 0.04188  0.04223 0.04145 0.04188  0.04223 0.04145 35687 35673
31818  0.04602  0.04636 0.04661 0.04602  0.04636 0.04661 32314 31689
28000  0.05223  0.05255 0.05428 0.05223  0.05255 0.05428 28277 27242
26250  0.05569  0.05586 0.05586 0.05569  0.05586 0.05586 26461 26461

For the sake of brevity, Figs. 12-20 show the resuls obtained adopting three different values of
Poisson’s ratio (v = —0.5, 0, 1/3). The effective shear modulus G (in pure shedrease)and Poisson’s

ratios (in simple traction case) are estimated numerically using the equations
Ty =Gy — G =14/Q2y); Exx = —VEy —2 V= —si/s;’ (59)

where the normal strains (the peridynamic stretches) are measured-at points b and b’ and 7y is
the shearing angle measured sufficiently far from boundarcies;win‘order to obtain a more accurate

measure (see Fig. 11).
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Figure 15: Pure shear, v = —0.5: Deformed shape and displacements map obtained with FEM, PDS, MPPD.
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These values are then related with the assigned G modulus G = E/(2(1 + v)) and Poisson’s
ratio, thus the relative numerical errors are estimated (see Tab.1 and 2). The shearing stress 7., is
calculated following the Peridynamic definition of traction vector [75] (See Appendix A for de-
tails). In the case of simple traction and pure shear, the non-polar model and the micropolar model
give nearly identical results because under homogeneous deformation fields, the rotational degrees
of freedom are not activated. Moreover displacement maps obtained with both PDS and MPPD
models are in perfect agreement with FEM solution. We can notice only some small differences
between FEM-MPPD and PDS near the boundaries of the square plate, where the(foreces are ap-
plied and thus the deformation field results to be non-homogeneous, however the Poisson’s ratios
and shearing modulus G, estimated numerically are affected by errors which.are less than 4%. Thus
the non-micropolar model seems to predict well the mechanical behaviorof elastic materials in such
conditions, leading to a correct description of the Poisson’s ratio influence on the elastic solution.
This notwithstanding, in the case of simple bending (see Figs«18-20 and Tab.3), contrarily to any
MPPD model, the enriched PD formulation with shear bonds (i.e; PDS model) does not seem to
approximate well the FEM solution if the Poisson’s ratiesis.different from 1/3 (central force model).
This because the model does not take into accountsparticle’s rotational degree of freedom, which
in a lattice model are activated for non-homogeneous deformation field involving local rotations.
Horizontal displacements maps calculated with.PDS are slightly and only qualitatively similar to
that of FEM-MPPD, whereas the verticalhdisplacements are completely different both in trend and

in values. This can be explained considering that in the case of simple bending

M M

Exx = Sy = —V—2Y, €y = 8y = E]y

EJ (60)

where M is the bending mement and J is the second moment of inertia of the square plate section.
The nonzero components of the deformation depends on coordinate y, thus the deformation field is

(vertically)mnoen=homogeneous. Moreover each family H, (a particle with all the neighboring ones

Table 3mSimple bending: Numerical errors and absolute maximum displacements (mm) obtained with FE, PDS and
MPPD models.
v uy (FEM) u, (PDS) u, (MPPD) u, (FEM) u, (PDS) u, (MPPD) Erpps Er.upprp
-0.5 0.04360  0.01432 0.04565 0.02156  0.00587 0.02223 200.4 4.2

0 0.04281  0.02193 0.04474 0.02177  0.00000 0.02250 98 4.3
0.1 0.04264  0.02302 0.04372 0.02356  0.00244 0.02383 85 2.5
0.25 0.04238  0.02807 0.04203 0.02628  0.00966 0.02589 51 1.6
1/3  0.04224  0.04283 0.04283 0.02779  0.02802 0.02802 2.1 2.1

26



195

200

inside the horizon) is subjected to a deformation field that can be decomposed in a symmetric and

antisymmetric part, so that
1 T 1 T
E(H—H)=§[(F—I)—(F—I)]¢0 (61)

where H is the displacement gradient tensor and F is the deformation gradient tensor.

When shearing bond stiffness of the lattice is not null, as in the case of v # 1/3, this aspect leads
to incorrect results, since the rotational invariance of the lattice unit cell may not be preserved [17].
The main reason, according to Jagota and Scherer [76], is that shear springs cannotdistinguish the
differences in the tangential displacement of two particles owing to a common tetation or shear.
Thus, a global rigid body rotation may incorrectly result in an additional strain energy inside the
shear springs [1, 28]. As a result, the deformed configurations of the plate predicted by non-
micropolar model do not appear accurate, while that obtained with MPPD is in good agreement

with FEM solution.

ws[mm]
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uy [mm)
uy[rmm]

Figure 18: Simple bending, v = —0.5: Deformed shape, horizontal and vertical displacements map obtained with FEM,

PDS, MPPD.
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Figure 19: Simple bending, v = 0: Deformed shape and displacements map obtained with FEM, PDS, MPPD.
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Figure 20: Simple bending, v = 1/3: Deformed shape, and displacements map obtained with FEM, PDS, MPPD.
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These results give a general interpretation of that obtained by [15, 77], in which is shown
that under mode-I loading conditions, both micropolar and non-micropolar lattice models predict
correct crack patterns, while noticeable differences appear in the results under mode-II loading
conditions (i.e. shear box test). They state that when normal and shearing bond forces are used the
crack starts at the correct angle, but after that the crack stays straight and does not curve, whereas

in the simulations with micropolar model, the crack pattern is much closer to the experiments [78].
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Figure 21: Simple bending: Microrotations 6§ maps obtained with MPPD.ymodel setting v = —0.5 (sx), v = —0.5 and
vy =1/3 (dx).
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3.1. Natural Frequency Analysis

A modal analysis is performed in order to.evaluate the natural frequencies and the correspond-
ing modal shapes of a square lamina with fixed base, by using both micropolar MPPD and non-
micropolar PDS peridynamic models, /The lamina is now composed by 3600 particles (square
grid of 60X60 particles), adopting as usual, a grid spacing Ax = 10mm and m = 3. The density
p = 2500Kg/m?, Young modulus E = 70000MPa , whereas five different values of the Poisson’s
ratio are considered, as in the static analyses.

The generalized dynamic equilibrium of a bond-based PD model ® can be formulated by expressing
the equilibrium of'the effective forces associated with each of its degrees of freedom. Then, without
consideringrany damping, a multi degrees of freedom equilibrium equation is obtained collecting
bond DOFs in the vector

[(Mponatit} + [Kponalu} = {p} (62)

where [M],,q 1s the bond mass matrix, [K]y..¢ 1s the bond stiffness matrix and {p} is the vector

of external loads [79]. The model is meshfree and Lagrangian thus the inertial properties of the

8As explained in previous sections the model is conceptually comparable to MPPD with rotational degrees of

freedom restrained.
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lattice are concentrated in the particles centroyds and zero mass is associated to the ligaments.
Each particle i is assumed having mass M; = AV; - p and moment of inertia J; = M;r? (in the
case of MPPD model), being r; the radius of gyration associated to the particle, which in general is
r; = 1/12(Ax* + Ay?) [80].

The local mass matrix [M],,,; may be highlighted by writing the kinetic energy of each particle in

discrete form

1 1
(s, 1iy) = EMu'xz + EMu'f (63)
A DU I

Iy, uy, 0) = EMMX +§Muy +§J9 (64)

for PDS and MPPD models respectively.

Flexural Mode I

Axial Mode I

Elexural Mode IT

Figure 22: Natural Frequencies of the cantilever square lamina, v = —0.5: Deformed shapes obtained with FEM, PDS,

MPPD.

215

30



Flexural Mode T

Axial Mode I

Flexural Mode IT

Figure 23: Natural Frequencies, v = 0: Deformed.shapes obtained with FEM, PDS, MPPD.

Flexural Mode T |

Axial Mode I

Flexural Mode 11

Figure 24: Natural Frequencies, v = 1/3: Deformed shapes obtained with FEM, PDS, MPPD.
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The [M]ponqe matrix in the case of non-micropolar model is then

[ oAV, 0 0 0

[(M]1pona = (65)
0 0 pAV; O
0 0 0 pAV;
whereas in the case of micropolar model we obtain
[ oAV, 0 0 0 0 0
0 pAV; 0 0 0 0
0 0 priAV; 0 0 0
[(M]pona = (66)
0 0 0 pAV; 0 0
0 0 0 0 pAV; 0
0 0 0 0 0 pr?AVj ]

Omitting the applied external load vector {p} in Eq. 62, and assuming that the free vibration motion

of the bond is simple harmonic, a standard eigenvalue problem is obtained

[K]bond{u} - wz[M]bond{u} = {O} (67)

where w are the eigenvalues of the problems, related to the natural frequencies f by w = 2xf.
Assembling the global matrices of the square lamina, the first three modal shapes are obtained (see
Tabs. 4-6 and Figs. 22-24). The natural shapes of the plate predicted by non-micropolar model
(in the case of Poisson’s ratio. # 1/37i.e. central force model) do not appear accurate, while those
obtained with the coneéived micropolar peridynamic formulation are in perfect agreement with
FEM solutions. Mereover the errors relative to the FEM solutions seems to be not affected by the

Poisson’s ratio’value in"the case of micropolar model. It can be noted that negative values of

Table 4: Natural frequency analysis: Synopsis of the of frequency values (Hz) and relative errors (%) corresponding to

the I flexural natural mode calculated by FE, PDS and MPPD models.

v fi(FEM) f; (PDS) fi (MPPD) Erpps Er.uprp
-0.5 1195.0 3661.5 1174.5 206.4 1.7
0 1047.2 2294.9 1026.1 119.4 2.0
0.1 1027.9 2025.5 1008.9 97.1 1.8
0.25 1002.5 1565.9 990.7 56.2 1.2
1/3 989.89 982.2 982.2 2.1 2.1

225 Poisson’s ratio lead the axial natural mode calculated with PDS model to be the principal natural
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Table 5: Natural frequency analysis: Synopsis of the of frequency values (Hz) and relative errors (%) corresponding to
the I axial natural mode calculated by FE, PDS and MPPD models.
v fu (FEM) f;; (PDS)  fiy (MPPD) Erpps Erypep

-0.5 2400.2 2475.9 2308.9 32 3.8

0 2320.0 2294.9 2262.2 1.1 24
0.1 2322.6 2300.6 2275.3 1.0 1.9
0.25 2330.4 2315.8 2317.7 0.6 0.5
1/3 2336.3 2311.8 2311.8 2.1 2.1

Table 6: Natural frequency analysis: Synopsis of the of frequency values (Hz) and relative errors (%) corresponding to
the II flexural natural mode calculated by FE, PDS and MPPD models.
v fur (FEM)  fi; (PDS)  fin (MPPD)  Erpps  Erafpen

-0.5 3245.3 5770.3 3312.1 77.8 2.1
0 2771.2 4978.3 2770.7 79.8 0.1
0.1 2712.0 4562.4 2702.3 68:2 2.5
0.25 2635.9 3649.5 2627.8 38.4 1.6
1/3 2590.0 2594.7 259477 241 2.1

mode, thus characterized by a frequency lower than“that corresponding to the first flexural mode.
Moreover in the case of v = 0 those natural modes have almost the same value of frequency. This
can be explained considering that for PDS model g > cif v < 0 and g = c if v = 0, thus a lower
global stiffness is associated to axial’deformation fields with respect to those which involves bond

slidings.

4. Failure response and-effective initial Yield domains

The specific spatial-discretization adopted for full-discrete models leads the model to be in-
trinsically anisotropic regarding the failure response [26, 27]. In Peridynamics, if we apply for
example a‘uniform’PD stretch field s along different directions with respect to the direction of the
grid and we'evdluate the relative elongation of the bond as a function of this angle of rotation {, we
obtain that the values at which the springs reach the elastic limit are the exact given limit values sy
only for those directions aligned with the bonds connecting the particles i and j. This grid effect
(i.e. the anisotropic behavior at yield of the lattice) leads to simulated crack patterns dependent
on the particle packing scheme and, depending on the spatial orientation angle of a regular grid
of particles, different peak load values and different crack patterns arise under the same loading
conditions. This notwithstanding, the non-local nature of peridynamics leads the above mentioned

mesh-depencency of the results, typical of lattice and discrete models, to be weakened or com-
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Figure 25: Definition of the family H, of the particles i in the case of: m=1 (4 ligaments with 2 orthogonal directions),
m=2 (12 ligaments with 3 different directions), m=3 (28 ligaments with 5 different directions), m=3.2 (36 ligaments
with 7 different directions), m=4 (48 ligaments with 9 different directions)ym=5, (80 ligaments with 13 different

directions).

pletely eliminated at the cost of a higher computational expense [17].

245 In this section the anisotropy of the failure\cenditions, or in other words, the direction depen-
dency of the failure response, corresponding to'the three yield criteria described in the previous
section is investigated. Considering six values of m = §/Ax, a parameter which controls the range
of non-local actions (see Fig. 25), a simple extension and a pure shear deformation states are im-
posed to the family H, of the partieles i (i.e. the fundamental unit cell of a peridynamic model). A

250 deformation state can be"described by

1+ S1 0
[F] = (68)
0 1+s,

Figure 26: Schematics of family H, subjected to orthogonal stretch components s; and s,. Each deformation state is

rotated of an angle —r/2 > 6 > 0 so that one hundred different orientation are considered.
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Figure 27: Deformed configuration of the unit cell corresponding to simple extension and pure shear states in the case

of ® = 0 and ® = nr/4: example with m = 3.

where s; and s, represent the orthogonal peridynamic stretch components considered. In the case
of simple extension s, = —vs; while in pure shear conditions we have s; = —s,. BEach deformation

state considered is rotated of a series of angles in the interval —x/2 >0 > 0, thus

[FI" = [QIFI[0]" (69)
where [Q] operates the rotation of angle ©®

cos® sin®
(0] = (70)

—sin ® \cos®

so that one hundred different orientations are obtained. The influence of m on this phenomenon, in
the case of a uniform grid of discrete peridynamic particles, is calculated analytically dividing for
each orientation ®, the expected maximum value of the deformation parameter related to the failure
criterion under consideration (ie. the analytical values sy, or y() by the maximum measured value
of such parameter (s, or yg).wFor simplicity we consider first the case of v = 0 with the maximum
stretch and maximum sliding criteria, for which Eqgs. 44 and 49 lead to yy = s(,/2. In the case of
simple extension, setting s, = sy, in Eq. 68, the failure condition with both yield criteria is reached,
whereas in the/case of pure shear, adopting s, = so,/2, only the failure condition in maximum slid-
ing criterion is obtained, because the maximum stretch in such condition is sy, /2. Thus, in order to
obtain the yield conditions with the maximum stretch criterion and thus make the presented results
compatable, another pure shear state, this time with s, = s, is studied.

Increasing the range of non-local actions, i.e. increasing m in a regular fixed grid of particles, the
anisotropy effect is reduced since an internal length is introduced in the model. It is the same if in
the case of a fixed horizon size ¢ (related for example to a measured quantity obtained from exper-
iments) we increase the particles density within the horizon, thus reducing the grid spacing Ax of
the discretization. A good compromise between the accuracy of the solution and the computational

effortistosetm =3 orm = 3.2.
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Figure 32: Pure shear (s; = —s; = s¢,), maximum stretchyyield criterion (s, = s,): Influence of m on the failure
anisotropy.

This latter represent probably the best choice with both the maximum stretch and maximum
shear deformation yield criteria, infact, although it has only eight particles more than the m = 3
unit-cell configuration, it is characterized’by a maximum error equal to that corresponding to m = 4
(see Figs. 28-35). It can be‘noted that whatever is the value of the range of non-local actions, the
intrinsic anisotropy (both in shape and in values) of the bond shearing yield is independent on the
specific load path considered (see Figs. 30-31 and Figs. 34-35). On the contrary, the direction de-
pendency of the failurereésponse corresponding to the maximum stretch yield criterion is influenced
by the specific load"path considered (see Figs. 28-29 and Figs. 32-33). In fact, even if the shape
of the failure anisotropy polar diagrams is the same (see Figs.29 and 33), they are characterized by
different' maximum values.

The analysis of other thirty different loading conditions (corresponding to homogeneous defor-
mation fields on the PD unit cell) adopting the maximum stretch, maximum shear deformation
(sliding) and the frictional sliding criteria leads to a deeper understanding of this phenomenon.

For each deformation state of the unit cell, the estimated deformation parameters at failure related
to the three failure criteria considered and affected by the maximum errors (i.e. the effective values

corresponding to that orientation ® of the deformation state for which the error is maximum), are
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Table 7: Maximum stretch yield criterion: Maximum errors corresponding to some significant load paths, adopting five

different values of m.

Sl/SOt S2/s0t emax(%)’ m=2 emax(%)s m=3 emax(%)’ m=3.2 emax(%), m=4 emax(%), m=>5

1 1 0.00 0.00 0.00 0.00 0.00
0.5 1 7.90 2.62 1.24 1.24 0.71
0 1 17.16 5.39 2.51 2.51 1.44
-1 1 41.42 11.38 5.15 5.15 292
-2 1 78.36 18.11 7.92 7.92 4.44
-3 1 24.26 7.31 3.37 3.37 1.93
-3 0 17.16 5.39 2.51 2.51 144
-3 -1.5 7.90 2.62 1.24 1.24 0.71
-3 -3 0.00 0.00 0.00 0.00 0.00

reported together with the theoretical expected values of such parameters. The effect of the direc-
tion dependency of the failure response on the modification of.the'theoretical first yield domains is
thus quantified, considering different m=06/Ax ratios. In fact, we identified the effective yield loci
envelopes in two dimensional principal strain (PD streteh).space corresponding to the most unfa-
vorable conditions (see Figs.36 and 38 and Tabs. 748), being the most favorable condition, instead,

represented by the theoretical (Analytic) yieldloci. The increase of the range of non-local actions

m=3

Figure 33: Pure shear (s, = —s; = so;), maximum stretch yield criterion (so; = s): Influence of m on the failure

anisotropy (polar coordinates; p = so;/sp,, ©).
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Figure 35: Pure shear (s, = —s; = s¢,/2), maximum sliding yield criterion (yy = so,/2): Influence of m on the failure

anisotropy (polar coordinates; p = so;/sp,, ©).
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Figure 36: Maximum stretch yield criterion (sx) and maximum sliding yield criteriop”(dx, considering v = 0): Effective
yield loci envelopes in two dimensional principal strain (PD stretch) space corresponding to the most unfavorable

conditions, being the most favorable condition, instead, represented by the theoretical (Analytic) yield loci.

Table 8: Maximum sliding yield criterion: Maximum errors corresponding to'some significant load paths, adopting

five different values of m.

51/501 SZ/SOt emax(%)v m=2 emax(%)’ m=3 emax(%)v m=3.2 emax(%)s m=4 emax(%), m=35

0.5 1 41.48 11.46 523 5.23 3.00
0 1 41.48 11.46 5.23 5.23 3.00
-0.33  0.66 41.48 11.46 5.23 5.23 3.00
-0.5 0.5 41.48 11.46 5.23 5.23 3.00
-0.66  0.33 41.48 1146 5.23 5.23 3.00
-1 0 41.48 11.46 5.23 5.23 3.00
-1 -0.5 41.48 11.46 5.23 5.23 3.00

drastically reducesdheanisotropic yield effect, and this is true for all the failure criteria considered
herein °. In fact Figs. 36 and 37 show that the more m increases, the more the maximum error yield
domain results closer to the analytical one.

We can conglude that in the case of maximum stretch criterion, the theoretical yield loci is inde-
pendent’of the value of Poisson’s ratio adopted (see Section 1), however the intrinsic anisotropy of

the yield condition is a linear function of the deviatoric part of the deformation tensor (at failure)

Fig. 38 represents the maximum error envelopes corresponding to a sliding criterion combined with a stretch
criterion (assuming so. = —sSo,) and to a frictional sliding criterion combined with a stretch criterion (assuming so. =
—3s0;), respectively. In fact, a yield condition on the stretch measure is required in any case, for the majority of the

applications.
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to which the specific unit cell is subjected to. Thus it depends on the specific load path considered
(See Tab. 7 and Fig. 36). In particular, we observed an increase of such anisotropic effect as the
deviatoric part of the deformation tensor increases, even if the shape of the relative polar diagram

does not change. In the case of a maximum sliding criterion, instead, the theoretical yield loci

415
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m=3

—m = 3.2

—m =4

—m =5

Figure 37: Frictional sliding yield criterion (considering v = 0).First=Yield domains in 2D principal PD stretch space
and relative maximum errors. Effective yield loci envelopes,in two'dimensional principal strain (PD stretch) space
corresponding to the most unfavorable conditions, being theymost favorable condition, instead, represented by the

theoretical (Analytic) yield loci.

depends on the specific value of the Poisson’s ratio considered, whereas the direction dependency
of the failure response is not influenced by the load path, nor in trends, nor in maximum values
(See Tab. 8 and Figs. 36, 38). For sake of brevity, figures shows only the yield loci envelope in
the case of v = 0, however these considerations are general and thus referable also to the case of

other different values of v., This because the theoretical yield conditions corresponding to the max-

Table 9: Frictional sliding yield criterion: Maximum errors corresponding to some significant load paths, adopting five

different values of mu

s1/sor SolSor max(%), m =2 emax(%), m =3 emax(%), m=3.2 emax(%0), m =4 emax(%), m =135

1.5 1.5 0.00 0.00 0.00 0.00 0.00
0.6 1.2 15.50 15.48 5.58 2.36 1.10
0 1 15.57 15.50 5.61 241 1.15
-1 0.66 15.74 15.57 5.69 2.54 1.28
-1.5 0.5 15.85 15.61 5.74 2.64 1.36
-2 0.33 15.90 15.66 5.80 2.75 1.47
-3 0 16.33 15.78 5.96 3.02 1.72

imum sliding criterion are represented by parallel lines whose distance from the origin is dependent
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Figure 38: Maximum sliding (sx) and frictional sliding (dx) yield criteria (considering v_=,0) combined with a max-
imum stretch criterion: Effective yield loci envelopes in two dimensional principal strain/(PDrstretch) space corre-
sponding to the most unfavorable conditions, being the most favorable condition, inStead, represented by the theoretical

(Analytic) yield loci.

on the specific value of the Poisson’s ratio. A frictional sliding failure criterion exhibits both the
aforementioned behaviors. In fact the analytical yield-loci-depends on the value of Poisson’s ra-
tio and the anisotropic effect shows a slight dependence on the load path considered, as Figs. 37
and 38 shows. This is reasonable because the frictional sliding condition is influenced by both the
anisotropic effect in bond stretch and sliding“measures. In particular there is an increase of the
anisotropic effect with the increase of the deviatoric character of the deformation field, however
this effect is not significant as in/the case/of maximum stretch criterion, because of the stabilizing
effect induced by the bond sliding'measure (see Tab. 9).

Moreover, the errors drop'to zero-in proximity of the vertex of the theoretical yield loci because the

more the deformation fieldis spherical, the more the yield is controlled by the bond stretch measure.

5. Conclusions

In this paper a generalized micropolar bond-based Peridynamic is proposed. The conceived
model is based on the definition of a microelastic energy function which depends on three de-
formation parameters: the bond stretch, the bond shear deformation accounting for the rotational
degree of freedom, and the particles relative rotation. Hence three different stiffness parameters for
each peridynamic bond are defined and calibrated separately, leading to a more general micropolar
model applicable to a wide variety of mechanical problems. Results of a natural frequency study

and of static analyses considering simple loading cases showed that the definition of a microelastic

43



330

335

340

345

350

energy function dependent on a shear deformation measure, leads to a model which results not capa-
ble to describe properly the mechanical behavior of Poisson’s solids subjected to non-homogeneous
deformation fields, if rotational degrees of freedom of the particles are not considered (as in PDS
model), because the rotational invariance is not preserved. Moreover two novel deformation-based
failure criteria based on the definition of a bond shearing deformation limit are proposed. The
theoretical first yield domain corresponding to the classical maximum stretch criterion and to the
maximum shear deformation and frictional sliding criteria presented in this work are derived and
then a deep investigation on the effective failure response of the PD lattice model is carried out. The
effect of the direction dependency of the failure response on the modification of the theoretical first
yield domains is shown, considering different range of non-local actions. In,the ¢ase of maximum
stretch criterion, the theoretical yield loci is independent on the value-of Poisson’s ratio adopted,
however the intrinsic anisotropy of the yield condition is a linear function of the deviatoric part
of the deformation tensor (at failure) to which the specific unit €ell is subjected to. Thus it de-
pends on the specific load path considered. Considering instead 4 maximum sliding criterion, we
noted that the theoretical yield loci depends on the speeific.value of the Poisson’s ratio considered,
whereas the anisotropy of the failure condition is not.influenced by the load path, nor in trends, nor
in maximum values. Finally, being influenced'by both the deformation mechanisms, the frictional
sliding failure criterion exhibits both the aforementioned behaviors. In fact the analytical yield loci
depends on the value of Poisson’s ratio and the anisotropic effect shows a slight dependence on the
load path considered. Results présented in this work provide new insight into understanding the
mechanical behavior of the local and non-local lattices, and even if obtained considering a specific
Peridynamic model, they“can be-considered quite general and referable to other types of lattices

structures and discrete models.

Appendix A.'Stress computation in bond-based Peridynamic models

According to a physically-based interpretation of stress similar to that given by Cauchy [81, 82]

in the early discussions on elasticity '°,

10Adapted from [81]: Let us consider a plane & of unit normal n* through a point X, dividing the body into two
parts, which we will suppose horizontal [...]. Let us denote by 8% the upper part and 8~ the lower part, in which we
will include the material points belonging to the plane itself. Consider a cylinder B, having an infinitesimal base dA
on the plane 7 and containing X, located in the half space 8-, the height of which is at least the same as the radius of
molecular activity. The force of the molecules of 8* over those of B, divided by dA, will be the pressure exerted by 8*

over -, with respect to the unity of surface and relative to the point X.
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Figure A.39: Definition of the PD traction vector at point X; according to EqrA4 with.réspect to plane 7 of outward

pointing unit normal n*.

and adapting this concept to peridynamics, the PD traction vector with respect to plane 7 and
with outward pointing unit normal n* at point X can be obtained by computing all the interactions
between particles arranged on a line normal to the area of interest and particles beneath this surface.

This concept can be expressed in integral form as

t(X,n")(= f f fu' - u, X - X)dVxds (A.1)
VLY H;;
where Hy, is the positive part of the’horizon region Hx (i.e. the family of X) and L, is the set of
collinear points (charaeterized by a maximum distance 6 from X) in the opposite direction of n*
such that
Ly={XecHg: X=X-sn"), 0<s5<) (A.2)

being
Hy ={X"ep: X' -X)-n" <0} (A.3)

Eq. A.l'represents the original definition of the peridynamic traction vector given by Silling [36]
in the context of homogeneous deformations. To this end a specific subroutine which reads the
displacement values as input and computes the peridynamic traction at X summing up the forces
which satisfy the definition previously given, has been implemented [83].

The formal discretized equation of the peridynamic traction vector in the case of regular grid of
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particles can be written as

S™  H+
(X = > > ;- w, X; - X)AVAx,
=1 =1

1 S~ H+
= —Z D) - w, X, - X)AVAY,
A k=1 j=1
S™ H+
= Z[f,,(u, w, X; Xk) X Xk)| |AVIAVE (Ad)
U k=1 j=1 n:

where i is the index of the particle for which the traction vector is computed, S ~ is the total number
of collinear particles X, determined by the limit of the influence zone of the i-particle in the negative
side, and H+ is the number of particles in the positive side of the i-particle’s horizon. A; denotes
the area corresponding to the i-particle, as Fig. A.39 shows. In this way. the'tangential component

of the traction vector defined above is the shear stress
Ty = t(X;,0%) - ¥ (A.5)

where v denotes the direction orthogonal to that of the outer normal n*.
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