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Abstract

We consider the inverse problem of detecting an inclusion in a
layered conductor through electrostatic measurements taken on the
boundary. We analyze in particular the stability issue showing that
the solution depends from the available data with a rate of continuity
of logarithmic type.

1 Introduction

In this paper we consider the inverse problem of determining an unknown
inclusion contained in a layered medium from electrostatic boundary mea-
surements. In particular we focus our analysis on the stability issue, that is
the dependance of the inclusion from the measurements performed. This re-
sult follows the line started in [3], where it is considered a domain of constant
conductivity inside which a region with different unknown conductivity is lo-
cated. It is shown that the dependance of the inclusion from the boundary
measurements is of logarithmic type. This rate of continuity turns out to be
optimal as shown by examples in [10].

The approach to get stability has been later applied to different contexts
(more general isotropic conductivity [6], a class of anisotropic conductivities
[9], inverse scattering [7], thermal imaging [11, 12], elasticity [4]) and it is
based mainly on two arguments:

e quantitative estimates of unique continuation;

e singular solutions.
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Here we will use the same approach. As for the quantitative estimates of
unique continuation we will take advantage of the recent paper [13], where it
has been derived a three-region inequality for a second order elliptic equation
with a jump discontinuous coefficient. A crucial tool to get such inequality
is the Carlemann estimate proved in [8]. It is possible indeed to provide a
precise evaluation of the propagation of smallness measured on the boundary
up to the inclusion.

As for the singular solution method, we will use the asymptotic study
contained in [3] to get the stability estimates. Let us mention here that,
in the present setting, the inclusion is assumed to be located at a positive
distance from the interface of the layer. The major difficulty relays on the
fundamental solution argument. In particular it is not clear how to write
explicitly such a solution when the boundary of the inclusion and the interface
intersect each other.

The three region argument, since the background conductivity is known,
does not notice the presence of the interface. Therefore the result, we prove,
can be obtained for multi layers media no matter the number of interfaces
there are, as long as the inclusion does not touch the interface.

The paper is organized as follows. In the next Section 2, after some nota-
tions and definitions, we will state our main result, whose proof is presented
in the next Section 3. The proof is based on some auxiliary propositions
proved in Section 4.

2 Main Result

Let us first premise some notations and definitions. Let the domain 2 be a
bounded open set in R™ and the layer ¥ be a closed hyper-surface contained
in 2. With ¥, the domain € is separated into the union of three parts

Q:Q+UEUQ_,

where (2. are open subsets such that 9Q2_ = 9Q U X and 02, = X. We
denote by D a subset of ) such that D C Q, C Q. We consider v(z) the
conductivity of €2 of the form

Y(x) = c1+ (ca — e1)xa, + (k= c2)xp,
where ¢; and ¢y are given constants and k is an unknown constant.

For points z € R, we will write x = (2/,z,,), where 2’ € R" ! and = € R.
Moreover, denoted by dist(-, -) the standard Euclidean distance, we define

B, (z) = {y € R"|dist(z,y) < r}, B.(z") = {y/ € R" Ydist(z',y) < r}



as the open balls with radius r centered at x and x’ respectively. We write
Q.-(x) = BL.(z') x (z,, =, + 1) for the cylinder in R™. For simplicity, we
use B,, B, Q), instead of B,(0), B/.(0') and @, (0) respectively. We shall also
denote half domain, as well as its associated ball and cylinder

R} = {(2/,z,) € R"|z,, > 0}; B =B,NR}; QF =Q,NRL.

Definition 2.1. Let Q2 be the bounded domain in R"™. Given o € (0,1], we
say a portion S of O is of OV class with constants v, L > 0 if for any point
p € S, there exists a rigid transformation ¢ : R+ R of coordinates under
which we have p =0 and

QN B, ={(2',x,) € Brlz, > ¢(z")},
where (+) is a CY* function on B, which satisfies
p(0) = [Ve(0)] =0

and
ellcrery < L,

where the norm is defined as
lllorasy) = llellresy + rlIVellrem) + 77 Vlas

Vo(e') - Vely')|

z' .y eB], |JZ/ - yll

Assumptions and a priori data

For f € HY2(0Q), let u be the solution of the problem
div(y(z)Vu) =0 in Q, (2.1)
u=f on Of).

Our inverse problem is addressed to determine the anomalous region D
when the Dirichlet-to-Neumann map Ap

Ap : HY?0Q) — H7Y2(00)
ou
f 7 o
is given for any f € HY2(09Q). Here, v denotes the outer unit normal to

011, and %WQ corresponds to the current density measured on 0f2. Thus,



the Dirichlet—to—Neumann map represents the knowledge of infinitely many
boundary measurements.
Given constants rq, My, Ms,01,09 > 0 and 0 < a < 1, we assume the
domain €2 C R" is bounded
’Q’ < M2T7117

where | - | denotes the Lebesgue measure.

The interface 3 is C? and assumed to stay away from the boundary of the
domain, as dist(X,0) > &9, and the inclusion D is assumed to stay away
from ¥, as dist(D,¥) > 61, and also Q\D is connected. Both 0D and 052
are of O'b* class with constants ry, M;.

We refer to n,ry, My, Ms, , 01,05 as the a priori data. To study the
stability, we also denote by D; and D, two inclusions in €2, which satisfy the

above properties. The associated Dirichlet-to-Neumann map are Ap, and
Ap,.

Theorem 2.2. Let Q C R", n > 2 and we have two known constants ci, ¢y
and one unknown constant k, which are given. Let Dy, Dy be two inclusions
in 0 as above. If for any € > 0 we have

HAD1 - AD2H£(H1/2,H*1/2) < €,

then
dH((?Dl, 8D2) S W(€),

where w is an increasing function on [0,4+00), which satisfies
w(t) < Cllogt|™, ,Vte(0,1)

and C >0, 0 <n <1 are constants depending on the a priori data only.

3 Proof of the Main Result

The proof of Theorem 2.2 is based on some auxiliary propositions, and their
proofs are collected in the next Section 4. In what follows we define layers
of our domains. We denote by G the connected component of Q\(D; U Ds),
whose boundary contains 9. Qp = Q\G, So, := {z € R|r < dist(z,Q) <
2r}, S, = {x € CQ|dist(z,Q) < r} and G" := {2 € G|dist(z,Qp) > h}.
We recall that the layer X separates the domain into two parts known
as Q_ and Q,. We also define 7 = {x € Q_|dist(z,¥) > A}, and
Yy = {z € Q_|dist(z,X) = \}

We introduce a variation of the Hausdorff distance called the modified
distance, which simplifies our proof.



Definition 3.1. The modified distance between Dy and Dy is defined as

dy (D1, Dy) = max{ sup  dist(z,0D5), sup dist(x,@Dl)} :

redpNoDy €N pNOD2

With no loss of generality, we can assume that there exists a point O €
0D; N 0Qp such that the maximum of d,, = d,,(D1, D2) = dist(O, Ds) is
attainted. We remark here that d,, is not a metric, and in general, it does not
dominate the Hausdorff distance. However, under our a priori assumptions
on the inclusion, the following lemma holds.

Lemma 3.2. Under the assumptions of Theorem 2.2, there exists a constant
co > 1 only depending on My and o such that

dq.[(aDh (9D2) S Codm(Dl, Dg) (31)
Proof. See [3, Proposition 3.3] O

Another obstacle comes from the fact that the propagation of smallness
arguments are based on an iterated application of the three spheres inequality
for solutions of the equation over chains of balls contained in G. Therefore,
it is crucial to control from below the radii of these balls. In the following
Lemma 3.3 we treat the case of points of 0{2p that are not reachable by such
chains of balls. This problem was originally considered by [5] in the context
of cracks detection in electrical conductors.

Let us premise some notations. Given O = (0,...,0) the origin, v a unit
vector, H > 0 and 9 € (O, g), we denote

C(O,v,9,H)={zeR": |z —(x-v)v] <sindz|, 0 <z -v< H}

the closed truncated cone with vertex at O, axis along the direction v, height

H and aperture 2¢9. Given R, d, 0 < R < d and Q = —de,,, where ¢, =

(0,...,0,1), let us consider the cone C (O, —e,, arcsin %, dz;lR2

From now on, without loss of generality, we assume that

dm (D1, Dy) = xea%%}f’ml; dist(z, 0D>)
and we write d,,, = d,,(D1, D3).

We shall make use of paths connecting points in order that appropriate
tubular neighborhoods of such paths still remain within R™\ Qp. Let us pick
a point P € 0D NI p, let v be the outer unit normal to 0D; at P and let
d > 0 be such that the segment [(P + dv), P] is contained in R" \ Qp. Given
Py € R"\ Qp, let v be a path in R™\ p joining Py to P + dv. We consider
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the following neighborhood of v U [(P + dv), P| \ {P} formed by a tubular
neighborhood of ~ attached to a cone with vertex at P and axis along v

2 p2
V(y) = U Br(S)ucC <P, v, arcsin E, R ) : (3.2)
sey d d

Note that two significant parameters are associated to such a set, the radius R
of the tubular neighborhood of 7, Uge, Bx(S), and the half-aperture arcsin £

d
of the cone C' (P, v, arcsin %, d22R2>. In other terms, V() depends on v and
also on the parameters R and d. At each of the following steps, such two
parameters shall be appropriately chosen and shall be accurately specified.
For the sake of simplicity we convene to maintain the notation V() also
when different values of R, d are introduced. Also we warn the reader that
it will be convenient at various stages to use a reference frame such that

P=0=(0,...,0) and v = —e,.

Lemma 3.3. Under the above notation, there exist positive constants d, c1,
where % only depends on My and «, and ¢y only depends on My, o, My, and
there exists a point P € 0Dy satisfying

Cldm S dZSt(P, Dg),

and such that, giwving any point By € Ss,,, there exists a path v C (Qro U
S2p0) \ Qp joining Py to P + dv, where v is the unit outer normal to D,
at P, such that, choosing a coordinate system with origin O at P and axis
e, = —v, the set V() introduced in (3.2) satisfies

V(y) CR™"\ Qp,

provided R = \/iT’ where Ly, 0 < Ly < My, is a constant only depending
0

on M; and o.
Proof. See [4, Lamma 4.2]. O

In order to use the information provided by the boundary measurements
to evaluate the distance between two inclusions Dy and Dy, we apply the
following identity firstly introduced by Alessandrini in [1]. Let u; € HY(99),
i = 1,2, be solutions to (2.1) with conductivities vp, = ¢1 + (c2 — c1)xq, +
(k — co)xp, respectively, we have

/ (fyDIVul . VUQ) — / (’}/DQVlbl . VUQ) = / Ul[ADl — ADQ]U/Q. (33)
Q Q o0
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However, when we use the method of fundamental solutions, we will only deal
with the interface which is close to 2p. This means we are only interested
in what is happening inside of €0, where xo, = 1 is used for conductivities.
Thus, we are only interested in the operator div((c2 + (kK — ¢2)xp,)V-) and
the associated fundamental solutions I'p, for i = 1,2. We apply (3.3) locally
to I'p, and I'p,, obtains

/Q (e2+ (k — e2)Xp,) VT, () - VT, (-, 2)
- / (e2+ (k — e2)Xp,) VT, () - VT, (-, 2)

- / Coy (5 9)[Ap, — Ap, Ty (-, 2). (3.4)
o0

For y,z € G N CK, where C) is the complementary of €2, we define

SDI (ya Z) = (k - 02) VFD1('7 y) ) VFD2('7 Z)

Dy

Spa(y2) = (k — c2) / YTy (3) - VT (-, 2)

Do
f<y72) = SDl (yaz) - SD2(y7'Z)'

Therefore (3.4) can be written as

F(,2) = /mrDl<~,y>[ADl—ADAPDQ(',z), VyzeCO  (35)

The following two propositions provide quantitative estimates on f(y,y)
and Sp, (y,y), when moving y towards O along v(O). Their proof are post-
poned in the next Section 4.

Proposition 3.4. Given € > 0, the domain Q2 and inclusions D1, Do, and a
transformation of coordinates defined as y = hv(O), if we have

HAD1 — AD2||L(H1/2,H—1/2) <€, (36)
then for every h where 0 < h < cr,0 < ¢ < 1, and ¢ depends on My, we have
BRF
T

Here 0 < T <1 and Cy, B, F' > 0 are constants that depend only on the a
priori data.

1f (4, )] < Co* (3.7)



Proposition 3.5. Given € > 0, the domain Q and inclusions Dy, Do, and a
transformation of coordinates y = hv(O) defined as above. Then for every
0<h< 7"0/2

1S, (4, )] > CLh* ™" — Cody " + Cs, (3.8)

where o := 5 min [%(8M1)*1/°‘, %], and Cy, Cy, C5 are positive constants de-
pending only on the a priori data.

Now, we have all the ingredients to conclude this section with the proof
of Theorem 2.2.

Proof of Theorem 2.2. We start from the origin of the coordinate system,
point O € 9D NI p, for which the maximum in Definition 3.1 is attainted

dm = dm(Dl, Dg) = dlSt(O, DQ)

Then with a transformation of coordinates y = hr(O) where 0 < h <
hi,hy = min{d,,, cr,79/2},0 < ¢ < 1, where ¢ depends on M;. By ap-
plying [Al-DC] Proposition 3.4 (i); i.e., |V.I'p,(z,y)] < c1]lx — y|'™™, where
c1 > 0 depending only on k,n, a, M;; we have

1Sp, (Y, y)| = (k—c2) | VIp,(-,y)VIp,(+,y)

IA

(k- ) /D (el -~y < (k= ) /D (I — B[

< (k = c)ci|dy, — R*72"[ Da| < Culdy, — h[>72".
(3.9)

Here | D, is the measure of the inclusion Dy which is bounded by |Dy| < || <
Moyr?. Thus, Cy depends on k,n, o, My, My, 1. From (3.7), we already have
the upper bound of f(y,y). Moreover, if we apply the triangular inequality,
we obtain
Br"
[SD: (9, ) = 15D (5, )| < [SD1 (5, 9) = Sou (v, 9)| = [y, y)l < Co—.
(3.10)
Meanwhile, (3.8) gives us the lower bound of Sp, (y,y). Therefore, together

with (3.9) and (3.10), we obtain

F
EBh

hT
We can rearrange terms, and with a bit modification of the notations of the
constants, (in particular, let C5 = Cyd?,?") we have

Cih2™ — Cod2 + Cy < Culdy — B|272" + C

F
6Bh

C1h*™™ < Cyldm — h|*™*" + Cy e




We can simplify the above as, by setting Cs = C,/Cy and Cg = C1/Cy

F
6Bh

CSldm . h|2—2n 2 06h2_n . e — CﬁhQ—n<1 . EBhFhK),

where 0 < K =n—2—T. Now let h = h(e) = min{]lne\_ﬁ,dm}, for
0 <e<e,e €(0,1) such that exp(—B|Ine|V/?) = 1/2. It is easy to see if
dyy < |Ine|~2F, the main Theorem 2.2 is already proved thanks to Lemma
3.2. Because we can set n = % > 0, then

dH(aD1,8D2> S Codm S 60’ In E‘in = LU(E) (311)

In another case where d,, > |Ine|~2r it is easy to check

(d — h)*>7" > Q%h?—" —  dy < Cr|lne| Fom,
5

Here we can solve d,, because here h = h(e) = | Ine|~2r, and C; depends only
on the a prior: data. Therefore we conclude the proof by setting n = qu
dy(0D1,0Ds) < codp, < coCrlIne|™ = w(e) (3.12)
and for €; < ¢, we can also include the proof because d,,, < |Q| < Mayry.
dy(0D1,0Ds) < cody, < coMary = w(e). (3.13)
We can conclude the proof Theorem 2.2 by (3.11), (3.12) and (3.13)
dy(0D1,0Ds) < Cd,, = w(e),

where C' only depends on the a priori data. O

4 Proof of the Auxiliary Propositions

First, we prove Proposition 3.4 mainly followed by [3, Proposition 3.5], with
three sphere inequalities. When it comes to the situation that we need to
cross Y during the iterative process, we apply the three-region inequalities.
The proof contains two major steps: (1) we need to define our “smallness”
outside of the domain €2, and then we will propagate this smallness until it
arrives at any given small ball contained inside F?; (2) we use three-region
inequality to propagate the “smallness” by crossing 3J; (3) we continue with
three-sphere inequalities until the “smallness” arrives arbitrarily closed to

O € 0D;.



Before proving Proposition 3.4, let us briefly recall this result contained
in [13, Theorem 3.1]. Based on some suitable Carleman estimate (see [8,
Theorem 2.1]), the following three region inequality in the L? norm across
the interface y = 0 holds.

Theorem 4.1. There exist C and R, depending on Ao, My, n such that if
0< Rl,RQ < R then

Ro 2R1+2Ro
) R . ) 2R, +3R5 ) 2R, +3Rs
lu*dz < (e™™ + CRyY) |ul“dzdy |u|*dxdy ,
Us

Us U1
(4.1)
where Ty is the constant derived in the Carleman estimate [8, Theorem 2.1],
Ry Ry
U =1-4R; < — <y<—
1= iR s s sa VS a
Ry Ry
U, ={-R, <2< =2 1 4.2
2 { 2_2_2a7 y<8a}7 ( )
R
Uy={-4R; <z, y<—},
a
a=ay/d and
_ 1

0 242 26

We also compute H := %[a, —+/a% — 2Ry [3] to measure “vertical depth”
of the region U, below the z-axis.

Proof of Proposition 3.4. Let us consider f(y,-) with a fixed y € Sy, then
Auf(y,w) =0 inCQp. (4.3)
For z € Sy, by (3.5) and (3.6), we have the smallness quantity
| (g,)] < Cr, My, My)|[, = Ty || = €. (1.4)
Also by [3, Proposition 3.4], the uniform bound of f is given as
|f(y, )| < ch®?", in G"uFN (4.5)

For any 0 < 7 < r and for every @ € F*, we can have smallness on any
arbitrarily small ball B;/»(w) C F* C G" by iteratively applying three-sphere
inequalities on a simple arc v € Q_US, US,, which connects @ and z. By
[3] (4.21), we can reach @ from z with a finite number s of balls. Thus we
obtain

I f(y, ‘)HLoo(BF/Q(w)) < C(hl_n)l_TseTs, (4.6)
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where C' depends on the a prior data.

Now let us deal with the situation when smallness is crossing the interface
>.. We define a coordinator system locally in a small neighbor near . For
any point O € X, the outer norm v from O onto {2_ with respect to X is
defined as the y-axis; and its tangential direction is defined as the x-axis. We
choose 1 = 2), and A < & for F*. Now by (4.2), there are three regions

U, U, and Us located near the ¥, where U; € F* and Uy N Q4 # (.

Notice with the choice of A, we can use a finite amount of balls to cover the
region U;. We pick up W; € ¥5/04n, where Xrjopy := {x € Q_|dist(x,X) =
7/2 + A\}. Then there exists J < oo such that U/, Br/»(@;) D Up. By
standard bound for L? and L* norms, and (4.6), we obtain

1 Mz < CUF@ 22wy - 1 @ )
< C||f(y, ')Héw(uj:lB;/z(wj)) ) <h2—2n)2(1—A)
< C(hl—n)(l—TS)AEATS X (h2—2n)2(1—A)
< C(hl_n)AeB,
where A =4 —3A — A7r®° and B = At®, C depends on 19, Ry, Ra, \g, My, n, J
and a prior data. Then we pick up a small ball inside of U; N €2, as the start

for the rest of the propagation. For the above coordinator system z-O-y, we
choose zg = (0, —H/2) and ro < H, so that B, 2(xo) C Uy N €. By (4.7),

1 M,y o) S 2wy < C(RT)AE. (4.8)

The rest of the propagation is similar as (4.6). If we choose any 0 < 7y <
ro and any wy € €2, , by connecting xy and w, with a simple arc, we obtain

Hf(y7 .>’|Lw(370/2(wﬂ)) < O(hl_n)ZEE. (49)

Then rest of the proof is followed by [3] (4.22) to (4.25): we define a
truncated cone C(O,v(0),0,r), in which O € D; is the point where the
maximum of Definition 3.1 is attained. Then we consider f(y,w) as a func-
tion of y to obtain similar results. The last step is to choose y = w = hrv(O),
where v(0O) is the exterior unit normal to 9Q2p in O, we can obtain

(4.7)

1f(y, )| < CRT(BAT Attt (4.10)

We observe that for 0 < h < c¢r, where 0 < ¢ < 1 depends on Mj,
k(h) < c|log A| = —clog h, we can rewrite

AN — exp{—cloghlog A} = h=closA = pellos Al — p@
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(Ak(h)>2 — (hQ)2 _ hF
with F' = 20Q) = 2c¢|log A|. Therefore

f(y, y)| < Ch~TeBA ™
< exp{—Tlog h} exp{ B(A*")?log ¢}
<exp{—Tlogh + BhF log &)

(BF

hT "’

where B = 1—? O

The proof of Proposition 3.5 is based on the asymptotic behaviour of the
fundamental solutions locally in the neighbour of O € Dy, which is contained
complete inside of {2, because dist(D,>) > &;

div[(cs + (k — ¢2)xp)VIp(- —4)] = =0(- — y)

divl(cz + (k = c2)x4) VI (- — y)] = —0(- — ),
where x is the characteristics function if the half-space {x,, > 0}. If I is the
standard fundamental solution of the Laplace operator, and y* = (v, —y,)
is the reflecting point, we have the following relationship

%F(:z:,y) + R=e (g, ) for x, > 0,y, >0

k’(k‘-i—cz)
Ii(zy) = w5 T2, y) for z,y, <0
éf(x,y) — CQIzlzin)F(x,y*) for x, <0,y, <O0.

We have the following theorem.

Theorem 4.2. Let D € R™ be an open set with C* boundary subjected
to constants My,r. We have I'p and Iy the fundamental solutions defined
above, respectively. The following asymptotic estimate holds for any x,y € R"

[VTp(z,y)| < Clz —y[""

As for x € DN B,(O) and every y = hv(0), with 0 < p < ry and

0 < h <y where ro = L min{2(8M;)""/2,1} we have

C —n
Co(w,y) = Ti(z,y)| < o —yl* 2

C Y
‘VFD(LU,y)—VFJF(QZ,y)’ < T?‘x_y‘ +17

where C' > 0 only depends on the a priori data.
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For both proofs of Theorem 4.2 and Proposition 3.5, we refer to the proofs
of Propositions 3.4 and 3.6 in [3] with a slightly modification on the constant
coefficients. In fact, during the integration steps, we use k—cs as the constant
instead of kK — 1. This won’t affect the proofs since both £k — ¢y and k — 1 can
be absorbed into a constant C' in the final step, where C' depends on k. We
mention that in our paper, I', is also represented as a linear combination of
standard Laplace I' with constants coefficients.
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